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Abstract

We consider decentralized gradient-free optimization of min-
imizing Lipschitz continuous functions that satisfy neither
smoothness nor convexity assumption. We propose two novel
gradient-free algorithms, the Decentralized Gradient-Free
Method (DGFM) and its variant, the Decentralized Gradient-
Free Method™ (DGFM™). Based on the techniques of ran-
domized smoothing and gradient tracking, DGFM requires
the computation of the zeroth-order oracle of a single sample
in each iteration, making it less demanding in terms of com-
putational resources for individual computing nodes. Theo-
retically, DGFM achieves a complexity of O(d%/26 1)
for obtaining an (4, €)-Goldstein stationary point. DGFM™,
an advanced version of DGFM, incorporates variance reduc-
tion to further improve the convergence behavior. It sam-
ples a mini-batch at each iteration and periodically draws
a larger batch of data, which improves the complexity to
O(d*/?5~*e~?). Moreover, experimental results underscore
the empirical advantages of our proposed algorithms when
applied to real-world datasets.

1 Introduction

In this paper, we consider decentralized optimization where
the data are distributed among multiple agents, also known
as nodes or entities. For a network with m agents, the opti-
mization problem can be written in the following form:
. R
min f(z) = me (), (0
=1
where fi(z) = E¢[f*(z;€)] is a local cost function on the
i-th node and ¢ is the index of the random sample. Instead
of having a central sever, each node ¢ makes decisions based
on its local data and information received from its neighbors.
Throughout the paper, we do not require any smoothness or
convexity assumption but only suppose that each fi(-,¢) is
Lipschitz continuous. Moreover, we focus on the gradient-
free methods that exclusively rely on function values, avoid-
ing the access for any first-order information.
Decentralized optimization has found extensive applica-
tions in signal processing and machine learning (Ling and
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Tian 2010; Giannakis et al. 2017; Vogels et al. 2021). In
the context of smooth non-convex objective that each fi(x)
has the finite-sum structure, a variety of deterministic meth-
ods have been proposed (Zeng and Yin 2018; Hong, Ha-
jinezhad, and Zhao 2017; Sun and Hong 2019; Scutari and
Sun 2019; Xin, Khan, and Kar 2022; Luo and Ye 2022).
Notably, Xin, Khan, and Kar (2022) achieved a network
topology-independent convergence rate in a big-data regime.
Luo and Ye (2022) integrated variance reduction, gradient
tracking, and multi-consensus techniques, yielding an al-
gorithm that meets the tighter communication requirement
and complexity level of first-order oracle algorithms. In the
realm of stochastic decentralized optimization, a significant
body of literature has explored acceleration techniques that
incorporate variance reduction (Pan, Liu, and Wang 2020;
Sun, Lu, and Hong 2020; Xin, Khan, and Kar 2021a,b).

Moreover, a substantial volume of literature exists
regarding resolving non-convex non-smooth optimiza-
tion (Di Lorenzo and Scutari 2016; Scutari and Sun 2019;
Wang et al. 2021; Xin et al. 2021; Mancino-Ball et al. 2023;
Xiao et al. 2023; Chen, Garcia, and Shahrampour 2021;
Wang et al. 2023). However, most existing research require
the objective to adhere to a specific structure. Predominantly,
studies focus on composite optimization, where the objec-
tive sums up a smooth non-convex part and a possibly non-
smooth part. In this vein, Scutari and Sun (2019) introduced
a decentralized algorithmic framework for minimization of
the sum of a smooth non-convex function and a non-smooth
difference-of-convex function over a time-varying directed
graph. Mancino-Ball et al. (2023) introduced a single-loop
algorithm with a small batch size which achieved a network
topology-independent complexity. Conversely, other recent
investigations have focused on the decentralized optimiza-
tion of non-smooth weakly-convex functions (Chen, Garcia,
and Shahrampour 2021; Wang et al. 2023).

Previous decentralized algorithms still require gradient
computation, while this oracle may be computationally pro-
hibitive (Liu et al. 2020), such as sensor selection (Liu
et al. 2018). Moreover, the gradient-free method has a
promising application in adversarial machine learning, es-
pecially in black-box adversarial attacks (Chen, Jordan,
and Wainwright 2020; Moosavi-Dezfooli et al. 2017). Re-
cently, some works studied decentralized optimization prob-
lem with zeroth-order methods (Tang, Zhang, and Li 2020;
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Sahu et al. 2018; Yu, Ho, and Yuan 2021; Hajinezhad, Hong,
and Garcia 2019; Tang, Ren, and Li 2023). For example,
Sahu et al. (2018) considered convex problems, while Ha-
jinezhad, Hong, and Garcia (2019) focused on non-convex
problems. Moreover, some attention has been paid to apply-
ing zero-order decentralized algorithms to constrained opti-
mization (Yu, Ho, and Yuan 2021; Tang, Ren, and Li 2023).
However, these researches only focus on smooth optimiza-
tion.

The decentralized algorithms described above can be clas-
sified into smooth non-convex and non-smooth non-convex
with specific structures. This leads us to raise the follow-
ing question: Can we develop a decentralized gradient-free
algorithm that has provable complexity guarantees for non-
smooth, non-convex but Lipschitz continuous problems? To
address this research problem, a natural idea is to extend
the centralized algorithms designed for non-smooth non-
convex problems to the decentralized setting. Zhang et al.
(2020) introduced (¢, ¢)-Goldstein stationarity as a valid
criterion for non-smooth non-convex optimization, which
makes it possible to analyze the non-asymptotic conver-
gence. They utilize a random sampling approach to choose
an interpolation point on the segment connecting two it-
erates. This method guarantees a substantial descent of
the objective function, given the assumption that the func-
tion is Hadamard directionally differentiable and access to
a generalized gradient oracle is available. This algorithm
can achieve complexity O(AL?J*I&:%), where Ly is the
Lipschitz continuous constant of the objective and A is
the inital function value gap. Later, Davis et al. (2022)
and Tian, Zhou, and So (2022) relaxed the subgradient selec-
tion oracle assumption and Hadamard directionally differen-
tiable assumption by adding random perturbation. More re-
cently, Cutkosky, Mehta, and Orabona (2023) found a con-
nection between non-convex stochastic optimization and on-
line learning and established a stochastic first-order ora-
cle complexity of O(AL%6~"¢~?), which is the optimal in
the case of ¢ < O(J). In light of recent advances in de-
signing zeroth-order algorithms for non-smooth non-convex
problems, an effective way is by applying the randomized
smoothing technique (Nesterov and Spokoiny 2017; Shamir
2017). This approach constructs a smooth surrogate func-
tion to which algorithms for smooth functions can be ap-
plied. Lin, Zheng, and Jordan (2022) established the rela-
tionship between Goldstein stationarity of the original objec-
tive function and e-stationarity of the surrogate function, and
presented an algorithm for finding a (J, €)-Goldstein station-
ary point within at most O(d®/?Le~* + d3/?AL}6 e ™)
stochastic zeroth-order oracle calls. Later, Chen, Xu, and
Luo (2023) constructed stochastic recursive gradient estima-
tors to accelerate and achieve a stochastic zeroth-order ora-
cle complexity of O(d*/2L}e™ + d3/?AL367e~%). All
above work applied the first-order or zero-order methods
for finding the approximate stationary point of the smooth
surrogate function. Very recently, Kornowski and Shamir
(2023) replaced the goal of finding an e-stationary point
of the smoothed function with that of finding a Goldstein
stationary point and then used a stochastic first-order non-
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smooth non-convex algorithm. This change led to an im-
proved dependence on the dimension, reducing it from d°/2
to d.

1.1 Contributions

In this work, we propose two gradient-free decentralized al-
gorithms for non-smooth non-convex optimization: the De-
centralized Gradient Free Method (DGFM) and the Decen-
tralized Gradient Free Method™ (DGFM™).

DGFM is a decentralized approach that leverages ran-
domized smoothing and gradient tracking techniques.
DGFM only requires the computation of the zeroth-order or-
acle of a single sample, thus reducing the computational de-
mands on individual computing nodes and enhancing prac-
ticality. Theoretically, DGFM achieves a complexity bound
of O(d3/26=1c*) for reaching a (§,¢)-Goldstein station-
ary solution in expectation. Furthermore, DGFM requires
the same number of communication rounds as the number of
iterations. To the best of our knowledge, DGFM is the first
decentralized algorithm for general non-smooth non-convex
optimization problems. Our complexity result matches the
complexity bound of the standard gradient-free stochastic
method (Lin, Zheng, and Jordan 2022).

We also propose an enhanced algorithm DGFM™ by in-
corporating the variance reduction technique SPIDER (Fang
et al. 2018). DGFM™ samples a mini-batch at each it-
eration and periodically samples a mega-batch of data.
This strategy improve the zeroth-order oracle complexity
to O(d?/26=¢~3) for reaching (9, )-Goldstein stationar-
ity in expectation. In comparison to DGFM, DGFM* not
only employs randomized smoothing and gradient tracking
but also introduces a multi-communication module. This ad-
dition ensures that the order of communication complexity
is on par with that of the iteration complexity.

2 Preliminaries

We give some notations and introduce basic concepts in non-
smooth and non-convex analysis.

Notations. We use subscripts to indicate the nodes to
which the variables belong and superscripts to indicate the
iteration numbers. We use bold letters such as x to represent
stack variables e.g., x¥ = [(z¥)T ... (2F)T]T € R™4,
We denote ||z, = (Z?:l |z(1|9)/9, ¢ > 0 for the £4-
norm, where x ;) denote the i-th element of z. For brevity,
Ha;” stands for /5-norm. For a matrix A, we denote its spec-
tral norm as || A||. The notation B, (x) presents a closed Eu-
clidean ball centered at  with radius v > 0, i.e., B, (z) =
{y:lly—z| <v} WeuseS¥ ! ={zeR:: |z =1

to denote the sphere of the unit ball in ¢5-norm. We work
with a probability space {€2, F, P}, where ) is a sample
space containing all possible outcomes, F is the sigma-
algebra on () representing the set of events, and P is the
probability measure. In this paper, we use P¢ to denote the
uniform distribution on S¥~!. We consider decentralized al-
gorithms that generate a sequence {2} to approximate
the stationary point of f(-). At each iteration k, each node

; [ — kg, k.Jd\1b
i observes a random vector set S = {(&,w;)} 1,
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where ¢ is the data sample, w is a random vector sample
for gradient estimation and b is the batch size. We intro-
duce a natural filtration induced by these random vector sets
observed sequentially by these nodes: 7 := {2, @} and
Fi =0 ({S?, 8, ,SELiie [m]}) forany k > 1. We
use ]E[Hx’j‘ﬁ = E[||x* - ka2] to denote consensus er-
ror of sequence {x}, and the consensus error under F, are
denoted by E[Hx’i||2 | Fi] = E[ka - )’(’“H2 | Fi]. Fur-
thermore, similar notations hold for y, which is a gradient
tracking vector of stochastic gradient.

Stationary condition. In the non-convex setting, Clarke’s
subdifferential (or generalized gradient) (Clarke 1990) is
perhaps the most natural and well-known extension of the
standard convex subdifferential.

Definition 2.1. Given a point x € R? and the direction
v € RY, the generalized directional derivative of a Lipschitz
continuous function f is given by

fly+t0) — fy)

Df(z;v) := limsup "

y—x,t]0

The generalized gradient of f is defined as
f(x) :=={g € R : g"v < Df(x;v), Vv € R}.

We need to properly define the approximate stationary
condition for the efficiency analysis. An intuitive choice is
to consider the e-Clarke’s stationary point which is defined
by dist(0,0f(z)) < e. However, Kornowski and Shamir
(2021) demonstrated that accessing such approximate sta-
tionarity for sufficiently small ¢ tends to be generally in-
tractable. Therefore, as suggested by Lin, Zheng, and Jor-
dan (2022); Zhang et al. (2020), it is more sensible to target
a (6, €)-Goldstein stationary point (Goldstein 1977).

Definition 2.2 ((J,¢)-Goldstein Stationary Point). Given
0 > 0, the 0-Goldstein subdifferential of Lipschitz func-
tion f(-) at x is given by 05 f (x) := conv(Uycp;(2)0f ()
Then we say point x is a (0, €)-Goldstein stationary point if
min{||g|| : g € 95 f(z)} <e.

Randomized Smoothing. For non-smooth problems, a
natural idea is first to apply smoothing techniques to these
problems and then minimize the resulting smoothed surro-
gate function. We highlight some key properties and refer to
(Lin, Zheng, and Jordan 2022) for more details.

Definition 2.3 (Randomized smoothing). We say function
fs(x) is a randomized smooth approximation of the non-
smooth function f(x) if fs(x) == Eyp[f(z + 6 - w)].

The randomized smooth approximation requires the ob-
jective function f(z) = L 31" Ee[f(x;€)] to satisfy the

following assumption to have good properties.

Assumption 1. For Vi € [m], assume condition H fi(x;€)—

Fi ;9| < L©)llx — yl| holds, namely, f(-;€) is L(€)-
Lipschitz continuous. Furthermore, assume there exists a
constant Ly such that E[L(€)*] < L3. Moreover, we as-

sume f(-) is lower bounded and define f* = inf  cpa f(z).

Then we give a specific gradient-free method to approxi-
mate the gradient.
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Definition 2.4 (Zeroth-order oracle estimators). Given a
stochastic component f(-;€) : RY — R, we define its zeroth-
order oracle estimator at v € R? by:

d
93w, €) = 5o (F(o+ 8- ws€) - fla — 6w,
where w is uniformly sampled from S%~1'. Let S =
{(&,w;)}o_,, where vectors wi, -+ ,w, € R? are i.id
sampled from S*=1 and random indices &1, - - - , &, are i.i.d.

We define the mini-batch zeroth-order gradient estimator of
f(€) interms of S at x € R? by

b
9(x;8) = 2> glz;w', &),

i=1

Proposition 2.1 (Lemma D.1 (Lin, Zheng, and Jordan

2022)). For the zeroth-order oracle estimator in Def-
inition 2.4, we have E, ¢[g(z;w,§)] Vis(z) and

2
Euwe[||g(@;w,€)|"] < 16v2rdL3.

In the remains of this paper, we use the notation o2
16v/2rdL3.

We summarize the main properties of randomized
smoothing in the following proposition.

S| =

Proposition 2.2 (Proposition 2.2 (Chen, Xu, and Luo
2023)). Suppose Assumption I holds, then for the local func-
tion f*(x) = E[f*(x;£)], we have

Lf1() = £50)l < 0Ly

2. fi(x) is Ly-Lipschitz continuous and Ls-smooth, where
Ls = cL\/d/§ and c is a constant.

Vi5() €05 ().

There exists A such that for any x € RY, fs(z) — f* <
As, where As = A+ 6Ly.

Graph. Consider a time-varying network (V, &) of agents,
where V' denotes the set of nodes and & is the set of links
connecting nodes at time k. Let A(k) = (ai (k)1
denote the matrix of weights associated with links in the
graph at time k& > 0. In addition, we will use A™(k) £
(af ;(k)){";~; to denote the weighted matrix (mixing matrix)
for the 7-th repetition of communication in k-th iterations.
We make the following standard assumption on the graph
topology.

3.
4.

Assumption 2 (Graph property). The weighted matrix A(k)
has a sparsity pattern compliant with G that is

1. a;;(k) >0, for any i and k;

2. a; (k) > 0if (i,5) € & and a; ;(k) = 0 otherwise;

3. A(k) is doubly stochastic, which means 1T A(k) = 1T
and A(k)1 =1

Furthermore, all of above properties hold if we replace A(k)
with A7 (k).

Remark 1. Several rules for selecting weights for local
averaging have been proposed in the literature that sat-
isfies Assumption 2 (Xiao, Boyd, and Lall 2005). Exam-
ples include the Laplacian, the Metropolis-Hasting, and the
maximum-degree weights rules.
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The doubly stochastic matrix has some desirable proper-
ties (Tsitsiklis 1984; Sun, Scutari, and Daneshmand 2022)
that will be used in our analysis.

Proposition 2.3. Let A(k) = A(k)®14, J = 11,1] ®1,
then:

1. A(k)J = J = JA(k).

2. A(k)z* = z* = JzF vzk e RY

3. There exists p such that maxy, {Hfl(k) -
4. AR <1

We remark that Proposition 2.3 also hold by replacing
A(k) with A7 (k).

J|}<p<i

Algorithm 1: DGFM at each node ¢

Require: z; Vi e [m], K,n
I: Inltlallze v? = gi(z; 1,Si_1) =04

2: fork=0,..., K — 1 do

3: Sample S’c {{k ! wk 1} and calculate g;(z¥; SF)
4: nyrl Zj:l aw(k)(y] + gj(z ?751;?) -
g;(x

k— 1'SI,€71

: )

J

ofth =30 (k) (2 =yt

Return: Choose o, uniformly at random from

{xf}kzl,-u

a w

JK =1, m

3 DGFM

In this section, we develop the decentralized Gradient-Free
Method (DGFM), an extension of the centralized zeroth-
order method proposed by Lin, Zheng, and Jordan (2022).
In a multi-agent environment, a significant challenge lies
in managing the consensus error among agents to match
the order of the optimization error. To address this is-
sue, DGFM integrates a widely-used gradient tracking tech-
nique (Di Lorenzo and Scutari 2016; Sun, Scutari, and
Daneshmand 2022; Nedic, Olshevsky, and Shi 2017; Lu
et al. 2019) with the gradient-free method. Specifically, for
every node ¢, DGFM contains the following three steps.
Firstly, it sample a random direction w’ and a data point £,
and calculate the corresponding zeroth-order oracle estima-
tor g;(x¥; SF), where SF = (wk, £F). Secondly, the gradi-
ent tracking technique is applied to monitor the zeroth-order
oracle estimator of the overall function. Lastly, the primal
variable is updated using a perturbed and locally weighted
average. We present the details in Algorithm 1.

We first establish some basic properties of the ergodic se-
quences, especially for the average sequences.

Lemma 3.1. Let {z% y¥, g;(z¥; SF)} be the sequence gen-

erated by DGFM and {x*,y* g*} be the corresponding
stack variables, then we have

XFH = A(R)(x" — gy H), %M = xF -yttt
ghtl — gk | gh _ gh1
yitt =g and y*T =AMk + gt —g" ),
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k_ 1

+ Z’L 1yz

where T poe
and y* = 1,, ® g".

Lemma 3.1 implies that DGFM effectively executes an
approximate gradient descent on the consensus sequence,
utilizing the variable y to track gradients for approximating
the overall gradient. Subsequently, we present the main con-
vergence results of DGFM and discuss the relevant features.
The result of consensus error decay at exponential order is
given in Lemma 3.2.

Lemma 3.2 (Consensus error decay). Let {z¥,y¥, g;(z¥;
SF)} be the sequence generated by DGFM and {x"*,y* g"}

be the corresponding stack variables, then for k > 0, there
exist powtlve o and oo such that

E[||xt+|°]
< P2(1+ a)E[|x5 "] + 202 (1 + T DE[ [y 7],
and
E[yA* | Fi] = o2+ ao)E][|yE || | 7]

< p2(1+07")(6 + 3617 L2)mo? + O:E[[[xE1 | | 7]

+ B[ |* | 7] + 0] VA7 A
where 0; = 18L2n%p?(1 + a5 '), B2 = 9p*(1 + ay )L(Q;,
03 = 9p°(1 + oy 'L2(1 + 49?L2) and Ls = cLy/d5~ 1 i
the smoothness of fs(-).

Lemma 3.2 indicates th2at if we omit some additional error
term other than E[||x% ||"] and E[||y* ||"]. there is a fac-
tor p?(1 + «;),i = 1,2, between two successive consen-
sus error terms. Since p is smaller than 1, we can choose
a suitable «; (such as (1 — p?)/(2p?)) so that the factor
p?(1 + ;) < 1, thereby achieving an exponential decrease
in the consensus error. Therefore, we can show the descent
property of {z*} in the following Lemma 3.3 and combine
it with Lemma 3.2 to get the descent property of the overall
sequence in Lemma 3.4.

Lemma 3.3. Let {x* y* %% 3%} be the sequence gener-
ated by DGFM, then we have

E[fs(" )] - E[fs(z")] +

”%Em EIP) + Lon?(o? + L2).

TE[|[V fs(z*

We obtain Lemma 3.4 by multiplying the two consensus
errors in Lemma 3.2 by their corresponding factors (5, and
By and adding them to the result of Lemma 3.3.

Lemma 3.4 (Informal). Let {x* ,y* x* y*} be the se-
quence generated by DGFM, then there exist positive con-
stants B, and 3, such that

K—1 K-1
61 > E[||V5(@")[] + (65 — 66) D E[[|xE "]
k=0 k=0
<E[f5(3°)] — Elfs(@)] + (0 — Bo)E[||xX’] + 0
K
—6: 3 B[yt 1’1 - B E [y "] - B[y LD,
k=1
where constants 04,05,05,07 and 0s depend on

a17aQaﬂxaByadan7L57Lf7mand p-
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Observe that Lemma 3.4 can give an upper-bound of
E[||Vf5(z%)|] + (05 — 06)04‘E[||a* — 2*||°] when we
choose the proper pararneters of ay, a2, Bz, By, n and  such
that §; > 0 for ¢ = 4,---,8 and it holds that (65 —
96)94—1 =0(572). slnceE[Hwa )||P] < 2L2E[||2k -
”“H ]+2E[HVf5 H |, then we can give an upper bound

of E [HV fs(x || ] which naturally leads to the complexity
results of ﬁndlng (6, €)-stationary points with simple calcu-
lation. Next, we present more specific parameter settings,
leading to the optimal convergence rate.

Theorem 3.1 (Informal). DGFM outputs a (0, £)-Goldstein
stationary point of f(-) in expectation with the total stochas-
tic zeroth-order complexity and total communication com-
plextty at most O(Asd—'e=4d%/?) by setting a1 = oy =
(1= p%)/2p% 6 = Oe), B = O(671), By = O(e6) and
n= (9(525).

4 DGFM*

In this section, we consider DGFM™. First, we give some
preliminaries in the following section.

Algorithm 2: DGFM™ at each node i

Require: z; ' = 20 = 7° 49 = 04,Yi € [m],
K,n,b,t/
1: fork=0,..., K—1do
2 if £ mod T' = 0 then y
kij Kt

3 Sample S¥ = {(&, 1/3)}].:1

4 Calculate yf = = gi(a}; SF)

5: forr=1,- Tdo

6 yf+1 Z;n:l a;j(k)y;c+1

7 else -

8 Sample SF = {(gfﬂ,wfﬂ)}j:l

9: vf v+ gilafs SF) — gi(af 5 SF)
10: yz Z;n:1 ai,j( )(y;f + Uf - Ufil)
et = E;nzl a; j (k) (@ —nyi ™)

12: Return: Choose zy: uniformly at random from

{xf}k:17... JKii=1,--- m

Preliminaries for DGFM™. Mini-batch zeroth-order or-
acle estimator plays a key role in DGFM™. The variance
of the gradient estimator can be reduced by increasing the
batch size. Furthermore, the smoothness merit of random-
ized smoothing for mini-batch zeroth-order oracle estimator
is still established. All these properties are stated in the fol-
lowing Proposition 4.1.

Proposition 4.1 (Corollary 2.1 and Proposition 2.4 (Chen,
Xu, and Luo 2023)). Under Assumption 1, it holds that
ES[Hgi(I;S) - Vfg(as)HQ] < 0?%/b, where o*
16\/ﬂdL?. Furthermore, for any w € S* ! and x,y
RY it holds that nggi(ac;w@) - gi(y;w7§)|‘2]
dZL?c572||£L‘ —y|%

€
<
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Algorithm and Convergence Analysis. In DGFM™, we di-
vide all the K iterations into R cycles, each containing 7'
iterations. In the first iteration of each cycle, we sample a
mini-batch of size b’ to compute the stochastic gradient, and
then use batchsize of b for the rest iterations. In addition, we
use the SPIDER (Fang et al. 2018) method to track the gra-
dient for variance reduction. For the decentralized setting,
we perform gradient tracking on the obtained gradients to
approximate the gradient of the finite sum function and fi-
nally perform gradient descent on the variable z. It is worth
noting that we need to restart the gradient tracking at the
beginning of each cycle. To reduce the consensus error, we
perform frequent fast communication 7~ times. DGFM™ is
given in Algorithm 2.

Lemma 4.1. Let {zF y* ,gl , l} be the sequence gener-

ated by DGFM™* and {x*,y*, g¥ v} be the corresponding
stack variables, then for k > O, we have

Xk-i—l _ fl(k)(xk _ nka),ikH _ )—(k' _ nyk'+1
and y*tl =v*.
Furthermore, for rT < k < (r+1)T,r=0,--- ,R—1,
we have
Y= AR v v,

_f—

ghtl — gk gk gkl

The purpose of restart gradient tracking is to ensure that
y*+1 = ¥* holds throughout the entire sequence. Addition-
ally, it helps to truncate the accumulation of the variance
bound described in Lemma 4.4. However, this operation may
introduce a consensus error at the beginning of each cycle.
Inspired from (Luo and Ye 2022; Chen, Ye, and Luo 2022),
we perform multiple rounds of communication before the
start of each cycle. This will be further explained in detail
in Lemma 4.2. Next, we give some consensus results for
DGFMT,

Lemma 4.2. For sequence {x",y*} generated by DGFM™,
we have

B - A0+ o )
2L PR

2
<o (5 L YR )

+ 6o (B[ || |I*] + E[|I<E),
rT+1<k<(r+1)T,Vr=0,1,-

_|_

JR_17

E(y\"™*Y) <207 m(o® + L}),Vr =0,
and for any k > 0,

E[I°] < @

3(p*Li/ar + p*d®L3/6°) and 619 = (1 +

JR—1

)

+ ) E[[ <[] + B[ [ly ]

where g

az ') p*n?.
Similar to the proof process of DGFM, we will present the

descent properties of the average sequence in Lemma 4.3.

Since SPIDER is used here, we also provide an upper bound
for variance in Lemma 4.4.
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Lemma 4.3. For the sequence {z* v"} generated by
DGFM* and f5(z) = =37, fi(x ) we have

F3(@ ) — f(z "HVf 1?
< (1= B ok P 4 D gy - o

Lemma 4.4. Let {50 , 0%} be the sequence generated by
DGFM™, then forrT <k <k < (r + DT — 1, we have

2d2L2
[H“ - V(@ H 252bf Z [Iv7= 1”
Jj=kK'
22 6d2
<R[ + o, ZE I 17] + B[]

+2E

[ - 23" vrie)
=1

Moreover, fork =rT,r =0,---
m i 2
LS V)| <o/

By multiplying the consensus error descent of z, y shown
in Lemma 4.2 with their corresponding coefficients, /3, and
By, and combining it with the results of mean sequence
(Lemma 4.3) and variance upper bound (Lemma 4.4), we
can obtain the following Lemma 4.5.

il

, R —1, we have E[Hz’)k —

Lemma 4.5 (Informal). For the sequence {x*,y"*} gener-
ated by DGFM™, we have

77RT 1 RT—1 ,
3 2 BlIVAEIT +o0 3 B[]
k=0
RT—1
<—tn Y E[||o"]"] - BEGET
k=0
RT—1
s Y A - B[] — B[]
k=0
LI 2T m(o? + 13) R+ s
with  constants (011,012, 013,614,615) depend on

(04170(2, b7 Bwa ﬁya da 777L57Lfa Ra m, p, T)
Similar to Lemma 3.4, Lemma 4.5 gives an upper bound

2 .
of]E[HVfg H ]+ (611 /n)-E[||x*— kH |, which can be
used to derive the complexity of Goldstein stationary point
o¥ in expectation. We present specific parameter setting in

the following Theorem.

Theorem 4.1 (Informal). DGFM*t can output a
(0,¢)-Goldstein stationary point of f(-) in expectation
with total stochastic zeroth-order complexity at most

O(max{As6~ e 3dim= %, Ase~2dim~2}) and the
total communication rounds is at most O((sfl +
log(e~'d)) - max{Ase~2d2m?,Ase=2dim™3}) by
setting oy = oz = (1= p?)/2p% 6 = O(e), B = O3 1),
By = 00), V' = O(2),b = Oe™h), n = Of),
T=0(E1), R=0(Ase72), T = O(log(e71)).
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Dataset n d | Dataset n d
a%9a 32,561 123 w8a 49,749 300
HIGGS 11,000,000 28| covtype 581,012 54
rcv 20,242 47,236 SUSY 5,000,000 18
ijennl 49,990 22 |skin_nonskin 245,057 3

Table 1: Descriptions of datasets used in our experiments.

Remark 2. Compared to DGFM, DGFM™ requires less
evaluations of zeroth-order oracles to achieve the same level
of accuracy, which is consistent with the findings of (Chen,
Xu, and Luo 2023). Additionally, DGFM™ involves signif-
icantly fewer communication rounds than DGFM, and the
number of communication rounds required is of the same
order as the number of iterations K.

Remark 3. If we do not use multiple rounds of commu-
nication during the restart of gradient tracking and only
perform communication once, i.e., T = 1, we can achieve
the same complexity result to DGFM by setting the param-

eters appropriately, i.e., a; = ag = (1 — p?)/2p%, 0 =
O(e),Be = O(e72), B, = O(?), b/ = O(e72), b= 0O(1),
T = 0O(72), R = 0O(e72) and n = O(e?). However, this

parameter setting will increase the number of communica-
tion rounds to O(§~1e=3), which is one order of magnitude
higher than the current result in Theorem 4.1.

5 Numerical Study

In this section, we show the outperformance of DGFM and
DGFM™ via some numerical experiments.

5.1 Non-convex SVM with Capped-/; Penalty

The first experiment considers the model of penalized Sup-
port Vector Machines (SVM). We aim to find a hyperplane
to separate data points into two categories. To enhance the
robustness of the classifier, we introduce the non-convex and
non-smooth regularizers.

Data: We evaluate our proposed algorithms using several
standard datasets in LIBSVM (Chang and Lin 2011), which
are described in Table 1. The feature vectors of all datasets
are normalized before optimization.

Model: We consider the non-convex penalized SVM with
capped-f; regularizer (Zhang 2010). The model aims at
training a binary classifier z € R? on the training data
{a;,b;}7_,, where a; € R? and b; € {1, —1} are the feature
of the i-th sample and its label, respectively. For DGFM ™
and DGFM, the objective function can be written as

z€ER Z fl

where fi(x) = 37060 (a])Tw) + y(x). €()

max{1—z,0},y(z) = AX1_; min{|z;|, 0}, n = Y0 0,
and A\, @ > 0. Similar to (Chen, Xu, and Luo 2023), we take
A=10"5/nand a = 2.

min f(z
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Figure 1: We assess the convergence performance of four algorithms by plotting the objective function value on the y-axis

against the number of zeroth-order calls on the z-axis.
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Figure 2: We assess the attacking performance of four algorithms by plotting the accuracy after attacking on the y-axis against

the number of zeroth-order calls on the z-axis.

Network topology: We consider a simple ring-based
topology of the communication network. We set the num-
ber of worker nodes to m = 20. The setting can be found
in (Xian et al. 2021).

Performance measures: We measure the performance of
the decentralized algorithms by the decrease of the global
cost function value f(Z), to which we refer as loss versus
zeroth-order gradient calls.

Comparison: We compare the proposed DGFM and
DGFM™ with GFM (Lin, Zheng, and Jordan 2022) and
GFM™ (Chen, Xu, and Luo 2023). Throughout all the ex-
periments, we set 6 = 0.001 and tune the stepsize 7 from
{0.0005,0.001,0.005,0.01} for all four algorithms and b’
from {10, 100,500}, T from {10, 50, 100} for DGFM ™ and
GFM™, T from {1,5,10} for DGFM™*, m = 20 for two
decentralized algorithms. We run all the algorithms with the
same number of calls to the zeroth-order oracles. We plot the
average of five runs in Figure 1.

In most of the experiments we conducted, our decentral-
ized algorithms significantly outperform their serial counter-
parts. While DGFM sometimes exhibits slow convergence

le5
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due to high consensus error, DGFM™ consistently demon-
strates more robust performance and often achieves the best
results. In larger sample size test cases (SUSY, HIGGS),
DGFM™ often demonstrates notably faster convergence than
DGFM. These outcomes further corroborate our theoretical
analysis of DGFM and DGFM™. Additionally, we note that
both DGFM™ and GFM™ have exhibited significantly stable
performance, as seen in their smoother convergence curves,
while DGFM and GFM show more fluctuation. This obser-
vation aligns with the theoretical advantage offered by the
variance reduction technique.

5.2 Universal Attack

We consider the black-box adversarial attack on image clas-
sification with LeNet (LeCun et al. 1998). Our objective is
to discover a universal adversarial perturbation (Moosavi-
Dezfooli et al. 2017). When applied to the original image,
this perturbation induces misclassification in machine learn-
ing models while remaining inconspicuous to human ob-
servers. Network topology and Performance measures are
the same as in the previous experiment. However, we set
m = 8 for two decentralized algorithms here.
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Fashion-MNIST MNIST

Dataset

Training Test Training Test

DGFM  65.66(0.88) 65.22(1.07) 71.92(1.56) 73.18(1.21)
DGFM* 66.46(1.80) 66.14(2.03) 70.62(2.47) 71.42(2.50)
GFM  66.86(0.90) 66.64(1.02) 73.20(0.41) 73.66(0.55)
GFM™* 69.92(2.67) 69.62(2.63) 76.64(3.29) 77.52(3.29)

Table 2: Attacking result (Accuracy/std%)

Data: We evaluate our proposed algorithms using two
standard datasets, MNIST and Fashion-MNIST.

Model: The problem can be formulated as the following
non-smooth non-convex problem:
|Ds|

1 &[ 1 : ;
min — — Yy —l(al + ,bg),
IGlloo < T2 £ (IDiI ; (s e )

where the dataset D; = {a’,b]}, a] represents the image
features, bf € R is the one-hot encoding label, C' is the
number of classes, |D;| is the cardinality of dataset D;, &
is the constraint level of the distortion, ¢ is the perturba-
tion vector and /(-,-) is the cross entropy function. We set
+ = 0.25 for Fashion-MNIST and x = 0.5 for MNIST. Fol-
lowing the setup in the work of (Chen, Xu, and Luo 2023),
we iteratively perform an additional projection step for con-
straint satisfaction.

Comparison: We use two pre-trained models with
99.29% accuracy on MNIST and 92.30% accuracy on
Fashion-MNIST, respectively. We use GFM, GFMT,
DGFM and DGFM™ to attack the pre-trained LeNet
on 59577 images of MNIST and 55384 images of
Fashion-MNIST, which are classified correctly on the train
set for training LeNet. Furthermore, we evaluate the per-
turbation on a dataset comprising 9885 MNIST images and
8975 Fashion-MNIST images. These images have been ac-
curately classified during the testing phase of the LetNet
training. Throughout all the experiments, we set § = 0.01,
b = {16,32,64}. For DGFM™ and GFM™, we tune
from {40, 80, 800, 1600}, T from {2, 5,10, 20}. Addition-
ally, tune 7 from {1,10,20} for DGFM™. For all algo-
rithms, we tune the stepsize 7 from {0.05,0.1,0.5,1} and
multiply a decay factor 0.6 if no improvement in 300 itera-
tions. For all experiments, we set the initial perturbation as
0. The results of the average of five runs are shown in Fig-
ure 2 and Table 2. On the Fashion-MNIST dataset, DGFM
achieves the lowest accuracy after attacking and small vari-
ance. For MNIST, DGFM™ achieves the lowest accuracy af-
ter attacking, but its variance is larger. In general, we can
observe that our algorithms perform better than the serial
counterparts.
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