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Abstract

Learning in games considers how multiple agents maximize
their own rewards through repeated games. Memory, an abil-
ity that an agent changes his/her action depending on the his-
tory of actions in previous games, is often introduced into
learning to explore more clever strategies and discuss the
decision-making of real agents like humans. However, such
games with memory are hard to analyze because they ex-
hibit complex phenomena like chaotic dynamics or diver-
gence from Nash equilibrium. In particular, how asymme-
try in memory capacities between agents affects learning in
games is still unclear. In response, this study formulates a
gradient ascent algorithm in games with asymmetry memory
capacities. To obtain theoretical insights into learning dynam-
ics, we first consider a simple case of zero-sum games. We
observe complex behavior, where learning dynamics draw a
heteroclinic connection from unstable fixed points to stable
ones. Despite this complexity, we analyze learning dynamics
and prove local convergence to these stable fixed points, i.e.,
the Nash equilibria. We identify the mechanism driving this
convergence: an agent with a longer memory learns to ex-
ploit the other, which in turn endows the other’s utility func-
tion with strict concavity. We further numerically observe
such convergence in various initial strategies, action numbers,
and memory lengths. This study reveals a novel phenomenon
due to memory asymmetry, providing fundamental strides in
learning in games and new insights into computing equilibria.

Introduction

Learning in games discusses how players learn their strate-
gies through repeated games (Fudenberg and Levine 1998).
Here, whether or not players learn their optimal strategies,
called Nash equilibrium, is a nontrivial problem because
each player’s optimal strategy depends on the strategy of
his/her opponent. This problem becomes further exacerbated
in zero-sum games, where both the players conflict in their
utility functions. In order to approach this problem, various
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learning algorithms have been proposed, such as replica-
tor dynamics (Borgers and Sarin 1997; Hofbauer, Sigmund
et al. 1998; Sato, Akiyama, and Farmer 2002) and gradient
ascent (Singh, Kearns, and Mansour 2000; Zinkevich 2003;
Bowling and Veloso 2002; Bowling 2004). The dynamics of
these algorithms have undergone extensive study, with find-
ings indicating a cycling behavior around the Nash equi-
librium in zero-sum games (Mertikopoulos and Sandholm
2016; Mertikopoulos, Papadimitriou, and Piliouras 2018).
Memory, referring to an agent’s ability to alter their subse-
quent actions based on past decisions, is often incorporated
into games to investigate more sophisticated strategies and
explore the decision-making processes of real agents, such
as humans. Such memory introduces greater complexity and
diversity into games. A celebrated study in economics has
shown that players with memory can take various strate-
gies in the Nash equilibria (Fudenberg and Maskin 2009).
Indeed, in prisoner’s dilemma games, agents with memory
can achieve cooperation (Axelrod and Hamilton 1981) and
asymmetric degree of cooperation (Fujimoto and Kaneko
2019), even though those without memories cannot cooper-
ate in the Nash equilibrium. Memory also complicates learn-
ing dynamics such as chaotic dynamics (Barfuss, Donges,
and Kurths 2019) and divergence from the Nash equilib-
rium (Fujimoto, Ariu, and Abe 2023) in zero-sum games.
In recent years, theoretical approaches to games with mem-
ories have garnered significant interest (Barfuss 2020; Usui
and Ueda 2021; Meylahn, Janssen et al. 2022; Ueda 2023).
How learning changes depending on memory length is
an interesting question in games with memory. Indeed, this
question has often been discussed in prisoner’s dilemma
games. It is reported that agents with longer memories can
cooperate more cleverly (Hilbe et al. 2017; Murase and Baek
2020). Furthermore, the difference in payoffs emerges be-
tween agents with different memory lengths in various learn-
ing algorithms such as Q-learning (Sandholm and Crites
1996), coupled replicator dynamics (Fujimoto and Kaneko
2021), and evolutionary dynamics (Baek et al. 2016; Schmid
et al. 2022). This suggests that an asymmetry in memory ca-
pacities could potentially lead to the exploitation of the op-
ponent’s payoff in zero-sum games. Despite this, the impact
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of memory asymmetry in games has yet to be thoroughly
investigated.

This study considers learning in zero-sum games between
agents with memory asymmetry. First, we formulate games
with asymmetry memory and a gradient ascent algorithm
in the games. This algorithm corresponds to replicator dy-
namics, provided that the learning rate is sufficiently small,
as outlined in Fujimoto, Ariu, and Abe (2023). In order to
catch theoretical insights, we first focus on two-action zero-
sum games between agents with memory lengths of one
and zero (called one-memory and zero-memory). We an-
alyze the Nash equilibrium in this with-memory game in
comparison with the “original” Nash equilibrium in games
without memory. Interestingly, we prove that this original
Nash equilibrium can be divided into two distinct regions.
The first region comprises unstable fixed points within the
learning dynamics, while the second consists of stable fixed
points. These stable points correspond to the Nash equilib-
rium in with-memory games. Thus, heteroclinic orbits (Stro-
gatz 2018) are observed in with-memory games; Dynamics
diverge from the unstable region and converge to the stable
region within the original Nash equilibrium. This conver-
gence is because the agent with a longer memory learns to
concave the opponent’s utility function. Furthermore, we ex-
perimentally confirmed this convergence across various ini-
tial states, action numbers, and memory lengths.

To summarize, our study uncovers complex heteroclinic
dynamics in learning in with-memory games. We also iden-
tify a novel phenomenon of convergence in learning in zero-
sum games, which is achieved due to memory asymme-
try. Given that replicator dynamics exhibit cyclical behavior
without memory (see Panel A in Fig. 1) and diverging be-
havior with memory symmetry (see Panel B), our discovery
is significant (see Panel C).

Preliminary
Two-Player Normal-Form Games

We consider two players of X and Y. In every round, each
of them chooses its action from A = {aj, -+ ,a,} and
B = {by, - ,by}. If they choose a € A and b € B,
they immediately receive a payoff of 1., € R and v, € R,
respectively. For the illustration of two-player normal-form
games, see the area surrounded by the magenta dotted lines
in Fig. 2-A.

Games with Memory Asymmetry

We assume that X and Y can memorize their actions in the
newest nx € N and ny € N rounds, respectively. We set
that X has a longer memory (nx > ny).LetS = [[X, (Ax
B) be the set of all states that X can memorize. Notably, each
state s € S is given by a string of actions of length 2nx.
Under state s, X can choose its action a with the probability
of z,), € (0,1). X’s strategy is the set of x|, foralla € A
and s € S and is denoted as |S|(= m?"*)-numbers of (m —
1)-dimension simplexes, x € [],.g A™'. Fig. 2-A shows
the introduction of memories into normal-form games.
Foreachn € {0,...,nx — 1}, let s,, denote the newest n
substring of s. We also define the set S, as S,, = [[,_; (A x
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B), which represents the set of all possible s,,. Since the
length of Y’s memory is ny (< nx), the set of states mem-
orized by Y can be represented by S,,,, . We assume that un-
der each state s,,,, Y chooses its action b with probability
Ybls,, € (0,1).1fny =0, S,y = 0 and we simply denote

Yb|s,, aSYp. Y's strategy isgivenbyy € [[, s AT
% Sny ny
Because the above immediate payoff is determined by both
the players’ actions in the last round (s; € A x B), we can
rewrite the payoff as u,, and v, .

Formulation as Markov Transition Processes

The above setting is described by a discrete-time Markov
transition process (see the illustration of Fig. 2-B), where
the transition rate from state s to s’ is

xa\syb|snY

My s(x,y) := {O

We formulate the Nash equilibrium based on the Markov
transition process. Then, strategies x and y may be re-
garded as fixed in the above Markov transition process. For
fixed x and y within the interior of the simplexes, the sta-
tionary state for the above Markov transition processes is
uniquely denoted as pSt(x,y). The stationary state satisfies
PE(x,y) = >, Mys(x,y)pd(x,y). If the game contin-
ues a sufficiently long time, each player’s payoff is given
under this stationary state; u**(x,y) = > p¥(x,y)us,
and v°'(x,y) = >, p5'(X, y)vs, . Therefore, the above pay-
offs reflect that every player learns slowly enough, i.e., their
learning rates are sufficiently small. The Nash equilibrium
is defined as the strategies that maximize their own payoff
functions in the stationary state;

{

The objective of this study is to learn this Nash equilibrium.

(s = abspy—1) 0

(otherwise)

x* € argmax, u*'(x,y*)
y* € argmax, v®*(x*,y)

2

Algorithm

Referring to Fujimoto, Ariu, and Abe (2023), we now
formulate the algorithm of multi-memory gradient ascent
(MMGA) for asymmetric memory lengths between the
players. This discretized algorithm can be implemented
even when we do not know the analytical expression of
u*(Norm(x),y).

Algorithm 1: Discretized MMGA
Input: 7, v
1: fort=0,1,2,--- do
2: forae A, seSdo
3: X = X+ e,
uw**(Norm(x'),y) —
Y

(x,y)

Aa‘s —

end for
forac A, s Sdo

Jf‘a\s — xa\s(l + nAa\s)
end for
x < Norm(x)

4
5
6:
7:
8.
9:
10: end for
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Figure 1: Learning dynamics illustrated for three memory-configuration scenarios involving two agents. Learning dynamics
show a cycling behavior around the Nash equilibrium when the agents have no memory (left panel). Learning dynamics diverge
from the Nash equilibrium when the agents have the same memory capacity (center). Learning dynamics draw heteroclinic
orbits and eventually converge to the Nash equilibrium when the agents have different memory lengths (right). In all the panels,
the horizontal and vertical axes indicate the probabilities of the agents choosing “head” in matching-pennies games (see Fig. 2).
In the center and right panels, the color gradient indicates the passage of time (blue represents older data, and red represents

newer data).

In Alg. 1, the initial states of x and y are set. In each
time step of ¢, X shifts each component of x by v from
the original strategy x and define x’ (line 3). Here, e,
is defined as the unit vector for the direction of x,|,. Fur-
thermore, we normalize x’ for each state as Norm(x') :=
{25/ (320 ¥45) Ya,s- By comparing Norm(x') with x, X
gets the gradient A, (line 4). Using all of A, |5, X updates
its strategy x|, with learning rate n (line 7) and normalizes
it (line 8). Here, note that the update is weighted by z, it-
self. We also implement Alg. 1 for agent Y similarly. How-
ever, because Y has a shorter memory than X, its strategy is
updated for s,,, € S, instead of s € S. Y’s action b € B
and payoff v®' can be different from a € A and u**.

If the analytical expression of ©*(x,y) and v®'(x,y) are
known, we can use the following dynamics (continualized
MMGA (Fujimoto, Ariu, and Abe 2023)) instead of Alg. 1
by taking the limit of v — 0 and  — 0;

. 9
Tq)s(X,y) = xa‘smu *(Norm(x),y), 3)

als

Up|sny (X, ¥) v*'(x, Norm(y)).  (4)

=Yblsny

|S Y 8yblsny
These continuous-time dynamics of the MMGA algorithm
are useful for the theoretical treatment as they allow for clas-
sical stability analysis and numerical integration.

Theoretical Results

In this section, we analyze learning dynamics under asym-
metric memory lengths between the players. To simplify the-
oretical treatments, we first establish several assumptions for
the games, such as payoff matrix, action number, and mem-
ory length. Next, we derive the Nash equilibrium in these
games and compare this equilibrium with the original Nash
equilibrium in games without memory. Finally, we analyze
the dynamics of learning. We prove that the fixed points
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of learning dynamics are divided into stable and unstable
ones. Thus, heteroclinic dynamics diverging from unstable
fixed points and converging to stable ones are drawn. In this
section, we present only the proof sketch for each theorem,
while detailed proofs can be found in Technical Appendix A.

Assumptions

First, we consider two-action zero-sum games as follows.

Assumption 1 (Two-action zero-sum game). We denote
the two actions of two agents as A = {a1,a2} and
B {b1,b2}. There are four states S; X
B = {aib1, a1bs, asby, asbs}. If each state occurs, X re-
ceives the payoff corresponding to u (u1,...,uq) =
(Uayby s Uaybys Uaghy s Uaghy )- Zero-sum games assume that
Y’s payoff is given by vap = —ugp foralla € Aand b € B.
To ensure a nontrivial game, we assume that uy and u4 are
both larger than us and us.

In Asm. 1, we consider a specific class of zero-sum games
where the Nash equilibrium exists in the interior of the strat-
egy spaces of two players. This is because if the Nash equi-
librium is on the boundary of the strategy spaces, a dom-
inant strategy exists and learning dynamics are trivial. An
example that satisfies Asm. 1 is matching-pennies games
(u1 = ug = +1 and us = ug = —1). Indeed, the Nash
equilibrium is defined as follows.

Definition 1 (Original Nash equilibrium in two-action zero—
sum normal-form game). Under Asm. I (two-action zero-
sum game), we consider (nx,ny) = (0,0) (no memory =
normal-form game). Then, the mixed strategy of X is given
by a single variable © = x4, € (0,1). Similarly, Y’s strat-
egy is given by y := yp, € (0,1). Then, the Nash equilib-
rium (2°, y°) and the payoffs in the equilibrium (u°,v°) are
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Figure 2: A: Schematics of with-memory games. The area surrounded by the magenta dotted line shows a classic normal-form
game, where player X (green) chooses action either a; or ay with the probability of z,, and z,, in the row of the matrix, while
player Y (orange) chooses action either b; or by with the probability of y;, and y, in the column. Especially in the matching-
pennies game, a; = b; = “head” and as = by = “tail”. The matching of X’s and Y’s actions leads to X’s win (green panel),
while the mismatching leads to Y’s win (orange panel). In with-memory games, x,, and yy, is given by z,,), and Ybi s, - Here,
s is the string of their actions played in the previous nx rounds. In addition, because Y has a shorter memory than X, s, is
defined as the substring of s. B: Schematics of Markov transition in with-memory games. In the transition from s to s, S,y —1
(blue), i.e., the last 2(nx — 1) substring of s continues to exist in s’. X and Y choose actions a; (green) and b (orange) are
appended to this substring s, _1. These choices occur with the probability of M. and give X and Y the payoffs of u,p, and

Uq, by » TESPECtively.

given by
20 — —U3 + Ug o —U2 + Ug )
- ) - )
U17UQ7’LL3+U4 U17U27U3+U4
U1Ug — U2U3
u® = v° = —u°. (6)

)
Ul — Uz — U3 + Uy

The Nash equilibrium in no-memory games has been
known for a long time (Nash Jr 1950). On the other hand,
when agents with memories are considered, the region of
the Nash equilibrium is generally extended (Fudenberg and
Maskin 2009). Therefore, we call such a no-memory Nash
equilibrium (z°,y°) as the “original” Nash equilibrium for
distinction.

We now introduce a specific class of with-memory games
under Asm. 1 and define notations.

Definition 2 (One-memory and zero-memory strategies and
vector notation). Under Asm. 1, consider (nx,ny)
(1,0). Because a constraint xq,|s + Za,s = 1 holds for
all s € § = {a1by,a1ba, azby, azba}, X's strategy is de-
termined by a four-variable vector x (1,...,24) :
(‘ra1|fl151 ’ xal\ﬁhbwxa1\a2b17‘ra1|a21)2) € (Oa 1)4 On the
other hand, Y’s strategy is determined by y Yp, €
(0,1). We also use the vector notation of the stationary
state P> = (DY, PY) = (D36, P60 Panby > Paba )
Expected payoffs in the stationary state are also described
as w (@, ) = p* (@, y) - w and v\ (@, y) = —u (@, y).

Analysis of Nash Equilibrium

First, we provide an important theorem characterizing
games between one-memory and zero-memory agents. In
the following, we define X :=1— X for any function or
variable .
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Theorem 1 (Stationary state). Under Def. 2, the stationary
state can be described as p**(x,y) = (2%, 7)) @ (y,7) :=
(z%ty, 254, T5%, 75'F). Here, 2% is called X’s “marginal-
ized” strategy, a function of (x,y);

T3y + T4y
T1y + oy + w3y + 147

o™ (x,y) = (7
Proof Sketch. We consider the stationary state condition
pS =3, My p3'. Because Y uses zero-memory strategies,
we derive p§t' + p§ = vy, pi' + p§' = ¢, and p5'/pd’
p3t/pst. These three equations show that the stationary state
is described as ps* = (2%, 7%) ® (y,¢) with a function
2% (x,y). By substituting this equation for the stationary
state condition, we obtain the mathematical expression of
™ (z,y). O

Thm. 1 shows that in the stationary state, how each ac-
tion is chosen by any one-memory strategy « € (0,1)* can
be given by a zero-memory strategy x = z°(x,y). Here,
because z°%(x, y) is obtained by compressing = and y, we
call it a “marginalized” strategy (following the terminology
used in Press and Dyson (2012)). The representation of the
marginalized strategy is as if X is using the no-memory strat-
egy in the stationary state, but this is because opponent Y
has no memory. However, note that this marginalized strat-
egy 7°'(x,y) is not a variable but a function that changes
depending on the other’s strategy y. Based on Thm. 1, we
obtain the Nash equilibrium as follows.

Theorem 2 (With-memory Nash equilibrium). In with-
memory games under Def. 2, (x,y) = (x*,y*) is the with-
memory Nash equilibrium if and only if z5'(x*,y*) = 2°,
y* =y°, and -2z + T5x5 > 0 are satisfied.

Proof Sketch. We consider the extreme value conditions of
X and Y. Using the notation of F|. := F|(g,y)=(z*,y+) for
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Figure 3: An example of heteroclinic orbit. A: Time series of & = (x1, T2, T3, T4), % (x, y), and y. B: [llustration of trajectories
of learning dynamics. The trajectory is plotted in a three-dimensional space consisting of z5*(x, y), y, and —Z1x4 + Tox3. Only
the solid line and the cross mark (i.e., —Z1x4 + Tox3 > 0) is the Nash equilibrium, but the solid and dashed gray lines indicate
the states that correspond to the original Nash equilibrium, i.e., (z%*(x, y),y) = (2°,y°). Note that this line should be a three-
dimensional manifold in the five-dimensional space of  and y in practice. The solid (resp. dashed) line satisfies the stable
condition —Z1xz4 + Toxz > 0 (resp. < 0). The trajectory is plotted from blue (time is 0) to red (time is 180) by the time series

in panel A.

any functions F, we derive du®' /0z;|, = 0 & y* = y° for
all i. Here, when y = 3/°, St is always constant independent
of &. We also derive 9v'/dy|. = 0 & 25 (z*, y*) = 2°.
Furthermore, the concavity condition of v** for y is given by

2,5t ( St [
Tvr@y) oy o 97E@NY) g
0y? Ay
& —Fixy + T5x5 >0, ®)
completing the proof. O

Let us discuss this with-memory Nash equilibrium, which
is simply called Nash equilibrium below. First, (z*,y*) is
a three-dimensional manifold in the space of (x,y). In the
space of (z5%(x, y),y), however, (z°(x*, y*), y*) is unique
and corresponds to the original Nash equilibrium (z°, y°).
Here, note that not all of (x,y) such that (z5%(x,y),y) =
(2°,y°) are the Nash equilibrium (x*, y*). This is because
one more condition —z7z} + 525 > 0 is necessary for the
Nash equilibrium.

We also discuss this condition —z7z} + 2525 > 0. First,
recall that X uses four variables x to construct a func-
tion z°(x,y). As shown in Thm. 1, this function means
the probability that X chooses action a; in the stationary
state. Practically, however, X can change this probability de-
pending on the other’s strategy y because it has memory.
—z]zy + x5x5 > 0 is satisfied when x] and x5 are large
while 25 and «} are small. In other words, X tends to use a;
(resp. a2) in response to b; (resp. b2), meaning that X, in the
next round, tries to use the advantageous action in response
to the opponent’s action. Briefly said, X exploits Y’s payoff
if Y biasedly chooses an action. Thus, it is best for Y to use
its minimax strategy y = y*. Indeed, —z7z} + 525 > O is
equivalent to 9?vst(z*, ) /0y? < 0, meaning that Y’s func-
tion is concave. Y cannot increase its own payoff even if it
uses other strategies y # y*. Thus, this condition is neces-
sary for the Nash equilibrium.
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Analysis of Learning Dynamics

Having discussed the appearance of a Nash equilibrium in
a game with asymmetric memory, our attention will now be
directed towards the dynamics of the game. Specifically, We
now analyze the dynamics of Eqgs. (3) and (4) around the
equilibrium. Our first finding is that the fixed points of the
learning dynamics correspond to the original Nash equilib-
rium.

Theorem 3 (Fixed points of learning dynamics). Under
Def. 2, all the fixed points of learning dynamics are given
by (xSt(wv y)7 y) = (xo? yo).

Proof Sketch. Under Def. 2, Eqs. (3) and (4) are calculated
as

™ (x,y)

oz, ©))

jji = xziz(ul — Uz — Usg + U4)(y — yo)
Y = —yy(ur — uz — uz + uy)

0zt (zx, .

{w- 2520 4 @) -2} 10)
Y

We can calculate (,9) = (0,0) & (2%%(z,y),y) =

(x°,9°). O
Next, the following theorem and corollary specify

whether dynamics converge to or diverge from these fixed

points.

Theorem 4 (Local convergence to Nash equilibrium). Un-
der Def. 2, the learning dynamics are locally asymptoti-
cally stable for each Nash equilibrium (x*,y*) such that
—zixy + 5725 > 0.

Proof Sketch. We consider a linear stability analysis in the
neighborhoods of the obtained fixed points. Let J denote the
Jacobian matrix for learning dynamics with z = (x, y) and
J;j := 0%;/0z;|.. Each fixed point is locally stable when the
maximum eigenvalue of the Jacobian except for 0 (denoted
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Figure 4: Learning dynamics for various asymmetric numbers of memories by removing Def. 2. Panels A and B show the cases
of (nx,ny) = (1,0) and (2, 0), respectively. All the trajectories from various 10 random initial states (represented by different
colors) converge to the same Nash equilibrium. Panel C illustrates the case of (nx,ny) = (2,1). The horizontal and vertical
axes indicate z°* and y®' for the wide thick lines, and X’s marginalized strategy xztny and Y’s strategy yiiy for the other thin

lines. The solid, dashed, dot, and dash-dot lines of the thin ones represent the cases of s, (= $1) = a1b1, a1b2, azby, and agbs,
respectively. Both samples (represented by blue and orange) are observed to converge to the Nash equilibrium.

as A1) is negative. We derive Ay < 0 & —Zjz) +T5z5 > 0,
completing the proof. O

Corollary 1 (Divergence from fixed points). Under Def. 2,
if strategies « and y satisfy (z°*(x,y),y) = (x°,y°), the
strategies are fixed points of learning dynamics even in the
region of —T1x4 + Toxs < 0. However, the strategies are
unstable, and learning dynamics diverge from there.

Let us explain the property of learning dynamics from
Thms. 3 and 4. First, Thm. 3 means that the fixed points of
learning dynamics correspond to the original Nash equilib-
rium. However, learning dynamics do not converge to all of
these fixed points. Thm. 4 shows that learning can converge
to only roughly half of the fixed points where the condition
—Z1x4 + Zoxs > 0 should be satisfied. Because the equiv-
alence holds when all the inequalities become equalities in
Eq. (8), this condition is equivalent to the strict concavity of
Y’s utility function v5t(x, y).

Visualization of Heteroclinic Dynamics

Fig. 3 visualizes a heteroclinic orbit of learning dynamics.
Panel A shows the time series of learning dynamics which
is based on the continuous-time algorithm, i.e., the Runge-
Kutta fourth-order method of Egs. (3) and (4) with the step-
size of 2 x 1072. To facilitate interpretation, Panel B shows
the trajectory of the time series of five-dimensional learn-
ing dynamics of (x,y) in an appropriate three-dimensional
space (7%, y, —F124 + T223). In panel B, all the gray solid
and dashed lines correspond to the original Nash equilib-
rium, ie., (25 y) (z°,y°) and to the fixed points of
learning dynamics. In particular, the solid (resp. dashed) line
shows stable (resp. unstable) fixed points of learning dynam-
ics. Note that these one-dimensional lines represent a three-
dimensional manifold in the five-dimensional space consist-
ing of (x,y). Now, we can see a heteroclinic orbit diverging
from an unstable fixed point and converging to a stable one.
Panel A illustrates an increase in x1 and x3, while x5 and x4
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decrease through learning, indicating that X is learning to
exploit Y. Consequently, —Z;x4 + Zox3 increases, leading
to a concave utility function for Y with respect to .

Experimental Results

So far, our theoretical analyses of learning dynamics have
revealed the existence of heteroclinic orbits that converge
to stable fixed points. In addition, these fixed points are
included in the original Nash equilibrium of games with-
out memory. In the following, we numerically confirm that
learning dynamics converge to the original Nash equilib-
rium in various initial states, action numbers, and memory
lengths. All the following experimental results are based on
the discrete-time algorithm, i.e., Alg. 1. In the following, we
set the inputs 7 = 1073 and v = 107% in Alg. 1. In comput-
ing gradients of payoff, i.e., A,|,, we calculate the equilib-
rium payoff accurately enough; The analytical solution 15
and computational solution 4 satisfy |us® — @5¢| < 1079,

Dynamics for Various Memory Lengths. Fig. 4 shows
that the learning dynamics converge to the Nash equilibrium
in various numbers of memories. Panel A is for (nx,ny) =
(1,0), Bis for (2,0), and Cis for (2, 1). In Panel B, because
nx = 2, the number of variables that are necessary to de-
scribe X’s strategy « is larger than those in Def. 2. However,
just like Thm. 1 shows, @ construct the marginalized strat-
egy of one function z5%(x,y) in the stationary state. Fur-
thermore, the equilibrium corresponds to the original Nash
equilibrium, i.e., (z%*(x,y),y) = (2°,9°). Notably, Panel
C of (nx,ny) = (2,1) is interesting, where both the play-
ers memorize previous states as different from both A and
B. X uses two-memory strategies given by sixteen variables
x € (0,1)'5, while Y uses one-memory strategies given by
four variables y € (0,1)*. Then,  construct the marginal-
ized strategy of four functions and X behaves as if X em-
ploys one-memory strategies. In conclusion, learning dy-
namics converge to the Nash equilibrium in games between
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Figure 5: Learning dynamics for various numbers of actions are illustrated in two cases: (A) a rock-paper-scissors game (m =
3), and (B) an extended rock-paper-scissors game with four actions (m = 4). The dynamics of x5 € A™ L andy € A™ ! are
plotted in each panel. The vertices of simplexes correspond to pure strategies for choosing actions ay, - - -, or a,, in x* or by,
-+, 0r by, in y. In both cases, the samples of 4 random initial conditions (indicated by different colors) converge to the Nash

equilibrium.

one-memory strategies (Fujimoto, Ariu, and Abe 2023).

Dynamics for Various Action Numbers. Next, we re-
move the assumption of two-action games (Asm. 1). Fig. 5
demonstrates that learning dynamics converge in various
numbers of actions, where Panel A considers a Rock-Paper-
Scissors game (m = 3), while B considers an Extended
Rock-Paper-Scissors game (m = 4) with (nx, ny) = (1,0).
From these panels, we can observe that learning dynamics
converge in these games as in the two-action games. We
now discuss where learning dynamics converge. Just like the
proof in Thm. 1, we define the probability that X chooses
action a in the stationary state under m-action games as
(X, y) = D csTalsPY (X,y). We also define the set
of z58Y(x,y) as x*'(x,y) := {z%(x,y) | a € A}. Fig. 5
shows the last-iterate convergence to the Nash equilibrium,
ie., (x**(x,y),y) = (x°,y°). The mechanism for this con-
vergence is similar to that in two-action games. Indeed, even
in m-action zero-sum games, the player with 1-memory
endows a strict concavity to the utility function of the 0-
memory player (see the Technical Appendix C for a detailed
explanation).

Experimental Results with Many Samples. In order to
ensure the reliability of our results, we have simulated the
learning dynamics with a large number of samples with ran-
dom initial strategies. In all the samples, we observed con-
vergence to the Nash equilibrium. Refer to the Technical Ap-
pendix B for detailed data.

Discussion

This study explores the dynamics of learning in games
where agents possess different memory capacities, both the-
oretically and experimentally. In our theoretical contribu-
tions, we assumed that two agents with memory lengths of
one and zero play two-action zero-sum games. Under this
assumption, we proved that the original Nash equilibrium
in games without memory is divided into stable (Thm. 4)
and unstable fixed points (Cor. 1) for learning. Here, hetero-
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clinic orbits are discovered in learning in games with mem-
ory asymmetry; their strategies diverge from these unstable
fixed points and converge to stable ones. In our experimental
contributions, we relaxed the assumption on memory lengths
and the number of actions, and then we demonstrated that
memory asymmetry triggers this convergence to the original
Nash equilibrium across a wider range of action numbers
and memory lengths. Considering that dynamics show cy-
cling behavior in games without memory and divergence in
games with memory symmetry, this convergence is a non-
trivial phenomenon.

Note that we have discovered new insights into comput-
ing equilibria, with memory asymmetry serving as one ex-
ample. Convergent algorithms and dynamics, often referred
to as last-iterate convergence, are extensively studied within
the community of learning in games. The focus is mainly
on computationally efficient algorithms with faster rates of
convergence or global convergence guarantees (Daskalakis
and Panageas 2019; Golowich, Pattathil, and Daskalakis
2020; Mertikopoulos et al. 2019; Wei et al. 2021; Lei et al.
2021; Nguyen et al. 2021; Anagnostides et al. 2022; Abe,
Sakamoto, and Iwasaki 2022). In the majority of these stud-
ies, convergence is ensured through modifications to the
learning algorithm. A typical example is to incorporate
“optimism” symmetrically into discretized gradient ascent.
Each agent then refines its strategy by naively predicting the
opponent’s strategy update from past data (Daskalakis and
Panageas 2019). Our method to achieve convergence dif-
fers significantly. We introduced memory asymmetry to al-
ter the strategy spaces of one or both agents. By leveraging
memory asymmetry, an agent with a longer memory learns
to exploit the opponent’s payoff. Consequently, the oppo-
nent agent with a shorter memory achieves a strictly con-
cave utility function, leading to convergence. To the best of
our knowledge, this is the first study to induce convergence
through such asymmetry of the strategy spaces. Our findings
may open up new possibilities for achieving convergence in
learning games and inspire further research in this field.
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