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Abstract

Continuously-observed event occurrences, often exhibit self-
and mutually-exciting effects, which can be well modeled us-
ing temporal point processes. Beyond that, these event dy-
namics may also change over time, with certain periodic
trends. We propose a novel variational auto-encoder to cap-
ture such a mixture of temporal dynamics. More specifically,
the whole time interval of the input sequence is partitioned
into a set of sub-intervals. The event dynamics are assumed
to be stationary within each sub-interval, but could be chang-
ing across those sub-intervals. In particular, we use a sequen-
tial latent variable model to learn a dependency graph be-
tween the observed dimensions, for each sub-interval. The
model predicts the future event times, by using the learned
dependency graph to remove the non-contributing influences
of past events. By doing so, the proposed model demonstrates
its higher accuracy in predicting inter-event times and event
types for several real-world event sequences, compared with
existing state of the art neural point processes.

Introduction
There has been growing interests in modeling and under-
standing temporal dynamics in event occurrences. For in-
stance, modeling customer behaviors and interactions, is
crucial for recommendation systems and online social me-
dia, to improve the resource allocation and customer ex-
perience (Farajtabar et al. 2014, 2016). These event oc-
currences usually demonstrate heterogeneous dynamics. On
one aspect, individuals usually reciprocate in their interac-
tions with each other (reciprocity). For example, if Alice
sends an email to Bob, then Bob is more likely to send an
email to Alice soon afterwards. On the other aspect, long
event sequences often exhibit a certain amount of periodic
trends. For instance, during working time, individuals are
more likely to reciprocate in the email interactions with their
colleagues, but such mutually exciting effects will become
weaker during non-working time, as illustrated in Fig. 1.
Temporal point processes (TPPs), such as Hawkes processes
(HPs) (Hawkes 1971), are in particular well-fitted to cap-
ture the reciprocal and clustering effects in event dynam-
ics. Nonetheless, the conventional HPs cannot adequately
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Figure 1: An example illustrates the email interactions be-
tween three individuals, Alice (A), Bob (B), Jane (J). During
working time, Alice sends emails (black sticks) frequently
with Bob, while they interact less frequently, during non-
working time. We treat the sequence of emails from one in-
dividual to another as an observed dimension, corresponding
to a vertex of the dependency graph. The dynamic graph be-
tween the four dimensions, aligned with three subintervals,
are shown on the top.

capture the latent state-transition dynamics. Recently, neu-
ral temporal point processes (neural TPPs) demonstrate a
strong capability in capturing long-range dependencies in
event sequences using neural networks (Du et al. 2016; Xiao
et al. 2017, 2019; Omi, Ueda, and Aihara 2019), attention
mechanisms (Zhang et al. 2020; Zuo et al. 2020) and neural
density estimation (Shchur, Bilos, and Günnemann 2019).
These neural TPPs often use all the past events to predict
a future event’s occurring time, and thus cannot remove the
disturbances of the non-contributing events. To mitigate this
defect, some recent works (Zhang, Lipani, and Yilmaz 2021;
Lin et al. 2021) formulate the neural temporal point pro-
cesses by learning a static graph to explicitly capture de-
pendencies among event types. They hence can improve the
accuracy in predicting future event time, by removing the
non-contributing influences of past events via the learned
graph. Nonetheless, the dependencies between event types,
may also change over time. Using a static graph, the neural
TPPs will retrieve a dependency graph averaged over time.
To fill the gap, some main contributions are made in this pa-
per: (i) We propose to learn a dynamic graph between the
event types of an input sequence, from a novel variational
auto-encoder (VAE) perspective (Kingma and Welling 2014;
Rezende, Mohamed, and Wierstra 2014). More specifically,
we use regularly-spaced intervals to capture the different
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states, and assume stationary dynamics within each sub-
interval. In particular, the dependencies between two event
types, is captured using a latent variable, which allows to
evolve over sub-intervals. We formulate the variational auto-
encoder framework, by encoding a latent dynamic graph
among event types, from observed sequences. The inter-
event waiting times, are decoded using log-normal mixture
distributions. Via the learned graph, the non-contributing in-
fluences of past events, can be effectively removed. (ii) The
final experiments demonstrate the improved accuracy of the
proposed method in predicting event time and types, com-
pared against the existing closely-related methods. The in-
terpretability of the dynamic graph estimated by the pro-
posed method, is demonstrated with both New York Motor
Vehicle Collision data.

Background
Multivariate Point Processes. Temporal point processes
(TPPs) are concerned with modeling random event se-
quences in continuous time domain. Let S ≡ {(ti, vi)}Li=1
denote a sequence of events, with ti ≥ 0 being the times-
tamp and vi ∈ [1, . . . , U ] being the type of i-th event. In ad-
dition, Ht = {(ti, vi) | ti < t, (ti, vi) ∈ S} denotes the se-
quence of historical events occurring up to time t. Multivari-
ate Hawkes processes (MHPs) capture mutually-excitations
among event types using the conditional intensity function
specified by

λ∗v(t) = µv +
U∑
u=1

∑
{j:tuj<t}

α(v,u) exp

[
−

(t− tuj )

η(v,u)

]
, (1)

where µv is the base rate of v-th event type, α(v,u) > 0 cap-
tures the instantaneous boost to the intensity due to event
tuj ’s arrival, and η(v,u) > 0 determines the influence de-
cay of that event over time. The stationary condition for
MHPs requires α(v,u)η(v,u) < 1. In contrast to MHPs, a
mutually regressive point process (MRPP) (Apostolopoulou
et al. 2019) is to capture both excitatory and inhibitory ef-
fects among event types. These parametric point processes
capture a certain form of dependencies on the historical
events by designing the conditional intensity functions ac-
cordingly. Despite being simple and useful, these paramet-
ric point processes either suffer from certain approximation
errors caused by the model misspecifications in practice,
or lack the ability to capture long-range dependencies.To
address these limitations, some recent advancements (Du
et al. 2016; Omi, Ueda, and Aihara 2019; Shchur, Bilos, and
Günnemann 2019; Zhang et al. 2020; Zuo et al. 2020) com-
bine temporal point processes and deep learning approaches
to model complicated dependency structure behind event se-
quences. At a high level, these neural temporal point pro-
cesses treat each event as a feature, and encode a sequence
of events into an history embedding using various deep
learning methods including recurrent neural nets (RNNs),
gated recurrent units (GRUs), or long-short term memory
(LSTM) nets. Du et al. (2016) uses a recurrent neural net
to extract history embedding from observed past events, and
then use the history embedding to parameterize its condi-

tional intensity function. The exponential form of this in-
tensity, admits a closed-form integral Λ∗(t) =

∫ t
0
λ∗(s)ds,

and thus leads to a tractable log-likelihood. Mei and Eis-
ner (2017) studied a more sophisticated conditional inten-
sity function, while calculating the log-likelihood involves
approximating the integral Λ∗(t) using Monte Carlo meth-
ods. Omi, Ueda, and Aihara (2019) proposes to model the
cumulative conditional intensity function using neural nets,
and hence allows to compute the log-likelihood exactly and
efficiently. However, sampling using this approach is ex-
pensive, and the derived probability density function does
not integrate to one. To remedy these issues, Shchur, Bilos,
and Günnemann (2019) proposes to directly model the inter-
event times using normalizing flows. The neural density es-
timation method (Shchur, Bilos, and Günnemann 2019) not
only allows to perform sampling and likelihood computa-
tion analytically, but also shows competitive performance in
various applications, compared with the other neural TPPs.
Variational Auto-Encoder. We briefly introduce the defini-
tion of variational auto-encoder (VAE), and refer the read-
ers to (Kingma and Welling 2014; Rezende, Mohamed, and
Wierstra 2014) for more properties. VAE is one of the most
successful generative models, which allows to straightfor-
wardly sample from the data distribution p(S). It is in partic-
ular useful to model high-dimensional data distribution, for
which sampling with Markov chain Monte Carlo is notori-
ously slow. More specifically, we aim at maximizing the data
log-likelihood p(S) under the generative process specified
by p(S) =

∫
p(S | z,θ)p(z)dz, where z is the latent vari-

able, and p(z) denotes the prior distribution, and the obser-
vation component p(S | z,θ) is parameterized by θ. Under
the VAE framework, the posterior distribution qφ(z | S) can
be defined as qφ(z | S) ≡ N (z; fµ(S;φ), fΣ(S;φ)) where
N (·) refer to a normal distribution, the mean fµ(S;φ) and
covariance fΣ(S;φ)) are parameterized by neural networks
with parameter φ. To learn the model parameters, we maxi-
mize the evidence lower bound (ELBO) given by
L(φ, θ) = Eqφ(z|S)

[
log p(S | θ)

]
−DKL

[
qφ(z | S)||p(z)

]
,

where DKL denotes the KullbackLeibler (KL) divergence.
The first term is to make the approximate posterior to pro-
duce latent variables z that can reconstruct data S as well as
possible. The second term is to match the approximate pos-
terior of the latent variables to the prior distribution of the
latent variables. Using the reparameterization trick (Kingma
and Welling 2014), we learn φ and θ by maximizing the
ELBO using stochastic gradient descent aided by automatic
differentiation.

Models
Given a sequence of events S ≡ {(ti, vi)}Li=1, we aim to
capture the complicated dependence between event types,
using a dynamic graph-structured neural point process. The
whole time-interval of the sequence is partitioned into K
regularly-spaced sub-intervals with K specified a priori,
to approximately represent the different states. We assume
the latent graph among the event types, is changing over
states, but stationary within each sub-interval, as illustrated
in Fig. 2(a). Specifically, let [tLk , t

R
k ) stand for the k-th sub-
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<latexit sha1_base64="SVRA4RVzJltrFPm8yo+8iU1Sbsc=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHajqMeAF48RzAOSEGYns8mQ2dllplcIS37Ck6AgXv0dT/6Nk2QRkxQ0FFXddHf5sRQGXffH2djc2t7Zze3l9w8Oj44LJ6dNEyWa8QaLZKTbPjVcCsUbKFDydqw5DX3JW/74fua3nrk2IlJPOIl5L6RDJQLBKFqpXcJ+6l1PS/1C0a24c5B14mWkCBnq/cJ3dxCxJOQKmaTGdDw3xl5KNQom+TTfTQyPKRvTIe9YqmjITS+d3zslZasMSBBpWwrJXP0/kdLQmEno286Q4sisejPxzysvrcLgrpcKFSfIFVtsChJJMCKz78lAaM5QTiyhTAt7LGEjqilDm1HepuCt/rxOmtWKd1O5eqwWayTLIwfncAGX4MEt1OAB6tAABhJe4A3eHe28Oh/O56J1w8lmzmAJztcvcjmPUQ==</latexit>

t14
<latexit sha1_base64="BbA8RGpPvOELVqnOAjVGBVmVzs0=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHYjPo4BLx4jmAckIcxOZpMhs7PLTK8QlvyEJ0FBvPo7nvwbJ8kiJiloKKq66e7yYykMuu6Ps7G5tb2zm9vL7x8cHh0XTk6bJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zx/cxvPXNtRKSecBLzXkiHSgSCUbRSu4T91LuelvqFoltx5yDrxMtIETLU+4Xv7iBiScgVMkmN6XhujL2UahRM8mm+mxgeUzamQ96xVNGQm146v3dKylYZkCDSthSSufp/IqWhMZPQt50hxZFZ9Wbin1deWoXBXS8VKk6QK7bYFCSSYERm35OB0JyhnFhCmRb2WMJGVFOGNqO8TcFb/XmdNKsV76Zy9Vgt1kiWRw7O4QIuwYNbqMED1KEBDCS8wBu8O9p5dT6cz0XrhpPNnMESnK9fc8CPUg==</latexit>

t15
<latexit sha1_base64="njSoMZCVSVEv/5mwdY53OCXgy9c=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbIXoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHqVeflwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5VvXr1+qFWapAsjzxcwCVcgQc30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fdUePUw==</latexit>

t16
<latexit sha1_base64="zl327c3CR+3cJw5/WsTzLruosTY=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbwXgMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHqVeflwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5VvZvq9UOt1CBZHnm4gEu4Ag/q0IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fds6PVA==</latexit>

t17
<latexit sha1_base64="gT9CqGvRoeFfPy7mP2z89yBRPOY=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQXMMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHqVeflwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4Wjup8KFSfIFVttGiWSYEQW35Oh0JyhnFlCmRb2WMImVFOGNqOCTcHb/Pk/adeq3k31+qFWapAsjzxcwCVcgQe30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8feFWPVQ==</latexit>

t18
<latexit sha1_base64="ND7dImu49vJr1g/xMVTrop5ghRQ=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHYj+LgFvHiMYB6QhDA7mU2GzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprvLj6Uw6Lo/zsbm1vbObm4vv39weHRcODltmijRjDdYJCPd9qnhUijeQIGSt2PNaehL3vLH9zO/9cy1EZF6wknMeyEdKhEIRtFK7RL2U+9uWuoXim7FnYOsEy8jRchQ7xe+u4OIJSFXyCQ1puO5MfZSqlEwyaf5bmJ4TNmYDnnHUkVDbnrp/N4pKVtlQIJI21JI5ur/iZSGxkxC33aGFEdm1ZuJf155aRUGt71UqDhBrthiU5BIghGZfU8GQnOGcmIJZVrYYwkbUU0Z2ozyNgVv9ed10qxWvOvK1WO1WCNZHjk4hwu4BA9uoAYPUIcGMJDwAm/w7mjn1flwPhetG042cwZLcL5+AXncj1Y=</latexit>

t19
<latexit sha1_base64="oyFzv9Qbeoys5RMEn3rOhuNl3O8=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/Tm5re2d3L79fODg8Oj4pnp61TJRoxpsskpHuBNRwKRRvokDJO7HmNAwkbweT+7nffubaiEg94TTmfkhHSgwFo2ilThn7ac2dlfvFklt1FyCbxMtICTI0+sXv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8u7p2RilUGZBhpWwrJQv0/kdLQmGkY2M6Q4tise3Pxz6usrMLhnZ8KFSfIFVtuGiaSYETm35OB0JyhnFpCmRb2WMLGVFOGNqOCTcFb/3mTtGpV76Z6/Vgr1UmWRx4u4BKuwINbqMMDNKAJDCS8wBu8O9p5dT6cz2VrzslmzmEFztcvbaWPTg==</latexit>

t20
<latexit sha1_base64="seugdoM4uNLcXV718rxftgF4B1U=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/Tm5re2d3L79fODg8Oj4pnp61TJRoxpsskpHuBNRwKRRvokDJO7HmNAwkbweT+7nffubaiEg94TTmfkhHSgwFo2ilThn7ac2blfvFklt1FyCbxMtICTI0+sXv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8u7p2RilUGZBhpWwrJQv0/kdLQmGkY2M6Q4tise3Pxz6usrMLhnZ8KFSfIFVtuGiaSYETm35OB0JyhnFpCmRb2WMLGVFOGNqOCTcFb/3mTtGpV76Z6/Vgr1UmWRx4u4BKuwINbqMMDNKAJDCS8wBu8O9p5dT6cz2VrzslmzmEFztcvbyyPTw==</latexit>

t21
<latexit sha1_base64="iUusVRwA7nIUoPutBHWP6rWB+zU=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7C7gnoMePEYwTwgWcLsZDYZMvtgplcIS37Ck6AgXv0dT/6Nk2QRkxQ0FFXddHf5iRQabfvHKmxt7+zuFfdLB4dHxyfl07O2jlPFeIvFMlZdn2ouRcRbKFDybqI4DX3JO/7kfu53nrnSIo6ecJpwL6SjSASCUTRSt4qDzHVn1UG5YtftBcgmcXJSgRzNQfm7P4xZGvIImaRa9xw7QS+jCgWTfFbqp5onlE3oiPcMjWjItZct7p2RmlGGJIiVqQjJQv0/kdFQ62nom86Q4live3Pxz6utrMLgzstElKTII7bcFKSSYEzm35OhUJyhnBpCmRLmWMLGVFGGJqOSScFZ/3mTtN26c1O/fnQrDZLnUYQLuIQrcOAWGvAATWgBAwkv8AbvlrJerQ/rc9lasPKZc1iB9fULcLOPUA==</latexit>

t22
<latexit sha1_base64="2DrhMvS4IpsfUX4//svEarT+qRo=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHaa0+Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHt34qVJwgV2y1aZRIghFZfE+GQnOGcmYJZVrYYwmbUE0Z2owKNgVv8+f/pF2retfV+kOt1CBZHnm4gEu4Ag9uoAH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/cjqPUQ==</latexit>

t23
<latexit sha1_base64="/WYyuIu8ptZ15twi+j4eFn9w66s=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHajqMeAF48RzAOSJcxOJsmQ2dllplcIS37Ck6AgXv0dT/6Nk2QRkxQ0FFXddHcFsRQGXffH2djc2t7Zze3l9w8Oj44LJ6dNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4fua3nrk2IlJPOIm5H9KhEgPBKFqpXcJeWr2elnqFoltx5yDrxMtIETLUe4Xvbj9iScgVMkmN6XhujH5KNQom+TTfTQyPKRvTIe9YqmjIjZ/O752SslX6ZBBpWwrJXP0/kdLQmEkY2M6Q4sisejPxzysvrcLBnZ8KFSfIFVtsGiSSYERm35O+0JyhnFhCmRb2WMJGVFOGNqO8TcFb/XmdNKsV76Zy9Vgt1kiWRw7O4QIuwYNbqMED1KEBDCS8wBu8O9p5dT6cz0XrhpPNnMESnK9fc8GPUg==</latexit>

t24
<latexit sha1_base64="5ivRIwpoPzGEYh6p9FVUSOO5J+Y=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHYjPo4BLx4jmAckS5idTJIhs7PLTK8QlvyEJ0FBvPo7nvwbJ8kiJiloKKq66e4KYikMuu6Ps7G5tb2zm9vL7x8cHh0XTk6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4Lx/cxvPXNtRKSecBJzP6RDJQaCUbRSu4S9tHo9LfUKRbfizkHWiZeRImSo9wrf3X7EkpArZJIa0/HcGP2UahRM8mm+mxgeUzamQ96xVNGQGz+d3zslZav0ySDSthSSufp/IqWhMZMwsJ0hxZFZ9Wbin1deWoWDOz8VKk6QK7bYNEgkwYjMvid9oTlDObGEMi3ssYSNqKYMbUZ5m4K3+vM6aVYr3k3l6rFarJEsjxycwwVcgge3UIMHqEMDGEh4gTd4d7Tz6nw4n4vWDSebOYMlOF+/dUiPUw==</latexit>

t25
<latexit sha1_base64="3ImDRRfxEVZfu3qNqPQutmKjSKM=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbIXoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHaa0+Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHt34qVJwgV2y1aZRIghFZfE+GQnOGcmYJZVrYYwmbUE0Z2owKNgVv8+f/pF2revXq9UOt1CBZHnm4gEu4Ag9uoAH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/ds+PVA==</latexit>

t26
<latexit sha1_base64="DuheRqXtQpgb0E+3d6e9DpuuLKU=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbwXgMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHaa0+Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHt34qVJwgV2y1aZRIghFZfE+GQnOGcmYJZVrYYwmbUE0Z2owKNgVv8+f/pF2rejfV64daqUGyPPJwAZdwBR7UoQH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/eFaPVQ==</latexit>

t27
<latexit sha1_base64="FiE81zaH4jXABuwvai/43bKnb1M=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQXMMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHaa0+Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHdT8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5VvZvq9UOt1CBZHnm4gEu4Ag9uoQH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/ed2PVg==</latexit>

t28
<latexit sha1_base64="ZJSC31pYSGMj/qzWP9+WVlEdEW0=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHYj+LgFvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/zsbm1vbObm4vv39weHRcODltmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grG9zO/9cy1EZF6wknM/ZAOlRgIRtFK7RL20urdtNQrFN2KOwdZJ15GipCh3it8d/sRS0KukElqTMdzY/RTqlEwyaf5bmJ4TNmYDnnHUkVDbvx0fu+UlK3SJ4NI21JI5ur/iZSGxkzCwHaGFEdm1ZuJf155aRUObv1UqDhBrthi0yCRBCMy+570heYM5cQSyrSwxxI2opoytBnlbQre6s/rpFmteNeVq8dqsUayPHJwDhdwCR7cQA0eoA4NYCDhBd7g3dHOq/PhfC5aN5xs5gyW4Hz9Antkj1c=</latexit>

t29
<latexit sha1_base64="rEQZVlJj0NKaZO9fmbXgEEc6z0k=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHad2dlwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5Vvetq/aFWapAsjzxcwCVcgQc30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fby2PTw==</latexit>

t30
<latexit sha1_base64="IiHk7Z83eqzt5N931UzjlgM9/KQ=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHad2blwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5Vvetq/aFWapAsjzxcwCVcgQc30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fcLSPUA==</latexit>

t31
<latexit sha1_base64="JRjzaq22N4EFmUcJ+iZcLxhiF50=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHab02Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHt34qVJwgV2y1aZRIghFZfE+GQnOGcmYJZVrYYwmbUE0Z2owKNgVv8+f/pF2retfV+kOt1CBZHnm4gEu4Ag9uoAH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/cjuPUQ==</latexit>

t32

<latexit sha1_base64="jhJGHRLd7mylLLFf+X0hv8qC6Ao=">AAAB63icZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMaB6QLGF2MkmGzOwuM71CWPIJngQF8eoXefJvnCSLmFjQUFR1090VxFIYdN1vJ7exubW9k98t7O0fHB4Vj09aJko0400WyUh3Amq4FCFvokDJO7HmVAWSt4PJ7dxvP3FtRBQ+4jTmvqKjUAwFo2ilhzKW+8WSW3UXIP+Jl5ESZGj0i1+9QcQSxUNkkhrT9dwY/ZRqFEzyWaGXGB5TNqEj3rU0pIobP12cOiMVqwzIMNK2QiQL9e9ESpUxUxXYTkVxbNa9ufjrVVZW4fDGT0UYJ8hDttw0TCTBiMwfJwOhOUM5tYQyLeyxhI2ppgxtPAWbgrf+83/SqlW9q+rlfa1UJ1keeTiDc7gAD66hDnfQgCYwGMEzvMKbo5wX5935WLbmnGzmFFbgfP4ADoiNYw==</latexit>

t

<latexit sha1_base64="jhJGHRLd7mylLLFf+X0hv8qC6Ao=">AAAB63icZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMaB6QLGF2MkmGzOwuM71CWPIJngQF8eoXefJvnCSLmFjQUFR1090VxFIYdN1vJ7exubW9k98t7O0fHB4Vj09aJko0400WyUh3Amq4FCFvokDJO7HmVAWSt4PJ7dxvP3FtRBQ+4jTmvqKjUAwFo2ilhzKW+8WSW3UXIP+Jl5ESZGj0i1+9QcQSxUNkkhrT9dwY/ZRqFEzyWaGXGB5TNqEj3rU0pIobP12cOiMVqwzIMNK2QiQL9e9ESpUxUxXYTkVxbNa9ufjrVVZW4fDGT0UYJ8hDttw0TCTBiMwfJwOhOUM5tYQyLeyxhI2ppgxtPAWbgrf+83/SqlW9q+rlfa1UJ1keeTiDc7gAD66hDnfQgCYwGMEzvMKbo5wX5935WLbmnGzmFFbgfP4ADoiNYw==</latexit>

t

<latexit sha1_base64="jhJGHRLd7mylLLFf+X0hv8qC6Ao=">AAAB63icZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMaB6QLGF2MkmGzOwuM71CWPIJngQF8eoXefJvnCSLmFjQUFR1090VxFIYdN1vJ7exubW9k98t7O0fHB4Vj09aJko0400WyUh3Amq4FCFvokDJO7HmVAWSt4PJ7dxvP3FtRBQ+4jTmvqKjUAwFo2ilhzKW+8WSW3UXIP+Jl5ESZGj0i1+9QcQSxUNkkhrT9dwY/ZRqFEzyWaGXGB5TNqEj3rU0pIobP12cOiMVqwzIMNK2QiQL9e9ESpUxUxXYTkVxbNa9ufjrVVZW4fDGT0UYJ8hDttw0TCTBiMwfJwOhOUM5tYQyLeyxhI2ppgxtPAWbgrf+83/SqlW9q+rlfa1UJ1keeTiDc7gAD66hDnfQgCYwGMEzvMKbo5wX5935WLbmnGzmFFbgfP4ADoiNYw==</latexit>

t

1st sub-interval 2nd sub-interval 3rd sub-interval

<latexit sha1_base64="kofjuBq2Eq/oGkCMktXdlXYCneo=">AAAB/3icZVDLSsNAFJ3UV62vqLhyM9gWXJWkgoqrghuXFewD2hgm00k7dDIJMxMhhCz8FFeCgrj1O1z5N07aILY9MHA4517umeNFjEplWT9GaW19Y3OrvF3Z2d3bPzAPj7oyjAUmHRyyUPQ9JAmjnHQUVYz0I0FQ4DHS86a3ud97IkLSkD+oJCJOgMac+hQjpSXXPKndDAOkJp6fJtmj7abKpVnNNatWw5oBrhK7IFVQoO2a38NRiOOAcIUZknJgW5FyUiQUxYxklWEsSYTwFI3JQFOOAiKddBY/g3WtjKAfCv24gjP1/0aKAimTwNOTeVS57OXin1dfOKX8ayelPIoV4Xh+yY8ZVCHMy4AjKghWLNEEYUF1WIgnSCCsdGUV3YK9/OdV0m027MvGxX2z2oJFH2VwCs7AObDBFWiBO9AGHYBBCl7AG3g3no1X48P4nI+WjGLnGCzA+PoFS7CVbw==</latexit>

: y1
ti

<latexit sha1_base64="jK2t/N78frVCVF2D09tQYo089Wc=">AAAB/3icZVDLSsNAFJ3UV62vqLhyM9gWXJWkgoqrghuXFewD2hgm00k7dDIJMxMhhCz8FFeCgrj1O1z5N07aILY9MHA4517umeNFjEplWT9GaW19Y3OrvF3Z2d3bPzAPj7oyjAUmHRyyUPQ9JAmjnHQUVYz0I0FQ4DHS86a3ud97IkLSkD+oJCJOgMac+hQjpSXXPKndDAOkJp6fJtlj002VS7Oaa1athjUDXCV2QaqgQNs1v4ejEMcB4QozJOXAtiLlpEgoihnJKsNYkgjhKRqTgaYcBUQ66Sx+ButaGUE/FPpxBWfq/40UBVImgacn86hy2cvFP6++cEr5105KeRQrwvH8kh8zqEKYlwFHVBCsWKIJwoLqsBBPkEBY6coqugV7+c+rpNts2JeNi/tmtQWLPsrgFJyBc2CDK9ACd6ANOgCDFLyAN/BuPBuvxofxOR8tGcXOMViA8fULTTyVcA==</latexit>

: y2
ti

<latexit sha1_base64="b4PaRODKNkJL/UyNVRh51+JlzvU=">AAAB/3icZVDLSsNAFJ34rPUVFVduBtuCq5K0oOKq4MZlBfuANobJdNIOnUzCzEQIIQs/xZWgIG79Dlf+jZM2iG0PDBzOuZd75ngRo1JZ1o+xtr6xubVd2inv7u0fHJpHx10ZxgKTDg5ZKPoekoRRTjqKKkb6kSAo8BjpedPb3O89ESFpyB9UEhEnQGNOfYqR0pJrnlZvhgFSE89Pk+yx6abKpVnVNStW3ZoBrhK7IBVQoO2a38NRiOOAcIUZknJgW5FyUiQUxYxk5WEsSYTwFI3JQFOOAiKddBY/gzWtjKAfCv24gjP1/0aKAimTwNOTeVS57OXin1dbOKX8ayelPIoV4Xh+yY8ZVCHMy4AjKghWLNEEYUF1WIgnSCCsdGVl3YK9/OdV0m3U7ct6875RacGijxI4A+fgAtjgCrTAHWiDDsAgBS/gDbwbz8ar8WF8zkfXjGLnBCzA+PoFTsiVcQ==</latexit>

: y3
ti

<latexit sha1_base64="+3e7SAXpBTcSrQgnhYbNnt/QxbM=">AAAB7XicZVBdSwJBFJ21L7Mvq8dehlToSXYNqkehlx4NWhV0kdlxVgdnZ5aZu4Es/oaegoLotR/UU/+mUZdIPXDhcM693HtPmAhuwHV/nMLW9s7uXnG/dHB4dHxSPj1rG5VqynyqhNLdkBgmuGQ+cBCsm2hG4lCwTji5n/udZ6YNV/IJpgkLYjKSPOKUgJX8Kgy86qBccevuAniTeDmpoBytQfm7P1Q0jZkEKogxPc9NIMiIBk4Fm5X6qWEJoRMyYj1LJYmZCbLFsTNcs8oQR0rbkoAX6v+JjMTGTOPQdsYExmbdm4t/Xm1lFUR3QcZlkgKTdLkpSgUGheev4yHXjIKYWkKo5vZYTMdEEwo2oJJNwVv/eZO0G3Xvpn792Kg0cZ5HEV2gS3SFPHSLmugBtZCPKOLoBb2hd0c5r86H87lsLTj5zDlagfP1CzVajgc=</latexit>

t1
<latexit sha1_base64="bCoH4X1uS7emVJmtFMC5UWsGwcA=">AAAB7XicZVBdSwJBFL1rX2ZfVo+9DKnQk+waVI9CLz0atCroIrPjrA7Oziwzs4Es/oaegoLotR/UU/+mUZdIPXDhcM693HtPmHCmjev+OIWt7Z3dveJ+6eDw6PikfHrW1jJVhPpEcqm6IdaUM0F9wwyn3URRHIecdsLJ/dzvPFOlmRRPZprQIMYjwSJGsLGSXzWDRnVQrrh1dwG0SbycVCBHa1D+7g8lSWMqDOFY657nJibIsDKMcDor9VNNE0wmeER7lgocUx1ki2NnqGaVIYqksiUMWqj/JzIcaz2NQ9sZYzPW695c/PNqK6tMdBdkTCSpoYIsN0UpR0ai+etoyBQlhk8twUQxeywiY6wwMTagkk3BW/95k7Qbde+mfv3YqDRRnkcRLuASrsCDW2jCA7TABwIMXuAN3h3pvDofzueyteDkM+ewAufrFzbgjgg=</latexit>

t2
<latexit sha1_base64="r1n8vClM7Q9w+9FpaDpZ2dfsXRE=">AAAB7XicZVBdSwJBFJ21L7Mvq8dehlToSXYVqkehlx4NWhV0kdlxVgdnZ5aZu4Es/oaegoLotR/UU/+mUZdIO3DhcM693HtPmAhuwHW/ncLW9s7uXnG/dHB4dHxSPj3rGJVqynyqhNK9kBgmuGQ+cBCsl2hG4lCwbji9W/jdJ6YNV/IRZgkLYjKWPOKUgJX8Kgyb1WG54tbdJfB/4uWkgnK0h+WvwUjRNGYSqCDG9D03gSAjGjgVbF4apIYlhE7JmPUtlSRmJsiWx85xzSojHCltSwJeqn8nMhIbM4tD2xkTmJhNbyH+erW1VRDdBhmXSQpM0tWmKBUYFF68jkdcMwpiZgmhmttjMZ0QTSjYgEo2BW/z5/+k06h71/XmQ6PSwnkeRXSBLtEV8tANaqF71EY+ooijZ/SK3hzlvDjvzseqteDkM+doDc7nDzhmjgk=</latexit>

t3
<latexit sha1_base64="JjYdH8h+NQeW4lpZqzXoZtAhrUk=">AAAB7XicZVBNSwMxEM3Wr1q/qh69BNuCp7JbRT0WvHis4LaFdinZNNuGZpMlmRXK0t/gSVAQr/4gT/4b03YRWx8MPN6bYWZemAhuwHW/ncLG5tb2TnG3tLd/cHhUPj5pG5VqynyqhNLdkBgmuGQ+cBCsm2hG4lCwTji5m/udJ6YNV/IRpgkLYjKSPOKUgJX8KgyuqoNyxa27C+D/xMtJBeVoDcpf/aGiacwkUEGM6XluAkFGNHAq2KzUTw1LCJ2QEetZKknMTJAtjp3hmlWGOFLalgS8UP9OZCQ2ZhqHtjMmMDbr3lz89WorqyC6DTIukxSYpMtNUSowKDx/HQ+5ZhTE1BJCNbfHYjommlCwAZVsCt76z/9Ju1H3ruuXD41KE+d5FNEZOkcXyEM3qInuUQv5iCKOntErenOU8+K8Ox/L1oKTz5yiFTifPznsjgo=</latexit>

t4
<latexit sha1_base64="801G3Oyz6lGlShEnUuna2tAWaNk=">AAAB7XicZVBNSwMxEM3Wr1q/qh69BNuCp7Jb8eNY8OKxgtsW2qVk02wbmk2WZFYoS3+DJ0FBvPqDPPlvTNtFbH0w8Hhvhpl5YSK4Adf9dgobm1vbO8Xd0t7+weFR+fikbVSqKfOpEkp3Q2KY4JL5wEGwbqIZiUPBOuHkbu53npg2XMlHmCYsiMlI8ohTAlbyqzC4qg7KFbfuLoD/Ey8nFZSjNSh/9YeKpjGTQAUxpue5CQQZ0cCpYLNSPzUsIXRCRqxnqSQxM0G2OHaGa1YZ4khpWxLwQv07kZHYmGkc2s6YwNise3Px16utrILoNsi4TFJgki43RanAoPD8dTzkmlEQU0sI1dwei+mYaELBBlSyKXjrP/8n7Ubdu65fPjQqTZznUURn6BxdIA/doCa6Ry3kI4o4ekav6M1Rzovz7nwsWwtOPnOKVuB8/gA7co4L</latexit>

t5
<latexit sha1_base64="OIqNH4WjPYgHS2i1PUn5dKkwNxo=">AAAB7XicZVBdSwJBFJ21L7Mvq8dehlToSXYNrEehlx4NWhV0kdlxVgdnZ5aZu4Es/oaegoLotR/UU/+mUZdIO3DhcM693HtPmAhuwHW/ncLW9s7uXnG/dHB4dHxSPj3rGJVqynyqhNK9kBgmuGQ+cBCsl2hG4lCwbji9W/jdJ6YNV/IRZgkLYjKWPOKUgJX8Kgyb1WG54tbdJfB/4uWkgnK0h+WvwUjRNGYSqCDG9D03gSAjGjgVbF4apIYlhE7JmPUtlSRmJsiWx85xzSojHCltSwJeqn8nMhIbM4tD2xkTmJhNbyH+erW1VRDdBhmXSQpM0tWmKBUYFF68jkdcMwpiZgmhmttjMZ0QTSjYgEo2BW/z5/+k06h7zfr1Q6PSwnkeRXSBLtEV8tANaqF71EY+ooijZ/SK3hzlvDjvzseqteDkM+doDc7nDzz4jgw=</latexit>

t6
<latexit sha1_base64="q0nwv86zisx1yvREiUUHStHiE2c=">AAAB7XicZVBdSwJBFL1rX2ZfVo+9DKnQk+waZI9CLz0atCroIrPjrA7Oziwzs4Es/oaegoLotR/UU/+mUZdIO3DhcM693HtPmHCmjet+O4Wt7Z3dveJ+6eDw6PikfHrW0TJVhPpEcql6IdaUM0F9wwynvURRHIecdsPp3cLvPlGlmRSPZpbQIMZjwSJGsLGSXzXDZnVYrrh1dwn0n3g5qUCO9rD8NRhJksZUGMKx1n3PTUyQYWUY4XReGqSaJphM8Zj2LRU4pjrIlsfOUc0qIxRJZUsYtFT/TmQ41noWh7YzxmaiN72F+OvV1laZ6DbImEhSQwVZbYpSjoxEi9fRiClKDJ9Zgoli9lhEJlhhYmxAJZuCt/nzf9Jp1L2b+vVDo9JCeR5FuIBLuAIPmtCCe2iDDwQYPMMrvDnSeXHenY9Va8HJZ85hDc7nDz5+jg0=</latexit>

t7
<latexit sha1_base64="qPosl0NHdq8zl/JqRGGUjyyA/KU=">AAAB7XicZVBdSwJBFJ21L7Mvq8dehlToSXYNykehlx4NWhV0kdlxVgdnZ5aZu4Es/oaegoLotR/UU/+mUZdIO3DhcM693HtPmAhuwHW/ncLW9s7uXnG/dHB4dHxSPj3rGJVqynyqhNK9kBgmuGQ+cBCsl2hG4lCwbji9W/jdJ6YNV/IRZgkLYjKWPOKUgJX8Kgyb1WG54tbdJfB/4uWkgnK0h+WvwUjRNGYSqCDG9D03gSAjGjgVbF4apIYlhE7JmPUtlSRmJsiWx85xzSojHCltSwJeqn8nMhIbM4tD2xkTmJhNbyH+erW1VRA1g4zLJAUm6WpTlAoMCi9exyOuGQUxs4RQze2xmE6IJhRsQCWbgrf583/SadS9m/r1Q6PSwnkeRXSBLtEV8tAtaqF71EY+ooijZ/SK3hzlvDjvzseqteDkM+doDc7nD0AEjg4=</latexit>

t8
<latexit sha1_base64="w4ne0fWboT9FpbXVHFjGbO2tiUc=">AAAB7XicZVBNSwMxEM3Wr1q/qh69BNuCp7JbwY9bwYvHCm5baJeSTbNtaDZZklmhLP0NngQF8eoP8uS/MW0XsfXBwOO9GWbmhYngBlz32ylsbG5t7xR3S3v7B4dH5eOTtlGppsynSijdDYlhgkvmAwfBuolmJA4F64STu7nfeWLacCUfYZqwICYjySNOCVjJr8LgtjooV9y6uwD+T7ycVFCO1qD81R8qmsZMAhXEmJ7nJhBkRAOngs1K/dSwhNAJGbGepZLEzATZ4tgZrllliCOlbUnAC/XvREZiY6ZxaDtjAmOz7s3FX6+2sgqimyDjMkmBSbrcFKUCg8Lz1/GQa0ZBTC0hVHN7LKZjogkFG1DJpuCt//yftBt176p++dCoNHGeRxGdoXN0gTx0jZroHrWQjyji6Bm9ojdHOS/Ou/OxbC04+cwpWoHz+QNBio4P</latexit>

t9
<latexit sha1_base64="ZIWiyE5/5ahTy4TdcAmOKThOYTE=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/Tm5re2d3L79fODg8Oj4pnp61TJRoxpsskpHuBNRwKRRvokDJO7HmNAwkbweT+7nffubaiEg94TTmfkhHSgwFo2ilThn7qefOyv1iya26C5BN4mWkBBka/eJ3bxCxJOQKmaTGdD03Rj+lGgWTfFboJYbHlE3oiHctVTTkxk8X985IxSoDMoy0LYVkof6fSGlozDQMbGdIcWzWvbn451VWVuHwzk+FihPkii03DRNJMCLz78lAaM5QTi2hTAt7LGFjqilDm1HBpuCt/7xJWrWqd1O9fqyV6iTLIw8XcAlX4MEt1OEBGtAEBhJe4A3eHe28Oh/O57I152Qz57AC5+sXbB2PTQ==</latexit>

t10
<latexit sha1_base64="VHKSsMt2HkL3x9qDf1CyyY98ge0=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/Tm5re2d3L79fODg8Oj4pnp61TJRoxpsskpHuBNRwKRRvokDJO7HmNAwkbweT+7nffubaiEg94TTmfkhHSgwFo2ilThn7qefNyv1iya26C5BN4mWkBBka/eJ3bxCxJOQKmaTGdD03Rj+lGgWTfFboJYbHlE3oiHctVTTkxk8X985IxSoDMoy0LYVkof6fSGlozDQMbGdIcWzWvbn451VWVuHwzk+FihPkii03DRNJMCLz78lAaM5QTi2hTAt7LGFjqilDm1HBpuCt/7xJWrWqd1O9fqyV6iTLIw8XcAlX4MEt1OEBGtAEBhJe4A3eHe28Oh/O57I152Qz57AC5+sXbaSPTg==</latexit>

t11
<latexit sha1_base64="ZebHVH+uqfmfoAMAsgevs5prAxo=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/Tm5re2d3L79fODg8Oj4pnp61TJRoxpsskpHuBNRwKRRvokDJO7HmNAwkbweT+7nffubaiEg94TTmfkhHSgwFo2ilThn7qVeblfvFklt1FyCbxMtICTI0+sXv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8u7p2RilUGZBhpWwrJQv0/kdLQmGkY2M6Q4tise3Pxz6usrMLhnZ8KFSfIFVtuGiaSYETm35OB0JyhnFpCmRb2WMLGVFOGNqOCTcFb/3mTtGpV76Z6/Vgr1UmWRx4u4BKuwINbqMMDNKAJDCS8wBu8O9p5dT6cz2VrzslmzmEFztcvbyuPTw==</latexit>

t12
<latexit sha1_base64="7mF0RpMpgr9DeVICVSf8phAJbKI=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHqVeflwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5Vvetq/aFWapAsjzxcwCVcgQc30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fcLKPUA==</latexit>

t13
<latexit sha1_base64="SVRA4RVzJltrFPm8yo+8iU1Sbsc=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHajqMeAF48RzAOSEGYns8mQ2dllplcIS37Ck6AgXv0dT/6Nk2QRkxQ0FFXddHf5sRQGXffH2djc2t7Zze3l9w8Oj44LJ6dNEyWa8QaLZKTbPjVcCsUbKFDydqw5DX3JW/74fua3nrk2IlJPOIl5L6RDJQLBKFqpXcJ+6l1PS/1C0a24c5B14mWkCBnq/cJ3dxCxJOQKmaTGdDw3xl5KNQom+TTfTQyPKRvTIe9YqmjITS+d3zslZasMSBBpWwrJXP0/kdLQmEno286Q4sisejPxzysvrcLgrpcKFSfIFVtsChJJMCKz78lAaM5QTiyhTAt7LGEjqilDm1HepuCt/rxOmtWKd1O5eqwWayTLIwfncAGX4MEt1OAB6tAABhJe4A3eHe28Oh/O56J1w8lmzmAJztcvcjmPUQ==</latexit>

t14
<latexit sha1_base64="BbA8RGpPvOELVqnOAjVGBVmVzs0=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHYjPo4BLx4jmAckIcxOZpMhs7PLTK8QlvyEJ0FBvPo7nvwbJ8kiJiloKKq66e7yYykMuu6Ps7G5tb2zm9vL7x8cHh0XTk6bJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zx/cxvPXNtRKSecBLzXkiHSgSCUbRSu4T91LuelvqFoltx5yDrxMtIETLU+4Xv7iBiScgVMkmN6XhujL2UahRM8mm+mxgeUzamQ96xVNGQm146v3dKylYZkCDSthSSufp/IqWhMZPQt50hxZFZ9Wbin1deWoXBXS8VKk6QK7bYFCSSYERm35OB0JyhnFhCmRb2WMJGVFOGNqO8TcFb/XmdNKsV76Zy9Vgt1kiWRw7O4QIuwYNbqMED1KEBDCS8wBu8O9p5dT6cz0XrhpPNnMESnK9fc8CPUg==</latexit>

t15
<latexit sha1_base64="njSoMZCVSVEv/5mwdY53OCXgy9c=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbIXoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHqVeflwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5VvXr1+qFWapAsjzxcwCVcgQc30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fdUePUw==</latexit>

t16
<latexit sha1_base64="zl327c3CR+3cJw5/WsTzLruosTY=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbwXgMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHqVeflwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5VvZvq9UOt1CBZHnm4gEu4Ag/q0IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fds6PVA==</latexit>

t17
<latexit sha1_base64="gT9CqGvRoeFfPy7mP2z89yBRPOY=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQXMMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHqVeflwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4Wjup8KFSfIFVttGiWSYEQW35Oh0JyhnFlCmRb2WMImVFOGNqOCTcHb/Pk/adeq3k31+qFWapAsjzxcwCVcgQe30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8feFWPVQ==</latexit>

t18
<latexit sha1_base64="ND7dImu49vJr1g/xMVTrop5ghRQ=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHYj+LgFvHiMYB6QhDA7mU2GzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprvLj6Uw6Lo/zsbm1vbObm4vv39weHRcODltmijRjDdYJCPd9qnhUijeQIGSt2PNaehL3vLH9zO/9cy1EZF6wknMeyEdKhEIRtFK7RL2U+9uWuoXim7FnYOsEy8jRchQ7xe+u4OIJSFXyCQ1puO5MfZSqlEwyaf5bmJ4TNmYDnnHUkVDbnrp/N4pKVtlQIJI21JI5ur/iZSGxkxC33aGFEdm1ZuJf155aRUGt71UqDhBrthiU5BIghGZfU8GQnOGcmIJZVrYYwkbUU0Z2ozyNgVv9ed10qxWvOvK1WO1WCNZHjk4hwu4BA9uoAYPUIcGMJDwAm/w7mjn1flwPhetG042cwZLcL5+AXncj1Y=</latexit>

t19
<latexit sha1_base64="oyFzv9Qbeoys5RMEn3rOhuNl3O8=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/Tm5re2d3L79fODg8Oj4pnp61TJRoxpsskpHuBNRwKRRvokDJO7HmNAwkbweT+7nffubaiEg94TTmfkhHSgwFo2ilThn7ac2dlfvFklt1FyCbxMtICTI0+sXv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8u7p2RilUGZBhpWwrJQv0/kdLQmGkY2M6Q4tise3Pxz6usrMLhnZ8KFSfIFVtuGiaSYETm35OB0JyhnFpCmRb2WMLGVFOGNqOCTcFb/3mTtGpV76Z6/Vgr1UmWRx4u4BKuwINbqMMDNKAJDCS8wBu8O9p5dT6cz2VrzslmzmEFztcvbaWPTg==</latexit>

t20
<latexit sha1_base64="seugdoM4uNLcXV718rxftgF4B1U=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/Tm5re2d3L79fODg8Oj4pnp61TJRoxpsskpHuBNRwKRRvokDJO7HmNAwkbweT+7nffubaiEg94TTmfkhHSgwFo2ilThn7ac2blfvFklt1FyCbxMtICTI0+sXv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8u7p2RilUGZBhpWwrJQv0/kdLQmGkY2M6Q4tise3Pxz6usrMLhnZ8KFSfIFVtuGiaSYETm35OB0JyhnFpCmRb2WMLGVFOGNqOCTcFb/3mTtGpV76Z6/Vgr1UmWRx4u4BKuwINbqMMDNKAJDCS8wBu8O9p5dT6cz2VrzslmzmEFztcvbyyPTw==</latexit>

t21
<latexit sha1_base64="iUusVRwA7nIUoPutBHWP6rWB+zU=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7C7gnoMePEYwTwgWcLsZDYZMvtgplcIS37Ck6AgXv0dT/6Nk2QRkxQ0FFXddHf5iRQabfvHKmxt7+zuFfdLB4dHxyfl07O2jlPFeIvFMlZdn2ouRcRbKFDybqI4DX3JO/7kfu53nrnSIo6ecJpwL6SjSASCUTRSt4qDzHVn1UG5YtftBcgmcXJSgRzNQfm7P4xZGvIImaRa9xw7QS+jCgWTfFbqp5onlE3oiPcMjWjItZct7p2RmlGGJIiVqQjJQv0/kdFQ62nom86Q4live3Pxz6utrMLgzstElKTII7bcFKSSYEzm35OhUJyhnBpCmRLmWMLGVFGGJqOSScFZ/3mTtN26c1O/fnQrDZLnUYQLuIQrcOAWGvAATWgBAwkv8AbvlrJerQ/rc9lasPKZc1iB9fULcLOPUA==</latexit>

t22
<latexit sha1_base64="2DrhMvS4IpsfUX4//svEarT+qRo=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHaa0+Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHt34qVJwgV2y1aZRIghFZfE+GQnOGcmYJZVrYYwmbUE0Z2owKNgVv8+f/pF2retfV+kOt1CBZHnm4gEu4Ag9uoAH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/cjqPUQ==</latexit>

t23
<latexit sha1_base64="/WYyuIu8ptZ15twi+j4eFn9w66s=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHajqMeAF48RzAOSJcxOJsmQ2dllplcIS37Ck6AgXv0dT/6Nk2QRkxQ0FFXddHcFsRQGXffH2djc2t7Zze3l9w8Oj44LJ6dNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4fua3nrk2IlJPOIm5H9KhEgPBKFqpXcJeWr2elnqFoltx5yDrxMtIETLUe4Xvbj9iScgVMkmN6XhujH5KNQom+TTfTQyPKRvTIe9YqmjIjZ/O752SslX6ZBBpWwrJXP0/kdLQmEkY2M6Q4sisejPxzysvrcLBnZ8KFSfIFVtsGiSSYERm35O+0JyhnFhCmRb2WMJGVFOGNqO8TcFb/XmdNKsV76Zy9Vgt1kiWRw7O4QIuwYNbqMED1KEBDCS8wBu8O9p5dT6cz0XrhpPNnMESnK9fc8GPUg==</latexit>

t24
<latexit sha1_base64="5ivRIwpoPzGEYh6p9FVUSOO5J+Y=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHYjPo4BLx4jmAckS5idTJIhs7PLTK8QlvyEJ0FBvPo7nvwbJ8kiJiloKKq66e4KYikMuu6Ps7G5tb2zm9vL7x8cHh0XTk6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4Lx/cxvPXNtRKSecBJzP6RDJQaCUbRSu4S9tHo9LfUKRbfizkHWiZeRImSo9wrf3X7EkpArZJIa0/HcGP2UahRM8mm+mxgeUzamQ96xVNGQGz+d3zslZav0ySDSthSSufp/IqWhMZMwsJ0hxZFZ9Wbin1deWoWDOz8VKk6QK7bYNEgkwYjMvid9oTlDObGEMi3ssYSNqKYMbUZ5m4K3+vM6aVYr3k3l6rFarJEsjxycwwVcgge3UIMHqEMDGEh4gTd4d7Tz6nw4n4vWDSebOYMlOF+/dUiPUw==</latexit>

t25
<latexit sha1_base64="3ImDRRfxEVZfu3qNqPQutmKjSKM=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbIXoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHaa0+Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHt34qVJwgV2y1aZRIghFZfE+GQnOGcmYJZVrYYwmbUE0Z2owKNgVv8+f/pF2revXq9UOt1CBZHnm4gEu4Ag9uoAH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/ds+PVA==</latexit>

t26
<latexit sha1_base64="DuheRqXtQpgb0E+3d6e9DpuuLKU=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbwXgMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHaa0+Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHt34qVJwgV2y1aZRIghFZfE+GQnOGcmYJZVrYYwmbUE0Z2owKNgVv8+f/pF2rejfV64daqUGyPPJwAZdwBR7UoQH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/eFaPVQ==</latexit>

t27
<latexit sha1_base64="FiE81zaH4jXABuwvai/43bKnb1M=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7AbQXMMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHaa0+Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHdT8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5VvZvq9UOt1CBZHnm4gEu4Ag9uoQH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/ed2PVg==</latexit>

t28
<latexit sha1_base64="ZJSC31pYSGMj/qzWP9+WVlEdEW0=">AAAB8HicZVDLSgNBEOz1GeMr6tHLYBLwFHYj+LgFvHiMYB6QLGF2MkmGzM4uM71CWPITngQF8ervePJvnCSLmKSgoajqprsriKUw6Lo/zsbm1vbObm4vv39weHRcODltmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grG9zO/9cy1EZF6wknM/ZAOlRgIRtFK7RL20urdtNQrFN2KOwdZJ15GipCh3it8d/sRS0KukElqTMdzY/RTqlEwyaf5bmJ4TNmYDnnHUkVDbvx0fu+UlK3SJ4NI21JI5ur/iZSGxkzCwHaGFEdm1ZuJf155aRUObv1UqDhBrthi0yCRBCMy+570heYM5cQSyrSwxxI2opoytBnlbQre6s/rpFmteNeVq8dqsUayPHJwDhdwCR7cQA0eoA4NYCDhBd7g3dHOq/PhfC5aN5xs5gyW4Hz9Antkj1c=</latexit>

t29
<latexit sha1_base64="rEQZVlJj0NKaZO9fmbXgEEc6z0k=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHad2dlwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5Vvetq/aFWapAsjzxcwCVcgQc30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fby2PTw==</latexit>

t30
<latexit sha1_base64="IiHk7Z83eqzt5N931UzjlgM9/KQ=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHad2blwfFklt1lyD/iZeREmRoDopf/WHEkpArZJIa0/PcGP2UahRM8nmhnxgeUzalY96zVNGQGz9d3jsnFasMySjSthSSpfp3IqWhMbMwsJ0hxYnZ9Bbir1dZW4WjWz8VKk6QK7baNEokwYgsvidDoTlDObOEMi3ssYRNqKYMbUYFm4K3+fN/0q5Vvetq/aFWapAsjzxcwCVcgQc30IB7aEILGEh4hld4c7Tz4rw7H6vWnJPNnMManM8fcLSPUA==</latexit>

t31
<latexit sha1_base64="JRjzaq22N4EFmUcJ+iZcLxhiF50=">AAAB8HicZVDLSgNBEOyNrxhfUY9eBpOAp7CbgHoMePEYwTwgWcLsZJIMmZ1dZnqFsOQnPAkK4tXf8eTfOEkWMbGgoajqprsriKUw6LrfTm5re2d3L79fODg8Oj4pnp61TZRoxlsskpHuBtRwKRRvoUDJu7HmNAwk7wTTu4XfeeLaiEg94izmfkjHSowEo2ilbhkHab02Lw+KJbfqLkH+Ey8jJcjQHBS/+sOIJSFXyCQ1pue5Mfop1SiY5PNCPzE8pmxKx7xnqaIhN366vHdOKlYZklGkbSkkS/XvREpDY2ZhYDtDihOz6S3EX6+ytgpHt34qVJwgV2y1aZRIghFZfE+GQnOGcmYJZVrYYwmbUE0Z2owKNgVv8+f/pF2retfV+kOt1CBZHnm4gEu4Ag9uoAH30IQWMJDwDK/w5mjnxXl3PlatOSebOYc1OJ8/cjuPUQ==</latexit>

t32

<latexit sha1_base64="jhJGHRLd7mylLLFf+X0hv8qC6Ao=">AAAB63icZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMaB6QLGF2MkmGzOwuM71CWPIJngQF8eoXefJvnCSLmFjQUFR1090VxFIYdN1vJ7exubW9k98t7O0fHB4Vj09aJko0400WyUh3Amq4FCFvokDJO7HmVAWSt4PJ7dxvP3FtRBQ+4jTmvqKjUAwFo2ilhzKW+8WSW3UXIP+Jl5ESZGj0i1+9QcQSxUNkkhrT9dwY/ZRqFEzyWaGXGB5TNqEj3rU0pIobP12cOiMVqwzIMNK2QiQL9e9ESpUxUxXYTkVxbNa9ufjrVVZW4fDGT0UYJ8hDttw0TCTBiMwfJwOhOUM5tYQyLeyxhI2ppgxtPAWbgrf+83/SqlW9q+rlfa1UJ1keeTiDc7gAD66hDnfQgCYwGMEzvMKbo5wX5935WLbmnGzmFFbgfP4ADoiNYw==</latexit>

t

<latexit sha1_base64="jhJGHRLd7mylLLFf+X0hv8qC6Ao=">AAAB63icZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMaB6QLGF2MkmGzOwuM71CWPIJngQF8eoXefJvnCSLmFjQUFR1090VxFIYdN1vJ7exubW9k98t7O0fHB4Vj09aJko0400WyUh3Amq4FCFvokDJO7HmVAWSt4PJ7dxvP3FtRBQ+4jTmvqKjUAwFo2ilhzKW+8WSW3UXIP+Jl5ESZGj0i1+9QcQSxUNkkhrT9dwY/ZRqFEzyWaGXGB5TNqEj3rU0pIobP12cOiMVqwzIMNK2QiQL9e9ESpUxUxXYTkVxbNa9ufjrVVZW4fDGT0UYJ8hDttw0TCTBiMwfJwOhOUM5tYQyLeyxhI2ppgxtPAWbgrf+83/SqlW9q+rlfa1UJ1keeTiDc7gAD66hDnfQgCYwGMEzvMKbo5wX5935WLbmnGzmFFbgfP4ADoiNYw==</latexit>

t

<latexit sha1_base64="jhJGHRLd7mylLLFf+X0hv8qC6Ao=">AAAB63icZVDLSgNBEOyNrxhfUY9eBpOAp7AbQT0GvHiMaB6QLGF2MkmGzOwuM71CWPIJngQF8eoXefJvnCSLmFjQUFR1090VxFIYdN1vJ7exubW9k98t7O0fHB4Vj09aJko0400WyUh3Amq4FCFvokDJO7HmVAWSt4PJ7dxvP3FtRBQ+4jTmvqKjUAwFo2ilhzKW+8WSW3UXIP+Jl5ESZGj0i1+9QcQSxUNkkhrT9dwY/ZRqFEzyWaGXGB5TNqEj3rU0pIobP12cOiMVqwzIMNK2QiQL9e9ESpUxUxXYTkVxbNa9ufjrVVZW4fDGT0UYJ8hDttw0TCTBiMwfJwOhOUM5tYQyLeyxhI2ppgxtPAWbgrf+83/SqlW9q+rlfa1UJ1keeTiDc7gAD66hDnfQgCYwGMEzvMKbo5wX5935WLbmnGzmFFbgfP4ADoiNYw==</latexit>

t

<latexit sha1_base64="YGewy23eSLCef+RjF8FT0Xq6G7M="></latexit>

⌧11
<latexit sha1_base64="dEaHUwKP73Tl2DOJiU/bAbJkOxU="></latexit>

⌧12
<latexit sha1_base64="NPiSSvSLROJ/b0oI+gaUeGLhJ5Y="></latexit>

⌧13
<latexit sha1_base64="cOBPra95MnxkgrGT87B5p1jVKRU="></latexit>

⌧14
<latexit sha1_base64="j2y/eeQEoylktQ6NS/UoqZMqvVc="></latexit>

⌧15
<latexit sha1_base64="F3+BHSkaAvswKa+6qKe+CGKp2LE="></latexit>

⌧16
<latexit sha1_base64="RI0LiAi1XFQVCXImT5KzN4iT/zI="></latexit>

⌧17
<latexit sha1_base64="qjl/lrwy/oTLvNR/omCqJakE7zI="></latexit>

⌧18
<latexit sha1_base64="UwJLuXX2DDMoOsFKRoldbgBGmOU="></latexit>

⌧19
<latexit sha1_base64="S8D2qGcYrCKtrhXm97Ium+PSZLQ="></latexit>

⌧110

<latexit sha1_base64="IsKLHqvgR3OwIMmvbE/I4iXZ9Ic="></latexit>

⌧21
<latexit sha1_base64="udgSTyNz4H5H9nPUqweYQkgXvaA="></latexit>

⌧22
<latexit sha1_base64="hZCcn9O557BvE2pPzPn+fIB5P00="></latexit>

⌧23
<latexit sha1_base64="+8DNeykh5a0c9kJDFvunMNaFkxA="></latexit>

⌧24
<latexit sha1_base64="s+7nWQfq8g6Kg7ye/+o3ey4AZjY="></latexit>

⌧25
<latexit sha1_base64="yqwLq5n0QlbCD8SHIwCgD5H17M0="></latexit>

⌧26
<latexit sha1_base64="9M5gyfQvfCil2vLtfkNzRTUS7Uc="></latexit>

⌧27
<latexit sha1_base64="gwAVr/r1RIv77GTbASpX1z072rk="></latexit>

⌧28
<latexit sha1_base64="T5z64TaELdVY80bwQaJ17Xwga3A="></latexit>

⌧29
<latexit sha1_base64="jkzf28gSWcSxIrgWBeh/knVlJsA="></latexit>

⌧210
<latexit sha1_base64="7gNi1SJGqxq3FGjMSHN54Poatxw="></latexit>

⌧211
<latexit sha1_base64="vOBJnhpKzJmT7VKAQPWQOGhRlew="></latexit>

⌧212
<latexit sha1_base64="cttBKUf4acSZeitEDb6rjt48Liw="></latexit>

⌧213
<latexit sha1_base64="EWXn99lvey9vEH62T4lXRuiyVq4="></latexit>

⌧214
<latexit sha1_base64="8m2FCjEUfvoX7uJtg3IyWSjKPzg="></latexit>

⌧215

<latexit sha1_base64="ocWv9+iPHkyVY0nOPC9gi4H8tqY="></latexit>

⌧31
<latexit sha1_base64="jPFYfzaa7HQu4sp+0HCu95pdo6A="></latexit>

⌧32
<latexit sha1_base64="YR0wr0rfqHHdc7TyxeUgZJ1EsC8="></latexit>

⌧33
<latexit sha1_base64="0nkKGpekn0a4VioZkEr25lchf9g="></latexit>

⌧34
<latexit sha1_base64="rwOrUGejbhdTgV7UE5SysDkAxSM="></latexit>

⌧35
<latexit sha1_base64="bFTEm9JlkNmymbGT+GlZmSUFX/g="></latexit>

⌧36
<latexit sha1_base64="ZilolgqjklD83mYR1lYStZS5SqA="></latexit>

⌧37

<latexit sha1_base64="MkRuJ1Ks8FA9aDdaL4wlXq+YJ0Q="></latexit>

T � t31

<latexit sha1_base64="dPEDEPIAC1Ty1XW8tdZ6skedw6E="></latexit>

T � t28
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(a)

(b)

Figure 2: (a) The sequence consists of event types and timestamps, which are encoded by the history embedding {yuti} with u
being the event type. (b) The decoder captures the inter-event time for a future event, using the log-normal mixture model that
is parameterized by the history embeddings. The dynamic graph captures the dependencies between those history embeddings.

interval with tLk being the start point and tRk being the
end point. Let the latent variable zk(v,u) capture the depen-
dence of v-th event type on u-th event type within k-th sub-
interval. For ease of exposition, we denote the set of events
occurring within the k-th sub-interval by
sk ≡ {(ti, vi) | ti ∈ [tLk , t

R
k )}. Note that we model the

inter-event time for each event type using log-normal mix-
tures. Hence, we represent the event sequence of u-th type
by Su = {(tui , τui )}nui=1, where tui is i-th event observed in
the sequence of u-th event type, τui = tui − tui−1 denotes
the corresponding inter-event time, and the total number of
events L =

∑U
u=1 n

u. Next we shall explain each compo-
nent of the variational autoencoder in the following subsec-
tions.
Prior. We assume that the dependency graph among event
types, evolves over sub-intervals. Hence, we use an autore-
gressive model to capture the the prior probabilities of the la-
tent variables {zk(v,u)}v,u,k. More specifically, the prior dis-

tribution of zk(v,u) depends on its previous state zk−1
(v,u) and

the event sequence up to time tLk (all the events in first k− 1
sub-intervals):

pφ(z | S) ≡
K∏
k=1

pφ(zk | z1:k−1, s1:k).

The prior component is specified as follows: for each
event of v-th type (tvi ,m

v
i ), where mv

i represents the aux-

iliary event mark if available, we embed tvi and mv
i into a

fixed-dimensional vector ytiv ∈ RD. Then, we pass the event
embedding ytiv through a fully-connected graph neural net-
work (GNN) to obtain the relation embedding hti(v,u),emb be-
tween event types v and u:

htiv,1 = f1
emb(ytiv ),

v → e : hti(v,u),1 = f1
e ([htiv,1,h

ti
u,1]),

e→ v : htiv,2 = f1
v

(∑
u 6=v

hti(v,u),1

)
,

v → e :hti(v,u),emb = f2
e ([htiv,2,h

ti
u,2]),

where f(·) denotes a multilayer perceptron (MLP) for each
layer of the GNN, htiv,` and hti(v,u),` represent the node-wise
and edge-wise hidden states of the `-th intermediate layer,
respectively. The final output of the GNN hti(v,u),emb models
the relation at time ti. The GNN architecture is illustrated in
Fig. 3(a).

We need to concatenate all the relation variable,
{hti(v,u),emb} for ti ∈ [tLk , t

R
k ), and transform them into the

relation state hk(v,u),emb of k-th sub-interval, using a MLP:

hk(v,u),emb = f2
emb([hti(v,u),emb]) for ti ∈ [tLk , t

R
k ).

A forward recurrent neural network (RNN) is used to cap-
ture the dependence of an relation state hk(v,u),fwd on its cur-
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✓vi+1

(a) (b)

Figure 3: (a) A fully-connected GNN is used to transform
event embeddings into relation embeddings between event
types at each timestamp. (b) A GRNN is used to transform
the past influences of those related event types into the cur-
rent embedding according to the dynamic graphs.
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Figure 4: The relation embeddings are fed into a forward
RNN and a backward RNN to encode the influences from
the past and future relations, respectively.

rent embedding hk(v,u),emb, and its previous state hk−1
(v,u),fwd:

hk(v,u),fwd = RNNfwd(hk(v,u),emb,h
k−1
(v,u),fwd).

Finally, we encode hk(v,u),fwd into the logits of the prior
distribution for zk(v,u), using a MLP:

pφ(zk(v,u) | z
1:k−1, s1:k) = softmax(fprior(h

k
(v,u),fwd)).

Fig. 4 shows the prior distribution built upon the foward
RNN.
Encoder. The posterior distribution of the latent variables
qφ(z | S) depends on both the past and future events:

qφ(z | S) ≡
K∏
k=1

qφ(zk | S).

Hence, the encoder is designed to approximate the dis-
tribution of the relation variables using the whole event se-
quence. To that end, a backward GNN is used to propagate

the hidden states hk(v,u),bwd reversely:

hk(v,u),bwd = RNNbwd(hk(v,u),emb,h
k+1
(v,u),bwd).

Finally, we concatenate both the forward state hk(v,u),fwd

and the backward state hk(v,u),bwd, and transform them into
the logits of the approximate posterior, using a MLP:

qφ(zk(v,u) | S) = softmax(fenc([h
k
(v,u),bwd,h

k
(v,u),fwd])).

Note that the prior and encoder share parameters, and thus
the parameters of the two components are denoted by φ.
Decoder. The role of the decoder is to predict the inter-event
times {τui }

nu
i=1 for each event type u. In particular, we cap-

ture the latent dynamics {ĥtiv } behind these inter-event times
using a graph recurrent neural network (GRNN) specified by

v → e :ĥti(v,u) = zk(v,u)f
1
e ([ĥtiv , ĥ

ti
u ]), for ti ∈ [tLk , t

R
k ),

e→ v : h̃tiv =
∑
u 6=v

ĥti(v,u),

ĥti+1
v = GRU(h̃tiv , ĥ

ti
v ),

where zk(v,u) determines how the u-th event type ĥtiu influ-

ences the v-th event type ĥ
ti+1
v through the relation zk(v,u) at

time ti+1. The latent embedding ĥtiv itself evolves over time,
using a gated recurrent unit (GRU).

Given the dynamic embeddings {ĥtiv }, we model
the inter-event time p(τui ) using a log-normal mixture
model (Shchur, Bilos, and Günnemann 2019),

p(τ | ω,µ,σ) =
C∑
c=1

ωc
1

τσc
√

2π
exp

(
− (log τ − µc)2

2σ2
c

)
,

where ωc, µc, σc represent the mixture weights, the mean
and the standard deviations of c-th mixture component, re-
spectively. In particular, the parameters of the distribution
for each inter-event time τui is constructed as

ωui = softmax(Vωĥ
ti
u + βω), σui = exp(Vσĥ

ti
u + βσ),

µui = Vµĥ
ti
u + βµ,

where {Vω, Vσ, Vµ,βω,βσ,βµ} refer to the learnable pa-
rameters. We use softmax and exp transformations to im-
pose the sum-to-one and positive constraints on the distribu-
tion parameters accordingly. Fig. 3(b) presents the GNN ar-
chitecture used to construct the parameters of the log-normal
mixtures in the decoder part. We assume the inter-event time
τui is conditionally independent of the past events, given the
model parameters. Hence, the distribution of the inter-event
time under the decoder, factorizes as

pθ(τ | z) =
U∏
u=1

nu∏
i=1

p(τui | θui ).

The decoder part of the VAE framework is illustrated in
Fig. 2 (b). Hence, we can naturally make the next event time
prediction using

t̂ui+1 = tui +

∫ ∞
0

τp(τui+1 | θui+1)dτ.
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Training. We next explain how to learn the parameters of
the VAE framework for dynamic graph-structured neural
point processes. The event sequences S are passed through
the GNN in the encoder, to obtain the relation embedding
hti(v,u),emb for all the timestamps {ti}Li=1 and each pair of two
event types (v, u). We then concatenate all the relation em-
beddings, and transform them into a relation state hk(v,u),emb

for each sub-interval k. The relational states {hk(v,u),emb}
are fed into the forward and backward RNNs to compute
the prior distribution pφ(z | S) and posterior distribution
qφ(z | S). We then sample {zk(v,u)} from the concrete
reparameterizable approximation of the posterior distribu-
tion. The hidden states {ĥtiv } evolve through a GRNN, in
which the messages can only pass through the non-zero
edges hinted by {zk(v,u)}. These hidden states {ĥtiv } are used
to parameterize the log-normal mixture distribution for the
inter-event times. To learn the model parameters, we calcu-
late the evidence lower bound (ELBO) as

LELBO(φ, θ) = Eqφ(zk|S)

[ U∑
u=1

nu∑
i=1

log p(τui | θui )
]

(2)

−
K∑
k=1

DKL

[
qφ(zk | S)||pφ(zk | z1:k−1, s1:k)

]
.

As we draw samples {zk(v,u)} using an reparameterizable
approximation, we can calculate gradients using backprop-
agation and optimize the ELBO. Hereafter, we denote the
proposed model as variational autoencoder temporal point
process (VAETPP).

Related Work
Wasserman (1980); Huisman and Snijders (2003) pro-
posed to capture the non-stationary network dynamics using
continuous-time Markov chains. Graph-Structured Tem-
poral Point Processes. Bhattacharjya, Subramanian, and
Gao (2018) proposed a proximal graphical event model to
infer the relationships among event types, and thus assumes
that the occurrence of an event only depends on the occur-
ring of its parents shortly before. Shang and Sun (2019)
developed a geometric Hawkes process to capture correla-
tions among multiple point processes using graph convolu-
tional neural networks although the inferred graph is undi-
rected. Zuo et al. (2020) developed a graph-structured trans-
former Hawkes process between multiple point processes. It
assumes that each point process is associated with a vertex of
a static graph, and model the dependency among those point
processes by incorporating that graph into the attention mod-
ule design. Zhang, Lipani, and Yilmaz (2021) formulated a
graph-structured neural temporal point process (NTPP) by
sampling a latent graph using a generator. The model param-
eters of the graph-structured NTPP and its associated graph,
can be simultaneously optimized using an efficient bi-level
programming. Lin et al. (2021) recently also developed a
variational framework for graph-structured neural point pro-
cesses by generating a latent graph using intra-type history
embeddings. The latent graph is then used to govern the

message passing between intra-type embedding to decode
the type-wise conditional intensity function. Zhang and Yan
(2021) proposed to learn a static conditional graph between
event types, by incorporating prior knowledge. Additionally,
Linderman and Adams (2014) proposed to learn the latent
graph structure among events via a probabilistic model. Wu
et al. (2020) tries to model event propagation using a graph-
biased temporal point process, with a graph specified by the
following relationships among individuals on social media.
Pan et al. (2020) studied a variational auto-encoder frame-
work for modeling event sequences but haven’t consider
capturing latent graphs among dimensions. Dynamic La-
tent Graphs behind Time Series. Kipf et al. (2018) devel-
oped an variational autoencoder to learn a latent static graph
among the entities that interact in a physical dynamical sys-
tem. Following this success, Graber and Schwing (2020)
used a sequential latent variable model to infer dynamic la-
tent graphs among the entities from the discrete-time obser-
vations. Although Graber and Schwing (2020) and the pro-
posed method both aim to learn dynamic graphs behind mul-
tivariate sequential observations, the main differences lie in
that our input is asynchronous event sequences, for which
we need to determine the regularly-spaced sub-intervals, and
simultaneously learn a dynamic graph for each sub-interval.
An interesting yet challenging direction, is to automatically
infer the regularly-spaced time intervals and the dynamic
graph structure, which we leave to future research.

Experiments
The proposed variational autoencoder temporal point pro-
cess, is evaluated on the task of event time and type pre-
diction. We used four real-world data to demonstrate the
proposed method, compared with existing related methods.
New York Motor Vehicle Collisions(NYMVC): This data
contains a collection of vehicle collision events occurring at
New York city since April, 2014. Each crash event (ti, vi)
records a motor vehicle collision occurring in district vi, at
time ti. Specifically, during peak periods, a vehicle colli-
sion may give rise to a sequence of collisions in the same
or nearby districts, in short time. Hence, it is well-fitted to
model and predict the occurrences of these events using mul-
tivariate point processes. In addition, the influence relations
among the districts may change over time as the aforemen-
tioned triggering effects become weaker during night time,
compared to day time. We created each event sequence using
the motor vehicle collision records between 8:00 and 23:00,
and treated each three hours as a sub-interval. We considered
the five districts, Manhattan, Brooklyn, Bronx, Queens and
Staten Island as the event types. Stack Exchange Data:
The three stack exchange data from different sources, are
included in the experiments: MathOF, AskUbuntu, and Su-
perUser. The stack exchange data consists of various inter-
actions among the participant. Each event (vi, ui, ti) means
that at timestamp ti, user vi may post an answer or comment
to ui’s questions or comments. These interaction events
among users usually exhibit a certain amount of cluster-
ing effects and periodic trends. For instance, some ques-
tions about popular technology, may quickly lead to a lot
of answers or comments from the others who share similar
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Methods MathOF AskUbuntu SuperUser NYMVC
Exponential 2.549± 0.074 2.584± 0.029 2.517± 0.018 2.474± 0.043
RMTPP 1.912± 0.087 1.981± 0.014 2.025± 0.054 1.944± 0.012
FullyNN 1.652± 0.062 1.884± 0.073 1.777± 0.023 1.473± 0.024
LogNormMix −0.859± 0.121 0.303± 0.037 −0.868± 0.018 −2.578± 0.032
THP −2.531± 0.024 −2.235± 0.028 −2.349± 0.051 −1.889± 0.037
VAETPP (static) −2.632± 0.028 −2.312± 0.026 −2.466± 0.021 −2.016± 0.032
VAETPP −3.501± 0.068 −2.867± 0.032 −3.812± 0.057 −5.952± 0.046

Table 1: Negative log-likelihood for inter-event time prediction on the real-world data.

Datasets # sequences # events # types
MathOF 1453 590836 15
AskUbuntu 1561 65960 11
SuperUser 1240 84627 10
NYMVC 2000 863624 5

Table 2: Statistics of the datasets.

interests. Additionally, these triggering effects demonstrate
periodic trends: users are more inclined to response to tech-
nical topics during working days, than weekends/holidays.
We consider the user who makes the action toward the other
as the event type. Hence, we derived each sequence from
events occurring within one week, and consider each day as
a sub-interval. These datasets are detailed in Table 2.
Experimental Setup. We compared the ability of the mod-
els in predicting the inter-event times τui using the historical
events Htui , for each event type u ∈ [1, . . . , U ], as illus-
trated in Fig. 2(b). Each real-world data is split into mul-
tiple event sequences. For each real-world data, we choose
the 60% of the sequences for training, 20% for validation,
and 20% for testing. For training, we maximize the ELBO
in Eq. 2 for the proposed model, and the expected log-
likelihood for the other models. With the learned parame-
ters, we measure the predictive performance of each model,
using its obtained negative log-likelihood (NLL) on the val-
idation set. Hence, the model configuration that achieves
best predictive performance, can be chose using the valida-
tion set. Finally, the NLL loss on the test set, are used to
compare the ability of the models in predicting inter-event
times. We report the results averaged over ten random train-
ing/validation/testing splits. For the developed VAETPP, the
dimension of the input embedding yuti is 64. For the fully-
connected GNN of the encoder, f1

emb, f
1
e , f

1
v , and f1

e are
two-layer MLPs with 64 units for each layer and Exponen-
tial Linear Unit (ELU) activations. We use f2

emb to trans-
form the concatenated hidden states within each sub-interval
into one hidden state, and thus parameterize f2

emb using a
one-layer MLP with 64 hidden units and ReLU activations.
Both the forward RNN and backward RNN have 64 hidden
units. We parameterize fprior and fenc by a one-layer MLP
with 64 hidden units and Rectified Linear Unit (ReLU) ac-
tivations. We set the number of edge types of the dynamic
graph among event types to be two, and specify the first
edge type to indicate no dependency. For the decoder part,
we parameterize f1

e using a separate two-layer MLP with
64 hidden/output units, for each of the two edge types. The

GRU has 64 hidden units. We chose the number of mixing
components used in the log-normal mixture distribution for
the VAETPP, using the validation data. In the experiments,
we used 16 mixing components in the experiments. We also
consider restricting the VAETPP with a static latent graph,
and denote it as VAETPP (static), to validate the importance
of learning dynamic graphs in capturing period trends in
event sequences. We compared the proposed method against
the following baselines: Exponential. The conditional in-
tensity function of the constant intensity model (Upadhyay,
De, and Gomez-Rodrizuez 2018) is defined as λ∗(ti) =
exp (vThi + b), in which hi denotes the event history em-
bedding learned by a RNN, v and b refer to the model
parameters. The probability density function (PDF) of the
constant intensity model is an exponential distribution, as
given by p∗(τ) = γ exp (−γ), where γ = exp (vThi + b).
Recurrent Marked Temporal Point Processes(RMTPP)
(Du et al. 2016). The method encodes past events into his-
torical embeddings using a RNN, and models exponential-
distributed conditional intensity. Fully Neural Networks
(FullyNN) (Omi, Ueda, and Aihara 2019). It captures the
cumulative distributions of inter-event times using a neural
network. Log Normal Mixture (LogNormMix) (Shchur,
Bilos, and Günnemann 2019). The method encodes the event
history into embedding vectors with a RNN, and decodes the
inter-waiting time with a log-normal mixture distribution.
Transformer Hawkes Process (THP) (Zuo et al. 2020). It
leverages the self-attention mechanism to capture long-term
dependencies in observed event sequences.
Negative Log-likelihood Comparison. Table 1 compares
the negative log-likelihood loss of all the methods in mod-
eling inter-event times. As expected, the LogNormMix ad-
mits more flexibility compared with simple model using uni-
modal distributions (Gompertz/RMTPP, Exponential), and
thus shows improved performance by large margins. Trans-
former Hawkes process (THP) can effectively learn long-
range dependencies among events, and thus achieves lower
NLL loss. The proposed VAETPP not only can capture
the complicated inter-event time distribution using a log-
normal mixture decoder. It can also improve the inter-event
time prediction in further by effectively removing the non-
contributing effects of irrelevant past events, via the dynamic
dependency graph. Hence, the proposed VAETPP achieves
the best NLL loss values consistently on all the datasets.
Event Prediction Comparison. We also consider the tasks
of event time and type prediction in the experiments. In
particular, following (Zuo et al. 2020), we make the next
event time prediction using a linear predictor as t̂ui+1 =
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Methods MathOF AskUbuntu SuperUser NYMVC
RMTPP 0.952± 0.008 0.983± 0.025 1.103± 0.068 1.135± 0.095
LogNormMix 0.673± 0.082 0.969± 0.043 0.708± 0.098 0.798± 0.038
THP 0.693± 0.024 0.791± 0.057 0.779± 0.032 0.859± 0.027
VAETPP(static) 0.632± 0.020 0.812± 0.032 0.788± 0.038 0.864± 0.046
VAETPP 0.569± 0.018 0.642± 0.012 0.674± 0.046 0.775± 0.064

Table 3: Root mean square error (RMSE) comparison for event time prediction.

Methods MathOF AskUbuntu SuperUser NYMVC
RMTPP 0.154± 0.022 0.189± 0.021 0.208± 0.008 0.251± 0.025
LogNormMix 0.206± 0.027 0.225± 0.011 0.235± 0.013 0.276± 0.038
THP 0.242± 0.019 0.261± 0.016 0.248± 0.006 0.294± 0.028
VAETPP(static) 0.286± 0.031 0.286± 0.022 0.256± 0.018 0.278± 0.026
VAETPP 0.321± 0.016 0.318± 0.012 0.288± 0.018 0.301± 0.022

Table 4: Event type prediction accuracy comparison.

(d) (e) (f)

(a) (b) (c)

Brooklyn

Bronx

Staten
Island

Manhattan

8:00—10:00 11:00—14:00

14:00—17:00 17:00—20:00 20:00—23:00

MH  BK  BX  QS  SI MH  BK  BX  QS  SI
(a) (b)
 

(c)

(d) (e) (f)

BK
BX

QS
SI

MH

BK
BX

QS
SI

MH

BK
BX

QS
SI

MH
BK
BX

QS
SI

MH

0.8
0.6

1.0

0.4
0.2
0.0

MH  BK  BX  QS  SIMH  BK  BX  QS  SI MH  BK  BX  QS  SI

BX
QS

SI

MH

BKQueens

Figure 5: (a) shows the relative locations of the five boroughs
of New York city, Manhattan (MH), Bronx (BX), Brooklyn
(BK), Queens (QS), Staten Island (SI); (b-f) show the latent
dynamic graph between the five boroughs over five time-
intervals, estimated by the VAETPP.

Wtimeθui ,where θui is the history embedding updated by
the VAETPP after observing of i-th event of u-th type, and
Wtime ∈ R1×D denotes the event time predictor’s parame-
ter. The next event type prediction is

p̂i+1 = softmax(Wtypeθui ), m̂u
i+1 = arg max

j
p̂i+1(j),

where Wtype ∈ RJ×D denotes the event type predictor’s
parameter, and p̂i+1(j) refers to the j-th entry of p̂i+1 ∈
RJ . The loss functions for event time and type prediction
are defined as

L̃(S; θ) =
∑
u

nu∑
i=1

(tui − t̂ui )2, L̂(S; θ) = −
L∑
j=2

mT
j log(p̂j),

respectively, where mj is the one-hot encoding for the type
of j-th event. To learn the parameters of the event time and
type predictor, we consider minimizing a composite loss
function as

minφ,θ −LELBO(S;φ, θ) + L̃(S; θ) + L̂(S; θ),where
LELBO(S;φ, θ) is the evidence lower bound derived in
Eq.2. We used the training data to learn the model param-
eters, and choose the best configuration according to the
predictive performance on the validation set. Finally, we
evaluated model performance on the test set. Specifically,
we predicted each held-out event (tj ,mj) given its history.
We evaluated event type prediction by accuracy and event
time prediction by Root Mean Square Error (RMSE). Tab. 3
and 4 shows the results for event time and type prediction,
respectively. Our VAETPP outperforms the baselines in
predicting event time and types on all the data.
Model Interpretability. Fig. 5(a) shows the relative loca-
tion of the five boroughs of New York city: Manhattan,
Brooklyn, Bronx, Queens, Staten Island. The latent dynamic
graphs for the five time-intervals, are plotted in Fig. 5(b-f).
From the results, we find that the influences between Man-
hattan, Brooklyn, Bronx and Queens, are much stronger,
compared with influences between these four areas and
Staten Island. These influences between all the areas, gradu-
ally become weaker during night time, compared against day
time. The results not only show the high model interpretabil-
ity, but also explains why VAETPP obtains better prediction
accuracy by effectively removing non-contributing histori-
cal events’ influences via its estimated graphs.

Conclusion
We have presented a novel variational auto-encoder for mod-
eling asynchronous event sequences. To capture the periodic
trends behind long sequences, we use regularly-spaced inter-
vals to capture the different states behind the sequences, and
assume stationary dynamics within each sub-interval. The
dependency structure between event types, is captured us-
ing latent variables, which allow to be evolving over time, to
capture the time-varying graphs. Hence, the proposed model
can effectively remove the influences from the irrelevant past
event types, and achieves better accuracy in predicting inter-
event times and types, compared with other neural point
processes. We plan to generalize the work to capture non-
stationary network dynamics (Yang and Koeppl 2018b,a,
2020; Yang and Zha 2023) in the future research.
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