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Abstract
This paper proposes a unified Superposed Atomic Represen-
tation (SAR) framework for high-dimensional data recovery
with multiple low-dimensional structures. The data can be
in various forms ranging from vectors to tensors. The goal
of SAR is to recover different components from their sum,
where each component has a low-dimensional structure, such
as sparsity, low-rankness or be lying a low-dimensional sub-
space. Examples of SAR include, but not limited to, Robust
Sparse Representation (RSR), Robust Principal Component
Analysis (RPCA), Tensor RPCA (TRPCA), and Outlier Pur-
suit (OP). We establish the theoretical guarantee for SAR.
To further improve SAR, we also develop a Weighted SAR
(WSAR) framework by paying more attention and penaliz-
ing less on significant atoms of each component. An effective
optimization algorithm is devised for WSAR and the conver-
gence of the algorithm is rigorously proved. By leveraging
WSAR as a general platform, several new methods are pro-
posed for high-dimensional data recovery. The experiments
on real data demonstrate the superiority of WSAR for vari-
ous data recovery problems.

Introduction
In many real-world applications, high-dimensional data is
often a superposition of multiple components with differ-
ent low-dimensional structures (Candès et al. 2011; Wright
et al. 2009). For instance, a grayscale video data with mov-
ing objects can be regarded as a superposition of the back-
ground part and the foreground part containing moving ob-
jects. Since the frames of the background are highly cor-
related in general, it can be modeled as a low-rank tensor.
While the foreground part can be modeled as a sparse ten-
sor since the moving objects often occupy a small part of
each video frame (Lu et al. 2020; Liu et al. 2023). Analo-
gously, a face image with disguise (e.g., sunglasses) can be
regarded as a superposition of a noiseless face image (ly-
ing in a low-dimensional subspace (Wright et al. 2009)) and
the occlusion part (deemed as a sparse matrix). To recover
the underlying components from the superposed data, a vari-
ety of data recovery methods have been proposed for distinct
problems and applications (Chen, Wu, and Wang 2019; Dut-
ta, Hanzely, and Richtárik 2019; Zheng et al. 2022; Wright
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and Ma 2022). We refer to such general high-dimensional
data recovery problem as Multiple Low-Dimensional Struc-
ture Recovery (MLDSR).

RPCA and Tensor RPCA (TRPCA). Robust Principal
Component Analysis (RPCA) (Candès et al. 2011) and it-
s variants (Ding, He, and Carin 2011) belong to MLDSR
and assume that data is a superposition of a low-rank ma-
trix and a sparse matrix and aim to recover them from their
sum. Since many real-data are often stored in tensors such
as color images and hyperspectral images, RPCA is extend-
ed for tensor data and the problem changes to recovering a
low-rank tensor and a sparse tensor from their sum. The re-
sulting method is dubbed Tensor RPCA (TRPCA) (Lu et al.
2020). RPCA, TRPCA and their variants (Qiu et al. 2022)
have a wide range of applications, such as image recovery
and background substraction (Chang et al. 2020).

Robust Sparse Representation (RSR). As another ex-
ample of MLDSR, RSR (Wright et al. 2009) assumes that
the observed corrupted data (e.g., a face image with sun-
glasses) is a superposition of the noiseless data lying in a
low-dimensional linear subspace and a sparse noise part.
RSR methods have also achieved great success in various
applications such as robust face recognition (Zhang et al.
2022), motion segmentation (Elhamifar and Vidal 2013) and
hyperspectral image classification (Chen, Nasrabadi, and
Tran 2011; Peng, Sun, and Du 2019).

Outlier Pursuit (OP). The OP problem (Xu, Caramanis,
and Sanghavi 2012; Zhou and Feng 2017) also belongs to
MLDSR and aims to identify the outliers from a mixture of
inliers and outliers. The data is modeled as a superposition
of a low-rank matrix (nonzero columns correspond to inliers
lying in a low-dimensional subspace) and a column-sparse
matrix (nonzero columns correspond to outliers out of the
subspace). More examples of MLDSR include the line spec-
tral estimation problem (Yang and Xie 2015).

The problems above have the commonality that all of
them leverage the underlying multiple low-dimensional
structures of high-dimensional data to recover the original
data. However, in the literature these problems above are
tackled on a case-by-case basis. These limitations of exist-
ing works motivate us to consider an interesting question:
is it possible to propose a unified framework for the general
MLDSR problem? This work gives a positive answer.
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Paper Contributions
The contributions of this work are summarized as follows.
1. We propose a unified framework dubbed SAR (Su-

perposed Atomic Representation) to recover the high-
dimensional data of multiple low-dimensional structures.
Examples of SAR include but not limited to the RPCA,
tensor RPCA (TRPCA), RSR and OP models.

2. To enhance SAR, we develop a Weighted SAR (WSAR)
framework by taking into account the significance of d-
ifferent atoms in each atomic norm regularization. By
leveraging WSAR as a general platform, several new data
recovery methods are proposed for various applications.

3. We develop a unified optimization algorithm for the
WSAR framework based on ADMM (Boyd et al. 2011).
In addition, we have also rigorously prove the conver-
gence of the proposed algorithm.

Superposed Atomic Representation
Atomic Norm
We first introduce the definition of Atomic Norm (AN).
Definition 1. (Chandrasekaran et al. 2012) Given an atomic
setA, the atomic norm of x with respect toA is defined as

‖x‖A := inf {t > 0 : x ∈ t · conv(A)} , (1)
where conv(A) is the convex hull of the setA.

If A is centrally symmetric about the origin, the gauge
function ‖ · ‖A is a norm. In this case, we have

‖x‖A := inf

∑
a∈A

ca : x =
∑
a∈A

caa, ca ≥ 0,∀a ∈ A

 . (2)

The dual norm of ‖ · ‖A is defined by
‖x‖∗A := sup {〈x, a〉, a ∈ A} . (3)

Many common norms such as the `1 norm and the nuclear
norm are special cases of AN (Chandrasekaran et al. 2012).

Superposed Atomic Representation (SAR)
Consider two signals x∗1 and x∗2 with different low-
dimensional structures, respectively. They can be vectors,
matrices or tensors. Given only the superposition x = x∗1+x∗2,
the goal is to recover x∗1 and x∗2. To this end, we propose the
following SAR framework

min
x1,x2
‖x1‖A1 + λ‖x2‖A2 s.t. x = x1 + x2, (4)

where λ is a positive parameter balancing the two atomic
norms.
Remark 1. It is worth remarking that the proposed SAR
framework can be naturally extended for more than two
atomic norm regularization terms corresponding to multi-
ple low-dimensional structures. The same goes for the pro-
posed Weighted SAR (WSAR) framework and the optimiza-
tion algorithm in the next section. For simplicity, in this work
we only consider the case of two atomic norm regulariza-
tion. It is also worth noting that the atomic representation
model in the prior work (Wang et al. 2019) only consid-
ers single special low-dimensional structure and assumes
that high-dimensional data lie in a union of low-dimensional
subspaces.

Model Data form A1 A2
RSR vector AD AS
AND vector AF AS
RPCA matrix AL AMS

OP matrix AL AJ
TRPCA tensor AT L ATS

OR-TPCA tensor AT L ALS

Table 1: Many high-dimensional data recovery methods are
special cases of the unified SAR framework. The definitions
of the atomic sets can be found in the context.

By specifying the atomic setsA1 andA2, a variety of ex-
isting popular data recovery models belong to SAR as spe-
cial cases. Some of them are listed as below.

Example 1. (Robust Sparse Representation (RSR))
(Wright et al. 2009) The objective function of RSR is for-
mulated as

min
c∈Rn,e∈Rm

‖c‖1 + λ‖e‖1 s.t. y = Dc + e, (5)

where y ∈ Rm is the measurement vector, D = [d1, · · · ,dn] ∈
Rm×n denotes the dictionary, c ∈ Rn is a sparse vector and
e ∈ Rm denotes the error term. DefineAD = {±d1, · · · ,±dn}

andAS as the set of unit-Euclidean norm one-sparse vectors
in Rn. Let x1 = Dc and x2 = e. Then we have ‖x1‖AD =
min{c:x1=Dc} ‖c‖1 and ‖x2‖AS = ‖e‖1. In this case, SAR (4)
reduces to the RSR model withA1 = AD andA2 = AS .

Example 2. (Robust Principal Component Analysis
(RPCA)) (Candès et al. 2011) RPCA aims to recover a
low-rank matrix and a sparse matrix from their sum by solv-
ing the following problem

min
L,S∈Rn1×n2

‖L‖∗ + λ‖S‖1 s.t. X = L + S, (6)

where ‖L‖∗ and ‖S‖1 denote the nuclear norm and `1
norm of matrices, respectively. Analogously, we can de-
fine the low rankness inducing atomic set AL :=
{M ∈ Rn1×n2 | rank(M) = 1, ‖M‖F = 1} , and let AMS be the
set of unit-Frobenius norm one-sparse matrices in Rn1×n2 . It
can be verified that ‖M‖AMS = ‖M‖1. Thus, RPCA also be-
longs to SAR withA1 = AL andA2 = AMS .

Example 3. (Outlier Pursuit (OP)) (Xu, Caramanis,
and Sanghavi 2012) Given a set of liners and outliers, OP
aims to learn the true low-dimensional subspace and identify
the outliers simultaneously by solving the problem

min
L,S∈Rn1×n2

‖L‖∗ + λ‖S‖2,1 s.t. X = L + S, (7)

where ‖S‖2,1 =
∑n2

j=1 ‖S(:, j)‖2. Define the atomic set

AJ :=
n⋃

j=1

{
M ∈ Rn1×n2 | ‖M(:, j)‖2 = 1,M(:, j′) = 0, j′ , j

}
,

Then OP also belongs to SAR withA1 = AL andA2 = AJ .
Example 4. (Tensor RPCA (TRPCA)) (Lu et al. 2020)

TRPCA aims to recover a low-rank tensor and a sparse ten-
sor from their sum by solving the following problem

min
L,S∈Rn1×n2×n3

‖L‖©∗ + λ‖S‖1 s.t. X = L + S, (8)
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where ‖L‖©∗ denotes the tensor nuclear norm (Kilmer et al.
2013; Lu et al. 2020) and ‖S‖1 =

∑
i jk |Si jk | is the ten-

sor `1 norm. Analogously, we can define the low tubal-
rankness inducing atomic set (Lu et al. 2018) AT L :={
W ∈ Cn1×n2×n3 , W = n3D, D̄ ∈ B

}
, where D̄ ∈ Cn1n3×n2n3

is a block diagonal matrix with the i-th block on the diag-
onal as the frontal slice D̄(i) of D̄. Here D̄ denotes the Fast
Fourier Transformation (FFT) of D along the 3-rd dimen-
sion, and B denotes the set of the following matrices

D =


D1

. . .
Dn3

 ∈ Cn1n3×n2n3 ,

where Di ∈ C
n1×n2 and there exists some k such that

rank(Dk) = 1, ‖Dk‖F = 1 and D j = 0, ∀ j , k. It can
proved that ‖T ‖AT L = ‖T ‖©∗ (Lu et al. 2018), which is the
tensor nuclear norm. Let ATS be the set of unit-Frobenius
norm one-sparse tensors in Rn1×n2×n3 . It can be verified that
‖T ‖ATS = ‖T ‖1 for any tensor T ∈ Rn1×n2×n3 . Thus, TRPCA
also belongs to SAR withA1 = AT L andA2 = ATS .

More examples of SAR are summarized in Ta-
ble 1. In the AND (Atomic Norm Denoising) mod-
el (Yang and Xie 2015) for line spectral estimation,
the signal frequency related atomic set is defined by

AF :=
{[

eiφ, · · · , ei(2π(n−1))t+φ
]T
, t ∈ [0, 1], φ ∈ [0, 2π]

}
.

For OR-TPCA (Zhou and Feng 2017), the lateral s-
lice sparsity-inducing atomic set is defined as ALS :=⋃n2

j=1 {T ∈ R
n1×n2×n3 | ‖T (:, j, :)‖F = 1,T (:, j′, :) = 0, j′ , j}.

Recovery Guarantee
Theorem 1. Let x = x∗1 + x∗2. Assume that for any h , 0,
there exists two subgradients s1 ∈ ∂‖x∗1‖A1 and s2 ∈ ∂‖x∗2‖A2

such that
〈h, s1 − λs2〉 > 0.

Then (x∗1, x
∗
2) is the unique minimizer of the SAR model.

Proof. Any feasible solution to the SAR model (4) can be
rewritten as (x∗1 + h, x∗2 − h) for some h. In what follows, we
prove that for any h , 0, (x∗1 + h, x∗2 − h) will have larger
objective value than (x∗1, x

∗
2). For any h , 0 and any subgra-

dient s1 of the function ‖ · ‖A1 , we have

‖x∗1 + h‖A1 ≥ ‖x
∗
1‖A1 + 〈h, s1〉 (9)

Analogously, for any subgradient s2 of the function ‖ · ‖A2 ,
there holds

‖x∗2 − h‖A2 ≥ ‖x
∗
2‖A2 − 〈h, s2〉 (10)

Combining Eqs. (9) and (10), for any h , 0, we have

‖x∗1 + h‖A1 + λ‖x∗2 − h‖A2

≥‖x∗1‖A1 + λ‖x∗2‖A2 + 〈h, s1〉 − λ〈h, s2〉

=‖x∗1‖A1 + λ‖x∗2‖A2 + 〈h, s1 − λs2〉

>‖x∗1‖A1 + λ‖x∗2‖A2 .

(11)

The last inequality comes from the theorem assumption. �

Weighted Superposed Atomic Representation
Note from the definition of atomic norm in Eq. (2) that it pe-
nalizes the atoms with large coefficients more heavily than
those with smaller coefficients. Such imbalance may lead
to suboptimal performance because atoms with large coef-
ficients often correspond to significant components of data
(Candès, Wakin, and Boyd 2008; Gu et al. 2017). To tack-
le this imbalance and derive more democratic method, in
this section we propose the Weighted Atomic Norm (WAN).
Based on WAN, we propose the Weighted SAR (WSAR)
framework to further improve SAR by paying more atten-
tion and penalizing less on significant atoms.

Model
We define the weighted atomic norm (WAN) as

‖x‖w,A := inf

∑
a∈A

waca : x =
∑
a∈A

caa, ca ≥ 0,∀a ∈ A

 ,
where w denotes the weight vector and its entry wa ≥ 0 for
any a ∈ A.
Remark 2. If wa = 1, ∀ a ∈ A, WAN reduces to AN. Note
that since the atomic setA can be infinite (e.g.,AL), the di-
mension of the weight vectors w1 and w2 can also be infinite.

Incorporating WAN into SAR, we have the Weighted Su-
perposed Atomic Representation (WSAR) framework as

min
x1,x2
‖x1‖w1,A1 + λ‖x2‖w2,A2 s.t. x = x1 + x2. (12)

By specifying different atomic sets, we can get new data re-
covery methods for different problems. Concretely, we re-
fer to the specific methods in WSAR with A1 = AD and
A2 = AS as WSAR RSR, with A1 = AL and A2 = AMS
as WSAR RPCA, and with A1 = AT L and A2 = ATS as
WSAR TRPCA, respectively.
Remark 3. In fact, there some some prior works which con-
sider the weights for different sparse entries in sparse re-
covery or singular values in low-rank matrix or tensor re-
covery. They include Weighted Sparse Representation (WSR)
(Candès, Wakin, and Boyd 2008), Weighted Nuclear Norm
Minimization (WNNM) (Gu et al. 2017), Enhanced TRPCA
(ETRPCA) (Gao et al. 2021). However, there are two key
differences between WSAR and these prior works. Firstly,
WSAR is a unified data recovery framework while they are
only designed for a specific recovery problem case by case.
Secondly, WSAR considers the weights for atoms associat-
ed with multiple low-dimensional structures while they only
consider the weights for single low-dimensional structure
such as sparse entries or singular values.

Optimization
The Lagrangian function of the WSAR problem (12) is

L(x1, x2, z, µ) = ‖x1‖w1,A1 + λ‖x2‖w2,A2

+
µ

2
‖x − x1 − x2 + z/µ‖2F −

µ

2
‖z/µ‖2F ,

(13)

where z is the Lagrangian multiplier and µ is a positive pa-
rameter. Given the x(t)

1 , x(t)
2 , z(t), and µ(t) in the t-th iteration,

we can update them alternatively by fixing others.
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Algorithm 1: Weighted Superposed Atomic Representation
Input: Data x, and the parameter λ.
Initialization: x(0)

1 = x(0)
2 = 0, z(0) = 0, µ(0) = 10−2, ρ = 1.1,

ε = 10−6, iteration counter t = 0.
Output: x(t)

1 , x(t)
2 .

1: while not converged do
2: Update x(t+1)

1 by Eq. (15).
3: Update x(t+1)

2 by Eq. (17).
4: Update the multiplier z(t+1) by Eq. (18).
5: Update the parameter µ(t+1) by µ(t+1) = ρµ(t).
6: Check the convergence condition:∥∥∥x(t+1)

1 − x(t)
1

∥∥∥
∞
< ε,

∥∥∥x(t+1)
2 − x(t)

2

∥∥∥
∞
< ε,∥∥∥x − x(t+1)

1 − x(t+1)
2

∥∥∥
∞
< ε,

7: end while

Step 1: Update x1 by

min
x1

1
2

∥∥∥∥x1 −
(
x − x(t)

2 + z(t)/µ(t)
)∥∥∥∥2

F
+

1
µ(t) ‖x1‖w1,A1 . (14)

The solution is

x(t+1)
1 = Πw1,A1

(
u(t)

1 , 1/µ
(t)
)
, (15)

where u(t)
1 = x − x(t)

2 − z(t)/µ(t). Here Πw,A(u, ·) =

arg minx
1
2 ‖x − u‖2F + λ‖x‖w,A denotes the proximity oper-

ator with respect to A and w. Several examples of Πw,A(·)
are listed as follows.
• Πw,AS (v, γ) = S (v, γw) = sign(v) ⊗ (|v| − γw)+, v ∈ Rn,
• Πw,AL (M, γ) = U

(
Σ − γdiag(wM)

)
+ VT , M ∈ Rn1×n2 ,

• Πw,AJ (M, γ)(:, j) =
(‖M(:, j)‖2−γw j)+

‖M(:, j)‖2
M(:, j), j = 1, · · · , n2,

• Πw,ATS (T , γ) = sign(T ) ⊗ (|T | − γw)+, T ∈ Rn1×n2×n3 .
Here sign(z) denotes a vector of the sign of entries of z and ⊗
represents the Hadamard product or the entrywise product.
(x)+ = x if x ≥ 0 and (x)+ = 0 otherwise. UΣVT is the SVD
decomposition of a matrix M ∈ Rn1×n2 where U ∈ Rn1×n̄, Σ ∈
Rn̄×n̄, V ∈ Rn2×n̄, and n̄ = min{n1, n2}. Here wM ∈ R

n̄ denotes
the subvector of w containing its entries corresponding to the
atoms {uivT

i , i = 1, · · · , n̄} and diag(wM) denotes a diagonal
matrix with the entries of wM on its diagonal. The closed-
form formula of Πw,AT L (T , γ) is analogous to the matrix case
and can be found in (Gao et al. 2021).

Step 2: Update x2 by

min
x2

1
2

∥∥∥∥x2 −
(
x − x(t+1)

1 + z(t)/µ(t)
)∥∥∥∥2

F
+

λ

µ(t) ‖x2‖w2,A2 . (16)

Analogously, the solution can be expressed as

x(t+1)
2 = Πw2,A2

(
u(t)

2 , λ/µ
(t)
)
, (17)

where u(t)
2 = x − x(t+1)

1 − z(t)/µ(t).
Step 3: Update z by

z(t+1) = z(t) + µ(t)
(
x − x(t+1)

1 − x(t+1)
2

)
, (18)

Step 4: Update the parameter µ by

µ(t+1) = ρµ(t),

where ρ = 1.1. The complete iterative procedure is summa-
rized in Algorithm 1.

Convergence Analysis
This part is concerned with establishing the convergence
analysis of Algorithm 1. To this end, we first introduce a
necessary assumption and several useful lemmas.

Assumption 1. For the atomic set A and weight vector w,
there exists a constant C such that the following inequality
holds ∥∥∥Πw,A (u, λ) − u

∥∥∥
F ≤ λC max

a∈A
wa, ∀u. (19)

In fact, it can be verified many common atomic sets in-
cludingAS ,AL,AJ , andAT L satisfy the assumption above.

Lemma 1. The sequence
{
z(t)

}∞
t=1

generated by Algorithm 1
are bounded.

Proof. In light of the update rule of the Lagrangian multi-
plier Y in Step 4 of Algorithm 1, we have∥∥∥z(t+1)

∥∥∥
F =

∥∥∥∥z(t) + µ(t)
(
x(t+1)

1 + x(t+1)
2 − x

)∥∥∥∥
F

= µ(t)
∥∥∥∥x(t+1)

2 −
(
x − x(t+1)

1 − z(t)/µ(t)
)∥∥∥∥

F

= µ(t)
∥∥∥x(t+1)

2 − u(t)
2

∥∥∥
F

= µ(t)
∥∥∥∥Πw2,A2

(
u(t)

2 , λ/µ
(t)
)
− u(t)

2

∥∥∥∥
F

≤ µ(t) λ

µ(t) C2M2 = λC2M2,

(20)

for some constant C2 and M2 = maxa∈A2 w2,a. �

Lemma 2. The sequences
{
x(t)

1

}∞
t=1

and
{
x(t)

2

}∞
t=1

generated by
Algorithm 1 are bounded.

Proof. The proof consists of the following two steps

1) Step 1: The sequence
{
L
(
x(t+1)

1 , x(t+1)
2 , z(t), µ(t)

)}∞
t=1

is
bounded.

2) Step 2: The sequences
{
x(t)

1

}∞
t=1

and
{
x(t)

2

}∞
t=1

are bounded.

Proof of Step 1: Since x(t+1)
1 and x(t+1)

2 are optimal solutions
to the corresponding subproblems, we have

L
(
x(t+1)

1 , x(t+1)
2 , z(t), µ(t)

)
≤ L

(
x(t)

1 , x
(t)
2 , z

(t), µ(t)
)

(21)

On the other hand, by the formulation of the Lagrangian
function in Eq. (13) there holds

L
(
x(t)

1 , x
(t)
2 , z

(t), µ(t)
)

=L
(
x(t)

1 , x
(t)
2 , z

(t−1), µ(t−1)
)

+
〈
x(t)

1 + x(t)
2 − x, z(t) − z(t−1)

〉
+
µ(t) − µ(t−1)

2

∥∥∥x(t)
1 + x(t)

2 − x
∥∥∥2

F

(22)
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According to the update rule of the Lagrangian multiplier
z(t) = z(t−1) + µ(t−1)

(
x(t)

1 + x(t)
2 − x

)
, we have

x(t)
1 + x(t)

2 − x =
1

µ(t−1)

(
z(t) − z(t−1)

)
. (23)

By instituting it into Eq. (22), we have

L
(
x(t)

1 , x
(t)
2 , z

(t), µ(t)
)

≤L
(
x(t)

1 , x
(t)
2 , z

(t−1), µ(t−1)
)

+
µ(t) + µ(t−1)

2(µ(t−1))2 ‖z
(t) − z(t−1)‖2F

(24)

According to Lemma 1, we know that the sequence
{‖z(t)‖2F , t = 1, · · · ,∞} is upper bounded. Let B be the up-

per bound of
{∥∥∥z(t) − z(t−1)

∥∥∥2
F , t = 1, · · · ,∞

}
. Combining E-

qs. (21) and (24), we have

L
(
x(t+1)

1 , x(t+1)
2 , z(t), µ(t)

)
≤L

(
x(1)

1 , x(1)
2 , z(0), µ(0)

)
+ B

∞∑
t=1

µ(t) + µ(t−1)

2(µ(t−1))2

≤L
(
x(1)

1 , x(1)
2 , z(0), µ(0)

)
+ B

∞∑
t=1

ρ2−t

=L
(
x(1)

1 , x(1)
2 , z(0), µ(0)

)
+

Bρ2

ρ − 1
< ∞.

(25)

Thus, the sequence
{
L
(
x(t+1)

1 , x(t+1)
2 , z(t), µ(t)

)}∞
t=1

is bounded
and completes the proof of Step 1.

Proof of Step 2: Note that∥∥∥x(t)
1

∥∥∥
w1,A1

+ λ
∥∥∥x(t)

2

∥∥∥
w2,A2

=L
(
x(t)

1 , x
(t)
2 , z

(t−1), µ(t−1)
)
−
µ(t−1)

2

∥∥∥∥∥∥x(t)
1 + x(t)

2 − x +
z(t−1)

µ(t−1)

∥∥∥∥∥∥2

F

+
1

2µ(t−1) ‖z
(t−1)‖2F

=L
(
x(t)

1 , x
(t)
2 , z

(t−1), µ(t−1)
)
−
µ(t−1)

2

∥∥∥∥∥∥zt − z(t−1)

µ(t−1) +
z(t−1)

µ(t−1)

∥∥∥∥∥∥2

F

+
1

2µ(t−1) ‖z
(t−1)‖2F

=L
(
x(t)

1 , x
(t)
2 , z

(t−1), µ(t−1)
)
−

1
2µ(t−1) ‖zt‖

2
F +

1
2µ(t−1) ‖z

(t−1)‖2F ,

(26)

where the third equation above follows from Eq. (23). S-
ince the sequences

{
L
(
x(t+1)

1 , x(t+1)
2 , z(t), µ(t)

)}∞
t=1

and
{
z(t)

}∞
t=1

are bounded, both
{
x(t)

1

}∞
t=1

and
{
x(t)

2

}∞
t=1

are bounded. �

With the results above, now we turn to proving the con-
vergence of the proposed algorithm.

Theorem 2. The sequences
{
x(t)

1

}∞
t=1

and
{
x(t)

2

}∞
t=1

generated
by Algorithm 1 satisfy

(1) limt→∞

∥∥∥x(t)
1 + x(t)

2 − x
∥∥∥

F = 0.
(2) limt→∞

∥∥∥x(t+1)
1 − x(t)

1

∥∥∥
F = 0.

(3) limt→∞

∥∥∥x(t+1)
2 − x(t)

2

∥∥∥
F = 0.

Proof. According to Lemmas 1 and 2, the sequences
{z(t)}∞t=1, {x(t)

1 }
∞
t=1 and {x(t)

2 }
∞
t=1 are bounded. There exists at

least one accumulation point for {x(t)
1 , x

(t)
2 , z

(t)}∞t=1. Then we
have

lim
t→∞

∥∥∥x(t)
1 + x(t)

2 − x
∥∥∥

F = lim
t→∞

1
µt−1

∥∥∥z(t) − z(t−1)
∥∥∥

F = 0 (27)

where Eq. (23) is used. Accordingly, the accumulation point
is also feasible to the objective function.

Note from Eq. (23) that x(t)
1 = x− x(t)

2 + (z(t) − z(t−1))/µ(t−1)

and recall from Eq. (15) that x(t+1)
1 = Πw1,A1

(
u(t)

2 , 1/µ
(t)
)

where u(t)
2 = x − x(t)

2 − z(t)/µ(t). According to Assumption
1, there exists a constant C1 such that

∥∥∥Πw1,A1 (u, λ) − u
∥∥∥

F ≤

λC1M1, ∀u, where M1 = maxa∈A1 w1,a. It follows that∥∥∥x(t+1)
1 − x(t)

1

∥∥∥
F

≤

∥∥∥∥Πw1,A1

(
u(t)

2 , 1/µ
(t)
)
− u(t)

2

∥∥∥∥
F

+ ‖u(t)
2 − x(t)

1 ‖F

≤
C1M1

µ(t) +
∥∥∥(z(t) − z(t−1))/µ(t−1) + z(t)/µ(t)

∥∥∥
F

≤
C1M1

µ(t) +
‖z(t) − z(t−1)‖F

µ(t−1) +
‖z(t)‖F

µ(t) .

(28)

Since limt→∞
1
µ(t) = 0, and the sequence {z(t)}∞t=1 is bounded,

we have
lim
t→∞

∥∥∥x(t+1)
1 − x(t)

1

∥∥∥
F = 0. (29)

Analogously, note from Eq. (23) that x(t+1)
2 = x − x(t)

1 +

(z(t) − zt−1)/µ(t−1), and recall from Eq. (15) that x(t+1)
2 =

Πw2,A2

(
u(t+1)

1 , λ
µ(t)

)
where u(t+1)

1 = x − x(t+1)
1 + z(t)/µ(t). It fol-

lows that

‖x(t+1)
2 − x(t)

2 ‖F = ‖x(t+1)
2 − u(t+1)

1

+ x(t)
1 − x(t+1)

1 − z(t)/µ(t) − (z(t) − z(t−1))/µ(t−1)‖F

≤

∥∥∥∥∥∥Πw2,A2

(
u(t+1)

1 ,
λ

µ(t)

)
− u(t+1)

1

∥∥∥∥∥∥
F

+
∥∥∥x(t)

1 − x(t+1)
1

∥∥∥
F

+

∥∥∥∥∥∥ z(t)

µ(t) +
z(t) − z(t−1)

µ(t−1)

∥∥∥∥∥∥
F

≤
λC2M2

µ(t) +
∥∥∥x(t)

1 − x(t+1)
1

∥∥∥
F +
‖z(t) − z(t−1)‖F

µ(t−1) +
‖z(t)‖F

µ(t) .

(30)

Combining Eq. (29) and limt→∞
1
µ(t) = 0, there holds

lim
t→∞

∥∥∥x(t+1)
2 − x(t)

2

∥∥∥
F = 0. (31)

This completes the proof. �

The Setting of Weight Vectors
A key issue in WSAR is how to set the weight vectors
wi, i = 1, 2. We expect to set them in an adaptive and atom-
ic manner. This can be achieved by updating it iteratively
based on the current estimate of x1 and x2. Assume that
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xi =
∑

a∈Ai
ci,aa for i = 1, 2. Since atoms with large coef-

ficients often correspond to significant components of data,
they should be less penalized. For this reason, we can set the
weight wi,a as a decreasing function of the coefficient ci,a as

wi,a = f (ci,a) =
1

1 + ci,a/τ
, (32)

where τ is a constant and can be set in an adaptive way as
(He et al. 2014). The value of the weight wi,a measures the
penalization strength of each atom. For the atom with ci,a =
0, the weight wi,a = 1. While for the atoms with large ci,a, the
weights for the penalization strength is small. In the extreme
case, when ci,a → +∞, wi,a → 0. Therefore, the strategy
(32) assigns lighter penalization on significant atoms.

Experiments
In this section, we explore the performance of special cases
of WSAR in various applications. More experimental result-
s can be found in the supplementary material due to space
limitation.

Robust Face Restoration
In this part, we apply WSAR RSR for robust face restora-
tion. As mentioned before, a noisy face image can be re-
garded as a superposition of a noiseless face image (lying
in a low-dimensional subspace (Wright et al. 2009)) and the
noise part (deemed as a sparse vector). Consider a face im-
age dataset of K subjects. Let Dk =

[
dk

1,d
k
2, · · · ,d

k
nk

]
∈ Rm×nk

denote a matrix composed of nk vectorized facial image
from the k-th subject for k = 1, · · · ,K. Denote by D =
[D1,D2, · · · ,DK] ∈ Rm×n the dictionary of all training sam-
ples from the K subjects and n =

∑K
k=1 nk. Given a possibly

noisy facial image y ∈ Rm, we first compute the represen-
tation vector x̂ by RSR or WSAR RSR. Then ŷ = Dx̂ is
regarded as the restored vectorized image of y.

Datasets: We consider the widely used Extended Yale
B (EYaleB) face image database (Lee, Ho, and Driegman
2005). It contains over 2400 frontal face images of 38 sub-
jects taken under varying illumination. To form the dictio-
nary D, we randomly select half of images (32 images) per
subject for training. In the experiment, for each test image a
random square region is occluded by a baboon image.

Comparison methods: We compare WSAR RSR with
RSR (Wright et al. 2009) and EGSNR (Zhang et al. 2022)
using the parameter recommended by the authors.

Results: Fig. 1 shows the original image and the restora-
tion results on the two datasets by different methods. Note
that the restored images of WSAR RSR have better visual
quality and less artifacts than RSR.

Robust Image Recovery
In this subsection, we evaluate the performance of
WSAR TRPCA for robust color image recovery in the p-
resence of random noise. This is motivated by the fact that
the natural color images can be approximated by low rank
matrices or tensors while random noise can be regarded as
sparse matrices or tensors (Lu et al. 2020).

(a) (b) (c) (d) (e) (f)

Figure 1: Face restoration of two randomly selected im-
ages with 50% occlusion on the EYaleB database. (a) O-
riginal images; (b) noisy images; (c) RSR; (d) EGSNR; (e)
WSAR RSR; (f) weight learned by WSAR RSR (the darker
means smaller value).

Image 1 2 3 4 5
RPCA 36.94 27.48 23.41 23.95 26.32
SNN 39.18 29.23 25.23 26.29 27.44

TRPCA 40.50 31.08 25.45 27.34 27.58
ETRPCA 41.15 31.75 26.26 27.76 28.27

WSAR TRPCA 43.75 36.31 32.23 30.02 33.29

Table 2: Comparison of the PSNR values on the 5 images in
Fig. 2. Best results are marked bold.

Datasets: In this experiment, we adopt the widely used
Berkeley Segmentation Dataset (BSD) (Martin et al. 2001)
for evaluation. To test the recovery performance of various
methods, we randomly set 10% pixels in each color image
to random values in [0, 255]. To make the problems more
challenging, we make all the 3 channels of the images are
corrupted at the same positions and the positions of the cor-
rupted pixels are agnostic to the recovery algorithms.

Comparison methods: For comparison, we consider the
following matrix and tensor based recovery methods: RPCA
(Candès et al. 2011), Sum of Nuclear Norms (SNN) (Liu
et al. 2013), TRPCA (Lu et al. 2020), ETRPCA (Gao et al.
2021) and WSAR TRPCA. For fair comparison, we adopt
the parameters recommended by the corresponding authors.
For WSAR TRPCA, we use the same parameter as TRPCA.

Results: Fig. 2 shows several sample images and the re-
covered results by different recovery algorithms. Their P-
SNR values are listed in Table 2. Fig. 3 presents the P-
SNR values of the recovered images by different comparison
methods on 50 images of the BSD dataset. Note from the
results that WSAR TRPCA significantly outperforms other
competing methods in terms of both visual quality and quan-
titative PSNR values.

Background Modeling
This part is to assess the performance of WSAR TRPCA for
background modeling. For a video with moving objects, the
target of background modeling is to separate the foreground
objects from the background. Since the frames of the back-
ground are highly correlated in general, it can be modeled as
a low-rank tensor and the foreground moving objects can be
modeled as a sparse tensor since the moving objects often
occupy a small part of each video frame (Lu et al. 2020).
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(a) (b) (c) (d) (e) (f) (g)

Figure 2: Recovery performance comparison on 5 sample images of the BSD dataset. (a) Original image; (b) observed im-
age; (c)-(g) recovered images by RPCA, SNN, TRPCA, ETRPCA and WSAR TRPCA, respectively. The demarcated area is
enlarged in the top right corner for better visualization. The figure is better seen by zooming on a computer screen.

Figure 3: Comparison of the PSNR values of recovered results obtained by different methods on 50 images of the BSD dataset.

Datasets: We adopt the Scene Background Initialization
(SBI) database (Maddalena and Petrosino 2014) and utilize
the CAVIAR1 video with the first 100 frames.

Comparison methods: The comparison methods and pa-
rameters are the same as those for robust image recovery.

Results: Fig. 4 shows the background modeling results of
three frames (60, 70 and 80) by competing algorithms. Note
from Fig. 4 that WSAR TRPCA can produce clean back-
ground and coherent foreground masks simultaneously. In
comparison, the background images obtained by other com-
peting methods are blurry and have severe ghosting effects.

Conclusion
In this paper, a unified data recovery framework dubbed
SAR is proposed to recover high-dimensional data of mul-
tiple low-dimensional structures. We also extend SAR and
propose a Weighted SAR (WSAR) framework with conver-
gence guarantee. Experimental results verify the effective-
ness of WSAR for various applications.

(a) (b) (c) (d) (e) (f)

Figure 4: Background modeling results of video sequences.
(a) Original frames; (b)-(g) low rank and sparse com-
ponents learned by RPCA, SNN, TRPCA, ETRPCA and
WSAR TRPCA, respectively.
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