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Abstract

Optimal transport (OT) is attracting increasing attention in
machine learning. It aims to transport a source distribution to
a target one at minimal cost. In its vanilla form, the source and
target distributions are predetermined, which contracts to the
real-world case involving undetermined targets. In this paper,
we propose Doubly Bounded Optimal Transport (DB-OT),
which assumes that the target distribution is restricted within
two boundaries instead of a fixed one, thus giving more free-
dom for the transport to find solutions. Based on the entropic
regularization of DB-OT, three scaling-based algorithms are
devised for calculating the optimal solution. We also show
that our DB-OT is helpful for barycenter-based clustering,
which can avoid the excessive concentration of samples in
a single cluster. Then we further develop DB-OT techniques
for long-tailed classification which is an emerging and open
problem. We first propose a connection between OT and clas-
sification, that is, in the classification task, training involves
optimizing the Inverse OT to learn the representations, while
testing involves optimizing the OT for predictions. With this
OT perspective, we first apply DB-OT to improve the loss,
and the Balanced Softmax is shown as a special case. Then
we apply DB-OT for inference in the testing process. Even
with vanilla Softmax trained features, our extensive experi-
mental results show that our method can achieve good results
with our improved inference scheme in the testing stage.

Introduction

Optimal transport (OT) (Cuturi 2013) has been widely ap-
plied in machine learning (Cui et al. 2019a; Wang et al.
2013). For instance, Wasserstein distance (Arjovsky, Chin-
tala, and Bottou 2017; Gulrajani et al. 2017) is applied with
the dual form of OT to minimize the gap between the gen-
erated and real distributions via min-max adversarial opti-
mization (Li et al. 2022). SWAV (Caron et al. 2020) em-
ploys the Sinkhorn algorithm for online clustering in self-
supervised contrastive learning (Chen et al. 2020; Khosla
et al. 2020; Wang and Liu 2021). OT-LDA (Huynh, Zhao,
and Phung 2020) devises a Wasserstein barycenter-based
topic model, while in (Xu et al. 2019), Gromov-Wasserstein
distance is used for graph matching (Wang, Yan, and Yang
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Figure 1: Illustration for the difference between vanilla OT
and our DB-OT using the example of mines and factories
as source and target, respectively. Vanilla OT assumes the
equivalence between the supply and demand. In our DB-OT,
we assume that the demand of the factory is not a fixed value,
but rather a certain range by upper and lower bounds.

2019, 2021; Hu et al. 2020). These works all assume the
source and target distributions are fixed.

However, in many real-world cases, the source or target
distribution often varies over time and becomes uncertain.
As shown in Fig. 1, in vanilla OT, it assumes that the sup-
ply from mines and the demand from factories are fixed and
and their total masses are equal to each other. While in our
realistic setting we assume the demand from factories vary
within a double-bounded range. When the demand exceeds
the upper boundary, the factory reaches its production capac-
ity limit. Conversely, when the demand falls below the lower
boundary, the factory operates below its optimal capacity.!

I'When both sides are not fixed, it degenerates to the lower
bound. We discuss it in details in Sec. .
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Unbalanced OT (Chizat et al. 2018) is an OT variant to
mitigate this inconsistency between source and target distri-
butions. It relaxes the equality by only penalizing marginal
deviation using divergences e.g. /1, >, KL divergence, and
etc. This method transforms the original hard constraints
(equations) into penalty terms, allowing for a relaxation of
the constraints and increasing the degree of freedom in trans-
portation. However, the degree of relaxation can only be
controlled via the penalty coefficient, which is not directly
concerning the desired range of transportation results.

In this paper, we propose and term a new variant of OT
called Double Bounded Optimal Transport (DB-OT), which
allows the sum of coupling column to be in a range rather
than a number, i.e., replacing the original equality con-
straint with two inequality constraints. Under this formu-
lation, we further provide theoretical results with proof for
DB-OT. Additionally, we propose three Sinkhorn-like algo-
rithms based on entropic DB-OT. We also show that our re-
sults also inspire downstream applications.

Inspired by the OT-based topic model in OT-
LDA (Huynh, Zhao, and Phung 2020), we propose a
barycenter-based clustering method using DB-OT. This
method allows for control of the sample quantity in each
cluster, thereby avoiding the clustering of isolated or
minority points within a cluster (Wang and Su 2011). Note
that our barycenter-based clustering method is not limited
to Euclidean space but can also be extended to other spaces,
such as the Wasserstein space (Agueh and Carlier 2011).
This extension allows our method to be generalized to
handle more complex data, including text data.

Another application is using DB-OT for unbalanced im-
age recognition. Specifically, to our best knowledge, we un-
cover the relation between classification and OT: training a
classifier is equivalent to optimizing Inverse OT (Shi et al.
2023a; Stuart and Wolfram 2020; Chiu, Wang, and Shafto
2022), while inference in testing corresponds to optimizing
OT problem. With this view, we first apply DB-OT to im-
prove the loss for long-tailed data training. Different from
traditional view using Softmax-based cross-entropy loss for
learning, we increase the column-sum constraints for learn-
ing the representations and thus the Softmax generalizes to
Sinkhorn-like iterations and the well-known balanced Soft-
max (Ren et al. 2020) can be a special case with only one
iteration. Then we apply our DB-OT technique to inference
in testing process and our approach is agnostic to the way
how the classifier is trained. We successfully adopt our DB-
OT inference technique to long-tailed, uniform, and reverse
long-tailed datasets.The contributions of our work are:

1) We propose DB-OT to handle the case that the targets
of transportation fall in a double-bounded range, which is
an important yet under-studied setting for practical machine
learning, e.g. cluster size-controllable clustering and long-
tailed classification. We formulate DB-OT with the Kan-
torovich form by replacing the column equality constraints
with double-bounded inequalities.

2) We solve DB-OT using entropic regularization and pro-
vide theoretical results, such as the static Schrodinger form,
solution property, and dual form. To calculate the optimal
solution, we propose a Bregman iterative algorithm based on
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the static Schrodinger form. Additionally, we develop ma-
trix scaling-based methods using Lagrange methods, with
two space-efficient variants derived from the primal and dual
forms of the problem, respectively. Note that the motivation
behind proposing these three algorithms is to align with the
vanilla entropic OT for DB-OT.

3) We propose our barycenter-based method for clus-
tering using DB-OT. It helps control the size of cluster
and thereby avoiding the unwanted over-scattered cluster-
ing with isolated or very few samples in clusters. Besides,
compared with the previous barycenter-based topic model, a
reweighting modification is also proposed to avoid the bias
for barycenter calculation especially in Euclidean space.

4) Finally, our DB-OT is employed in the long-tailed clas-
sification. From the OT perspective, we observe that training
can be viewed as optimizing the Inverse Optimal Transport
(IOT), while inference in the testing can be regarded as min-
imizing the OT itself. Building upon this insight, we apply
DB-OT to enhance the classification loss during training and
also utilize it in the testing process based on a trained model.

Preliminaries and Related Work
Basics of Optimal Transport

As originated from (Kantorovich 1942), the Kantorovich’s
Optimal Transport is to solve a linear program, which is
widely used for many classical problems such as match-
ing (Wang et al. 2013). Specifically, given the cost matrix C
and two histograms (a,b), Kantorovich’s OT involves solv-
ing the coupling P (i.e., the joint probability matrix) by
min < C,P >,
PeU(a,b)

where U(a,b) = {P € R}, |P1, = a,P"1,, = b}. Relaxing
with the entropic regularization (Wilson 1969) is one of the
simple yet efficient methods for solving OT, which can be
formulated as (Liero, Mielke, and Savaré 2018):

< C,P > —eH(P),

(D

min
PeU(a,b)

2)

where € > 0 is the coefficient for entropic regulariza-
tion H(P), and the regularization H(P) can be specified as
HP) = — < P,logP — 1,,x, > . The objective in Eq. 2 is
e-strongly convex, and thus it has a unique solution, which
can be solved by Sinkhorn algorithms as discussed in (Cu-
turi 2013; Benamou et al. 2015).

In this paper, beyond vanilla OT, we present our formula-
tion for DB-OT and also propose the Sinkhorn algorithm.

Optimal Transport w/ Inequality Constraints

The vanilla OT only considers the equality constraints in
U(a,b) yet inequality constraints are also handled in a
few studies (Caffarelli and McCann 2010; Benamou et al.
2015). For instance, the optimal partial transport (OPT)
problem (Caffarelli and McCann 2010) assumes some mass
variation or partial mass displacement should be handled
for transportation. Thus OPT focuses on transporting only a
fraction of mass s € [0, min(||a||},]||b]|;] as cheaply as pos-
sible. Then the constraints in this case is specified as:

COPT = {P € R;m|P1n < a,PTlm < b, l;Pln = S}. (3)
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One can get the Partial-Wasserstein distance as
PW(a,b) = minpec,,, < C,P >. This problem has
been studied in (Caffarelli and McCann 2010; Figalli 2010;
Chapel, Alaya, and Gasso 2020). In particular, (Chizat
et al. 2018; Benamou et al. 2015) propose the numerical
solutions of OPT with entropic regularization. Different
from the above constraints which only give upper bound in
the constraints for mass transportation, in this paper, both
upper and lower bounds are assumed for transportation,
which allows the transportation results to fluctuate within a
certain range rather than an exact number.

Unbalanced Optimal Transport

OT in its vanilla form requires the two histograms a and b
to have the same total mass. Many works have tried to go
beyond this assumption and following the setting in Unbal-
anced OT (Liero, Mielke, and Savaré 2018; Bai et al. 2023),
the Kantorovich formulation in Eq. 1 is “relaxed” by only
penalizing marginal deviation using some divergence Dy;:

< C,P> +11Dy(P1,]a) + 2Dy (P 1,,|b)  (4)

min

PeR},mn
where 71 and 7, control how much mass variations are pe-
nalized as opposed to transportation of the mass and when
71 = Tp — +o00. This formulation equals to the original Kan-
torovich for ) ; a; = Zj b;. When 71 — +oco and 1» < +o0,
Unbalanced OT and DB-OT share a similar characteristic
where the source distribution remains fixed while the tar-
get becomes unfixed. However, unlike DB-OT, it can only
passively adjust the target distribution through 7, lacking a
direct mechanism to control the targets within a range.

Unbalanced Image Recognition

Unbalanced classification, particularly in the case of long-
tailed recognition, is a well-known challenge that has gar-
nered significant attention in vision and machine learn-
ing (Zhang et al. 2023; He and Garcia 2009; Lin et al. 2017).

Various approaches (Tan et al. 2020; Cui et al. 2019b;
Lin et al. 2017; Kang et al. 2019; Zhang et al. 2021) have
been proposed to address this issue. One popular strategy
involves rebalancing the class distribution in the training
data (Ren et al. 2020; Park et al. 2021). Some methods em-
ploy techniques such as re-sampling (Kang et al. 2019) or
re-weighting (Cui et al. 2019b) to ensure that the model
pays more attention to minority classes during training. Data
augmentation techniques, such as synthesizing additional
samples for underrepresented classes, have also been uti-
lized (Kim, Jeong, and Shin 2020). In this paper, we solve
the unbalanced recognition with the OT perspective. We ap-
ply DB-OT both for learning the representations and in-
ference in testing process, which is different to previous
Bayesian view for classification.

Double-Bounded Optimal Transport

Vanilla OT usually involves two sets of equality constraints.
Our motivation is to modify one type of constraints to the
double bounded form which can be applicable to advanced
clustering and classification.
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Formulation of DB-OT

We first assume the source measure @ = 3", a;0, and
two bounds of target measure g4 = Y7, bis, B

j=1 b0y, where a > 0 and b* > b? > 0. Our purpose is
to transport the source samples from a to the target measure
which is defined between S and 8“. By defining the cost
matrix C between {x;} and {y;} (e.g. C;; = d(x;,y;) where
d(-,-) is a distance), we can formulate the Double-Bounded
Optimal Transport (DB-OT) as

min

<CP>= C;iP;;,
PeC(a,bv,bd) Z R

ij

(&)

where C(a,b”, b?) is the coupling set defined by constraints:
C(a,b*,b%) = {PeR’ |P1,=2ab?<P'1, <b"}. (6

Similar to vanilla OT, the above model is still a linear pro-
gram. From Eq. 6, we can see that we replace the original
constraint PT1,, = b in Eq. 1 with b4 < PT1,, < b*. That
is, we slice PT1,, between b and b? to relax the constraint
on P™1,,. It is obvious that when b = b? = b“, DB-OT de-
generates to vanilla OT in Eq. 1. In this paper, we mainly
focus on the entropic regularized formulation:

min < C,P > —eH(P),

PeC(a,b*,bd)

(7

where € is the regularization coefficient and H(P) is the en-
tropic regularization. It is obvious that the objective in Eq. 7
and the constraint set C(a,b", b4 ) are both convex and thus
Eq. 7 has a unique optimal solution. We will discuss its solu-
tion and the algorithm of entropic DB-OT in next subsection.
Why not using double-bounded a? An intuitive question
arises: why don’t we assume that the @ distribution is also
constrained within upper and lower bounds? For instance,
let’s assume o* = X}, a%d,, and ad — aidéxi, and
the coupling satisfies a¢ < P1, < a“. In practice, the op-
timal transportation tends to transport mass vertically and
towards the smaller lower bound. Without loss of generality,
let’s assume 3; af < 3;bY. In this case, the optimal solu-

tion must satisfy >;; Pi; = a;j (proof provided in oneline
Appendix). As a result, setting an upper bound for the source
distribution does not hold much significance.

Sinkhorn Algorithm Variants for DB-OT

In this subsection, we introduce several properties of DB-
OT and present three corresponding Sinkhorn algorithms,
namely the Bregman iterative algorithm, Sinkhorn_Knopp
algorithm, and Dual algorithm for DB-OT, respectively,
which aims to be in line with the algorithms of vanilla OT.
Although these algorithms are derived from different formu-
lations or properties of DB-OT, they are fundamentally inter-
connected and converge to same solutions, which validates
the effectiveness of the algorithms.

m Variant-I: Bregman Iterations For DB-OT

Similar to the vanilla entropic OT, our entropic DB-OT in
Eq. 7 can also be reformulated to the “static Schrodinger
form” (Léonard 2012), which exactly learns a projection
under KL divergence.
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Proposition 1 (Static Schrodinger Form) Redefine a gen-
eral KL divergence in line with (Benamou et al. 2015)

KL(PIK) = ;P log gt s = Py + Kij. Let Ki; = e Cu/e,
the optimization in Eq. 7 i lS equivalent to the minimization:

P*= argmin KL(P|K). @®)
PeC(a,b*,b9)

Following (Benamou et al. 2015), a new variant of Sinkhorn
algorithm can be devised with iterative Bregman projections
for DB-OT. By splitting the constraint set as C(a, b*,b?) =
CiNC,NC; where C; = {P € Rzmﬂ’ln =a},C={P¢€
R: [PT1, > b9},C; = {P € R}, |PT1,, < b*}. We can
get the KL projection for P under the constraints as:

KL o a
PrO_]C] (P)—dlag(P—ln)P
ProjKE(P) = Pdi b 1 9
rojo, (P) = Pdiag [ max m, n )

bu
ProngL(P) Pdiag (mm(PTl 1 )),

where the above division operator between two vectors is to
be understood entry-wise (See details in online Appendix).
Finally, as introduced by (Benamou et al. 2015), assuming
C; = Cy4+3 with positive integer [ as the index of Bregman
iteration, the minimization in Eq. 8 can be solved by with the
iterative projection P™ = Pro JKL (P"=D) | starting from

PO = K = ¢7C/¢ Then we can get the solution by P* =
lim,, 0 Pro jgnl‘ (P=1), which exactly do the iterations for
Eq. 9 and (Bregman 1967) shows its convergence guarantee.
m Variant-II: Sinkhorn-Knopp algorithm for DB-OT

In addition to analyzing DB-OT with KL divergence and
Bergman iterative projections, Lagrangian methods can also
solve the problem. Following (Cuturi 2013), we show that
the form of solution is specified as follows.

Proposition 2 (Solution Property) The optimal solution of
the optimization in Eq. 7 is unique and has the form

P* = diag(u)Kdiag(q © v) (10)

where q © v = (q;v;) € R} and the three scaling variables
(u,q,v) satisfyu e R}, 0, <v<1,andq>1,.

The proof is given in uploaded online appendix. Com-
paring to vanilla OT with equality constraints, three scal-
ing variables need to be iterated. We then also derive the
Sinkhorn_Knopp algorithm of DB-OT given the iteration
number /:

) N
Ky o q0)’
g = [ DTy an
@ DK) ovO" ")’

b
= min (( ) ) (l+1)’1”) .

By 1n1t1alizing the scaling variables 0, < v© < 1,
and q© > 1,, we can iterate by Eq. 11 to com-
pute (uV,qM, vV, m?®,q®,v), ... until convergence to
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(u*,q* v*). Then the solution can be obtained as P* =
diag(u*)Kdiag(q* © v*).

m Variant-II1: The Dual Sinkhorn algorithm

We also analyze entropic DB-OT with dual formulation,
which is devised as follows.

Proposition 3 (Dual Formulation) From the optimization
in Eq. 7, we can get its dual formulation by maximizing

L=<fa>+< g,bd >+ < h,b" > —eB(f,g,h) (12)

where f € R", g < 0 and h > 0 are the corresponding dual
variables and B(f,g h) =< /€ Ke&t/e >

Then we can get the new algorithm with a block coordi-
nate ascent on the dual:

AfL = a— ¢f/€ @ Ke®HW/€
AgL = b — B/ o KT f/e. (13)
ApL =b* — e(g+h)/e o KTef/e

Starting from arbitrary g < 0and h© > 0, we get the dual
algorithm by iterating the following with iteration number /:

t+D) = eloga — elog (Ke<g(”+hm)/6)
g+ = max {elog b — elog(KTef""/€) - h(l),()} . (14
h+D = min {elog bt — Elog(KTef([H)/E) _ g(l+1)!0}

The iteration continues till convergence to (f*,g*,h*) and the
optimal solution equals P* = diag(e/€)Kdiag(e(® *")/€),
Exactly, Eq. 14 are mathematically equivalent to the
Sinkhorn iterations in Eq. 11 when considering the primal-
dual relations. Indeed, we recover that at any iteration:
(fD,gD hV) = € (logu®,log q",log vV) . In this paper,
we utilize the Sinkhorn_Knopp algorithm for clustering
tasks and the Bregman iterations for long-tail classification.

DB-OT for Clustering and Classification
Barycenter-based Clustering

Inspired by the OT-based topic model (Huynh, Zhao, and
Phung 2020), we show the application of DB-OT to an ad-
vanced clustering task whereby the number of samples in
each cluster is softly required to fall into a certan range.
Specifically given samples {a,}, it learns the coupling P to
match the samples to centroids, and the clustered centroids
{B:} are viewed as barycenters which needs to optimize. The
optimization is specified as:

ZPMDms,ﬁ» —eHP), (15

min
PeCla,bd,bu), (B, } 4=

where a = 1 (here we break the probability measure as-
sumption as done in (Saad-Eldin et al. 2021)) and b¢,b“
are used to denote the given bounds of clustered centroids
i.e. the minimum/maximum “quantity” of samples in each
cluster. D(ag, B;) is the distance between a and 8, (e.g. Eu-
clidean or Wasserstein distance), and H(P) is the entropic
regularization which aims to relax the solution of coupling.
This problem can be solved by alternating optimization. For
each iteration, we first fix the centroid distributions {3;} to
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Figure 2: The results of Barycenter-based clustering, which is performed on data points sampled from 5 Gaussian distributions.
The colors represent the cluster assignments of the samples, and the red crosses denote the centroids/barycenters. Note that in
both OT-LDA and our method without reweighting the barycenter weights, the calculated centroids exhibit a noticeable bias.

compute the distance D(ay, 8;) between sample i and cen-
troid j and then transportation matrix P can be learned from
the source samples to clustered centroids.

Note in our method, we have b? < PT1,, < b“, which
means the coupling between samples and cendroids are con-
trolled within a desired range, avoiding clusters with isolated
or very few samples, as well as dominating clusters.

Specifically, for solving the optimization to clustering
in Eq. 15, we first initialize {B;} with initialization of
Kmeans++ or set them as randomly from {a,}. Then we can
learn by iterating the following two steps:

1) Fixing {B;} to compute P. If the barycenter {B;} is
known, then one can calculate the matrix D where Dy; =
D(ay, B;). Viewing the matrix D as the cost function, the op-
timization of P in Eq. 15 is equal to DB-OT optimization
in Eq. 7 and the algorithm proposed in Sec. can be used
to get the result of P. Here we adopt the Sinkhorn_Knopp
algorithm as given in Eq. 11.

2) Fixing P to compute {{,}. Assuming the transportation
P is known, our goal is now to update {8,} as the solution
of the following optimization problem

. Ps‘t ° Rst
Br =argmin ) —————D(,, ) (16)
! g B Z Zs’ Ps’t : Rs’t
where Ry, = 1 if t+ = argmaxy Pgp otherwise R;; = 0

given the sample ;. Here Ry, are used for re-weighting the
weights of barycenters, which aims to debias the influence
for samples from different clusters. Fig. 2 is the clustering
results and we can find a large bias for cendroids without
re-weighting the barycenter weights.

Under Different Metric Space for D(, -). Clustering can be
performed in different metric spaces by setting the distance
function D(-, -) to adapt to various metric settings or datasets.
For example, when D(-,-) represents the Euclidean distance
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and a; corresponds to feature points in Euclidean space, we
aim to cluster a; in the Euclidean space. The centroids S,
can be directly computed as follows:

Pst : Rst
Br= Y —L 3 4.
' Z Zs’ Ps’t : Rs’t ’

Exactly if we set R, = 1 for all s and ¢ (i.e. without
reweighting as shown in the second row of Fig. 2), the
barycenters can be easily influenced by samples from other
clusters. This can lead to a bias in the barycenter calculation,
particularly when the value of € is not sufficiently small.

In addition to Euclidean space, clustering can also be per-
formed in Wasserstein space. In this case, we assume that
a, is no longer a set of feature points but a collection of
probability measures, i.e., @5 = Y ; af Oy, - In this setting, the
computation of the barycenter in Eq. 16 does not have an an-
alytical solution but requires iterative methods, as proposed
in (Benamou et al. 2015) for barycenter calculation.
Advantages for our Barycenter-based Clustering. Our
barycenter-based clustering is essentially a unified cluster-
ing framework. Compare to the previous clustering works
(e.g. Kmeans (Ahmed, Seraj, and Islam 2020) or OT-
LDA (Huynh, Zhao, and Phung 2020)), the advantages can
be summarized as follows: 1) Our clustering methods apply
DB-OT to calculate the matching between samples and cen-
troids, providing better controllability. As shown in Fig. 3,
by setting b¢ and b, we can constrain the number of sam-
ples in each cluster to a certain extent, thereby avoiding
clusters with isolated or very few samples, as well as clus-
ters that dominate the majority of the data; 2) Our cluster-
ing methods can be applied not only to clustering feature
points but also to clustering probability measures. For ex-
ample, as shown in Fig. 3, we can perform clustering on the
MNIST dataset in the Wasserstein space. In this case, we no

7)
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Figure 3: Clustering distribution and the pixel-wise mean centroids (forming into numbers) on MNIST. Our results are well
controlled within the bounds, and kmeans cannot satisfy this property resulting in more scattered clusters of varying size.

longer consider images as point vectors but treat the pixel
values as histograms, and the pixel locations are used to
compute the cost matrix. Moreover, this clustering method
can also be used for text clustering (e.g., topic modeling),
making it more adaptable to different types of datasets; 3)
Compared to previous work in OT-LDA (Huynh, Zhao, and
Phung 2020), we introduce a reweighting of the barycenter
weights, which helps to mitigate the biases in centroid com-
putation, as shown in Fig. 2.

DB-OT for Long-tailed Classification

Motivation of using DB-OT in classification. Here we ap-
ply DB-OT for Long-tailed unbalanced classification. Fol-
lowing the works (Shi et al. 2023a,b), the Inverse Optimal
Transport (Li et al. 2019; Stuart and Wolfram 2020; Chiu,
Wang, and Shafto 2022) can be set as a bi-level optimization
for classification as

min KL(P|P?) st P? =argmin < C?,P > —eH(P).
6 PeU

(18)

Here U is the set of couplings and when the set U = U(a) =
{P € R} ,,|P1,, = a}, this optimization is equivalent to:
_ exp(-CY, /€)

minL =- ) P;ilog !

o ; ! (zz‘_] exp(=CY /€))

) + constant,

(19)
where f’ij is the ground truth matrix defined by the super-
vised one-hot labels and a = 1/m. The proof process is sim-
ilarly discussed in (Shi et al. 2023a). Specifically, for the
ground truth, P;; = 11if j is the label index of sample i oth-
erwise f’ij = 0. The loss in Eq. 19 is exactly equal to the
Softmax-CrossEntropy loss if we set Cf. = ¢ — I;j where ¢
is a large enough constant and /;; is the logits of sample i on
class j. The equivalence between Inverse OT under U(a) and
Softmax-CrossEntropy loss motivate us that we can adopt
different constraints (e.g. C(a,b*,b?)) instead of U(a). Then
in the following, we show our main idea that classification
learning can be viewed as optimizing Inverse OT and Clas-
sification inference is learning OT.

Training via Inverse DB-OT. As discussed above, we apply
DB-OT by setting U = C(a,b*,b?) in Eq. 18 for long-tailed
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classification, which assumes that the labels of training data
have a known long-tailed distribution r. We seta = 1/m and:

(20)

where ¢ € (0,1) is the bound rate for r. We adopt the Breg-
man method for calculating P? with K iteration. We find
when K = 1 and 6 = 0, the Balanced Softmax (Ren et al.
2020) is a special case of our loss, which validates the effec-
tiveness of our theory.

Testing-time Inference with DB-OT. Here we focus on us-
ing DB-OT for inference in testing process. Note our infer-
ence method is orthogonal to the training method proposed
in Sec. , which means our inference can be used for different
classifiers. For the testing inference, we treat all the training
as a process of feature learning and then with the feature
learned, we can define the cost matrix given each batch data
and match the features and labels with OT. For the long-
tailed classification, the inference is as follows:

< C,P > —€eH(P).

b =(1+6)r andb?=(1-06)r,

min

21
PeC(a,b*,bd)

Here C;; = ¢ —1;; with large enough value ¢ to guarantee the
positiveness of the the cost. Meanwhile, we set b* and b as
Eq. 20, which enables predictions to fluctuate both upward
and downward, taking into account the randomness of batch
data sampling. During the testing process, r can be config-
ured as a known long-tailed distribution, uniform distribu-
tion, reverse long-tailed distribution, or any other appropri-
ate distribution, which is a main advantage of our method.

Experiments

We conduct experiments on both clustering and classifica-
tion. To showcase the advantage of DB-OT on fine-grained
controlling the behavior of clustering under bounded sizes
of clusters, and classification in long-tail cases.

Experiments on Size-controlled Clustering

We first study our clustering setting which each cluster’s
size is bounded by a certain range, using our DB-OT func-
tion with Barycenter. The experimental results on Gaussian
mixture synthetic datasets with 2D 150 points are shown in
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Method CIFAR10-LT CIFAR100-LT ImageNet-LT

Many Few All || Many Medium Few All || Many Medium Few All
Vanilla Softmax 774 689 749 | 758 48.2 11.0 420 573 26.2 3.1 350
LDAM (Cao et al. 2019) 80.5 652 759 | 75.7 50.6 115 429 || 573 27.6 44 359
Balanced Softmax 822 71.6 79.0 | 703 50.4 26.5 47.0 | 525 38.6 17.8 41.1
Focal Loss (Lin et al. 2017) 79.6 584 733 | 76.1 46.9 11.1  41.7 || 57.3 27.6 44 359
LogitAdjust (Menon et al. 2020) || 80.0 353 66.6 | 75.7 39.2 41 365 | 542 14.0 04 276
CB-CE (Cui et al. 2019b) 76.6  70.7 748 || 53.2 48.8 133 363 || 353 32.1 212 319
CB-FC (Cui et al. 2019b) 76.6  70.7 748 || 532 48.8 133 363 | 353 321 21.2 319
DB-OT Loss (ours) 824 80.8 819 | 70.4 53.0 26.6 479 | 535 39.0 174  41.6

Table 1: Top-1 accuracy (%) for long-tailed image classification with 200 imbalanced factor on three popular LT datasets.

Testing Inference | Vanilla Softmax Loss | Balanced Softmax || Focal Loss | Logit Adjustment Loss
| LT  Uniform RLT || LT Uniform RLT || LT Uniform RLT [[ LT  Uniform RLT
Vanilla Softmax 71.6 42.0 18.7 || 66.5 47.0 20.1 || 68.5 41.7 18.4 || 69.3 36.4 4.8
classifier normalize 70.0 45.2 16.8 || 54.9 42.4 28.6 || 67.0 413 13.3 || 70.5 40.4 7.9
Class-aware bias 68.0 41.3 14.5 || 41.5 45.0 18.6 || 54.6 40.0 14.1 || 70.8 36.4 7.7
DB-OT inference (ours) || 71.8 48.5 36.6 | 714 47.8 34.6 || 68.7 4.1 344 || 71.3 44.8 323

Table 2: Top-1 accuracy (%) of CIFAR-100 for the comparison of different testing inference methods given four trained models.

Fig. 2. We can find that the OT-LDA and our method with-
out reweighting exhibit a noticeable bias and re-weighting
the barycenter weights can overcome this issue with Eq. 16.
We also evaluate the top-1 accuracy within the cluster and
the results of OT-LDA, ours (without and with reweight-
ing) are 82.67%, 88.00%, and 100.00% respectively, which
shows the superiority of our method. We also do the cluster-
ing experiments on MNIST with three different methods (i.e.
K-means, DB-OT under Euclidean space and DB-OT under
Wasserstein space). We select parts of MNIST data (12 im-
ages in each class) and set 16 clusters for the experiments.
The results are shown in Fig. 3, and we can find that our
method can be more controllable for the number of samples
in each cluster. Note the bounds are to control the column
probability sum of the coupling and thus it does not strictly
meet the bound range for sample quantity.

Experiments on Long-tailed Classification

We evaluate our two methods — both for using DB-OT to
improve the loss and adopting the DB-OT for classification
inference in the testing process. These two methods are par-
allel to each other as the former aims to learn a better repre-
sentation and the latter is to get a more accurate prediction
based on a known testing label ratio. We do the experiments
on CIFAR10-LT, CIFAR100-LT (Krizhevsky, Hinton et al.
2009), ImageNet-LT (Liu et al. 2019) for image classifica-
tion. For a fair comparison, all methods share the same net-
work backbone and hyperparameters. More details about the
experimental settings is given in the online Appendix.

Improvements of DB-OT based loss. To evaluate the per-
formance of our DB-OT based loss, following (Ren et al.
2020), we start with a vanilla Softmax pretrained model and
train with our DB-OT based loss to improve the represen-
tations. We use the corresponding balanced testing dataset
for evaluation, where its labels are uniformly distributed. We
report top-1 accuracy as the evaluation metric. Specifically,
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for CIFARI10-LT, we report accuracy on two sets of classes
in detail: Many-shot (more than 100 images) and Few-shot
(less than 100 images). For CIFAROO-LT and ImageNet-
LT, we report accuracy on three sets: Many-shot (more than
100 images), Medium-shot (20 ~ 100 images), and Few-
shot (less than 20 images). The experiments for unbalanced
image classification are all conducted with an imbalanced
factor of less than 200, which is defined as the ratio of the
number of training instances in the largest class to the small-
est (Ren et al. 2020). The results for long-tailed classification
are presented in Table 1. From a comprehensive perspec-
tive, our approach achieves the best average accuracy across
the entire dataset. When examining the results for different
data splits, our method particularly outperforms the others
on subsets with fewer images (i.e., median or few-shot).
Performance of testing inference. To evaluate the DB-OT
based inference, we use the corresponding long-tailed (LT),
uniform, and Reverse long-tailed (RLT) testing dataset for
evaluation. We compare our method with vanilla Softmax,
classifier normalization (Kang et al. 2019) and class-aware
bias (Menon et al. 2020), which are discussed in (Wu et al.
2021). Table 2 shows the comparison results for all the mod-
els and different testing data in CIFAR100. Our inference
method outperforms and can achieve a great improvement
when the testing data is reverse long-tailed distributed and
the model trained by vanilla softmax performs the best us-
ing our DB-OT testing inference though it may fail with
vanilla softmax prediction in testing. More experimental re-
sults (e.g. ablation study) are given in online appendix

Conclusion

We have presented the so-called double-bounded optimal
transport, with theoretical analysis and further derive three
variants of algorithms to solve the problem. We test our tech-
nique for the challenging yet realistic tasks of cluster-size
bounded clustering, as well as long-tailed image recognition.
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