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Abstract

In deep reinforcement learning, estimating the value function
to evaluate the quality of states and actions is essential. The
value function is often trained using the least squares method,
which implicitly assumes a Gaussian error distribution. How-
ever, a recent study suggested that the error distribution for
training the value function is often skewed because of the
properties of the Bellman operator, and violates the implicit
assumption of normal error distribution in the least squares
method. To address this, we proposed a method called Sym-
metric Q-learning, in which the synthetic noise generated
from a zero-mean distribution is added to the target values
to generate a Gaussian error distribution. We evaluated the
proposed method on continuous control benchmark tasks in
MuJoCo. It improved the sample efficiency of a state-of-the-
art reinforcement learning method by reducing the skewness
of the error distribution.

Introduction
Deep reinforcement learning (RL) has shown remarkable
performance in control (Haarnoja et al. 2018) and gameplay
(Mnih et al. 2013). In RL, it is necessary to estimate a value
function to evaluate states and actions. In many cases, the
value function is learned through least squares, implicitly
assuming that the error distribution is a normal distribution
through maximum likelihood estimation. However, during
learning, the Bellman operator is used to derive the esti-
mated value for the target. Because of the properties of the
Bellman operator, the error distribution can become skewed,
which depreciates the performance by not meeting the as-
sumption of a normal error distribution while performing
least squares. This issue was addressed in (Garg et al. 2023)
by learning the value function using maximum likelihood es-
timation with a nonnormal error distribution. However, the
error distribution can vary depending on the task or learning
algorithm, making it unsuitable when the error distribution
is unknown.

Therefore, in this study, we propose a method to reduce
the skewness of arbitrary error distributions. We corrected
the skewed error distributions to be symmetric by adding
noise to the target values. As shown in the left panel of Fig-
ure 1, we learned the noise η distribution which is the inverse
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Figure 1: Bellman error, negative values of correction noise,
and corrected Bellman error from Symmetric REDQ on
Hopper-v2. Left: The blue histogram shows the distribution
of Bellman errors. The orange histogram represents the dis-
tribution of the negative noise added to reduce skewness. It
can be observed that the noise distribution fits well with the
negative Bellman errors. Right: The green histogram repre-
sents the distribution of Bellman errors after adding correc-
tion noise. The skewness decreased compared to the blue
distribution.

of the error distribution y − f(x). This resulted in a more
symmetric error distribution with increased symmetry when
noise was added to the target, as shown in the right panel of
the plot. By applying least squares to this symmetric error
distribution, we can better satisfy the assumption of the er-
ror distribution and improve performance. The effectiveness
of the proposed method was verified in combination with
the Soft Actor-Critic (SAC) (Haarnoja et al. 2018) and Ran-
domized Ensemble Double Q-learning (REDQ) (Chen et al.
2021), which we refer to as Symmetric SAC (SymSAC) and
Symmetric REDQ (SymREDQ), respectively. We evaluated
our proposed method on five challenging tasks in MuJoCo
(Todorov, Erez, and Tassa 2012; Brockman et al. 2016) and
achieved comparable or better sample efficiency than that
of state-of-the-art online RL methods. We also confirm that
our method corrects skewed error distributions to become
symmetric by visualizing the error distributions during the
learning process. The contributions of this study are as fol-
lows.

• We propose a method of adding noise to target variables
and reducing the skewness of error distributions, which
is a problem when using least squares.

• We evaluated the proposed method in continuous control
benchmark tasks and showed that the proposed method
can reduce the skewness of error distribution.
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• We empirically demonstrated that the proposed method
can improve the sample efficiency of REDQ, a state-of-
the-art model-free RL algorithm.

Background
Reinforcement Learning
We consider the RL problem under a Markov decision pro-
cess (MDP) defined by the tuple (S,A,P, r, γ, d). S repre-
sents the state space, s represents a state, A represents the
action space, a represents an action, P(st+1 | st, at) is the
transition probability density, r(s, a) is the reward function,
γ is the discount factor, and d(s0) is the probability density
of the initial state. The policy π(a | s) is defined as the con-
ditional probability density of a given action. The goal of RL
is to identify the policy that maximizes the expected cumu-
lative discounted reward E[R0 | π], where Rt is the return,
given by Rt =

∑T
k=t γ

k−tr(sk, ak).

Bellman Error Distribution
In RL, the Q-function is estimated based on the fact that it
satisfies the Bellman equation:

Qπ(s, a) = Es′∼P,a′∼π[r(s, a) + γQπ(s′, a′)] (1)

Based on the Bellman equation, the Bellman operator is of-
ten used to estimate the Q-function and the Bellman oper-
ator is known to be contractive. Therefore, minimizing the
mean squared error is a common approach for learning the
Q-function.

L(θ) = Es,a∼ρ[(y −Qπ(s, a; θ))2] (2)

ρ(s, a) is a probability distribution over states s and actions
a, θ denotes the parameters of the Q-function approximator,
and the target value y is computed as:

y = Es′∼P,a′∼π[r(s, a) + γQπ(s′, a′; θ) | s, a] (3)

The prediction error between y and the Q-function is known
as the Bellman error.

In the least squares method, it is implicitly assumed that
the error distribution follows a normal distribution through
maximum likelihood estimation. However, in (Garg et al.
2023), it is explained based on extreme value theory (Fisher
and Tippett 1928; Mood 1950) that the distribution of the
Bellman error can become skewed when using policies that
aim to maximize the Q-value owing to the influence of the
maximum operator. They then used a Gumbel regression,
which is a maximum likelihood estimation that assumes a
Gumbel distribution as the error distribution.

However, that method has several issues. While extreme
value theory assumes that the maximum is taken from in-
dependently sampled values, in the context of RL, the Q-
values in the maximum operator are dependent on state-
action pairs. Therefore, it is difficult to satisfy this assump-
tion and obtain an exact extreme value distribution such as
the Gumbel distribution. In fact, the Bellman error distribu-
tion deviates from the Gumbel distribution during learning,
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Figure 2: The pre-corrected Bellman error at three different
steps when learning Walker2d with SymREDQ.

depending on the task (Garg et al. 2023). Furthermore, the
error distribution is influenced by many factors such as dou-
ble Q-learning (Hasselt 2010; van Hasselt, Guez, and Sil-
ver 2016; Fujimoto, van Hoof, and Meger 2018) and the tar-
get network (Mnih et al. 2015), and may change during the
learning process as shown in Figure 2, making it difficult
to make accurate assumptions regarding the error distribu-
tion. Therefore, this study proposes a flexible approach to
assumptions regarding error distribution.

Symmetric Q-learning
In this section, we introduce symmetric Q-learning, a tech-
nique that corrects the error distribution, making it symmet-
ric and close to a normal distribution by adding noise to the
target variable.

Assumption of Error Distribution
Our motivation is to approach the error distribution as a nor-
mal distribution to satisfy the assumption of the least squares
method. Therefore, we first demonstrate that the error distri-
bution is assumed to follow a normal distribution.

Here, we explain that the least squares method is equiv-
alent to maximum likelihood estimation assuming Gaussian
errors. Assuming that we are given a training dataset con-
sisting of pairs of observed values x and the corresponding
target values y, we consider the problem of predicting the
value of y for a new value of x. We assume that the target
variable y is the sum of a function f(x; θ) with parameters
θ and Gaussian noise.

y = f(x; θ) + ϵ, ϵ ∼ N (0, σ2) (4)

In this case, the probability of y given x, θ, and σ follows a
normal distribution with mean f(x; θ).

p(y | x, θ, σ) = N (y | f(x; θ), σ2) (5)

Therefore, the expected log-likelihood is as follows:

Ey,x∼pdata
[log p(y | x, θ, σ)]

= Ey,x∼pdata

[
−1

2
log 2πσ2–

1

2σ2
(y − f(x; θ))2

]
(6)

If we consider maximizing the expected log-likelihood, the
loss function with respect to θ can be expressed as follows:

L(θ) = Ey,x∼pdata
[(y − f(x; θ))2] (7)

This is equivalent to the loss function used in the least
squares method.
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Thus, in the least squares method, it is implicitly as-
sumed through a maximum likelihood estimation that the
error distribution follows a normal distribution. However, as
explained in the previous section, the Bellman error can ex-
hibit a distribution that deviates from the Gaussian distribu-
tion. As seen in the left plot of Figure 1, even in REDQ,
which has state-of-the-art sample efficiency and uses the
least squares method, the pre-corrected Bellman error is also
skewed away from a normal distribution. Thus, in online RL,
the error distribution varies depending on the task or algo-
rithm. Therefore, we propose an algorithm that can be ap-
plied to any error distribution that changes during the learn-
ing process.

Normalization of Error Distribution
As seen in the previous section, it is possible for the Bellman
error ϵ to not follow either a normal or a Gumbel distribu-
tion in practice. Therefore, we consider controlling the error
distribution by adding zero-mean noise η to the target vari-
able to ensure that the error distribution follows the normal
distribution. We assume that the noise η follows the proba-
bilistic model q(η;ω) with parameter ω. The method used to
estimate ω is described in the following section.

y + η = f(x; θ) + ϵ+ η, η ∼ q(η;ω) (8)

If we assume that the sum of the original error ϵ and the
added noise η follows a normal distribution, then the prob-
ability of y + η follows the normal distribution with mean
f(x; θ).

ϵ+ η ∼ N (0, σ2) (9)

p(y + η) = N (f(x; θ), σ2) (10)

Following the same approach as in the previous section, the
expected log likelihood and loss function are given as

Ey,x∼pdata,η∼q[log p(y + η | x, θ, σ, ω)]

= Ey,x∼pdata,η∼q

[
−1

2
log 2πσ2–

1

2σ2
(y − f(x; θ) + η)2

]
(11)

L(θ) = Ey,x∼pdata,η∼q[(y − f(x; θ) + η)2] (12)

When the error y − f(x; θ) + η follows the normal distri-
bution, minimizing the mean squared error satisfies the as-
sumption of an error distribution, allowing for more accurate
estimates. Therefore, it is necessary to learn the distribution
of η which causes y − f(x; θ) + η to approach the normal
distribution.

Before explaining the learning of the distribution of η, it
should be noted that adding zero-mean noise η does not in-
troduce any bias into the learning of θ. This is easily demon-
strated through the following manipulations:

L(θ) =Ey,x∼pdata,η∼q[(y − f(x; θ) + η)2]

=Ey,x∼pdata,η∼q[y
2 + f(x; θ)2 + η2 − 2yf(x; θ)

− 2ηf(x; θ) + 2yη]

=Ey,x∼pdata,η∼q[(y − f(x; θ))2 + η2]
(13)

Because η2 does not affect the learning of θ, adding η to the
target value does not introduce any bias into the estimator or
change the expectation of the mean squared error.

However, η affects the error distribution shape. Let us
consider skewness as an indicator of symmetry. By substi-
tuting the pre-corrected error y − f(x) with ϵ, the skewness
of the post-corrected error distribution can be expressed as
follows:

Skewness(ϵ+ η) =
µ3(ϵ+ η)

σ3(ϵ+ η)

=
µ3(ϵ) + µ3(η)

(σ2(ϵ) + σ2(η))3/2

(14)

µ3 and σ represent the third central moment and the vari-
ance, respectively. This equation indicates that the skewness,
and hence the symmetry, of the error distribution after cor-
rection is influenced by the third moment of η. Moreover,
correcting the distribution can reduce the skewness and in-
crease the symmetry when the third moment of η has the
opposite sign to that of ϵ.

It is expected that learning until convergence while adding
zero-mean noise will result in no change in the final return
because adding noise does not introduce any bias. However,
online RL is a non-stationary learning process, and it is diffi-
cult to always achieve sufficient learning during the learning
process. Furthermore, bias accumulates through bootstrap-
ping of target values. Therefore, improving the learning ef-
ficiency through distribution correction during the learning
process may lead to improved performance, including the fi-
nal return. The following section describes the learning of
the distribution of η.

Training of Noise Distribution
Any arbitrary distribution can be used for the probability
model q(η;ω), and the parameter ω is estimated in a way
that ϵ+ η approaches the normal distribution. However, it is
difficult to estimate ω accurately so that it becomes a normal
distribution. Therefore, we considered making the distribu-
tion symmetric.

When η follows a distribution of −ϵ, that means η ∼
pϵ(−η), µ3(η) = −µ3(ϵ) and the skewness is zero. There-
fore, the skewness of ϵ+η decreases and approaches a sym-
metric distribution by making the distribution of η closer to
a distribution of−ϵ. In other words, we bring the probability
model q(η;ω) closer to pϵ(−η). To do this, we estimate the
parameters ω by maximizing the likelihood of y − f(x; θ)
with respect to pϵ. The specific steps are shown below.

Assuming that η follows a distribution of −ϵ, then con-
versely, ϵ follows a distribution of −η:

ϵ ∼ pη(−ϵ) (15)
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Then, the probability of ϵ can be expressed as follows:

pϵ(ϵ) = pη(−ϵ) ≃ q(−ϵ;ω) (16)

From ϵ = y−f(x; θ), the likelihood of the observed sam-
ple y − f(x; θ) becomes q(−(y − f(x; θ);ω), and the loss
function for maximizing this likelihood can be expressed as
follows:

L(ω) = Ey,x∼pdata
[− log q(−(y − f(x; θ));ω)] (17)

By minimizing this loss function, q(η;ω) approaches
pϵ(−η) and η becomes noise, which reduces the skewness
of ϵ.

As a result of the aforementioned learning, it was demon-
strated that the skewness of ϵ + η can approach zero. How-
ever, a zero skewness does not necessarily imply that the
distribution is symmetric. Nevertheless, it is shown from the
following formula that the error distribution becomes sym-
metric:

pϵ+η(x) = pϵ(x) ∗ pη(x)

=

∫ ∞

−∞
pϵ(u)pη(x− u) du

=

∫ ∞

−∞
pϵ(u)pϵ(u− x) du

=

∫ ∞

−∞
pϵ(v + x)pϵ(v) dv, (v = u− x)

=

∫ ∞

−∞
pη(−x− v)pϵ(v) dv

= pϵ+η(−x)

(18)

pX(x) is the probability density function for the random
variable X , and pη(x) = pϵ(−x) when η follows a distri-
bution of −ϵ. From the above formula, it can be seen that
the error distribution pϵ+η(x) is symmetric with respect to
x = 0.

Practical Algorithms
For the distribution q(η;ω), it is preferable to have a dis-
tribution that can represent a skewed distribution with suf-
ficiently wide support. Therefore, as a practical algorithm,
we approximate q(η;ω) with the Gaussian mixture models
(GMM) by employing variational Bayes expectation maxi-
mization (Bishop 2006), which results in a more stable pa-
rameter estimation than that of the expectation maximization
algorithm based on maximum likelihood estimation. GMM
can approximate skewed distributions such as the Gumbel
distribution with high accuracy and supports the entire real
line. During the training process, we iteratively update the
GMM parameters to approach the distribution of negative
Bellman errors using the same samples used for Q-function
learning. To prevent overfitting the samples, we use a hy-
perparameter k to update the parameters for every k steps.
Because the Bellman error is a one-dimensional data, esti-
mating the GMM has a relatively low computational cost.

Algorithm 1: Symmetric REDQ

Initialize policy parameters θ, N Q-function parameters
ϕi, i = 1, . . . , N , GMM parameters ω, empty replay
buffer D. Set target parameters ϕtarg,i ← ϕi, for i =
1, 2, . . . , N
repeat

Take one action at ∼ πθ(· | st). Observe reward rt,
new state st+1.
Add data to buffer: D ← D ∪ {(st, at, rt, st+1)}
for G updates do

Sample a mini-batch B = {(s, a, r, s′)} from D
Sample a set M of M distinct indices from
{1, 2, . . . , N}
Compute the Q target y (same for all of the N Q-
functions):

y = r + γ

(
min
i∈M

Qϕtarg,i(s
′, ã′)− α log πθ(ã

′ | s′)
)

, ã′ ∼ πθ(· | s′)

for i = 1, . . . , N do
Compute error ϵi = y −Qϕi(s, a)

Every k steps update ω using −ϵ by minimizing (17)
for i = 1, . . . , N do

Sample η from GMM q(η;ω)
Update ϕi with gradient descent using

∇ϕ
1

|B|
∑

(s,a,r,s′)∈B

(y −Qϕi
(s, a) + η)2

Update target networks with

ϕtarg,i ← ρϕtarg,i + (1− ρ)ϕi

Update policy parameters θ with gradient ascent using

∇ϕ
1

|B|
∑
s∈B

(
1

N

N∑
i=1

Qϕi
(s, ãθ(s))−

α log πθ(ãθ(s) | s)
)
, ãθ(s) ∼ πθ(· | s)

until end

To ensure that η becomes unbiased noise, the distribution
is shifted such that the mean becomes zero each time the
parameters of GMM are updated. One problem with adding
noise to the error is that it can increase the error variance,
which can be reduced by ensembling. Therefore, when com-
bining this method with algorithms such as REDQ, it is rec-
ommended to use a larger ensemble to adjust the variance of
the Q-function

The pseudocode for the SymREDQ algorithm, which
combines the proposed method with REDQ, is presented in
Algorithm 1. When the ensemble size N = 2, in-target min-
imization parameter M = 2, and update-to-data (UTD) ra-
tio G = 1, it becomes SymSAC. When N = 1, M = 1,
and G = 1, it becomes SymSAC without an ensemble. The
pseudocode for GMM training is shown in the appendix.
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Figure 3: Comparison of SymSAC, SAC and X -SAC without ensembles for UTD=1
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Figure 4: Comparison of SymREDQ, REDQ and X -REDQ for UTD=20.

Experiments
In our experiments, we investigated the following:

• Does distribution correction improve performance?
• Can the error distribution be corrected to a symmetric

distribution?

To answer these questions, we implemented the proposed
method in addition to prevalent RL methods and evaluated
their performance in continuous control tasks.

Setups
We conducted experiments using five challenging tasks in
MuJoCo: Humanoid-v2, Walker2d-v2, Hopper-v2, Ant-v2
and HalfCheetah-v2. The average return in the tasks was
evaluated by performing independent trials using five ran-
dom seeds for each task and algorithm. We experimented
with two settings: a simple setting without an ensemble and
a setting that increased sample efficiency using an ensemble.

In the former, SymSAC, which combined the proposed
method with SAC, was compared with SAC and X -SAC
from (Garg et al. 2023). All algorithms used only one
critic network to eliminate the effects of clipped double Q-
learning or ensemble.

In the latter, SymREDQ, which combines the proposed
method with REDQ, was compared with REDQ and X -
REDQ. X -REDQ is X -SAC with the addition of ensemble
and in-target minimization. To verify sample efficiency, ex-
periments were conducted with the UTD ratio set to 20, as
in the REDQ paper. Thus 20 updates were performed per it-
eration. In SymREDQ, the size of the ensemble was set to
20, instead of the default 10 of REDQ, to reduce variance.

The parameter k, which represents the parameter updating
frequency of the distribution of η, was set to the value that
showed the best performance between 1, 2, and 3. Regard-
ing X -SAC and X -REDQ, the temperature parameter β was

chosen from between 2, 5, 10, and 20 in the same way. De-
tails of the hyperparameters and performance changes based
on k, network size and other hyperparameters are provided
in the appendix.

Comparative Evaluation

Comparison at UTD=1 without ensemble The average
return for the case in which UTD is 1 and there is no en-
semble is shown in Figure 3. In Hopper-v2, HalfCheetah-v2
and Ant-v2, our proposed SymSAC method achieved returns
similar to those of SAC. For Walker2d-v2 and Humanoid-
v2, SymSAC outperformed SAC in terms of returns.X -SAC
outperformed the other methods only on HalfCheetah-v2, a
relatively simple task, but fell far short on the other tasks.

Comparison at UTD=20 with ensemble The average re-
turn for the case in which UTD is 20 and the ensemble is
used is shown in Figure 4. The final average returns were
equivalent to or slightly higher than those of the existing
methods. The learning speed was also equivalent to or faster,
with clear improvements in certain tasks. The numbers of it-
erations required to achieve a certain return level are listed
in Table 1. In Hopper-v2, HalfCheetah-v2, and Ant-v2, the
sample efficiency was significantly improved. In addition,
Table 2 shows the final average return and the average return
for half of the iterations, and the standard error is described
in the appendix. In both cases, SymREDQ achieved equiva-
lent or higher returns compared to REDQ and X -REDQ.

Discussion In SymREDQ, the improvement in learning
speed was found to be more significant than that in the fi-
nal return. This is because the Q-function update amplitude
is large in the early stages of learning and the error distri-
bution can change significantly during the learning process.
However, using the corrected error distribution with the least
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Score SymREDQ REDQ X -REDQ
Humanoid at 5000 172K 255K -
Walker2d at 3500 77K 141K -
Hopper at 3000 34K 46K -
Ant at 5000 101K 153K -
HalfCheetah at 8000 131K 196K -

Table 1: Sample efficiency comparison of SymREDQ,
REDQ and X -REDQ. The numbers indicate the amount
of data collected until the specified performance level is
reached.

Amount of data SymREDQ REDQ X -REDQ
Humanoid at 150K 4414 2904 81
Humanoid at 300K 5252 4606 82
Walker2d at 150K 4289 3715 75
Walker2d at 300K 4836 4587 127
Hopper at 62K 3413 3356 1433
Hopper at 125K 3428 3529 1845
Ant at 150K 5241 4910 320
Ant at 300K 5951 5464 1924
HalfCheetah at 150K 8358 7328 5639
HalfCheetah at 300K 9865 9138 7365

Table 2: Performance comparison of SymREDQ, REDQ and
X -REDQ. This shows the final performance and the per-
formance with half the amount of data collected. Mainly
SymREDQ showed significant improvement in performance
with half the amount of data collected.

squares method leads to stable learning, resulting in an im-
proved learning speed.

We observed that SymSAC and SAC did not show signif-
icant improvement, unlike SymREDQ and REDQ. This is
likely due to the lack of variance reduction by ensembling
in SymREDQ. However, because REDQ is state-of-the-art
in terms of sample efficiency and the performance of Sym-
REDQ improved in comparison, the effectiveness of the pro-
posed method is considered sufficient.

In the case of X -SAC and X -REDQ, decent learning was
only achieved for Hopper-v2 and HalfCheetah-v2, which
are relatively simple tasks. To ensure proper learning, more
detailed hyperparameter tuning and algorithm improvement
are necessary. While extreme Q-learning-based methods
were also developed to address the problem of the Bellman
error distribution, the experimental results demonstrated that
the proposed method was more stable than extreme Q-
learning-based methods.

Distribution Plot
Using SymREDQ, we visualized the actual pre-corrected
Bellman error, noise, and post-corrected Bellman error dur-
ing training. In Figure 5, we show how errors were corrected
in the steps in which the pre-corrected Bellman error was
distorted for each task. During the training process, we en-
sured that the distribution of noise η had a mean value of
zero. However, for visualization purposes, we shifted the
mean of the noise distribution to be equal to the mean of

the Bellman error in order to assess the fitting performance
to the Bellman error.

In the figure above, the blue histogram shows the distri-
bution of the skewed Bellman errors. The orange histogram
represents the distribution of negative noise added to reduce
skewness. The distribution of noise η closely approximates
the inverse distribution of the pre-corrected Bellman error
y − f(x), meaning that the distribution of η approaches
the distribution of −ϵ. In the figure below, the green his-
togram represents the distribution of the Bellman errors af-
ter adding the correction noise η. The skewness decreased
and the symmetry of the error increased compared with
the blue distribution. The Gumbel distribution assumed in
extreme Q-learning was a right-skewed distribution. How-
ever, the pre-corrected error distribution (blue) in Humanoid
and HalfCheetah showed a left-skewed distribution, and not
meeting the assumption may be leading to a decrease in per-
formance. The figures for other steps are provided in the ap-
pendix.

Related Work
In our study, we addressed the problem of the skewed error
distribution in online RL. Therefore, we introduce several
representative approaches for online RL and approaches re-
lated to the error distribution.

Online Reinforcement Learning
In online RL, the goal is to maximize rewards through it-
erations with the environment. While table-based RL with
methods such as Q-learning (Watkins and Dayan 1992)
and SARSA (Rummery and Niranjan 1994) has shown
promising results, the combination of deep learning with Q-
learning in DQN (Mnih et al. 2013) has achieved perfor-
mance surpassing human-level capabilities in game play-
ing. For continuous action tasks such as robotics, policy
gradient-based methods such as TRPO (Schulman et al.
2015) and PPO (Schulman et al. 2017), as well as actor-
critic-based methods such as SAC (Haarnoja et al. 2018) and
TD3 (Fujimoto, van Hoof, and Meger 2018), have been used
with good performance. All of these existing methods that
use function approximation employ least squares to estimate
the value function, and can be combined with the proposed
method.

When iteration with the environment has high cost, such
as in robotics, sample efficiency becomes important in RL.
To increase sample efficiency, it is efficient to set UTD≫ 1.
However, this leads to accumulation of overestimation bias,
making learning difficult. To address this issue, REDQ com-
bines ensemble and in-target minimization across a random
subset of Q functions to adjust variance and bias suppres-
sion, enabling learning even with UTD ≫ 1. By combin-
ing REDQ with SAC, it achieved a sample efficiency equal
to or greater than that of state-of-the-art model-based al-
gorithms for MuJoCo benchmark. In DroQ (Hiraoka et al.
2022) and MEPG (He et al. 2022), the ensemble-related
computational efficiency was improved using dropout (Sri-
vastava et al. 2014) as a substitute for the ensemble. It can
also be used for reducing computational cost of SymREDQ.
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Figure 5: The top figure illustrates the density of pre-corrected Bellman error (blue) and negative values of noise used for
correction (orange). It shows how closely the distribution of η approaches the distribution of −ϵ. The bottom figure shows the
density of the post-corrected error (green), which is the sum of pre-corrected error and noise. This demonstrates the extent to
which the distribution approached a symmetric distribution, and the corrected distribution (green) is more symmetric than the
pre-corrected distribution (blue).

Error Distribution

In maximum likelihood estimation, a certain distribution is
assumed to be the error distribution, and the estimation can
be inaccurate when the actual distribution differs from the
assumption. The least squares method can be regarded as a
maximum likelihood estimation, assuming a normal distri-
bution as the error distribution. It has been experimentally
demonstrated that applying the least squares method to er-
rors with nonnormal distributions leads to inaccurate esti-
mation results (Constable 1988; Xu, Chen, and Liang 2018).
Therefore, when using the least squares method in machine
learning, learning is sometimes performed by transforming
the distribution of the data into normal distribution. Many
transformations focus on skewness, and it is well-known that
logarithmic transformation is used for right-skewed distri-
butions. The Box-Cox transformation (Box and Cox 1964)
and Yeo-Johnson (Yeo and Johnson 2000) transformation
can adjust the degree of skewness by parameters, and flexi-
ble transformations can be performed by estimating the pa-
rameters with maximum likelihood estimation, such that the
transformed distribution becomes closer to normal distribu-
tion. Applying these methods to reinforcement learning is a
task for future research.

The least squares method is also used in RL, where nor-
mal distribution is required as an error distribution. How-
ever, based on extreme value theory, (Garg et al. 2023)
showed that the error distribution follows the Gumbel dis-
tribution, which is an extreme value distribution because the
Bellman equation contains a maximum operator. They ad-
dressed this problem using the Gumbel regression, which
is a maximum likelihood estimation assuming that the er-
ror distribution follows the Gumbel distribution. Gumbel re-
gression can directly estimate optimal soft-value functions
without sampling from policies and avoids evaluating out-
of-distribution actions, thus significantly improving perfor-
mance in offline RL settings. However, in online RL, not
much improvement is observed. First, Gumbel regression,
which assumes a Gumbel distribution as an error distribu-
tion, is unstable. It assumes an asymmetric error distribution
and has an exponential term in the loss function, making the

gradient prone to being large. Second, the actual error dis-
tribution may differ from the Gumbel distribution because
the state-action pairs taking the maximum are not indepen-
dent, violating the premises of extreme value theory. Fur-
thermore, because the properties of algorithms such as dou-
ble Q-learning and target networks can affect the actual er-
ror distribution, it is difficult to assume a single static error
distribution for maximum likelihood estimation. Therefore,
the error distribution can vary depending on the task and the
algorithm, highlighting the need for a method that can be
applied to arbitrary error distributions.

The Gauss-Markov theorem states that under the assump-
tions of homoscedasticity and uncorrelated errors, the linear
unbiased estimator estimated by the least squares method
has the smallest variance and is the best linear unbiased es-
timator (BLUE). In RL, a small variance is not necessarily
good, and the use of linear parameters is infrequent, but there
is room to verify the impact of meeting these assumptions.

Conclusion

This study addresses the issue of the error distribution be-
ing far from the assumed normal distribution in online RL
methods that use the least squares method. The proposed
method adds noise that cancels out the distortion in the er-
ror, making it closer to a normal distribution. Experiments
conducted on the MuJoCo benchmark demonstrate that the
proposed method can symmetrically correct the error distri-
bution, leading to improved sample efficiency and perfor-
mance equivalent to or better than that of the state-of-the-art
RL method. This is because stable learning with an error dis-
tribution close to the normal distribution can be achieved in
the early stages of learning, resulting in improved efficiency.

In RL using the estimated values as the target, the error
distribution is influenced by various factors, such as the Bell-
man operator and bias-suppression algorithms, which can
pose problems during learning. However, there is limited re-
search focusing on error distribution in RL, indicating sub-
stantial potential for future advancements in this field.
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