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Abstract

The paper presents Taylor Map Polynomial Neural Net-
work (TMPNN), a novel form of very high-order polyno-
mial regression, in which the same coefficients for a lower-
to-moderate-order polynomial regression are iteratively reap-
plied so as to achieve a higher-order model without the num-
ber of coefficients to be fit exploding in the usual curse-of-
dimensionality way. This method naturally implements multi-
target regression and can capture internal relationships be-
tween targets. We also introduce an approach for model in-
terpretation in the form of systems of differential equations.
By benchmarking on Feynman regression, UCI, Friedman-
1, and real-life industrial datasets, we demonstrate that the
proposed method performs comparably to the state-of-the-art
regression methods and outperforms them on specific tasks.

Introduction and Related Works

We consider the regression problem as finding the mapping
f for feature vector X = (x1,X2,...,X,) € R" of n input
real-valued variables to the dependent target vector Y =
(¥1,¥2s .-, ¥m) € R™ of m output real-valued variables:

£ (1)

The first group of methods to solve this problem is based
on the regular polynomial regression

Y = wo +Z’U}1X1 +Z’winin “+...
% 1,7

(XlaXQ) R ,Xn) — (Y1a}’2, s ay’m)

@

To fit model (2) efficiently and reduce risk of overfitting,
most authors suggest either optimal strategies for the se-
lection of the nonlinear terms (Davierwalla 1977; Dette
1995; Fan et al. 1997; Lewis 2007; Hofwing, Stromberg,
and Tapankov 2011; Pakdemirli 2016) or different fac-
torization schemes (Rendle 2010; Freudenthaler, Schmidt-
Thieme, and Rendle 2011; Blondel et al. 2016).

The second group of methods is machine learning (ML)
models like Support Vector Regression (SVR), Gaussian
Process Regression (GPR), Random Forest Regression
(RFR), or neural networks (NN). These black-box models
were initially developed for interpolation problems. GPR
with the Gaussian kernel regresses to the mean function
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when extrapolating far enough from training. Tree-based
methods presume the output will be constant values if pre-
dictions are made outside the range of the original set. Var-
ious techniques, such as kernel-based modified GPR (Wil-
son and Adams 2013) or regression-enhanced RFR (Zhang,
Nettleton, and Zhu 2019), are introduced to improve the
extrapolation property of these models. The state-of-the-
art models for regression problem (1) are CatBoost as a
boosting method on decision trees (Dorogush, Ershov, and
Gulin 2018), TabNet for deep NN (Arik and Pfister 2021),
and DNNR for Differential Nearest Neighbors Regression
(Nader, Sixt, and Landgraf 2022).

The paper introduces a new regression model based on
the Taylor map factorization that can be implemented as a
polynomial neural network (PNN) with shared weights. The
earliest and most relevant to our research is the paper of au-
thors (Lépez, Huerta, and Dorronsoro 1993), where the con-
nection between the system of ordinary differential equa-
tions (ODEs) and polynomial neural network (PNN) is in-
troduced. Further, the PNN architectures were also widely
highlighted in the literature (Oh, Pedrycz, and Park 2003).
(Zjavka 2011) proposes a polynomial neural architecture ap-
proximating differential equations. The Legendre polynomi-
als are chosen as a basis by (Yang, Hou, and Luo 2018).
(Ivanov, Golovkina, and Iben 2020) suggest an algorithm for
translating ODEs to PNN without training. (Wu et al. 2022)
examined the extrapolation ability for PNNs in simple re-
gression and more complicated computer vision problems.
(Fronk and Petzold 2023) applied PNN for learning ODE:s.

Following these works, we propose an approach for the
general-purpose multi-target regression problem. In con-
trast to traditional techniques, where several single-output
models are either used independently or chained together
(Xioufis et al. 2012; Borchani et al. 2015), the proposed
model processes all targets simultaneously without splitting
them into different single-output models. Moreover, we con-
tribute to the overall goal of transparent and safer machine
learning models in the following ways.

* We propose a new regression model at the intersection of
classical methods and deep PNN.

* The model is theoretically grounded and closely relates
to the theory of ODESs, which opens up the possibility of
model interpretation and analysis.
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* We provide an extensive evaluation of the model against
both classical and state-of-the-art methods on a set of
33 regression UCI open access datasets, the Feynman
symbolic regression benchmark with 120 datasets, the
Friedman-1 dataset, and the publicly available multi-
target dataset from the gas and petrochemical processing.
We provide detailed analyses to understand model’s per-
formance: ablation study, the impact of data properties
with different numbers of unimportant features, noise
levels, and number of samples.

Method

To describe the proposed regression model for the problem
(1), let us first define a Taylor map as the transformation
M :Zy — Zyyq in the form of

(k]
)

ZtJrl:M(Zt):WO+W1Zt+...+WkZ

where Z;,Z; 11 € R™™™, matrices Wy, Wy, ..., W}, are
trainable weights, and Z!*! means k-th Kronecker power of
vector Z. The transformation (3) can be referred to Tay-
lor maps and models (Berz 1997), exponential machines
(Novikov, Trofimov, and Oseledets 2017), tensor decompo-
sition (Dolgov 2019), and others. In fact, map M is just a
multivariate polynomial regression of k-th order.

3

Proposed Model

Let’s now extend feature vector X = (x1,...,X,) in the
regression problem (1) with additional m dimensions filled
with zeros and consistently apply the map (3) p times:

Zo = (X17~- ,O),
Zy=Wo+ W1 Zo+...+ W, ZW,

s Xn, 0,

“

Zy=Wot WiZy i +...+ W, ZV .

This procedure implements Taylor mapping that prop-
agates 1initial vector Zy along new discrete dimen-
sion ¢ {1,2,...p} with hidden states Z;
(xl,ta e Tty Yty - - - aym,t)~

For the final state Z,, this yields a polynomial of order
kP with respect to the components of Zy which is, however,
factorized by a Taylor map M of order k:

Z,=Mo.. .oMoZo=Vo+ViZo+...+ViwZl
where weight matrices V, = V (Wy, Wh,..., W) for
g = {0,1,...kP}. For defining a loss function, one should
consider only the last m components of the vector Z, =

(@1ps-- s Trps Y1,py-- - Ym,p) as the predictions:
LOSS:p((yla"'7ym)7(y1,p7"'aym,p))7 (5)
where p is an error between true targets (y1,...,y) and

predicted values (Y1 p,- .-, Ym,p)-

Fig. 1 presents this algorithm as a Taylor map PNN
(TMPNN) with layers of shared weights that propagate the
extended vector of features Zy. Namely, after the first layer,
all variables in the feature vector are modified, and the vari-
ables on the m introduced dimensions become non-zero in
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X1 — — Tt — — X1,p
X —> M —  Tpt M — Tn.p
0 — _>...y1,t..._> = Vi
0— —  Ym,it —Ym,p— Ym

Figure 1: High-order regression (x1,Xs,...,X,) —
(¥1,¥2,--.,¥m) factorized by Taylor map M and imple-
mented as PNN with p layers of shared weights.

general. The mapping (3) Z; — Z;; continues until the p-
th layer, where the last m variables are used for the output.
If the number of layers p = 1, the proposed architec-
ture is equivalent to regular polynomial regression (2) of
order k. If the order of the Taylor map k£ = 1, then the
proposed model is equivalent to linear regression. The pro-
posed architecture defines a high-order polynomial regres-
sion of order kP for other cases. Since the weights of M are
shared, the number of free parameters in the model equals

to (n + m) Zf:o Chtm—1+41,n+m—1, Where a combination
Cla+b,q defines the number of the monomials of degree b
with a + 1 variables. This model can result in extremely
high-order polynomials with significantly fewer free param-
eters than regular polynomial regression.

The architectures of polynomial transformations with
shared weights have been previously used in various re-
search topics but were not formulated for general-purpose
regression. For example, (Dragt, Gjaja, and Rangarajan
1991) used Taylor maps to factorize dynamics in Hamilto-
nian systems. (Ivanov and Agapov 2020) applied the same
concept for data-driven control of X-ray sources. (Chrysos
et al. 2020) described a similar computational graph with
polynomial shared layers for applications in computer vi-
sion. The current paper considers the algorithm (4) as a
general-purpose regression model for multi-target problems.

Model Hyperparameters

The proposed model has two fundamental hyperparameters:
the order k of the nonlinearities in the map (3) and the num-
ber p of iterations in (4). These parameters define the or-
der kP of the polynomials that represent the relationship be-
tween the input variables and targets.

We speculate that in addition to defining the order kP of
the polynomial, the number of steps p also serves as a reg-
ularization. More iterations in (4) result in larger derivatives
for the high-order terms in the loss. While we can claim
empirical evidence for this behavior, the theoretical prop-
erties should be examined in additional research. Moreover,
one can introduce classical regularization, such as L1, L2, or
dropout, and incorporate their respective hyperparameters.

Finally, the initial values (y1,0,...,Ym,0) in Zy can be
considered as free parameters. Instead of extending the in-
put vector X with zeros, it is possible to consider any other
values, resulting in a new set of m hyperparameters.
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Figure 2: Comparison of regular 41st order polynomial regression (left plot), regularized one (central plot), and proposed
regression of 125th order (right plots) for the fitting of noisy linear data. Each of the models has 41 weight coefficients.

Implementation Ypred = Y3 With 29 = x and yo = 0 incorporating the same

A naive implementation of the proposed regression model number of free parameters:

can be done in Python using a simple for loop. An example

of the second-order mapping (3) is presented in Listing 1. <$t+1> _ <w0> + <U/2 w3> <9€t>
More advanced implementation using Keras and Tensor- Y41 wy Wy  Ws Yt

Flow is provided in https://github.com/andiva/tmpnn. It in- 22

cludes a layer that implements a Taylor map (3) of arbitrary we Wy  Ws t

order of nonlinearities and the construction of the compu- wy wio wip) | Y T

tational graph (4). We use the Adamax optimizer (Kingma @
and Ba 2015) with default parameters based on our experi- x?
ments. The paper does not cover the choice of the optimal (’U}go W31 ... w35> x?yt
optimization method for the proposed model. w3g W37 ... W41
uP
Listing 1: Proposed regression for £ = 2 and p = 10 As expected, polynomial regression (6) of 41-st order
1 def predict (X, WO, Wl, W2, num_targets): leads to overfitting, resulting in a curve with many kinks at-
2 num = X.shape[0] # number of samples tempting to predict the noise. L2 regularization shrinks all
3 Y0 = np.zeros((num, num_targets)) coefficients c; to zero but still does not help with poor ex-
4 # extend X with zeros: trapolation (Fig. 2, left and central plots).
5 Z = np.hstack ((X, Y0)) The proposed model, instead of fitting one-dimensional
6 for _ in range(10): # p=I10 curve, attempts to fit a surface in the three-dimensional space
7 # 2nd kronecker power: . .
3 722 = (Z[:,:,None]+Z[:, None,:]) (24, Y, t). Starting with curve (x, O., 0), ’the’ model propa-
9 22 = 72.reshape (num, -1) gates it to the.(xg,ypre.d,i%). The visualization of th!s ap-
10 2 = WO + np.dot (Z, W1) + np.dot ( proach is provided in Fig. 3. The fitted model (7) without
72, W2) any extra regularization has coefficients w; ranging from -
11 # last num_targets values: 0.075 to 0.11. As a result, the final polynomial of 125-th or-
12 return Z[:, -num_targets:] der is smoother, providing a better extrapolation for a wider
region of unseen data (see Fig. 2, right plot).
Example

To demonstrate the main difference of (4) in comparison to

the regular polynomial regression (2), the linear model y =

X + € with a single variable x, a single target y, and random

noise € ~ U(—0.25,0.25) is utilized. .
For the regular polynomial regression (2), we use a poly-

nomial of 41-st order just for example

Ypred = Co +C1X+ ...+ cax*, (6)
and try using both non-regularized and L2-regularized mean
squared error (MSE). Fig. 2, central plot, reports a regular-
ization parameter set at 3. We explored the range from 0.001

to 1000 but observed no significant differences in poor pre- ) ) )
diction within out-of-distribution ranges. Figure 3: Surface fitted in the space (¢, y:,¢) with the pro-

For the proposed model (4), we use fifth order map (3) and posed high-order regression (4) for linear data.
three steps in (4). This results in 125-th order polynomial
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Interpretation and Approximation

In this section, we demonstrate that the TMPNN can be con-
sidered a numerical approximation of the general solution
for a system of ODEs that approximates problem (1). Note
that although the TMPNN is theoretically grounded with
ODEs, the model, as a PNN with shared weights, eliminates
the need for numerical solvers for ODEs during training.

Interpretation

The Taylor map (3) can be written in the form

Z; + At(pWo + p(W1 — I)Zy
+pWa ZP 4 2,

Zi =

®)

with A7 = 1/p and I for identity matrix. Comparing (8)
with the simplest Euler method for solving ODEs with a
right-hand side F":

d
2(r) = F(2(7)). o
Z(T+ A1) =Z(1) + ATF (Z(7)),

one can conclude that Taylor map (3) represents the differ-
ence equations for a discrete state Z; for the evolution of the
state vector Z(7) = (z1(7),.. ., 2n(7),y1(7), .-, Ym(7T))
in continuous time 7 € [0, 1] with time step A7 = 1/p:

(2]

X1 T T
LS =Ag+A [ |+ A [P 4+, (0
dr | v Y1 Y1 ’
Ym Ym Ym
where A, = pW, for ¢ # 1 and A; = p(W7 — I).

Furthermore, the proposed model (4) corresponds to the
boundary value problem for (10) with the initial conditions

21(0) = x1,22(0) = X2,...,2,(0) = Xp, (11
and the boundary conditions
nr=D=y1,...,yn(t=1) =yn. (12)

Otherwise stated, the regression model (4) with trainable
weights W, is equivalent to the boundary value problem (11)
and (12) for the system of ODEs (10) with trainable weights
A,. The particular solution Z(7) of the system (10) for the
initial conditions (11) at time 7 = t/p corresponds to the
discrete state Z; after the ¢-th step in the (4).

The connection between the proposed model (4) and
ODE:s highlights that both features and targets, as well as
all targets together, are coupled. It provides a natural way to
construct a multi-target regression without building multiple
single-output models. Moreover, since the trainable weights
W, correspond to A, in the system (10), this approach al-
lows us to reconstruct the system of ODEs that approxi-
mates the training dataset without the need to solve differen-
tial equations numerically. Only the weights in (4) are tuned
with the data during training.
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Approximation Capabilities

Technical assumptions: The feature space X C R" forms a
compact Hausdorff space (separable metric space). The fea-
ture distribution Px is a Borel probability measure.
Besicovitch assumption: The regression functionn : X —
R™ satisfies lim,_,+oE [Y|X € Bx ] = n(x) for x almost
everywhere w.r.t. Px, with By ;. standing for a ball with ra-
dius r around x.

Lemma: For any function n € £, (Lebesgue spaces) and
tolerance Ve > 0 a continuously differentiable function f €
C! exists such that anorm in £,, ||n(x) — f(x)||, <  under
technical assumptions. See prof in (Folland 2007).
Theorem: Under the given assumptions and lemma, for any
Sfunction n € L, and tolerance Ve > 0 parameters k and p
in the model (4) exist such that ||y(p) — f(x)||p, <

Proof. To prove this theorem, without loss of generality, we
consider the example of a scalar function y = n(x) of one
variable. Let’s first approximate it with a given tolerance /2
with continuously differentiable function f(x). By introduc-
ing two variables x(7) and y(7), one can derive a system of
ODE:s that implements mapping y(0) = 0 — y(1) = f(x).
For this one can suppose y = £(7, x) f (x) with conditions
£(0,2) =0,¢(1, a:) = 1, and write the differential of &:

9, 87 x = (fdy —yo—

Using this relation, one can write a system

—=dr +

1) % = % )+ 6(a,,7),
OF | a0 (42
(v + @) 52 ) = O,

where O(z, y, 7) is chosen arbitrary. Equations (13) can then
be written in the form of ODEs by choosing O(z,y,7) =

v(z,y,T) (f( )y8x+f2( ) ):
dx

% = Vf(l'),
dy o€ oc  ofw) Y
el (z) +vf3(z ) 5 VY o

which together with the initial conditions z(0) = x,y(0) =
0 leads to the desired solution y(1) = f(x).

The system (14) represents one of many possible ODEs
that the model (4) implicitly learns in its discrete step-by-
step representation. Moreover, in the case of v = 0,£ = 7,
the system (14) corresponds to the regular polynomial re-
gression (2). Indeed, in this case £ = 0 and di’ = f(=).
If the function f(x) is a polynomial of k-th order, the Tay-
lor map y:+1 = y: + f(x(0))/p with the initial condition
z(0) = x, yo = y(0) = 0 exactly produces regular poly-
nomial regression y = y, = f(x). For the non-polynomial
functions f(x), the systems (14) still corresponds to the out-
puty = y(1) = f(x), but the Taylor mapping (4) approxi-
mates this solution under technical assumptions with an ar-
bitrary accuracy ¢/2 depending on the order & and the num-
ber of steps p due to the Stone-Weierstrass theorem (Weier-
strass 1885; Stone 1948). Thus, the Taylor mapping also ap-
proximates a given regression function 7 with € accuracy.
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Figure 4: The effect of different sampling conditions on model performance for the Friedman-1 dataset.

Remark. The exact forms of v and £ are chosen for the sim-
plicity of the proof. In the general case (14), they are arbi-
trary, providing more freedom for the optimization process.
The resulting convergence and accuracy of (4) with respect
to parameters k and p can be theoretically estimated (Andri-
anov 2012; Iben and Wagner 2021).

Increasing the Order of Polynomial Regression

One can increase order k or add steps p in (4) to gen-
erate a higher order polynomial regression. Rising the or-
der increases the complexity of the model while increasing
steps preserves the same number of trainable parameters but
makes TMPNN deeper, which can affect optimization per-
formance without proper weights initialization.

Previous section provides an approach for the weights ini-
tialization. Given the model (4) with parameters k, p, and
trained weights W;, one can write the system (10) and gen-
erate a new model (4) by integrating (10) with the increased
number of steps p > p. This results in the new weights

W, =pWy/p, q#1,
Wy =pWi/p+ (P —p)I/p

for the TMPNN with more steps and, as a result, higher
polynomial of order k. This approach transforms the lower-
order model k, p to a higher-order k, p, providing a proper
weight initialization.

15)

TMPNN + -
MLP 4 —ae—
DNNR - =
CatBoost - R—
LGBM s Noise Level
XGBoost = e gggcl)
[ ] .
Random Forest - = 0.010
KNN ==
0.4 0.6 0.8 1.0
Accuracy

Figure 5: Accuracy shows the percentage of solutions with
R2 > 0.999 on the Feynman Regression dataset under three
noise levels. The bars denote 95% confidence intervals.

Experiments

The experiments setup and hyperparameters for the consid-
ered models can be found in supplementary code.

Interpolation

Feynman Benchmark Feynman Symbolic Regression
Database consists of 120 datasets sampled from physics
equations (Udrescu and Tegmark 2020). These equations are
continuous differentiable functions. We increased the diffi-
culty of the datasets by adding Gaussian noise with three
standard deviations (0, 0.001, 0.01). The evaluation was ex-
ecuted with ten different random splits (75% for training,
25% for testing and metric reporting).

We define the accuracy as the percentage of datasets
solved with the coefficient of determination R2 > 0.999 and
report it in Fig. 5. The accuracy of the classical and state-
of-the-art models was taken from (Nader, Sixt, and Land-
graf 2022), where optimal hyperparameters search was per-
formed for the same datasets. We do not use optimal hy-
perparameter search for the proposed model and suppose
k = 3,p = 5 as default. The proposed model is the best-
performing one with the smallest confidence intervals inde-
pendently of the noise level.

UCI datasets For the 32 UCI regression datasets with
less than 50 features', we compare TMPNN (k = 2,p =
7), CatBoost, and DNNR with default parameters. For the
evaluation of each model, we consider only datasets with
R2 > 0.5. CatBoost and TMPNN provide the same average
R2 = 0.88 &+ 0.14 on 26 datasets. DNNR results in average
R2 = 0.87 4+ 0.12 but fits only 18 datasets.

Effect of Noise, Number of Samples and Features

This section investigates how the noise, the number of sam-
ples, and presence of unimportant features affect the model’s
performance. Since such an analysis requires a controlled
environment, we used the classical Friedman-1 dataset that
allows varying sampling conditions. Friedman-1 dataset is
generated for five uniformly distributed in [0, 1] features.
The noise is sampled from a standard normal distribution.
Additional unimportant features are added by sampling from
the continuous uniform distribution U (0, 1).

"https://github.com/treforevans/uci_datasets to access datasets
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Sarcos CO?Emission  California Airfoil Concrete NOxEmission Pendulum

CatBoost 1.71+0.06 1.02+0.13 0.194+0.01 1.34+0.30 15.34+7.66 14.73+1.12  4.554+2.58
DNNR 0.80+0.05 1.284+0.13 0.24+0.02 4.56+0.86 35.98+9.01 18.39+1.78 2.83+1.64
TabNet 1.56+0.25 1.1240.21 0.39+0.03  1.36+0.39 18.50+6.27 11.17+1.25  2.40+1.10
XGBoost  2.1240.06 1.1440.14 0.21+0.01 1.62+0.33 16.90+7.92 16.21+0.89 5.09+2.68
MLP 1.17+0.12 1.084+0.21 0.30+0.02 6.18%+1.57 22.7247.57 14.78+1.57 1.80+0.98
KNN 2.47+0.09 1.10+0.18 0.40+0.01 8.26%+1.06 70.73+13.63 18.54+1.10  4.03£2.03
TMPNN  1.4040.05 1.2740.26 0.38+0.01 3.15+1.06 26.46+4.47 17.30+£4.90  2.454+1.10

Table 1: The MSE on various UCI datasets averaged over random 10-fold cross-validation. The standard deviations are given
after the &+ signs. TMPNN provides moderate results if the assumptions on data are violated.

Besides TMPNN, we also evaluated CatBoost, DNNR,
MLP, and Random Forest. We use the same train-test split-
ting as for the Feynman benchmark. The hyperparameters
for each method are fitted on the default dataset (10,000
samples, five features, without noise) and are fixed for the
remaining analysis. Fig. 4 reports the effect of each condi-
tion. TMPNN performs the best for the low number of added
unimportant features but is beaten by CatBoost slightly for
higher numbers. TMPNN is the only model that demon-
strates error reduction when adding a small number of unim-
portant features. This behavior refers to the extra latent di-
mensions and is discussed briefly in conclusion. For the
noise level, CatBoost, DNNR, and TMPNN perform sim-
ilarly. For the number of samples, TMPNN is the best
model outperforming even DNNR, which is based on near-
est neighbors.

Ablation Study

In this section, we discuss TMPNN performance under var-
ious design alternatives, such as initialization of weights,
number of layers p, nonlinear orders k, as well as presence
of categorical features. We base this analysis on the spe-
cific set of UCI datasets, Airfoil dataset and 10,000 samples
from Friedman-1 dataset (Friedman 1991). We use ten ran-
dom splits similar to Feynman benchmarking for each of the
settings.

Table 1 demonstrates the performance of the proposed
model (TMPNN) for several UCI and Sarcos open ac-
cess datasets. For evaluation, we used several state-of-the-
art and classical models. CatBoost is the best-performing
method. TMPNN demonstrates comparable results against
other models serving as the second and third-best model for
the Pendulum and Sarcos datasets. Since these datasets con-
tain categorical features and, moreover, some of them violate
the assumption that the datasets are defined by a physical
system, TMPNN demonstrates just average results.

Table 2 reports performance of the TMPNN under vari-
ous model design alternatives. Initializations differed from
identity mapping (3) lead to worse results for both datasets.
Increasing the number of layers starting at p = 5 results in a
decrease in performance. We suppose that number of layers
affects the optimizer resulting in convergence issues because
we did not use relation (15) for weights initialization.

12731

&, p) Airfoil Friedman-1

2,5) 0.87+£0.01  0.99 4+ 0.00

W,=20 3,5 0.92+0.01 0.9940.00

E (3,100 0.89+0.05 0.99+£0.00

Wy=1 (3,200 0.87+0.11  0.99+0.00

4,5) 0.80£0.12  0.9940.00

2,5) 0.66 £0.02  0.99 4+0.00

W, = 3,5 —1.07£2.44 0.9940.00
4,5 —3.86+4.29 -

Wi = ¢, 2,5) 0.86 £0.02  0.994+0.00

E @3,5) 091 +0.1 0.99 £ 0.00
Wi=I+e¢ (4,5) 0.74 +0.24 -

Table 2: R2 score for variations of TMPNN. Sign - stands
for the failure to converge. Noise ¢; C A/(0,0.0001).

Extrapolation

UCI Yacht Hydrodynamics dataset The UCI Yacht Hy-
drodynamics dataset consists of 308 experiments connecting
six features (Icg, cp, I/d, b/d, 1/b, fn) with a target (1r) (Ger-
ritsma et al. 2013). We compare the extrapolation ability of
models using cross-validation for hyperparameters choice.

We use several train-test splits for extrapolation when
samples exceeding 75% quantile by each feature and target
are chosen for test sets. Table 3 presents R2 scores. The first
row refers to the rule for test dataset generation and its size
in percentage. CatBoost, DNNR and MLP are unsuitable for
out-of-distribution prediction depending on feature fn and
target rr. In these cases, the test set contains completely dif-
ferent values for the target. Regular polynomial regression
and TabNet perform better but are still unstable. TMPNN
provides the best scores.

cp>0.5 b/d>4.1 m>04 1r>12

(22%) (22%) 21%) (25%)

MLP 0.94 0.88 -0.53 -0.49
CatBoost 0.98 0.97 -3.27 -2.40
DNNR 0.99 0.99 -0.46 -0.56
Polyn. Regr. 0.63 -0.61 0.89 0.83
TabNet 0.99 0.99 0.71 -0.01
TMPNN 0.99 0.99 0.92 0.90

Table 3: R2 scores on various extrapolation tests for different
models on UCI Yacht Hydrodynamics dataset.
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MAPE, % size,

train  public test private test MB

DNNR 1.04 18.67 19.62 296
CatBoost 1.52 9.97 10.09 2.8
TabNet 0.85 5.36 5.34 1.7
Ridge + SVR  1.32 1.72 1.72 20.5
TMPNN 0.39 1.02 1.05 0.2

Table 4: Various models submitted to Sibur2023 Challenge.
MAPE is provided for public train and hidden test datasets.
Last column stands for the serialized model size.

Gas Processing Dataset

The proposed model won the first prize in the Sibur2023
Online Challenge? hosted by SIBUR company, a leading
emerging markets petrochemical group. The task aimed to
predict the volumes of two products based on raw material
type and production process parameters. The key require-
ment was out-of-distribution prediction which challenges
the design of experiments in data-scarce scenarios.

The training dataset consists of 153,417 samples with 25
features and two targets. The test dataset, undisclosed by the
organizers, contains 480,656 samples with feature values not
presented in the public training dataset. CatBoost regressor,
the baseline model, achieves a MAPE of 1.5% for train and
10% for test datasets caused by out-of-distribution samples.

Table 4 presents the performance of several submitted so-
lutions. For the TMPNN, we used £k = 2,p = 5 with all
features and without feature engineering, selection, and reg-
ularization. linstead of using zeros in the extended vector
Zg, we process y1(0),y2(0) as hyperparameters.

TMPNN achieved outstanding performance by fitting a
32nd-order polynomial over 25 features. The model pre-
vented overfitting without the need for additional regular-
ization. This practical example highlights the specific ap-
plicability of the presented approach for control systems in
manufacturing, especially considering small model size in
comparison to state-of-the art models.

Further Development

Theoretical results from fields of PNNs and ODEs can be
utilized to estimate the error of the proposed model and
explore the convergence of the training w.r.t. number of
epochs, hyperparameters, and presence of noise in the data.

The extrapolation ability of the proposed model can be
explored by drawing upon the theory of ODEs. As the model
implicitly learns the general solution of a system of ODEs,
the out-of-distribution inference can be viewed as new initial
conditions for already learned general solution.

Due to the Picard-Lindelof theorem for ODEs, the pro-
posed model can be utilized for classification problems con-
straining the trajectories Z; to converge to the target states
Z. € R™™ for each class c. While the applicability of
PNN:ss for classification has been discussed in (Chrysos et al.
2021), it should be extended to the proposed model.

*https://platform.aitoday.ru/event/9
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Regarding feature engineering, there are two possibilities
for improving the model. Firstly, instead of initializing the
state Zg € R™™ in (4) with the last m zeros, one can
use learnable parameters, custom functions, or predictions
from other models. Secondly, one can extend the state vec-
tor Zo by appending [ latent units resulting in Zg — Zg €
R"™+™+! This increases the expressivity of the model and
has been successfully applied in regression tasks (Chen et al.
2018; Green and Rindler 2019).

While TMPNN provides a way to build a polynomial re-
gression of order kP, the approach (15) allows increasing the
order of polynomial even more. The iterative weights initial-
ization helps to increase the number of layers p, resulting in
a higher polynomial if necessary.

The possible limitations of the TMPNN need to be consid-
ered in more detail. These include the influence on data nor-
malization, presence of categorical and ordinal features, and
the differentiability of the functional relationship between
targets and features. Investigating these aspects is crucial for
effectively applying the model to diverse datasets.

Conclusion

As mentioned above, certain theoretical aspects regarding
the proposed model are not addressed within the paper. The
main goal of the current work is to present a novel ap-
proach for constructing extremely high-order polynomials
to solve regression problems and empirically demonstrate
its validity. There are two main contributions in the paper.
Firstly, we introduced a high-order polynomial model de-
signed to accommodate multi-target regression. The key for
understanding of TMPNN is replacing regular ’curve fit-
ting’ x — y with ’surface fitting’ in the artificial timeline
(z,y,t) : (x,0,0) = (2p,y,p). Secondly, we presented the
interpretation and approximation capabilities of the model
by establishing its connection with ODEs.

The assumption that the higher-order monomials of the
learned polynomial are in some form related to the lower or-
der ones is grounded in the well-studied numerical analysis
of step-by-step integration solvers. If there is an evidence
that the dataset is generated by a dynamical system, the pro-
posed model is the primary choice. Otherwise, it is just an-
other model to test among other ML models.

From a theoretical standpoint, the differential viewpoint
of the polynomial makes sense when p approaches infin-
ity, corresponding to the infinitesimal step of 1/p. On the
other hand, similar to numerical solvers, TMPNN practically
treats p as a finite hyperparameter. As shown in the experi-
ments, TMPNN can effectively learn imperfections caused
by its finite iterative scheme even with relatively low values
of p. In our experiments, up to ten steps were used.

With the example of 155 datasets and different sampling
conditions such as noise level, number of samples, and pres-
ence of unimportant features, we demonstrated that the pro-
posed model is well-suited for regression tasks and outper-
forms state-of-the-art methods on specific problems. More-
over, connection of the TMPNN with ODEs makes it natu-
rally applicable to various domains such as physical, chem-
ical, or biological systems. At the same time, TMPNN does
not require numerical solvers for ODEs during training.
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