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Abstract

The utilization of wavelet-based techniques in graph neural
networks (GNNs) has gained considerable attention, partic-
ularly in the context of node classification. Although exist-
ing wavelet-based approaches have shown promise, they are
constrained by their reliance on pre-defined wavelet filters,
rendering them incapable of effectively adapting to signals
that reside on graphs based on tasks at hand. Recent research
endeavors address this issue through the introduction of a
wavelet lifting transform. However, this technique necessi-
tates the use of bipartite graphs, causing a transformation of
the original graph structure into a bipartite configuration. This
alteration of graph topology results in the generation of unde-
sirable wavelet filters, thereby undermining the effectiveness
of the method. In response to these challenges, we propose a
novel simple and effective adaptive graph wavelet neural net-
work (SEA-GWNN) class that employs the lifting scheme on
arbitrary graph structures while upholding the original graph
topology by leveraging multi-hop computation trees. A note-
worthy aspect of the approach is the focus on local substruc-
tures represented as acyclic trees, wherein the lifting strat-
egy is applied in a localized manner. This locally defined
lifting scheme effectively combines high-pass and low-pass
frequency information to enhance node representations. Fur-
thermore, to reduce computing costs, we propose to decouple
the higher-order lifting operators and induce them from the
lower-order structures. Finally, we benchmark our model on
several real-world datasets spanning four distinct categories,
including citation networks, webpages, the film industry, and
large-scale graphs and the experimental results showcase the
efficacy of the proposed SEA-GWNN.

Introduction
Graphs exhibit versatility and complexity by adeptly repre-
senting intricate data structures of various forms, such as
molecular compositions, e-commerce dynamics, and schol-
arly citations, complete with their inherent entities and con-
nections. Recently, there has been a significant focus on
wavelet-based techniques for comprehending graph struc-
tures, catering to tasks like node classification and graph
categorization, as evidenced by research works such as
(Xu et al. 2018a, 2022; Zheng et al. 2021; Li et al. 2020;
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Figure 1: Overview of (a) existing vanilla lifting-based adap-
tive wavelet approaches vs (b) proposed adaptive wavelet
approach, SEA-GWNN. The high and low-frequency fea-
ture is represented with Yellow and Red nodes, respectively,
and the fusion of different frequencies is indicated by the
color gradient node. Existing approaches lead to undesir-
able wavelet filters due to the alteration of the original graph
structure in the split stage. In contrast, SEA-GWNN with
our proposed tree lifting transform retains the local connec-
tivity of the original graph through multi-hop computational
trees, thereby being able to produce desirable wavelet filters.

Zheng et al. 2023). Specifically, for node classification, these
graphs can be divided into two distinct classes: homophilic
and heterophilic. Homophilic graphs embody the assump-
tion that nodes share resemblances in attributes and labels
with their neighboring nodes, as observed in instances like
citation and coauthor networks. Conversely, the real-world
scenario also comprises heterophilic graphs, wherein nodes
are linked across differing classes featuring disparate at-
tributes, as seen in contexts like dating platforms and molec-
ular networks. Existing wavelet-based approaches (Xu et al.
2018a; Li et al. 2020; Xu et al. 2022; Zheng et al. 2021)
utilized a fixed set of wavelet filters while exploiting the ho-
mophilic assumption, where nodes are considered to share
the same class label as their neighbors. However, due to this
inherent assumption of homophily incorporated in the filter
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design, these wavelet-based networks fail to generalize well
in the heterophilic setup. Moreover, these approaches pri-
marily designed filters only considering the graph structure,
neglecting the signal residing over the graph. Hence, this
limits their flexibility to adopt both the homophilic and het-
erophilic graphs based on the signal residing over the graph.

To overcome these limitations, Xu et. al. (Xu et al. 2022)
proposed to learn the wavelet filters using both the graph
structure and node attributes with neural parameterized lift-
ing scheme (Sweldens and Schroder 1997; Daubechies and
Sweldens 1998; Sweldens 1998), The vanilla lifting scheme
required a graph to be split into two independent compo-
nents (e.g. bipartite graph). This requirement of bipartility
modifies the original graph structure to learn the wavelet
filters, hence leading to an undesirable wavelet basis (Fig-
ure 1(a)). Therefore, to prevent this structural information
loss caused by the alteration of the original graph, Xu et. al.
(Xu et al. 2022) proposed the diffusion-based lifting scheme,
where prior to the lifting scheme they implemented a diffu-
sion kernel to retain the neighborhood information. In this
paper, we identify the following drawbacks of this lifting-
based adaptive wavelet approach (Xu et al. 2022). (1) Xu et.
al.’s (Xu et al. 2022) initial diffusion-based lifting scheme
is only appropriate for the homophilic cases since diffu-
sion wavelet can aggregate unnecessary neighborhood in-
formation for the heterophilic graphs, where neighbors con-
tain different labels. (2) Moreover, after using the diffusion
filter, the implementation of the traditional lifting scheme
also tempers the input graph topology due to the random
split, thus producing undesirable class of wavelet filters.
(3) Furthermore, similar to previous wavelet based meth-
ods (Xu et al. 2018a; Zheng et al. 2021; Li et al. 2020),
Xu et. al. (Xu et al. 2022)’s approach also needed prepro-
cessing steps, which hindered their applicability for numer-
ous real-world tasks. In this paper, we attempt to solve these
aforementioned problems. To address these issues, in con-
trast with the diffusion-based lifting scheme (Xu et al. 2022),
we proposed tree-based lifting scheme incorporated within
our Simple and Effective Adaptive Graph Wavelet Neural
Network (SEA-GWNN). This tree-based lifting scheme first
constructs the multiscale tree based on the multi-hoop graph
adjacency matrix. Specifically, for each tree, we consid-
ered the diagonal entry of the adjacency matrix as the root
node and the off-diagonal elements as the leaf nodes. Subse-
quently, we apply the lifting scheme locally on each of these
trees. As these trees are derived from the graph adjacency
matrix, which reassembles the local connectivity, they fully
retain the overall structure of the graph, preventing the loss
of structural information, hence, leading to desirable wavelet
filters (Figure 1(b)). Moreover, since trees are an acyclic
graph, they guarantee the essential bipartite condition re-
quired for the lifting scheme. In addition, during vanilla lift-
ing transform, whereas the high and low-frequency informa-
tion is separated through different subsets (Figure 1(a)), we
combine this information residing over each tree with the
fusion operation that further improves the feature represen-
tation of each node (Figure 1(b)). Furthermore, to reduce
the computational cost, we propose to decouple the higher-
order lifting operators and induce them from the lower-order

lifting structures with our detachment strategy. Finally, com-
pared to the recently proposed GA-GWNN (Deb, Rahman,
and Rahman 2023), we have the following advantages: mul-
tiscale neighborhood information, no need for inverse lifting
transform, and improved time complexity. In a nutshell, our
contributions are below:

• We introduce a novel lifting-based framework for graph
wavelet networks. Our algorithm preserves the original
graph topology while concentrating on the surrounding
structure from multiple scales as multi-hop computation
trees with the bipartite constituent.

• In contrast to the existing lifting transform, where the low
and high-frequency information is separated in different
subsets, our fusion operation further combines this in-
formation to improve the representation of each node.
Moreover, we further reduce the computational cost of
the network with our proposed detachment strategy of
the higher-order lifting operators.

• We evaluated our model on various real-world datasets.
The empirical results indicate that our SEA-GWNN no-
tably outperforms existing graph wavelet networks, thus
demonstrating the effectiveness of our method.

Method
Lifting-based Adaptive Wavelet transform: Typically, the
lifting transform (Sweldens 1998) consists of three funda-
mental steps (Sweldens and Schroder 1997; Claypoole et al.
2003; Rodriguez et al. 2020): split (lazy wavelet transform),
predict, and update. (1) Split: The main purpose of this stage
is to divide the graph into two independent components or
bipartite constitute, namely even (E) and odd (O) sets, by de-
composing the graph signal as: (ϕ): x(k) = ψ(n) + ϕ(m),
where ψ(n) = x(2k+ 1) ∈ O represents the signal delayed
down-sampled signal while ϕ(m) = x(2k) ∈ E denotes
the sampled signal. For digital signals (1D graphs), which
are inherently bipartite, the aforementioned splitting process
preserves their structure. However, when dealing with ar-
bitrary graph structures that lack bipartite properties, this
naive splitting approach results in the loss of structural in-
formation. To address this issue, Xu et. al. (Xu et al. 2022)
introduced a diffusion-based lifting scheme, where prior to
the split stage, they applied a diffusion or smoothing ker-
nel over the input graph, which helped to retain the initial
neighborhood information. (2) Predict: This stage is equiv-
alent of performing a high pass filtering with the input sig-
nal x for wavelet coefficients on the odd set, defined as:
xo[i] = x[i] − P(x)[i] where xo[i] is the detail coefficient
for the odd node vi, P(x) is the linear combination of xwith
the prediction weight Pij as P(x)[i] =

∑
j∼Nvi

Pijx[j],
where Nvi

is the neighbors of vi. (3) Update: A low fre-
quency information of the signal x is obtained by updat-
ing the even coefficients xe with detail coefficient, xo, as
xe[j] = x[j]+U(xo)[j] where xe is the approximation coef-
ficients, U(xo) is the linear combination of xo as U(xo)[i] =∑

j∼Nvi
Uijxo[j] and Uij is the update weight. Thus this

produces a 2-channel forward lifting filter bank, F = U ||P ,
where || is the channel-wise concatenation operation.
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Figure 2: A depiction of the SEA-GWNN at the ℓ-th layer. The nodes with high and low-frequency information are denoted
by red and yellow balls, respectively. The color gradient balls represent the combination of both low and high-frequency
information, L is the total layer number. Symbols above the arrows denote specific operations as detailed in the paper.
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Figure 3: A depiction of our tree lifting scheme for tree τi,
where k = 1 and each color represents frequency.

Problem Formulation: Considering X ∈ RN×d as the in-
put feature matrix, the output of existing lifting-based adap-
tive graph wavelet networks is as follows:

Y = Softmax(Ω−1(ĝΩ(G,X))) ∈ RN×C (1)
Here, Y denotes the output class labels, C denotes the length
of the entire class set, ĝ is the soft thresholding operation,
Ω(·) is the forward lifting transform, and Ω−1(·) is the
inverse lifting transform that take the filtered wavelet sig-
nal back to the original domain. During the split stage, the
vanilla lifting transform takes the entire graph as input and
splits it into two independent components, which leads to
the disruption of the original graph structure. In the subse-
quent section, we address this issue with our novel multi-hop
computational tree-based lifting transform.

Proposed Tree Lifting Scheme
The aim of our tree lifting scheme, Ω(·), is to construct a two
channel filter bank (a low and high pass filter) that decom-
poses the overall graph signal into high and low-frequency
components. (i) Split: To address the structural informa-
tional loss at the split stage, in contrast to the naive split

mechanism (Xu et al. 2022), we introduce a tree-based split
mechanism. Consider a graph, G, with a vertex set V and an
edge set E, additionally equipped with a set of self-looped
graph adjacency matrix as {Ak ∈ RN×N}Kk=1 where the
hop set K = {1, 2, . . . ,K}, each element of this hop set de-
notes a specific hop size. For a computational tree τki , where
subscript i denotes the root node vi and the superscript k
represents the hop size, we consider the diagonal entry of
the i-th row Ak

ii as the root node and the off-diagonal entries
of the i-th row Ak

ij where i ̸= j as the leaf nodes. Conse-
quently, this process dissects a graph into a set of multihop
computational trees as τ = {τki |k ∈ K, i ∈ V}. Impor-
tantly, this collection of the computational trees preserves
the local connectivity or structure of the graph through the
utilization of the graph adjacency matrix. Regarding the dis-
joint even and odd sets for the computational tree τki , we
designate the leaf nodes to the odd set while assigning the
root node to the even set. Since trees guarantees bipartite
property, this partitioning or assignment of even-odd subsets
preserve the overall structure. Following this assignment,
we implement the lifting scheme (predict and update opera-
tion) on each tree τki to learn the lifting-based wavelet filters
based on the graph attribute. Thus, in contrast to the existing
lifting scheme (Xu et al. 2022; Sweldens and Schroder 1997;
Sweldens 1998), our proposed tree-based lifting scheme is a
locally defined lifting scheme. Since the computational trees
are taken as an input to our proposed tree lifting scheme, thus
modifying the Eqn 1 as:

Y = Softmax(Ω(τ,H)); H = fθ(X) (2)
where Ω(·) is the lifting scheme with learned wavelet trans-
form, where it learns to improve the lazy wavelet trans-
form based on both the node attribute and graph structure,
H ∈ RN×d is the transformed feature matrix through a
learnable network fθ(·). Note that, unlike Eqn 1, we decou-
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ple the feature transformation in Eqn 2 similar to APPNP
(Gasteiger, Bojchevski, and Günnemann 2018). Moreover,
in contrast to the vanilla lifting based network in Eqn 1, our
formulation in Eqn 2 directly utilizes wavelet domain infor-
mation without incorporating any inverse lifting transform.
These modifications minimize the extra computational cost.
(ii) Update: For the computational tree τki , the approxima-
tion (smooth) coefficients are derived utilizing the feature
vectors of the leaf nodes, where it attempts to predict the
representation of the root node, as illustrated in Figure 3.
The update stage is carried out as follows:

he,τk
i
[i] = Hi: +

∑
j∼Ni

Uk
ijHj: (3)

where he,τk
i
[i] ∈ Rd represents the low-pass information

related to the root node vi at tree τki , Uk ∈ RN×N is the k-
th hop update operator, similar to attention based adjacency
matrix, that is learned through the network (discussed in the
Sec. Structure Aware Lifting Operators). (iii) Predict: The
predict stage aims to extract the high-frequency feature as-
sociated with root node by eliminating the local correlation
present in the signal. To do so, consider a tree τki , the root
node vi from the even set is aimed to predict its leaf nodes
from the odd set as shown in Figure 3. Thus, whenever the is
a high local correlation between the root and its neighbor in
a tree, this rises to a small residual information (small detail
coefficient). We define the prediction stage as:

ho,τk
i
[i, j] = Hj: −Pk

ijhe,τk
i
[i] (4)

where each ho,τk
i
[i, j] ∈ Rd represents the high-pass sig-

nal related to root node vi concerning the neighbor node
vj at tree τki , Pk ∈ RN×N is the k-th hop predict op-
erator (discussed in Sec. Structure Aware Lifting Opera-
tors). In the aforementioned tree-lifting scheme, similar to
the vanilla lifting scheme (Xu et al. 2022; Sweldens 1998;
Sweldens and Schroder 1997), for each tree τki the low and
high-frequency nodes are separated through even and odd
subsets, respectively. Although, this approximation and de-
tail components acquired through the predict and update op-
erations are different, they are in complementary aspects.
Hence, we aggregate these information together to obtain
the overall representation with the help of a fusion opera-
tion. More specifically, after performing the lifting scheme
locally at tree τki , where the root node vi captures the low-
frequency information of the surroundings and the high-
frequency information is captured by the leaf nodes, we fuse
these decomposed signals associated with the tree τki as fol-
lows: zk[i] = α

∑
j∈Ni

Ãk
ijho,τk

i
[i, j] + (1 − α)he,τk

i
[i].

With the help of Eqn. 3 & 4, we write this with respect to
the input feature vector as: zk[i] = α(

∑
j∈Ni

Ãk
ijHj:) +

(
∑

j∈Ni
Uk

ijHj:+Hi:)(1−α−αβk
∑

j∈Ni
ÃijPij), when

k > 1, βk is the learnable scalar for the k-th hop, otherwise
βk is set to 1. This form is expressed into a single matrix
expression for all the k hoop computational trees as:

Zk = α · ÃkH+ ŨkH⊛ ξk (5)

Here, Zk ∈ RN×d is the learned feature matrix for all the
k hop trees, Ãk is the k-th hop normalize adjacency matrix

Algorithm 1: SEA-GWNN model training.
Input: Graph (G) adjacency matrix A, node feature

matrix X ∈ RN×d, set of ground truth Y ,
max layer L

Output: Predicted class label: Y.
1 Initialize model parameters
2 H0, H̃0 ← X;
3 U ← ATTgat(G,X) ; /* See Eqn 6 */

4 P ← 1
2U

5 Ũ ← U + ID
6 for hop size, k ← 1 . . .K do
7 Hk ← AHk−1

8 H̃k ← ŨH̃k−1

9 ξk ← (1− α)E − αβkET (P ⊙ Ã)
10 Zk ← αHk + H̃k ⊛ ξk ; /* See Eqn 5 */
11 Z += γkZk

12 end
13 Y ← Softmax(Z)
14 L = Loss(Y,Y)
15 Backpropagation and update parameters

without the self-loop, the hyperparameter α ∈ [0, 1] is re-
ferred as the balancing factor since it controls the frequency
spectrum of the wavelet filter, ID is the identity operator,
ξk = (1 − α)E − αβkE

T (P ⊙ Ã) ∈ RN , where E is
the all one vector of size N , ⊙ is the hadamard product,
and Ũ = U + ID , and (H ⊛ ξk)i: = ξki · Hi:, intu-
itively, this only modulates the feature vector of the node
vi, Hi,:, with a scalar ξki . Finally, the overall representa-
tion Z =

∑
k∈K γkZk incorporates the extracted multiscale

feature information with learnable parameter γk ∈ R. An
overview of the SEA-GWNN is given in Algorithm 1.

Structure Aware Lifting Operators
In this part, first, we will discuss the construction of the
first hop lifting operators (predict and update operator), then
we will generalize this for the higher-order lifting operators.
The first hop prediction and update operators (first hop lift-
ing operators), P and U , are learned with a structure-aware
attention mechanism. While previous studies employed pre-
defined lifting operators (Narang and Ortega 2009) or al-
tered graph’s topology (i.e., removal of edges) (Xu et al.
2022) to acquire these operators, we learn them with the
original graph topology that captures pairwise node relation-
ships. Additionally, in contrast to the linear lifting operators
presented in (Xu et al. 2022), we employed data-dependent
non-linear lifting operators. Specifically, motivated by the
success of Graph Attention Convolutional Network (GAT)
(Veličković et al. 2018), our attention mechanism is simi-
larly defined as:

Wij = ATTgat(G, hi, hj) = σ(bs[h[i]||h[j]]) (6)

Here, bs ∈ R2d is the trainable parameters shared across all
nodes, || denotes the channel-wise concatenation operation
and σ is the nonlinear activation LeakyRelu. The trainable
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matrix W captures the relationships between nodes pair,
and this information is injected in the calculation of predict,
and update operators as: U = W, P = 1

2W to ensure
at least the first order vanishing moment (Xu et al. 2022).
These lifting operators are then concatenated channel-wise
as: F = P∥U , where F ∈ RN×N×2, that induce a two-
channel forward lifting filter bank. Finally, in the case of
Eqn 5, instead of learning each higher-order update operator
Uk (k > 1) separately, we induce this from the lower order
structure U , with matrix multiplication operation similar to
the calculation of Ãk, hence significantly reduces the com-
putational cost. Furthermore, there is no need to precom-
pute Uk that requires extra storage, since we calculate UkH
with right-to-left multiplication as U(U(. . . (UH)) (see Al-
gorithm 1).

Experiment
Dataset Description: We use three common homophilic
citation graphs Cora, Citeseer, and PubMed (Sen et al.
2008) and five heterophilic datasets namely Cornell, Wis-
consin (Pei et al. 2019), Film (Tang et al. 2009), Chameleon
and Squirrel. Moreover, we utilize four large-scale graphs
namely Penn94 (Traud, Mucha, and Porter 2012) Genius,
and Ogbn-Arxiv (Hu et al. 2020).
Parameter Setup: Similar to (Pei et al. 2019), the nodes in
each class were randomly split into three groups for train-
ing, validation, and testing in a ratio of 48%, 32%, 20%.
The performance of all models was evaluated on the test
sets over 10 random splits proposed by (Pei et al. 2019).
The hyperparameters for the baseline methods were set as
previously specified by the respective papers. For our al-
gorithm, all the hyperparameters were determined through
grid search. Specifically, weight decay factors were explored
in the range of [0.01, 0.000005], while dropout probabilities
were selected from [0, 0.9] with a step of 0.1. The hyperpa-
rameters were fine-tuned by monitoring their performance
on the validation sets. Training continued for a maximum of
1000 epochs, with the help of an early stopping set at 150
epochs. The model parameters that show the best result on
the validation set were chosen for evaluation on the test set.
The mean test accuracy, along with the standard deviation,
was computed from 10 distinct runs.

Overall Result
Full supervised Node Classification: The results in Table 1
clearly indicate that GCN (Kipf and Welling 2017) outper-
forms the DEEPWALK (Perozzi, Al-Rfou, and Skiena 2014)
algorithm in every dataset. This performance gain signifies
the importance of utilizing both graph topology and node at-
tributes in the case of GCN, while DeepWalk solely focuses
on graph structure through random walks. GAT (Veličković
et al. 2018) further enhances the GCN (Kipf and Welling
2017) by incorporating the attention mechanism for mes-
sage propagation. On the contrary, GWNN (Xu et al. 2018a)
offered a sparse and localized wavelet basis by introduc-
ing wavelet-based convolution with diffusion kernel. How-
ever, approaches such as GCN (Kipf and Welling 2017),
GAT (Veličković et al. 2018), GWNN (Xu et al. 2018a),

and DEEPWALK (Perozzi, Al-Rfou, and Skiena 2014) solely
exploit the homophily assumption, showing a poor perfor-
mance for heterophilic cases (Table 1). To address this,
G-GCN (Pei et al. 2019), MIXHOP (Abu-El-Haija et al.
2019), H2GCN (Zhu et al. 2020), APPNP (Gasteiger, Bo-
jchevski, and Günnemann 2018), and D-GCN (Park et al.
2022) searched for more higher-order homophilic neighbors
by increasing the hop size that in-turn improve results on
heterophilic graphs (see Table 1). Nevertheless, these ap-
proaches mainly focus on capturing strong homophilic infor-
mation in the multi-hop neighborhood. GPR-GCN (Chien
et al. 2021) tackles this by providing weights to each hop
that allow to learn appropriate filters. However, GPR-GCN
treats each connected node pair equally, and its utilization
of the Monomial basis function for approximating the spec-
tral graph filter poses challenges in terms of optimization.
Although, recently, BM-GCN (He et al. 2022) and HOG-
GCN (Wang and Zhang 2022) utilized the pseudo labels
to re-weight each connected node pairs with the guidance
of heterophilic information, these approaches aim to reduce
the information propagation between heterophilic neighbors
that may posses vital information. Moreover, these algo-
rithms tend to utilize a single filter that partially exploits
the whole feature information. In response to these chal-
lenges, we propose SEA-GWNN, an advancement over the
existing GWNN (Xu et al. 2018a). SEA-GWNN adaptively
learns wavelet filters with the proposed tree-lifting scheme
without relying on any prior assumptions over the graph
data. Additionally, our tree-lifting-based SEA-GWNN ex-
ploits higher-order neighborhood information and captures
local sub-graph structures at various scales with the incor-
poration of multiscale computational trees. Moreover, SEA-
GWNN captures the complete input information by learning
a two-channel wavelet filter bank that covers the whole fre-
quency spectrum. Finally, SEA-GWNN improves the node-
level representation further by combining low and high-
frequency information which explains its superiority over
previous methods (Table 1). Table 2 shows similar results,
where SEA-GWNN consistently outperforms the existing
methods, in the case of large-scale graphs. Semi-Supervised
Node Classification: Table 3 presents a performance com-
parison among various wavelet-based methods. When com-
paring predefined wavelet filter-based approaches, UFG-
CONV (Zheng et al. 2021) surpasses both HANET (Li et al.
2020) and GWNN (Xu et al. 2018a) by employing vari-
ous band-pass filters that complement the node representa-
tions. On the contrary, LGWNN (Xu et al. 2022), which is
an adaptive wavelet approach, achieves performance com-
parable to UFGCONV (Zheng et al. 2021). Nevertheless,
we believe that this resemblance resulted from undesirable
wavelet filters produced due to the alteration of the input
graph topology in LGWNN (Xu et al. 2022). In line with
this observation, our proposed SEA-GWNN also being an
adaptive wavelet-based method, significantly outperforms
previous approaches. Importantly, SEA-GWNN incorpo-
rates the tree lifting scheme that fully retains the graph struc-
ture, thus resulting in a desirable class of wavelet filters. This
underscores the effectiveness of our adaptive wavelet filter-
ing achieved with the proposed tree-lifting transform.
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Method/
Acc.(%)

homophilic graph datasets heterophilic graph datasets
Cora Citeseer PubMed Film Chameleon Squirrel Cornell Wisconsin

DeepWalk (2014) 80.08 ±1.8 53.59 ±2.6 81.14 ±0.5 23.74 ±0.5 26.54 ±0.9 35.33 ±1.1 44.12 ±9.1 53.51 ±5.1
GCN (2017) 85.77 ±0.1 73.68 ±0.2 88.13 ±0.6 28.78 ±1.5 28.18 ±0.7 36.89 ±1.3 52.70 ±0.5 45.88 ±0.7
GWNN (2018a) 85.31 ±0.2 73.93 ±0.1 88.14 ±0.1 26.62 ±1.4 48.40 ±0.7 31.48 ±1.5 61.89 ±0.6 48.04 ±0.7
GAT (2018) 86.37 ±0.2 74.32 ±0.2 87.62 ±0.4 28.99 ±1.4 42.93 ±0.5 30.62 ±2.1 54.32 ±0.3 49.41 ±0.9
APPNP(2018) 87.87 ±0.2 76.53 ±0.2 89.40 ±1.4 34.86 ±1.1 54.30 ±0.6 34.77 ±0.3 73.51 ±1.1 69.02 ±1.6
G-GCN (2019) 84.91 ±1.1 75.16 ±1.9 88.41 ±0.6 32.39 ±1.5 61.06 ±0.5 38.28 ±0.3 55.68 ±8.4 62.55 ±5.2
Mixhop(2019) 87.61 ±0.8 76.26 ±1.3 85.31 ±0.6 32.22 ±2.3 60.50 ±2.5 43.80 ±1.5 73.51 ±6.3 75.88 ±4.9
H2GCN(2020) 87.69 ±1.3 75.95 ±2.1 88.78 ±0.5 36.71 ±1.4 58.38 ±1.7 37.90 ±2.1 78.92 ±5.2 82.57 ±3.2
AM-GCN (2020) 86.66 ±1.3 76.01 ±1.9 86.78 ±0.6 33.60 ±1.1 68.46 ±1.7 40.02 ±0.9 78.38 ±4.9 81.76 ±4.9
CPGNN (2021) 87.18 ±1.1 75.52 ±1.8 89.08 ±0.6 35.51 ±1.8 65.24 ±0.8 45.00 ±1.4 63.51 ±5.8 81.76 ±6.7
GPR-GNN(2021) 86.70 ±1.1 75.12 ±1.9 87.38 ±0.6 36.47 ±1.3 65.42 ±2.1 49.93 ±0.5 82.97 ±5.6 83.92 ±3.1
BM-GCN (2022) 87.71 ±1.5 75.94 ±2.6 90.25 ±0.7 36.32 ±1.4 69.58 ±2.9 51.41 ±1.1 79.14 ±8.4 82.82 ±8.9
HOG-GCN (2022) 87.04 ±1.1 76.15 ±1.9 88.79 ±0.4 36.82 ±0.9 53.07 ±1.2 39.09 ±0.8 84.32 ±4.3 86.67 ±3.4
D-GCN (2022) 87.48 ±0.8 76.83 ±1.2 89.49 ±0.3 37.07 ±0.8 70.90 ±1.1 62.56 ±1.3 85.95 ±2.7 87.06 ±3.4
SEA-GWNN 88.75 ±0.1 77.13 ±0.2 89.75 ±0.1 37.10 ±1.8 72.57 ±0.18 63.13 ±0.13 85.95 ±4.6 87.25 ±3.3

Table 1: The average accuracy for node classification across nine datasets in the case of full-supervise setup is shown and the
highest performances are highlighted in bold font.

Methods Penn94 Genius Ogbn-Arxiv
MLP (2020) 73.6 ±0.4 86.6 ±0.1 55.0 ±0.1
Label Prop. (2020) 74.1 ±0.5 67.1 ±0.2 68.3 ±0.1
GCN (2017) 82.5 ±0.3 87.4 ±0.4 71.7 ±0.3
ChebNet (2016) 82.5 ±0.3 89.3 ±0.3 71.7 ±0.2
GAT (2018) 81.5 ±0.5 55.8 ±0.9 71.9 ±0.1
GCNJK (2018b) 81.6 ±0.5 89.3 ±0.2 72.2 ±0.2
GCNII (2020) 82.9 ±0.5 90.2 ±0.1 72.7 ±0.2
GPRGNN (2021) 81.3 ±0.2 90.1 ±0.3 71.7 ±0.2
SEA-GWNN 84.4 ±0.3 90.5 ±0.1 72.9 ±0.5

Table 2: The mean accuracy on large-scale graphs and the
best performances are highlighted in bold font.

Analysis of Parameters
Balancing Factor: We also investigate the sensitivity of
the parameter α in SEA-GWNN. We take the Chameleon,
Squirrel, Citeseer, and Cora datasets as examples. In our
experimental study for the Chameleon and Squirrel in fig-
ure 4 (a), (b), we observe that as we increase the value of
the hyperparameter α, the test accuracy of the SEA-GWNN
gradually increases and achieved the best test performance
at α = 1. This is because both Chameleon and Squirrel
have strong heterophily incorporated into them (lowH(G)),
thus it is important to recognize the high-frequency pattern
residing over these graphs and the higher values of α repre-
sent strong importance to the high-frequency features. Con-
versely, for the Cora and Citeseer datasets, we achieved the
highest test accuracy at a smaller value of α, specifically at
α = 0.85 (figure 4(c),(d)). Since both Cora and Citeseer
exhibit the homophily characteristic whereby each node has
the same label that is expressed by their neighbors. Thus in
line with this homophilic characteristic, smaller values of α
incorporate further low-frequency content of the graph sig-
nal, thereby increasing the overall performance.
Hop Size: We assess the node classification accuracy of
SEA-GCN using different hop sizes k, ranging from 2 to

Methods Cora Citeseer PubMed
GraphSAGE (2017) 74.5 ±0.8 67.2 ±1.0 76.8 ±0.6
GAT (2018) 83.0 ±0.7 72.5 ±0.7 79.0 ±0.3
HANet (2020) 81.9 70.1 79.3
GWNN (2018a) 81.6 ±0.7 70.5 ±0.6 78.6 ±0.3
UFGConvS (2021) 83.0 ±0.5 71.0 ±0.6 79.4 ±0.4
UFGConvR (2021) 83.6 ±0.6 72.7 ±0.6 79.9 ±0.1
LGWNN (2022) 83.4 ±0.6 71.1 ±0.4 79.5 ±0.5
SEA-GWNN 84.4 ±0.6 72.8 ±0.3 80.7 ±0.2

Table 3: The average accuracy of semi-supervised node clas-
sification across three datasets is shown and the best perfor-
mances are highlighted in bold font.

32. The results are presented in Table 4. Both Cora and
PubMed datasets exhibit similar trends in performance.
When the hop size k is progressively increased, SEA-
GWNN demonstrates consistent and competitive perfor-
mance, benefiting from the utilization of multiscale higher-
order structural information. Nonetheless, excessively large
values of k lead to a decline in performance due to the over-
fitting issue commonly encountered in deep learning.

Visualization
To visually highlight the efficacy of our proposed method,
we conducted a comparison between the output of GWNN
(Xu et al. 2018a) and our model SEA-GWNN on the Cora
dataset using t-SNE (Van der Maaten and Hinton 2008), as
illustrated in Figure 5, where points with identical colors
share the same label. The visual shows the limitation of the
GWNN, as evidenced by the dispersed points of similar col-
ors and the unwanted mixing of certain points with differ-
ent colors. In contrast, our SEA-GWNN, utilizing adaptive
wavelet filters, exhibits a visualization that distinctly sep-
arates various clusters when compared to GWNN. Conse-
quently, this result further validates the claim that our pro-
posed adaptive filtering can achieve superior performance
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Figure 4: Analysis of the hyperparameter, balancing factor α, in both homophilic and heterophilic datasets.

(a) SEA-GWNN (b) GWNN

Figure 5: Visualization results on Cora dataset. In compari-
son to GWNN, SEA-GWNN has more distinct clusters.

Datasets/
Accuracy (%)

The number of hop size k

2 4 6 8 16 32

Cora 82.46 84.04 84.38 84.34 82.52 80.86
PubMed 79.90 79.44 79.84 80.34 80.74 79.92

Table 4: Node classification accuracy of SEA-GWNN with
graph convolutional layers k varying from 2 to 32.

gain in contrast to fixed wavelet filters.

Time Complexity Analysis
The calculation of U and P i.e., lifting operators, can be
parallelly executed for all the edges without any computa-
tionally intensive matrix operations such as eigendecompo-
sitions. Moreover, owing to the inherent sparsity of graphs
(e.g. Ã and U ), the time complexity of message propaga-
tion with PyTorch geometry (Fey and Lenssen 2019) yields
O(|E|d) at each layer. Hence for the first hop, this yields
time complexity of O(Nd2 + |E|d). In addition, due to the
detachment of lifting operators Pk and Uk for the higher
order structures (k > 1), the total time complexity of the K
hops SEA-GWNN is O(Nd2 + K|E|d). Moreover, in Fig
6 we empirically compare the computational time (sec/e-
poch) for various wavelet-based models (e.g. UFGConv-
R, UFGConv-S, GWNN). To ensure a fair comparison, all
models are evaluated on an NVIDIA RTX 3080 GPU. We
can observe from Figure 6 that the GWNN (Xu et al. 2018a)
has a much higher computational cost compared to SEA-
GWNN due to the use of graph-dependent diagonal matrix
multiplication operation. More importantly, unlike current
GWNN approaches (Xu et al. 2022, 2018a; Zheng et al.
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Figure 6: Empirical results of runtime (sec/epoch).

2021), which necessitate a preprocessing step to compute
filters (the preprocessing time for GWNN and UFGConv is
not taken into account in figure 6), SEA-GWNN utilizes pro-
posed tree lifting scheme to learn the wavelet filters in place
without requiring any extra time for the preprocessing step.
This characteristic makes SEA-GWNN more adaptable for
dynamic graphs and diverse real-world applications.

Conclusion
In this work, we proposed SEA-GWNN, a graph wavelet-
based architecture, capable of learning wavelet filters for
random graphs without imposing any assumptions over the
graph e.g., homophily or heterophily. Additionally, SEA-
GWNN incorporated with the proposed tree-lifting trans-
form can construct wavelet filters while maintaining the
original graph structure. This lifting scheme is locally ap-
plied to each multi-hop computation tree, where the bipar-
tite condition is upheld. In addition, we further improve the
node-level feature representation by employing the fusion
operation. Moreover, to reduce the computational cost, in-
stead of learning each lifting operator separately, we pro-
posed a detachment strategy, where the higher-order opera-
tors are induced from the lower-order structure with right-
to-left matrix multiplication. Furthermore, in contrast to the
existing GWNN that implemented a uni-channel filter bank
approach while partially retaining the input information, our
SEA-GWNN adaptively learns a two-channel wavelet filter
bank that can fully capture this information by covering the
entire frequency spectrum. Finally, the effectiveness and ef-
ficiency of our proposed SEA-GWNN are justified by the
extensive evaluation on various homophilic, heterophilic and
large-scale graph datasets.
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