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Abstract

Inferring the private information of humans from their strate-
gic behavioral data is crucial and challenging. The main ap-
proach is first obtaining human behavior functions (which
map public information and human private information to
behavior), enabling subsequent inference of private informa-
tion from observed behavior. Most existing studies rely on
strong equilibrium assumptions to obtain behavior functions.
Our work focuses on continuous double auctions, where mul-
tiple traders with heterogeneous rationalities and beliefs dy-
namically trade commodities and deriving equilibria is gen-
erally intractable. We develop a knowledge-aware machine
learning-based framework to infer each trader’s private cost
vectors for producing different units of its commodity. Our
key idea is to learn behavior functions by incorporating the
statistical knowledge about private costs given the observed
trader asking behavior across the population. Specifically,
we first use a neural network to characterize each trader’s
behavior function. Second, we leverage the statistical knowl-
edge to derive the posterior distribution of each trader’s pri-
vate costs given its observed asks. Third, through designing
a novel loss function, we utilize the knowledge-based pos-
terior distributions to guide the learning of the neural net-
work. We conduct extensive experiments on a large experi-
mental dataset, and demonstrate the superior performance of
our framework over baselines in inferring the private infor-
mation of humans.

1 Introduction
Many recent studies in economics and applied machine
learning have explored the inference of humans’ private
information (e.g., a seller’s private cost of producing its
product) based on their observed decisions in strategic en-
vironments. These environments encompass a wide range
of applications, such as normal-form games (Ling, Fang,
and Kolter 2018; Noti 2021), Stackelberg games (Wu
et al. 2022), alternating-offer bargaining (Larsen and Zhang
2018; Cui and Yu 2023), and sponsored-search auctions
(Nekipelov, Syrgkanis, and Tardos 2015; Noti and Syrgkanis
2021). Accurate private information inference enables de-
signers to better understand humans’ decision-making pro-
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cesses, compute their payoffs, and quantify the efficiency
and equity of the designed mechanisms or policies.

The main inference idea is first obtaining humans’ be-
havior functions (which map public information and hu-
mans’ private information to their decisions), and then in-
ferring private information based on the behavior functions
and the observed decisions. Prior studies obtained behav-
ior functions mainly by assuming that humans possess suf-
ficient rationality and knowledge to make decisions accord-
ing to equilibria (Athey and Nekipelov 2010; Ling, Fang,
and Kolter 2019; Wu et al. 2022). This inference approach
heavily relies on assumptions regarding humans’ rational-
ity and knowledge about each other (Nisan and Noti 2017;
Kagel and Roth 2020), and can hardly be applied to complex
strategic environments where deriving equilibria is infeasi-
ble and information about human rationality and knowledge
is unavailable. To address this problem, some recent stud-
ies proposed a machine learning-based inference approach
(Cui and Yu 2023), which applies machine learning models
to learn behavior functions from data.

Knowledge-Aware Information Inference The key chal-
lenge of applying the machine learning-based inference ap-
proach lies in accurately learning behavior functions. Be-
cause the private information of each individual human is
typically unobservable and not recorded in the data, learning
behavior functions from the data (which only record public
information and human decisions) cannot be accomplished
using standard supervised learning techniques. In this work,
we propose a novel knowledge-aware method for learning
behavior functions to achieve accurate inference. Specifi-
cally, although the private information of each individual
human is unknown, the statistical knowledge about private
information given observed decisions across the population
may be obtained in many applications. We study how to de-
rive this statistical knowledge and incorporate it into behav-
ior function learning.

We focus on inferring private information in continuous
double auctions (CDAs). In a CDA, multiple sellers and buy-
ers engage in trading multiple units of a commodity. They
can submit asks or bids at any time throughout the trad-
ing period, and transactions take place as soon as asks and
bids are matched. For ease of exposition, we study infer-
ring the private cost vectors of sellers for producing differ-
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ent units of the commodity (our method can be straightfor-
wardly extended to infer buyer private information). Due to
the complex rule and dynamic nature, deriving equilibria for
CDAs is generally intractable, except in some restricted set-
tings (e.g., single-unit CDAs (Ruijgrok 2012)). Therefore,
the equilibrium-based inference approach is not applicable.

The platforms operating CDAs typically have access to
the distribution of the ratio between a seller’s ask and its pri-
vate cost across the entire seller population. By investigating
a large experimental dataset, we demonstrate that this distri-
bution is well-behaved, and hence is easy to be estimated.
Our work proposes a machine learning-based cost inference
method that incorporates the knowledge of ask-cost ratios.

Our key idea is utilizing the knowledge to guide the train-
ing of the machine learning model that characterizes the
seller behavior function. First, with the statistical knowledge
of ask-cost ratios and observed seller asks, we can derive the
posterior distributions of seller costs. Second, with the be-
havior function characterized by the machine learning model
and other observed information, we can also derive the pos-
terior distributions of seller costs. When the behavior func-
tion is accurate, the posterior distributions derived through
these two different ways will be consistent. Building upon
this insight, we train the machine learning model to get an
accurate behavior function, and then use it for inference.

We summarize our contributions as follows:
• To the best of our knowledge, our work is the first at-

temp to improve machine learning-based information in-
ference by incorporating the statistical knowledge about
private information. In particular, we theoretically derive
the knowledge-based posterior distribution of private in-
formation, and propose a novel algorithm to train the ma-
chine learning model using the knowledge-based poste-
rior distribution.
• Our work is also the first study investigating private infor-

mation inference for CDAs, which is more challenging
than the inference for games with simpler strategic in-
teractions (e.g., static or two-player games). Unlike most
prior studies on information inference, the private infor-
mation of each seller in CDAs is represented by a vector
rather than a scalar, introducing a unique challenge to our
inference method design.
• We conduct extensive experiments using a large experi-

mental dataset, and compare our inference method with
other machine learning-based methods and knowledge-
aware methods (e.g., a method that directly infers private
information solely according to the knowledge-based
posterior distribution). The results demonstrate that the
integration of machine learning and knowledge improves
the accuracy of private information inference.

2 Related Work
Inverse Game Theory Our work is related to the field
of inverse game theory (Kuleshov and Schrijvers 2015),
which focuses on inferring the utilities of humans by as-
suming that they adopt equilibrium strategies. Previous stud-
ies have addressed this problem using different equilibrium
concepts. For instance, some studies leveraged Nash equi-
libria to estimate player utility functions in static games

(Athey and Nekipelov 2010; Bertsimas, Gupta, and Pascha-
lidis 2015) or noncooperative dynamic games (Tsai, Mol-
loy, and Perez 2016; Molloy et al. 2022). Some studies
utilized quantal-response equilibria (McKelvey and Palfrey
1995) to infer human utility functions in Stackelberg games
(Haghtalab et al. 2016; Wu et al. 2022) or payoff matri-
ces in normal-form games (Ling, Fang, and Kolter 2018;
Noti 2021). Moreover, a few studies inferred bidders’ val-
uations on items using their bids in auctions, assuming that
they play Bayesian-Nash equilibrium strategies (Jiang and
Leyton-Brown 2007; Bajari, Hong, and Nekipelov 2013).

Multi-unit CDAs involve complex trading rules, and the
information about traders’ heterogeneous rationalities and
beliefs is typically unavailable. Therefore, computing equi-
libria for CDAs is generally intractable (Vytelingum, Cliff,
and Jennings 2006, 2008; Friedman 2018), making the in-
verse game theoretic approach inapplicable.

Learning-Based Information Inference To relax the as-
sumptions in inverse game theory, some studies applied
learning techniques to account for the bounded rationality
of real-world behavior. For example, (Nekipelov, Syrgkanis,
and Tardos 2015; Nisan and Noti 2017; Noti and Syrgka-
nis 2021) estimated the information (e.g., value-per-click)
of bidders in sponsored-search auctions, assuming that they
employ no-regret learning strategies. Unlike these repeated
ad auctions, a CDA cannot be decomposed into multiple rep-
etitions of the same game, making it difficult to define the
regret and apply the no-regret learning. (Cui and Yu 2023)
inferred the valuation of each bargainer by capturing its be-
havior function using machine learning. Compared with this
study, it is more challenging to infer private information in
CDAs, which is represented by a vector rather than a scalar.
Moreover, we propose to incorporate the statistical knowl-
edge about private information into the inference process.

Our work is also related to inverse reinforcement learn-
ing (IRL), which aims to recover an agent’s reward function
from its observed behavior by assuming that it applies a rein-
forcement learning policy (NG 2000; Yu, Song, and Ermon
2019). One major limitation of IRL lies in its demand for a
substantial amount of the agent’s behavioral data to learn its
reward function (which maps the environment state and the
agent behavior to its reward) (Rothkopf and Dimitrakakis
2011; Evans, Stuhlmüller, and Goodman 2016; Skalse and
Abate 2023). In CDAs, a seller typically only has a limited
number of asking records (e.g., on average, each seller in our
dataset has around 5 records), rendering IRL inapplicable.

3 Problem Formulation
3.1 Continuous Double Auctions
We refer to a continuous double auction (CDA) as a central-
ized market which consists of multiple traders. Each trader
is either a buyer or a seller, and is not allowed to change his
role (e.g., buy a unit and then resell it). In this market, there
is a single commodity which is available in integer amounts.
Multiple units of this commodity can be traded during a
fixed-duration trading period. Let K denote the maximum
number of units which a buyer may buy or a seller may sell.
A CDA has the following detailed settings:
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Figure 1: A CDA involving 3 buyers and 3 sellers: each
trader can buy or sell up to K “ 3 units. Three transac-
tions have already taken place. Here, aklj denotes the l-th
ask submitted by seller j for unit k, while bklj is the l-th bid
proposed by buyer j for unit k.

• Bidding rules: At any time during the trading period,
both sellers and buyers can make offers (known as asks
and bids, respectively) or change their existing offers to
sell and buy a single unit of the commodity.
• Information revelation: All the offers submitted and the

transaction prices achieved by traders are publicly an-
nounced to all the participants in the market.
• Clearing policy: A transaction takes place when the bid

of a buyer matches or exceeds the ask of a seller. The
matching of bids and asks are conducted based on their
values and the orders in which they are submitted.

Figure 1 shows an example of a CDA, where traders make
offers and update their offers after observing others’ offers.1
On the bottom, we show the set of open bids and asks in
the market. Initially, seller 3 submits his first ask for his first
unit (i.e., a113 ). Then, buyers 1 and 2 submit their first bids
for their first units (i.e., b111 , b

11
2 ). Next, seller 3 reduces his

ask for his first unit (i.e., submits a123 ). After buyer 1 raises
his bid to match a123 , a trade takes place, and only buyer 2’s
bid b112 is open in the market. Due to space limit, we only
show the change of the set up to the first trade in the market.

3.2 Private Information Inference Problem
Private Cost Vector In the CDA, each seller j has a pri-
vate cost vector cj “

`

c1j , ¨ ¨ ¨ , c
K
j

˘

. Here, ckją0 represents
the cost of producing the k-th unit of the commodity, and
hence equals the minimum price that the seller can accept
for selling the unit. In particular, the marginal costs are in-
creasing, i.e., c1j ď c2j ď . . . ď cKj . The cost vector cj
directly influences seller j’s ask behavior, e.g., he will never
sell the k-th unit at a price lower than ckj .

1One real-world example is the agricultural commodity market,
where farmers trade with food processors. Commodities can vary
across markets, including wheat, corn, rice, and soybeans. The mar-
ket operates continuously during specific trading hours.

Observable Data For market m, let
 `

hkl
mj , a

kl
mj

˘(nk
mj

l“1
represent the set of labeled data points associated with the
k-th unit of seller j, where nkmj is the number of asks that
seller j submits for selling its k-th unit. Here, aklmj denotes
the l-th ask among these nkmj asks, and hkl

mj represents the
sequence of prior offers that affect seller j’s choice of aklmj .

Sequence hkl
mj mainly consists of two types of offer in-

formation: (i) seller j’s prior asks for selling the commod-
ity, and (ii) other traders’ open bids and asks when seller j
chooses aklmj . In the market in Figure 1, when j “ 1 and
k “ 1, there are nkmj “ 2 asks associated with the k-th unit
of seller j. When l “ 2, aklmj is the second ask and is a121 .
In this case, sequence hkl

mj includes the information of a111 ,
a112 , b211 , and b122 .

We denote the set of data related to all units which seller j

sells in marketm byDmj “ tt
`

hkl
mj , a

kl
mj

˘

u
nk
mj

l“1 u
Km

k“1, where
Km is the maximum number of units that a seller can sell in
this market. Seller j may participate in multiple markets to
sell different commodities. It is common that only Dmj is
observable while cmj remains undisclosed. We describe our
inference problem as follows:
Problem 1. Given Dmj for all seller j and market
m, we attempt to infer private cost vector cmj “
´

c1mj , c
2
mj , ¨ ¨ ¨ , c

Km
mj

¯

for all seller j and market m.

We consider discrete private costs, seller asks, and buyer
bids, e.g., they can be measured by dollars.

4 Private Information Inference Solution
We first describe our idea of solving Problem 1. Considering
the fact that a seller’s private cost vector directly influences
his asking behavior, we propose to model his behavior via
a neural network with weights θ. Then, we can denote the
behavior function by Fθ

`

ckmj ,h
kl
mj

˘

, which maps seller j’s
k-th private cost ckmj and the prior offers hkl

mj to a probabil-
ity distribution over all possible values of his submitted ask
aklmj . Once we learn Fθ , we utilize Bayes’ rule to derive the

posterior distribution Pr
´

cmj

ˇ

ˇ

ˇ
Amj ;Hmj ,θ

¯

for cmj :

Pr
´

cmj

ˇ

ˇ

ˇ
Amj ;Hmj ,θ

¯

“

Pr
´

Amj

ˇ

ˇ

ˇ
cmj ;Hmj ,θ

¯

Pr pcmjq

ÿ

c̃1mj

ÿ

c̃2mj

¨ ¨ ¨
ÿ

c̃
Km
mj

Pr
´

Amj

ˇ

ˇ

ˇ
c̃mj ;Hmj ,θ

¯

Pr pc̃mjq

“

¨

˝

Km
ź

k“1

nk
mj
ź

l“1

Pr
´

akl
mj

ˇ

ˇ

ˇ
ckmj ;h

kl
mj ,θ

¯

˛

‚Pr pcmjq

ÿ

c̃1mj

ÿ

c̃2mj

¨ ¨ ¨
ÿ

c̃
Km
mj

¨

˝

Km
ź

k“1

nk
mj
ź

l“1

Pr
´

akl
mj

ˇ

ˇ

ˇ
c̃kmj ;h

kl
mj ,θ

¯

˛

‚Pr pc̃mjq

,

(1)

where Pr pcmjq is the prior probability of cmj . Sets Amj

and Hmj include the ask behavior and corresponding prior
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offers associated with all units sold by seller j in market

m, respectively, i.e., Amj “ ttaklmju
nk
mj

l“1 u
Km

k“1 and Hmj “

tthkl
mju

nk
mj

l“1 u
Km

k“1. In the second step of (1), we split the
probability into products of Prpaklmj |c

k
mj ;h

kl
mj ,θq, which

establishes the relation between the posterior probability
Prpcmj |Amj ;Hmj ,θq and behavior function Fθ (it gives
Prpaklmj |c

k
mj ;h

kl
mj ,θq). We refer to Pr pcmj |Amj ;Hmj ,θq

as the model-based posterior distribution, since it is derived
using the behavior model characterized by θ. With this dis-
tribution, we can solve Problem 1 and infer cmj by using
maximum a posteriori (MAP) estimation:

cmj “ arg max
c̃mj

Pr
´

c̃mj

ˇ

ˇ

ˇ
Amj ;Hmj ,θ

¯

. (2)

Derivation of (1) requires an accurate Fθ to calculate
Pr

´

aklmj

ˇ

ˇ

ˇ
ckmj ;h

kl
mj ,θ

¯

. To achieve this, we propose a novel
loss function to optimize θ given the observable data Dmj .
Our loss function is defined based on the feasible set and
knowledge-based posterior distribution of ckmj . We present
these two concepts in Sections 4.1 and 4.2, respectively, and
propose the loss function for optimizing θ in Section 4.3.

4.1 Feasible Set of Private Cost
Since ckmj is the minimum price that seller j accepts for sell-
ing the k-th unit, it should be no greater than any of seller

j’s asks for the k-th unit, i.e., ckmj ď min
 

aklmj

(nk
mj

l“1
. Hence,

given the ask history associated with the k-th unit of seller j,
we can deduce an upper bound ukmj for each cost ckmj (i.e.,

ukmj “ min
 

aklmj

(nk
mj

l“1
). Consequently, we can determine

the feasible set of each ckmj as
 

1, . . . , ukmj

(

.

4.2 Knowledge-Based Posterior Distribution
We normally have the knowledge about the distribution of
the ratio between an ask and the corresponding cost across
the entire seller population. We can utilize this knowledge
to derive the posterior distribution of ckmj , and compare it
with the model-based posterior distribution, which guides
our learning of the behavior model. Next, we first introduce
the ask-cost ratio, and then derive the knowledge-based pos-
terior distribution of ckmj .

Ask-Cost Ratio We define γklmj fi
akl
mj

ckmj

, and refer to it as

the ask-cost ratio. Apparently, γklmj is no less than 1. It is a
good indicator of the deviation of aklmj from ckmj . Compared
with other measures of the deviation (e.g., aklmj ´ c

k
mj), γklmj

effectively mitigates the influence of the scale of ckmj .
We normally know the distribution of γklmj , and one com-

mon scenario is that γklmj follows a shifted exponential dis-
tribution. Specifically, the ask-cost ratio γklmj is closely as-
sociated with the corresponding seller’s expectation about
the waiting time of a transaction. A higher ratio indicates
a longer duration that the seller is willing to wait for a

Figure 2: The Fitted Shifted Exponential Distribution Func-
tion of The Ask-Cost Ratios in Our Experimental Data.

trade. The waiting time in double auctions has been exten-
sively modeled using the exponential distribution (Raberto
and Cincotti 2005; Cincotti et al. 2006; Cartea and Jaimun-
gal 2013). The probability density function of γklmj can be
characterized as follows:

g
`

γklmj ;σ
˘

“
1

σ
exp

˜

´
γklmj ´ 1

σ

¸

, γklmj ě 1, σą0, (3)

where σ is the scale parameter. To validate this model, we
plot the normalized histogram of γklmj in our dataset contain-
ing 295, 245 ask-cost pairs. As Figure 2 shows, it can be well
approximated by a shifted exponential distribution.

Note that our private information inference framework is
not limited to the shifted exponential distribution of γklmj .
Our framework can be applied as long as we have the knowl-
edge of g

`

γklmj ;σ
˘

, where σ includes all parameters that
characterize the probability density function.

Knowledge-Based Posterior Distribution of ckmj Using
the knowledge of g

`

γklmj ;σ
˘

, we can derive the posterior
distribution of ckmj given the corresponding seller asks. We
first consider a continuous ckmj and introduce the following
proposition.

Proposition 1. Suppose that ckmją0 is a continuous vari-
able. Given aklmj , the posterior cumulative distribution func-
tion of ckmj can be computed as

Ψ
`

c
ˇ

ˇaklmj ;σ
˘

“ 1´ Pr

˜

γklmjă
aklmj

c

ˇ

ˇ

ˇ

ˇ

ˇ

σ

¸

. (4)

For example, if g
`

γklmj ;σ
˘

takes the form in (3), we can
derive the concrete form of Ψ

`

c
ˇ

ˇaklmj ;σ
˘

as

Ψ
`

c
ˇ

ˇaklmj ;σ
˘

“ exp

¨

˝´

akl
mj

c ´ 1

σ

˛

‚, c P
`

0, aklmj

‰

. (5)

Since ckmj actually takes a discrete value, we use
the survival function discretization method (Kemp 2004;
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Chakraborty 2015; Tovissodé et al. 2021) to get the follow-
ing posterior probability mass function of ckmj :

Pr
`

ckmj

ˇ

ˇaklmj ;σ
˘

“ Ψ
`

ckmj ` 1
ˇ

ˇaklmj ;σ
˘

´Ψ
`

ckmj

ˇ

ˇaklmj ;σ
˘

.
(6)

The above Pr
`

ckmj |a
kl
mj ;σ

˘

characterizes the distribution
of ckmj given one aklmj . Overall, seller j submits nkmj asks
for the k-th unit in market m. We compute the distribution
of ckmj given all these asks in the following proposition (the
computation is challenging due to the dependence between
the nkmj asks).

Proposition 2. With the knowledge of g
`

γklmj ;σ
˘

, the dis-

tribution of ckmj given
 

aklmj

(nk
mj

l“1
can be characterized by

Pr

ˆ

ckmj

ˇ

ˇ

ˇ

!

akl
mj

)nk
mj

l“1
;σ

˙

“

nk
mj
ź

l“1

Pr
´

ckmj

ˇ

ˇ

ˇ
akl
mj ;σ

¯

¨

˝

nk
mj´1
ź

l“1

Pr
´

ckmj

¯

˛

‚¨R

, (7)

where R “

ÿ

c̃kmj

¨

˚

˚

˚

˚

˚

˝

nk
mj
ź

l“1

Pr
´

c̃kmj

ˇ

ˇ

ˇ
akl
mj ;σ

¯

nk
mj´1
ź

l“1

Pr
´

c̃kmj

¯

˛

‹

‹

‹

‹

‹

‚

is a normalization

factor, and Pr
`

ckmj

˘

is the prior probability of ckmj .

4.3 Learning of Behavior Model
Given the observable data Dmj , the feasible set and the
knowledge-based posterior distribution of each ckmj , we de-
sign a novel loss function to learn the behavior model Fθ .
Our loss function consists of the following three parts:
• The first part is a cross-entropy loss LCE

mj , which is as-
sociated with the accuracy of the behavior model. With
precise θ, we can predict a seller’s ask utilizing its cost
ckmj and prior offers hkl

mj as Fθ
`

ckmj ,h
kl
mj

˘

, and it will
be close to the seller’s true ask aklmj . Hence, the first part
of our loss function is the following function:

LCE
mj “ ´

Km
ÿ

k“1

nk
mj
ÿ

l“1

log Pr
´

aklmj

ˇ

ˇ

ˇ
ckmj ;h

kl
mj ,θ

¯

. (8)

During the implementation, we do not know the actual
value of ckmj , which is our inference target. Hence, we
utilize an estimated value instead, e.g., estimating ckmj
by randomly sampling a cost value from its feasible set
 

1, . . . , ukmj

(

.
• The second part is a relative entropy loss LKL

mj , which
is related to the knowledge-based posterior distribution
of ckmj . Given θ, we can compute the model-based pos-
terior distribution of ckmj as in (1). With accurate θ,
the model-based posterior distribution will be close to
the knowledge-based posterior distribution computed in
Proposition 2. We use the Kullback-Leibler divergence

Algorithm 1: Behavior Learning Algorithm
Input: Observable data Dmj for all m and j, probability
density function g

`

γklmj ;σ
˘

, loss weights w1, w2, w3, learn-
ing rate η, and maximum epoch times T .
Output: Behavior model Fθt .

1: Compute the feasible set
 

1, ¨ ¨ ¨ , ukmj

(

for each ckmj ;
2: Compute the conditional probability Pr

`

ckmj

ˇ

ˇaklmj ;σ
˘

according to (4) and (6);
3: Calculate the knowledge-based posterior distribution

Pr
`

ckmj

ˇ

ˇAk
mj ;σ

˘

according to (7);
4: Initialize θ with θ0, and set t “ 0;
5: while t ď T and θ does not converge do
6: Randomly divide all data into training batches;
7: for each training batch B do
8: Estimate each ckmj in batch B to compute LCE

mj ;

9: Compute the gradient∇pBqθt utilizing batch B:

∇pBqθt “

ÿ

pm,jqin batchB

B

´

w1LCE
mj ` w2LKL

mj ` w3LMC
mj

¯

Bθt
;

10: Update model parameters θ: θt Ð θt ´ η∇pBqθt ;
11: end for
12: θt`1 Ð θt; tÐ t` 1.
13: end while
14: return Fθt

(Csiszar 1975) to quantify the closeness between the two
distributions. The second part of our loss function is

LKL
mj“

Km
ÿ

k“1

nk
mj
ÿ

l“1

DKL

´

Pr
´

ckmj

ˇ

ˇ

ˇ
Ak

mj ;σ
¯
›

›

›
Pr

´

ckmj

ˇ

ˇ

ˇ
akl
mj ;h

kl
mj ,θ

¯̄

“

Km
ÿ

k“1

nk
mj
ÿ

l“1

ÿ

ckmj

Pr
´

ckmj

ˇ

ˇ

ˇ
Ak

mj ;σ
¯

log

¨

˝

Pr
´

ckmj

ˇ

ˇ

ˇ
Ak

mj ;σ
¯

Pr
´

ckmj

ˇ

ˇ

ˇ
akl
mj ;h

kl
mj ,θ

¯

˛

‚.

(9)

Here, Ak
mj includes the asks of seller j for its k-th unit

in market m, i.e., Ak
mj “

 

aklmj

(nk
mj

l“1
.

• The third part is a loss LMC
mj , which is associated with the

monotonicity constraint of marginal costs. With precise
θ, we can infer vector cmj according to (1), and it will
satisfy the constraint c1mj ď c2mj ď . . . ď cKm

mj . Hence,
the last part of our loss function is the following function:

LMC
mj “ ´ log Pr

´

COS pcmjq

ˇ

ˇ

ˇ
Amj ;Hmj ,θ

¯

. (10)

Here, COS pcmjq refers to the event that the inferred vec-
tor cmj satisfies the monotonicity constraint.

Our loss function is the weighted sum of the above
three parts considering all markets and sellers, i.e.,
ř

pm,jq

`

w1LCE
mj ` w2LKL

mj ` w3LMC
mj

˘

. Here, weights w1,
w2, and w3 belong to p0, 1q and satisfy w1 ` w2 ` w3 “ 1.
By minimizing the loss function over θ, we can learn a func-
tion Fθ that both (i) fits the seller ask behavior and (ii) can
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be used to infer private costs which match the knowledge of
ask-cost ratios and satisfy the monotonicity constraint.

We design a behavior learning algorithm (Algorithm 1) to
learn seller ask behavior via minimizing the loss function.
In lines 2 to 3 of Algorithm 1, we compute the knowledge-
based posterior distribution for each ckmj . In lines 4 to 13,
we train the behavior model with the proposed loss func-
tion. Specifically, we randomly partition the training data
into training batches. For each batch, we compute the gra-
dient of the loss function, and update θ accordingly. After
getting θ via Algorithm 1, we utilize Bayes’ rule to infer
each cost vector cmj with (1) and (2).

5 Experiments
5.1 Dataset Description
We conduct all experiments on a large experimental CDA
dataset (Lin et al. 2020). The data were collected from over
9, 000 markets during classroom experiments conducted in
various countries using the MobLab platform.2 The dataset
contains concrete auction information, e.g., market IDs,
seller IDs, seller private cost vectors, seller asks, and the
corresponding prior offers. It includes 55, 507 market-seller
pairs with 295, 245 data points.

In real-world CDAs, it is infeasible to collect data on the
private cost vectors of sellers. On the MobLab platform, ex-
periment designers can predefine the cost vector for each
participant acting as a seller. This enables us to use the
ground truth of cost vectors to evaluate the accuracy of our
inference framework. Our dataset consists of cost vectors
with sizes K ranging from 1 to 3. Figure 3a displays the
empirical probability distribution of the vector sizeK. Addi-
tionally, each element ckmj of a cost vector cmj ranges from
1 to 300. Figure 3b plots the distribution of the element val-
ues across cost vectors of different sizes. For example, when
the vector size K is three, we can see the distributions of
c1mj , c2mj , and c3mj .

5.2 Experimental Settings
Comparison Methods We compare our proposed method
(KATE: Knowledge-Aware Cost Inference) with the fol-
lowing three categories of inference methods:
• Learning-based inference methods that do not use knowl-

edge of ask-cost ratios:
– CE (CrossEntropy): It only uses the cross-entropy loss

(i.e., LCE
mj ) to learn the behavior model Fθ , and then

uses the model for cost vector inference.
– BLUE (Bayesian Learning-based Valuation Inference)

(Cui and Yu 2023): It was primarily developed for in-
ferring bargainer private valuations in bilateral sequen-
tial bargaining. It cannot utilize the knowledge of the
ratios between offers and valuations.

– DL (Dual Learning): We treat private cost inference as
the primal task and ask behavior prediction as the dual
task, and learn to jointly solve the two tasks through
the dual learning framework proposed in (Qin 2020; He
et al. 2016).

2MobLab (moblab.com) is a company that provides a platform
for carrying out in-class experiments in economics courses.
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Figure 3: Private Cost Vectors in The Dataset.

– SL (Single Learning): We only consider the task of cost
inference, and directly learn a mapping from prior of-
fers and seller asks to seller costs.

• Inference methods that use knowledge of ask-cost ratios:
– DL-KL (Dual Learning with Kullback-Leibler Diver-

gence Loss): We modify DL to consider a KL di-
vergence loss function for the primal task (i.e., cost
inference). This loss function quantifies the close-
ness between each cost’s inferred distribution and its
knowledge-based posterior distribution.

– SL-KL (Single Learning with Kullback-Leibler Diver-
gence Loss): We modify SL by considering a KL diver-
gence loss, similar to DL-KL.

– DI-KP (Direct Inference with Knowledge-based
Posterior Distribution): This inference method takes
the value with the highest knowledge-based posterior
probability as the estimated cost.

Note that the design of the above three methods incor-
porates the results derived in this paper. Specifically, all
three methods utilize the knowledge-based posterior dis-
tribution derived in Proposition 2. Moreover, DL-KL and
SL-KL apply the KL-divergence term defined in (9).

• Other inference methods:
– Median: It takes the median of all values in each cost’s

feasible set as the estimation.
– Mean: It takes the mean of all values in each cost’s

feasible set as the estimation.
– Uniform: It randomly takes one value uniformly from

each cost’s feasible set as the estimated cost.
– Truthfulness-Based Inference: It performs inference

by assuming that whenever a transaction occurs, the
transaction price (i.e., the seller’s last ask) reveals the
seller’s true cost.

Implementation Details We randomly select 80% of all
market-seller pairs for training, 10% for validation, and 10%
for testing. The behavior function Fθ is modeled via a gated
recurrent unit (GRU) network (we have also explored the
Transformer architecture, which achieves a similar infer-
ence accuracy to GRU but has a much slower training pro-
cess). For the hyperparameters w1, w2, and w3, we use
the grid search method to optimize them in a discretized
space, minimizing the MSE on the validation data. Their
ultimate values are 0.2, 0.6, and 0.2, respectively, and we
apply the Adam optimizer with a learning rate of 0.001
for network training. Our data and codes are available at:
https://github.com/cuilvye/Inference-CDAs.
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Figure 4: Comparison with Knowledge-Unaware Methods.
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Figure 5: Comparison with Knowledge-Aware Methods.

5.3 Experimental Results
We use the mean squared error (MSE) to evaluate the per-
formance of cost vector inference methods. Given each ac-
tual cost vector cmj recorded in the experimental dataset
and the inferred cost vector ĉmj , the MSE is calculated as
1

Km

řKm

k“1

`

ckmj ´ ĉ
k
mj

˘2
. We focus on the average value of

this metric over all market m and seller j.

Comparison with Knowledge-Unaware Learning-Based
Methods In Figure 4, we compare our KATE with
learning-based inference methods that do not utilize knowl-
edge of ask-cost ratios. Specifically, Figure 4a presents the
MSE achieved on the validation data against the number of
iterations for running each method. We conduct five experi-
ments using different random seeds for dataset splitting, and
the shadows in Figure 4a indicate the standard deviations
of MSEs. It can be observed that our KATE converges to a
much lower MSE on the validation data, compared with the
other knowledge-unaware methods.

Figure 4b presents the MSEs of different inference meth-
ods on the testing data. The five circles around each bar
indicate the MSEs achieved in the five experimental runs.
Our KATE achieves the lowest MSE (around 887.89), and
the other knowledge-unaware methods have relatively large
MSEs (with the lowest one being 2240.37). This demon-
strates that our KATE can effectively leverage the knowl-
edge of ask-cost ratios to infer private cost vectors.

Comparison with Knowledge-Aware Methods Figure 5
compares our KATE with inference methods that utilize
knowledge of ask-cost ratios. Figure 5a illustrates that our
KATE converges to the lowest MSE on the validation data.
In particular, we can observe that the performance of DI-KP
(which is not a learning-based method) remains unchanged
across different iterations.
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Figure 6: Comparison with Other Inference Methods.

Figure 5b shows the average MSEs of different methods
on the testing data (over five runs of experiments). KATE
exhibits the most accurate inference. Recall that the design
of the three knowledge-aware methods incorporates the re-
sults that we derive in this paper. These knowledge-aware
methods significantly outperform the knowledge-unaware
methods shown in Figure 4b. This demonstrates the impor-
tance of leveraging the knowledge of ask-cost ratios and also
validates the results in this paper (such as the knowledge-
based posterior distribution in Proposition 2).

Furthermore, DI-KP is the least accurate knowledge-
aware method. This is because it solely relies on the
knowledge-based posterior distribution. It does not learn the
behavior function (i.e., the mapping from private costs and
prior offers to asks), and hence fails to utilize the informa-
tion of prior offers in inference.

Comparison with Other Inference Methods Figure 6a
compares our KATE with the methods that only utilize the
derived feasible sets or the truthfulness assumption to infer
private costs. We can observe that KATE reduces the MSE
by approximately 410, compared with the best feasible set-
based method, i.e., Median.

Median and Mean achieve better performance than Uni-
form. This is mainly due to a feature of our dataset, where
most costs are close to the medians or means of their feasible
intervals. To illustrate this, we randomly choose 200 samples
of costs, and sort them in descending order of values. Figure
6b compares them with the medians of their feasible inter-
vals. When applied to the datasets without this feature, the
performance of Median and Mean may deteriorate.

6 Conclusion

In this paper, we studied information inference for multi-unit
CDAs, which involve sophisticated strategic interactions and
multi-dimensional private information. We leveraged neu-
ral networks to learn behavior functions, and proposed a
framework to incorporate statistical knowledge about pri-
vate information into neural network training. Experimental
results demonstrate the superiority of our framework over
three categories of inference baselines. Our idea of perform-
ing knowledge-aware machine learning-based inference is
general, and may be applied to infer information from strate-
gic behavior in other applications.
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