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Abstract

We initiate the study of fair allocation with the set of divisible
or indivisible items distributed in multiple regions. The key
requirement is that each agent can only obtain items from one
region. In this work, we consider two kinds of fairness con-
cepts: envy-based notions including envy-freeness (EF) and
envy-freeness up to one/any item (EF1/EFX), and share-based
notions including proportionality (PROP) and proportional-
ity up to one/any item (PROP1/PROPX). On the negative side,
we show NP-hardness and inapproximability results about the
aforementioned fairness notions. On the positive side, we pro-
pose several algorithms to compute the partial allocations that
satisfy envy-based notions and allocations that approximate
the above fairness notions.

Introduction

Fair allocation studies how to fairly allocate a set of items
(resources) among agents, which has attracted the attention
of many scholars in both theoretical and industrial fields
(Steinhaus 1949; Moulin 2004). For instance, network tech-
nology companies like Google and Meta use schedulers in
the cloud to allocate items (e.g., servers, memory, etc.) or
tasks (e.g., development, maintenance, etc.) among several
self-interested agents who want to maximize the utility of
their own allocations. We observe that there are many real-
life scenarios, including the above case, where the items are
distributed in multiple regions, and each agent can only ob-
tain the items from a single region. Such scenarios raise a
natural question.

How to allocate the items to a set of agents where
each agent can only obtain items from one region?

Before answering the question, we consider a scenario
where a multinational corporation with many branches in
different countries and regions wants to recruit employees.
The manager not only assigns employees who meet the re-
quirements to different regions but also allocates different
items such as wages, housing, insurance, and medical care
to them. Different agents have different valuations for those

“The authors are listed in reverse alphabetical order.

Corresponding author.
Copyright © 2024, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

9985

items, e.g., some employees prefer to live in low-floor dor-
mitories because it is convenient, while others prefer to live
in high-floor dormitories because it is quiet. A simple way is
to allocate those items equally to the employees in the same
region. One difficulty is that it may be impossible to divide
every item equally, e.g., every dormitory is unique because
of the building and the level it belongs to. In addition, the
employee may envy those in another region, though we can
achieve equity in the same region. Moreover, we cannot al-
locate those employees to those regions proportionally with
respect to the total valuation of each region since they may
have different preferences for those regions. For instance,
some employees may prefer inland cities because it is not
easy to get wet, while others prefer coastal cities because of
the cooler weather. Hence, different employees’ valuations
in the same region may vary.

One may also wonder how about if we divide the whole
allocation procedure into two steps: (1) assign agents to dif-
ferent regions based on their preferences; (2) use existing al-
gorithms in fair allocation to allocate items to agents in each
region. The main drawback of this approach is that assign-
ing agents to the regions only on their preferences may cause
some crowded regions, which means that every agent in this
region may get a low value. The situation may worsen, es-
pecially when agents assigned to the same region have sim-
ilar preferences over items. Hence, we need an integrated
procedure to account for agents’ preferences over possible
solutions properly.

In addition, whether the items are divisible or not, the
well-established techniques such as Cut and Choose (Stein-
haus 1948), Round-Robin and Envy-Cycles Procedure (Lip-
ton et al. 2004) that are often used in the fair allocation of
the divisible items or a set of indivisible items cannot be di-
rectly applied to most cases in our setting. There are two
reasons: (1) in our setting, each agent can only obtain items
from one region, and (2) the current techniques cannot de-
cide how to assign agents to regions. Although there have
been several works about fair allocation of multiple divisi-
ble items (Cloutier, Nyman, and Su 2010; Nyman, Su, and
Zerbib 2020; Hosseini, Igarashi, and Searns 2020), their set-
tings are different from that of our paper, and the techniques
in these papers cannot be directly used in our model (See
details in Related Work). Hence, none of the previous work
fully captures the challenge that we face.
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Lower Bound Upper Bound
EF x (Coro 19)
1 (Thm 3 and Prop 3*) 1 (Coro 2%)
Partial EF 1 (Thm 2°)
<&
PROP x (Prop 1V)

1 (Thm 3 and Prop 3%*) 1 (Prop 2%)

Table 1: The results of divisible items. X : inapproximability.
¢ @ diverse-region. & : equal-region.

Our Contributions

We develop a formal model for fair allocation in multiple
regions. Our model is flexible enough to capture both (1)
settings where items are divisible and (2) settings where
items are indivisible. Further, it can handle both (a) diverse-
region case: every agent has different total valuations for
different regions, and (b) equal-region case: every agent
has the same total valuation for different regions. When the
items are divisible, we study fairness criteria including envy-
freeness (EF), EF-with-bounded-charity, and proportional-
ity (PROP). When the items are indivisible, we are interested
in the fairness notions including envy-freeness up to one/any
item (EF1/EFX), EF1/EFX-with-bounded-charity, and pro-
portionality up to one/any item (PROP1/PROPX). The for-
mal definitions of these notions of fairness can be found in
the next section.

For the setting of divisible items, the results of our ap-
proximation algorithm design are shown in Table 1. More
specifically,

* Divisible items with diverse-region setting

— Different from the classic setting of one divisible item
where the EF allocation always exists, we show that
EF allocation may not exist in our setting, and deter-
mining whether for a given instance there exists an EF
allocation is NP-complete.

We show that any bounded approximate EF or PROP
allocation cannot be guaranteed.

We propose an algorithm (About-To-Envy-Satisfied
Algorithm) that outputs an EF-with-bounded-charity
allocation in polynomial time under piecewise con-
stant functions.

* Divisible items with equal-region setting

— Under piecewise constant functions, we show that al-
locating the unallocated parts in any feasible way on
top of the output by the About-To-Envy-Satisfied Al-
gorithm can guarantee a %—EF allocation.

— We present an approximation algorithm (Adapted Per-
fect Partition Algorithm) that computes a %-EF alloca-
tion when agents have general valuation functions.

— We also show an upper bound of % for both EF and
PROP, implying our algorithms are the best possible.

For the setting of indivisible items, the results of our ap-
proximation algorithm design are shown in Table 2. More
specifically,
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Lower Bound Upper Bound

x (Prop 4%)

Bl 3 (Prop9%) 3 (Coro 3%)
Partial EF1 1 (Thm 6%)
x (Prop 4%)
EFX x (Prop 6*)
Partial EFX 1 (Thm 5%)
x (Prop 5%)

FROPI 3 (Thm7%) 1 (Prop 8%)
x (Prop 5%)
PROPX % (Prop %)

Table 2: The results of indivisible items. X : inapproxima-
bility. © : diverse-region. # : equal-region.

* Indivisible items with diverse-region setting

We show that EF1/EFX allocation may not exist in our
setting, and determining whether for a given instance
there exists an EF1/EFX allocation is NP-complete.
We show that any bounded approximate EF1/EFX or
PROP1/PROPX allocation cannot be guaranteed.

We propose an algorithm (Sequential Envy-Satisfied
Algorithm) that outputs an EFX-with-bounded-charity
allocation in pseudo-polynomial time.

We present an algorithm (Sequential Envy-Graph-
Satisfied Algorithm) that can compute an EF1-with-
bounded-charity allocation in polynomial time.

* Indivisible items with equal-region setting

We show that any bounded approximate EFX or
PROPX allocation cannot be guaranteed.

We show that allocating the unallocated items in any
feasible way on top of the output allocation by both
Sequential Envy-Satisfied Algorithm and Sequential
Envy-Graph-Satisfied Algorithm can guarantee a %-
EF1 allocation.

We propose an algorithm (Adapted Round-Robin Al-
gorithm) that computes a %-PROPI allocation in poly-
nomial time.

We also show an upper bound of % for both EF1 and
PROPI, implying our algorithms are the best possible.

Due to the space limit, some proofs in the following sec-
tions are omitted.

Related Work

There has been a significant line of work in the research
on the fair allocation of divisible items. In terms of envy-
freeness (EF), Brams and Taylor (1995) gave the first envy-
free protocol for any number of agents, but this protocol
requires a finite but unbounded number of cuts. Aziz and
Mackenzie (2016b) studied the bounded envy-free proto-
col with four agents, and then they extended the result to
any number of agents (Aziz and Mackenzie 2016a). Besides
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envy-freeness, other classic fairness notions such as propor-
tionality and equitablity have also been widely studied (Du-
bins and Spanier 1961; Even and Paz 1984; Edmonds and
Pruhs 2006; Cechlarova and Pillarova 2012; Procaccia and
Wang 2017). A natural generalization of fair allocation of
one cake, i.e., there are multiple cakes, and each agent needs
to get one piece from each cake, has been explored. Cloutier,
Nyman, and Su (2010) studied the envy-free allocation of
multiple cakes with two agents. Lebert, Meunier, and Car-
bonneaux (2013) showed that an EF allocation always ex-
ists with two cakes and three agents. Nyman, Su, and Zerbib
(2020) proved that for k cakes, an EF allocation always ex-
ists when there are k(n — 1) + 1 agents and each cake is cut
into k pieces. Besides that, there are also some works related
to multi-cake cutting, such as multi-layered cake cutting and
fair multi-cake cutting (Hosseini, Igarashi, and Searns 2020;
Segal-Halevi 2021).

In the research on the fair allocation of indivisible items,
most work focuses on the fair allocation of one set of items
instead of several sets distributed in multiple regions. Be-
cause the aforementioned fairness notions cannot be guar-
anteed when items are indivisible, their relaxations are con-
sidered. The prominent fairness notions considered include
envy-freeness up to one/any item (EF1/EFX), proportion-
ality up to one/any item (PROP1/PROPX) and maximin
share (MMS) (Lipton et al. 2004; Caragiannis et al. 2019;
Conitzer, Freeman, and Shah 2017; Moulin 2019; Bud-
ish 2011). Among these notions, EF1 and PROP1 alloca-
tions can be computed in polynomial-time (Lipton et al.
2004). However, PROPX and MMS allocations may not ex-
ist (Aziz, Moulin, and Sandomirskiy 2020; Procaccia and
Wang 2014). As for the existence of EFX allocation, it is
still an open question, but there are some papers about par-
tial EFX, e.g., Caragiannis, Gravin, and Huang (2019) in-
troduced one notion named EFX-with-charity where some
items are not allocated to agents, and the partial alloca-
tion is EFX. Chaudhury et al. (2021) proposed an algorithm
to compute an EFX-with-bounded-charity allocation where
the number of unallocated items and their value are both
bounded. The recent progress and open problems in this field
can be found in the survey of Amanatidis et al. (2023).

Preliminaries

We introduce our model and solution concepts in this sec-
tion. Let N = {1,...,n} denote the set of n agents, D =
{dy,...,dn} denote the set of m heterogeneous divisible
items and M = {ey, ..., e, } denote the set of m indivisible
items. There are k regions denoted as R = {Ry,..., Ry},
where divisible or indivisible items are distributed. Each
agent ¢ € N can obtain items from a single region.

Fair Allocation with Divisible Items. In this setting, we
have m = k, i.e., each region has one divisible item, re-
spectively. If & = n, our model is approximately equivalent
to the fair allocation of indivisible items where the num-
bers of items and agents are the same. Hence, we mainly
consider £ < n. When m = k£ = 1, our model degen-
erates to the classic cake cutting model. For each divisible
item d; € D, we assume that it is denoted by an interval
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[0,1]. A piece of one item S C [0,1] is a finite union of
subintervals of [0, 1]. Each agent is endowed with a non-
negative integrable density function f;. Given a piece S of
one item, the value of S in agent i’s perspective is denoted
by vi(S) = [ g fi(x)dz. Without loss of generality, we
assume that v;(D) = 1 for all agents ¢ € N. A divisible
items allocation instance is denoted as Z = (D, N, f) where
f = (fla"'vfn)'

An allocation X = (X1, ..., X,,), where X is the bundle
allocated to agent ¢ € N, is an n-partition of the set of m
divisible items among n agents, i.e., UieNXi = D, and
X;N X, = 0 for any two agents ¢ # j. Besides that, in each
bundle X;, there is only one piece from one region.

We consider two types of regions in this setting: diverse-
region and equal-region. We call the setting equal-region if
for every agent ¢ € N, it holds that v;(d1) = --- = v;(d).
If there is no restriction, we call it diverse-region setting.

We study three notions of fairness in this setting.

Definition 1 (EF). For any o € [0, 1], an allocation X =
(X1,...,Xn) is a-approximate envy-free (a-EF), if for any
two agents i, j € N, we have v;(X;) > a-v;(X;). Ifa =1,
this allocation is EF.

Definition 2 (EF-with-bounded-charity). An allocation
X = (Xy,...,X,) is envy-free with bounded charity (EF-
with-bounded-charity) if (1) X is EF; (2) for any agent
i € N and any region R; € R, v;(X;) > v;(d; \ Ui, Xi).
Definition 3 (PROP). For any a € [0,1], an allocation
X (X1,...,X) is a-approximate proportional (a-
PROP), if for any two agents i,j € N, we have v;(X;) >
- % If a = 1, this allocation is PROP.

Next, we introduce the definition of perfect partition, a
classic concept in the cake cutting model.

Definition 4 (Perfect Partition). A partition of P
{P1,..., Py} of a divisible item d is said to be perfect if
forall agentsi € N and j € [{], v;(P;) = #.

Fair Allocation with Indivisible Items. In this setting, we
have m > k since the empty region can be omitted naturally.
Similar to the divisible item setting, we mainly consider k <
n. When k = 1, our model degenerates to the classic fair
allocation with a set of indivisible items. Each agent i €
N has a valuation function v; : 2V — R>¢. The valuation
functions are assumed to be additive, i.e., for any S C M,
vi(S) = > .cg vi({e}). For simplicity, we use v;(e) instead
of v;({e}) for any e € M. Without loss of generality, we
assume that v;(M) = 1 for all agents 7 € N. In particular,
let M, denote the set of indivisible items in the region R,
where ¢ € [k]. An indivisible items allocation instance is
denoted as Z = (M, N, R, v) where v = (v1,...,0,).

An allocation X = (X1, ..., X,,), where X is the bundle
allocated to agent ¢ € N, is an n-partition of the set of m
indivisible items among n agents, i.e., U?:l X; = M, and
X; N X; = ( for any two agents ¢ # j. In addition, in each
bundle X;, there are only items from one region.

We also consider two types of regions in this set-
ting: diverse-region and equal-region. We call the setting
equal-region if, for every agent ¢ € N, it holds that
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Y eern Vile) = -+ =3y vi(e). If there is no restric-
tion, we call it diverse-region setting.
We study the following fairness notions in this setting.

Definition 5 (EF1/EFX). For any a € [0, 1], an allocation
X = (Xy,...,X,) is a-approximate envy-free up to one
item (a-EF1), if for any two agents i, j € N with X; # 0,

vi(X;) > a-vi(X; \ {e}) for some iteme € X;. (1)

If the quantifier “some” in Inequality (1) is changed to
“any”, the allocation is a-approximate envy-free up to any
item (a-EFX). The allocation is EFI or EFX if o = 1.

Definition 6 (EF1/EFX-with-bounded-charity). An allo-
cation X = (X1,...,X,) is envy-free up to one item with
bounded charity (EFI-with-bounded-charity) or envy-free
up to any item with bounded charity (EFX-with-bounded-
charity), if (1) X is EF1 or EFX; (2) for any agent i € N
and any region R; € R, v;(X;) > v;(M; \ U, X,).
Definition 7 (PROP1/PROPX). For any o € [0, 1], an al-
location X = (X1, ..., X,) is a-approximate proportional
up to one item (a-PROPI), if for any agent i € N,

1
vi(X;U{e}) > a- - forsome iteme € M\ X;. (2)

If the quantifier “some” in Inequality (2) is changed to
“any”, the allocation is a-approximate proportional up to
any item (a-PROPX). The allocation is PROPI or PROPX
ifa=1.

Divisible Items

In this section, we study the case of allocating divisible items
from multiple regions. We first consider the diverse-region
setting and then the equal-region setting.

Diverse-Region

We first show that it is NP-complete to decide whether a
given instance admits an allocation that satisfies EF. Before
our proof, we introduce the definition of piecewise constant

function often appearing in cake cutting literature (Bei et al.
2012; Chen et al. 2013; Tao 2022).

Definition 8 (Piecewise Constant Function). A valuation
density function f; is piecewise constant if the interval [0, 1]
can be partitioned into a finite number of intervals such that
fi is a constant function on each interval.

Theorem 1. Given an instance T = (D, N, f) with piece-
wise constant valuation functions, it is NP-complete to de-
cide whether there exists an allocation that satisfies EF.

Proof Sketch. The proof of NP: given the certificate encod-
ing the assignment of agents to multiple regions, we can ver-
ify the existence of EF allocation using linear programming.
To prove NP-hardness, we reduce from the PARTITION.
Consider an instance from PARTITION with a set of pos-
itive integers S = {ay,...,a,}. We create an instance of
Z = (D, N, f). To make the proof easier to understand,
we do not normalize agents’ valuation functions since EF
only depends on each agent’s own valuation function. We
have 2n agents {t1,...,tn, U1,. .., Uy} and (n + 2) regions
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{R1,..., Rnt2}. Let agent t; have valuation a; for each re-
gion of Ry, ..., R,, and have valuation O for each region of
R,11 and R, 5. Next, we divide each item in R,,; and
R, 42 into n + 1 pieces where all f; are constant functions
with respect to each piece. Let K be a sufficiently large num-
ber. Let agent u; have valuation K + a; for each region of
Ry,..., R,. For each piece 7 in R, 1, let u; have valua-
tion K for that piece, 0 for the other pieces except the last
piece, and % > _icn @i for the last piece. All agents u; have
the same valuation function for the last piece. For R,, 5, we
have the same setting with R, 1.

Then we can verify that if there is a partition S; and So,
we can allocate ¢; to R; for every ¢ € N, u; to R, with
the value of K + a; if a; € S or R, 42 with the value of
K + a; if a; € Sy. If there is an EF allocation, then we can
put a; in Sy if u; isin R, 1 or So if u; isin R, 4. O]

Besides the NP-completeness result, we show that it is
impossible to approximate EF and PROP allocations.

Proposition 1. There exists an instance for which no allo-
cation is a-PROP for any o € (0, 1]. The impossible result
holds even for piecewise constant functions.

Since EF implies PROP, we can directly get the following
corollary.

Corollary 1. There exists an instance for which no alloca-
tion is a-EF for any o € (0, 1]. The impossible result holds
even for piecewise constant functions.

Combining Proposition 1 and Corollary 1 together, any
bounded approximate EF or PROP allocation cannot be
guaranteed even with piecewise constant functions. How-
ever, if we allow partial allocations, we can bypass the im-
possibility result in Corollary 1. Next, we will present an
algorithm named About-To-Envy-Satisfied Algorithm that
outputs an EF-with-bounded-charity allocation under piece-
wise constant functions. Since the algorithm is complicated,
we introduce several components first.

Component-1: Item Transformation. In this component,
we transform the item in each region to be homogeneous,
i.e., each agent ¢’s valuation on d; is a constant for every
t € [m]. To see this, for each dy, we partition it into multiple
intervals on which each agent’s valuation is a liner function
(this can be done by taking the union of all the points of dis-
continuity for all agents’ valuations). After that, we will re-
strict ourselves to the allocations where each agent ¢’s share
on d; is parameterized by a parameter x;; € [0, 1] such that
agent ¢ gets a x;; fraction of the length in each of these in-
tervals. For any two agents 7,7 € N, the valuation of agent
J on agent ¢’s allocation on d; is then given by z;; - v;(dy).
Thus, we can treat each agent 7’s valuation on each d; as a
constant. To simplify the description, we use v;; to denote
agent ¢’s valuation on dy.

Component-2: About-To-Envy-Graph. Given a partial
allocation X = (Xy,...,X,), we define the correspond-
ing about-to-envy-graph, which is a directed edge-weighted
graph G = (V, E, w) where vertices represent agents and a
directed edge (i, j) represents v; (X;) = v;(X;). The weight
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Algorithm 1: About-To-Envy-Satisfied Algorithm

Input: Aninstance Z = (D, N, f) with piecewise
constant functions f
Output: An EF-with-bounded-charity allocation X

1 Let X = (0,...,0);

2 Item Transformation;

3 Assign each agent ¢ to R; with the maximum v;4;

4 Allocate the same positive length § to each agent,
where ¢ is the maximum possible such that the
allocation is still feasible. In particular, ¢ is the value
such that one region R; is exhausted, i.e., P, = 0);

5 while there is a region R; such that P; is envied by at

least one agent do

Let agent ¢* be the most envious agent of P;;

if there exists an agent j* such that there is a
path 5* — - -+ — i* on the about-to-envy-graph
G where X - C dy and Py = (). then

8 Let agent j* return her bundle to the

respective region R,/ ;

9 For each edge (4, j) on the path

j* — .- — 1%, allocate j’s bundle to i;

Allocate a length of %Xt) on P; to %,

10

11 else

12 Let T be the set of all agents from which
there is a path to agent i*;
while no agent in T is in a region that is
exhausted do
For each 7 € T, allocates §; = 6 - )?*

her where 9§ is the maximum value such
that either some agent is added to T or
some region becomes exhausted;

13

14 to

15

| Update the about-to-envy-graph G
16 return X

Vir,;
-— where X; C d,,
K3

ir.

for the edge (i, j) is defined by w;;
and X; C d,,.

Intuitively, an edge (7, j) implies that agent ¢ is about to
envy agent j if agent j receives any more part of one item.
Moreover, if agent j receives an extra length of ¢, agent ¢
should obtain at least w;; - 0 to maintain EF.

Component-3: Most Envious Agent'. Given a partial al-
location X (X1,...,Xy), let P, denote the unallo-
cated fraction of the item d; in R; for any ¢t € [m], i.e.,
P, = d; \ Ui, X;. If P, is envied by at least one agent,
we say that agent ¢* is the most envious agent of P, if
v (X») < vy« (P;) and Wv(iiﬁ) < ”fjf() for any other
agent ¢ who also envies P; (break ties arbitrarily). In other
words, among all agents who envy P;, agent ¢* requires a
minimum length interval of P, such that replacing X ;- with
this interval keeps the value of agent ¢’s bundle unchanged.

By our definition, if an allocation X = (X1,...,X,,) is
EF and agent ¢* is the most envious agent of P, replacing

!"This notion differs from that used in the next section.
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X~ with an interval I C P; such that v« (X;«) = v= (1)
gives another EF allocation. The formal description of our
algorithm can be found in Algorithm 1.

Theorem 2. Given an instance T = (D, N, f) with piece-
wise constant functions f, the About-To-Envy-Satisfied Al-
gorithm computes an EF-with-bounded-charity allocation
X = (X1,...,X,) in polynomial time.

Proof Sketch. Itis easy to check that the if and else branches
do not invalidate EF. Moreover, the algorithm continues as
long as someone envies P, for some region R;. To conclude
our theorem, it remains to show that our algorithm always
terminates and runs in polynomial time.

For if branch, it is easy to see that it takes polynomial
time. For else branch, there are at most O(n) times to exe-
cute inner while loop and § in the inner while loop can be
done by linear programming. Then we only need to bound
the number of the outer while loop.

Firstly, we show that else can only be applied for a poly-
nomial number of times between two executions of if. To
see this, each execution of else makes some region R; ex-
hausted (with P, = ), which takes O(k) times. Hence, we
only need to bound the number of the executions of if.

Throughout the algorithm, we say that a region R; is un-
desirable if it is/was exhausted, i.e., P, = (). We can verify
that once a region R; is undesirable, P, will no longer be
envied by any other agents throughout the algorithm. There-
fore, after each execution of if, an agent is removed from an
undesirable region. In addition, the agents in one undesirable
region can only be removed once throughout the algorithm.
Since we have k regions, the total number of executions of
if can be bounded by O(nk). O

Equal-Region
For equal-region setting, We first present the upper bounds
of EF and PROP allocations.

Proposition 2. There exists an instance for which no allo-
cation is (3 + €)-PROP for any € > 0.

Corollary 2. There exists an instance for which no alloca-
tion is (1 + €)-EF for any e > 0.

Under piecewise constant functions, we observe that if
we allocate the unallocated part to any agent in the respec-
tive region after the About-To-Envy-Satisfied Algorithm,
a %-EF allocation can be guaranteed since the allocation
computed by the About-To-Envy-Satisfied Algorithm is EF-
with-bounded-charity.

Proposition 3. Allocating the unallocated part to any agent
in the respective region on top of the output allocation by the
About-To-Envy-Satisfied Algorithm can guarantee %-EF.

Next, we propose the following algorithm named Adapted
Perfect Partition Algorithm to compute an approximate EF
allocation with general valuation functions. The intuition of
our algorithm relies on perfect partition in cake cutting.
Theorem 3. The Adapted Perfect Partition Algorithm com-
putes a %-EF allocation.

We can observe that if n mod k = 0, the Adapted Perfect
Partition Algorithm can compute an exact EF allocation. If
n >> k, it can compute a nearly exact EF allocation.
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Algorithm 2: Adapted Perfect Partition Algorithm

Algorithm 3: Sequential Envy-Satisfied Algorithm

Input: Aninstance Z = (D, N, f)
Output: An approximate EF allocation X’
1 Let X = (0,...,0);
2 Assign agents to regions by Round-Robin algorithm;
3 if n mod k = 0 then
4 L Divide d; in R; into
j € [K];
5 else
‘|
7 Allocate these perfect pieces to agent(s) in 2, by

Round-Robin algorithm;
8 return X

% perfect pieces for every

Divide d; in R; into [ 7| - ([ 7] +
pieces for every j € [k];

1) perfect

Indivisible Items

In this section, we study the case of allocating indivisible
items from multiple regions. We first consider the diverse-
region setting and then the equal-region setting.

Diverse-Region
We first show that it is NP-complete to decide whether a
given instance admits an allocation that satisfies EF1/EFX.

Theorem 4. Given an instance T = (M, N, R,v), it is
NP-complete to decide whether there exists an allocation
that satisfies EF1/EFX. The hardness result holds even if all
agents have the same valuation function.

Proof Sketch. The problem is clearly in NP: given an alloca-
tion, we can check the property between every pair of agents.
To prove NP-hardness, we reduce from the PARTITION.
Consider an instance from PARTITION with a set of pos-
itive integers S = {a1,...,an }. We create an instance of
Z = (M,N,R,v) where [N| > 3 and |R| = 2, and all
agents have the same valuation function. For region R, we
have m items where each has the value of a;, respectively.
For region Ry, we have the items where each has the value

of € and the total value is |N|2_2 (a1 +---+am). Then, we

can verify that there is an equitable partition if and only if
we can divide items in R?; into two equitable bundles. O

Next, we present the impossible results of approximate
EF1/EFX and PROP1/PROPX allocations.

Proposition 4. There exists an instance for which no allo-
cation is a-EFI/EFX for any o € (0, 1].

Proposition 5. There exists an instance for which no allo-
cation is a-PROP1/PROPX for any o € (0, 1].

Similar to divisible items, we have impossible results for
both the decision problem and the approximation. The im-
possibility results can be bypassed by partial allocations.

Next, we propose the Sequential Envy-Satisfied Algo-
rithm to compute an EFX-with-bounded-charity allocation.
Inspired by techniques in Chaudhury et al. (2021), the main
idea of our algorithm is that in each iteration, we find the
most envious agent and reallocate a new bundle to this agent
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Input: Aninstance Z = (M, N, R, v)
Output: An EFX-with-bounded-charity allocation X
1 Let X = (0,...,0);
2 while there is a region Ry such that Py is envied by at
least one agent do
3 Let agent ¢* be the most envious agent of P;, and
S C P, be an inclusion-wise minimal subset of
P, such that v;« (X;+) < v;=(5);
4 Let agent ¢* return her bundle to the respective
region and allocate .S to agent i*;

5 return X

while guaranteeing that the other agents only envy this agent
up to any item after the reallocation. The formal description
of our algorithm can be found in Algorithm 3.

Most Envious Agent (Chaudhury et al. 2021). Given an
allocation X = (X1, ..., X,,), let P; denote the set of unal-
located items in R, foray ¢ € [m], ie., P, = M, \ U\, X;.
Assume that P; is envied by at least one agent. If agent ¢
envies P, let S; be any inclusion-wise minimal subset of
P, such that v;(X;) < v;(S;) (break ties arbitrarily). We
say that agent ¢, such that v;« (X;+) < v;«(S;») for some
Si= C P, and no strict subset of S« is envied by any agent,
is the most envious agent of P, (break ties arbitrarily).

We can observe that the Sequential Envy-Satisfied Algo-
rithm terminates in finite steps since there is an agent whose
bundle’s value increases and other agents whose bundles’
value is unchanged in each iteration, and the maximum value
of each agent’s bundle is bounded.

Theorem 5. Given an instance T = (M, N, R, v), the Se-
quential Envy-Satisfied Algorithm computes an EFX-with-
bounded-charity allocation X = (X1, ..., X,).

However, one can see that the Sequential Envy-Satisfied
Algorithm is a pseudo-polynomial algorithm. It is still an
open problem whether a polynomial algorithm exists. Next,
we propose a polynomial algorithm named Sequential Envy-
Graph-Satisfied Algorithm that leverages the Envy-Cycles
Procedure proposed by Lipton et al. (2004) to compute an
EF1-with-bounded-charity allocation.

The intuition of our algorithm leverages both the advan-
tages of the Sequential Envy-Satisfied Algorithm and the
Envy-Cycles Procedure. Note that in our setting, the Envy-
Cycles Procedure will not proceed if all source agents are in
exhausted regions. Our algorithm overcomes this difficulty
by moving an agent out without breaking EF1. The formal
description of our algorithm can be found in Algorithm 4.

Theorem 6. Given an instance T = (M, N, R, v), the Se-
quential Envy-Graph-Satisfied Algorithm computes an EF1-
with-bounded-charity allocation X (X1,...,X,) in
polynomial time.

Proof. 1t is easy to check that the inner while loop does not
invalidate EF1. For if branch, we can verify that no one en-
vies agent ¢* up to one item due to the definition of the
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most envious agent. For the agents who receive the new bun-
dles, the other agents do not envy them up to one item since
those bundles are the previous existing bundles. In addition,
the agents who receive the new bundles still envy the other
agents up to one item due to the increase in their bundles’
value and the envy graph. Moreover, the algorithm contin-
ues as long as someone envies P; for some region R;. To
conclude our theorem, it remains to show that our algorithm
always terminates and runs in polynomial time.

For the inner while loop, it is easy to see that it takes poly-
nomial time. For if branch, since there is no envy cycle (oth-
erwise, the algorithm will not jump to the if branch). The
moving will take at most n steps. Then, we only need to
bound the number of the outer while loop, which is equiva-
lent to bounding the number of the executions of if.

Throughout the algorithm, we say that a region R, is un-
desirable if it is/was exhausted, i.e., P, = (. Since the to-
tal value of items in P; will not increase, and the value of
all agents’ bundles will not decrease. Hence, once a region
R, is undesirable, P, will no longer be envied by any other
agents throughout the algorithm. Therefore, after each exe-
cution of if, a source agent is removed from an undesirable
region. In addition, the agents in one undesirable region can
only be removed once throughout the algorithm. There are &k
regions and the total number of executions of if can therefore
be bounded by O(nk). O

Equal-Region
We first show that any bounded approximate EFX or PROPX
allocation still cannot be guaranteed even for the equal-

region. Then, we give constant factor approximation upper
bounds for the EF1 and PROP1 allocations.

Proposition 6. There exists an instance for which no allo-
cation is a-EFX for any o € (0, 1].

Proposition 7. There exists an instance for which no allo-
cation is a-PROPX for any o € (0, 1].

Proposition 8. There exists an instance for which no allo-
cation is (3 + €)-PROPI for any € > 0.

Because EF1 implies PROP1, we can directly have the
following corollary.

Corollary 3. There exists an instance for which no alloca-
tion is (1 + €)-EF1 for any € > 0.

Next, we show that both the Sequential Envy-Satisfied Al-
gorithm and the Sequential Envy-Graph-Satisfied Algorithm
can give a %-EFI allocation by allocating the unallocated
items to the agents in the respective regions.

Proposition 9. Allocating the unallocated items to any
agent in the respective region on top of the output allocation
by the Sequential Envy-Satisfied Algorithm or the Sequential
Envy-Graph-Satisfied Algorithm can guarantee %-EF 1.

Besides the approximate EF1, we are also interested in
approximate PROP1. Next, we give an approximate PROP1
algorithm which runs in polynomial time. The main idea of
this algorithm is based on the Round-Robin algorithm.

Theorem 7. The Adapted Round-Robin Algorithm com-
putes a %-PROP] allocation in polynomial time.
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Algorithm 4: Sequential Envy-Graph-Satisfied Al-
gorithm

Input: An instance Z = (M, N, R, v)

Output: An EF1-with-bounded-charity allocation X
1 Let X =(0,...,0);
2 while there is a region R; such that P; is envied by at

least one agent do

3 while there is a directed cycle in the envy graph
or there is a source agent in the envy-graph and
the region where she picks item before has
unallocated items do
4 | Envy-Cycles Procedure;

5 Let agent ¢* be the most envious agent of P;;

6 if there exists a source agent j* such that there is
apath j* — -+ — i* on the envy-graph G
where X« C My and Py = () then

7 Let agent 5* return her bundle to the
respective region R,/ ;

8 For each edge (4, j) on the path

J* — -+ — 1%, allocate agent j’s bundle to
agent ;

9 Let S C P, be an inclusion-wise minimal
subset of P; such that v;« (X;+) < v;«(.5)
and allocate .S to agent i*;

10

| Update envy-graph G
return X’

Algorithm 5: Adapted Round-Robin Algorithm
Input: An instance Z = (M, N, R, v)
Output: An approximate PROP1 allocation X

1 Let X = (0,...,0);

2 Assign agents to regions by Round-Robin algorithm;

3 for j =1tokdo

4 Use Round-Robin algorithm to allocate items in

R; to agents who are assigned to R;;
5 return X

Similar to the Adapted Perfect Partition Algorithm, if
n mod k = 0, the Adapted Round-Robin Algorithm com-
putes an exact PROP1 allocation. If n >> k, it can compute
a nearly exact PROP1 allocation.

Conclusion

In this paper, we initiate the study of fair allocation of items
in multiple regions where items can be divisible or indivis-
ible. On the negative side, we show the hardness of the re-
spective decision problem and some inapproximability re-
sults. On the positive side, we present the algorithms which
can guarantee partial envy-based notions, and tight bounds
of approximation ratios in special settings. In future work,
we may consider the fair allocation of mixed items in mul-
tiple regions, where each region has both one divisible item
and some indivisible items.
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