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Abstract

Game theory and machine learning are two widely used tech-
niques for predicting the outcomes of strategic interactions
among humans. However, the game theory-based approach
often relies on strong rationality and informational assump-
tions, while the machine learning-based approach typically
requires the testing data to come from the same distribution
as the training data. Our work studies how to integrate the two
techniques to address these weaknesses. We focus on the in-
teractions among real bidders in penny auctions, and develop
a three-stage framework to predict the distributions of auction
durations, which indicate the numbers of bids and auctioneer
revenues. Specifically, we first leverage a pre-trained neural
network to encode the descriptions of products in auctions
into embeddings. Second, we apply game theory models to
make preliminary predictions of auction durations. In particu-
lar, we tackle the challenge of accurately inferring parameters
in game theory models. Third, we develop a Multi-Branch
Mixture Density Network to learn the mapping from product
embeddings and game-theoretic predictions to the distribu-
tions of actual auction durations. Experiments on real-world
penny auction data demonstrate that our framework outper-
forms both game theory-based and machine learning-based
prediction approaches.

1 Introduction

Predicting human behavior in strategic environments is cru-
cial for designing effective economic mechanisms and poli-
cies, such as auctions and tax policies. One conventional pre-
diction approach is reasoning about human strategic behav-
ior through game theory. In classical game theory, humans
are assumed to be fully rational and always employ equilib-
rium strategies. Behavioral game theory considers bounded
rational humans, and assumes that they behave according to
more sophisticated models, such as quantal response equi-
libria and cognitive hierarchy (Wright and Leyton-Brown
2010; Goeree, Holt, and Palfrey 2005; Kagel and Roth
2020; Camerer 2011). However, game theory models may
not accurately predict human behavior in practice (Hartford,
Wright, and Leyton-Brown 2016; Kolumbus and Noti 2019;
Bourgin et al. 2019). It is challenging to manually design a
behavior model that captures all factors influencing human
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behavior (e.g., risk preference, myopia, framing effect, and
altruism). Moreover, deriving the equilibria given a sophis-
ticated behavior model can be computationally intractable,
particularly when the economic mechanisms or policies in-
volve complex rules and humans exhibit heterogeneous ra-
tionalities and knowledge.

There has been a growing trend to predict human strategic
behavior using machine learning models, especially neural
networks (Hartford, Wright, and Leyton-Brown 2016; Zhao
et al. 2018; Cai et al. 2018; Kolumbus and Noti 2019; Shen
et al. 2020; Ben-Porat et al. 2020). With sufficient data about
historical behavior, machine learning models can be trained
to make accurate behavior predictions, even when analyti-
cally characterizing the human behavior model is challeng-
ing. However, the machine learning-based prediction ap-
proach suffers from the domain shift problem (Noti and
Syrgkanis 2021; Andrews et al. 2022). For example, if an
auction designer collects sufficient data about bidder behav-
ior under a specific auction rule, using the machine learning
model trained on these data may not accurately predict bid-
der behavior under a different auction rule. The reason is that
bidders behave differently when the auction rule changes,
causing a shift in behavioral data distribution across differ-
ent auction rules (i.e., domains).

Our work aims at integrating the above two prediction
approaches to combine the strengths of game theory and
machine learning. First, we use game theory to make a
preliminary prediction of human behavior, which is robust
to the domain shift. For example, when the auction rule
changes, without any actual behavioral data under the new
auction rule, game theory can still characterize bidder be-
havior by making rationality assumptions and conducting
equilibrium analysis. Second, we use machine learning to re-
fine the game-theoretic prediction. Due to bounded rational-
ities, a gap exists between the game-theoretic prediction and
real human behavior, and can be highly correlated with the
strategic environment. To bridge the gap, we treat the game-
theoretic prediction as domain knowledge and use machine
learning to learn the mapping from the domain knowledge
and strategic environment to real human behavior.

We focus on predicting strategic behavior in penny auc-
tions (i.e., pay-to-bid auctions), where bidders should pay a
non-refundable bid fee to place a bid and each new bid in-
creases the item price by a constant increment (Platt, Price,
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Figure 1: An Example of A Penny Auction.

and Tappen 2013; Hinnosaar 2016). Since penny auctions
have rich configuration details (e.g., bid fees and bid incre-
ments) and bidder behavior changes with these configura-
tions, penny auctions provide an ideal setting for evaluating
behavior prediction approaches. Predicting when a particu-
lar bidder places a bid in a penny auction is meaningless and
intractable. Instead, our focus lies in predicting the distribu-
tion of the auction duration, which indicates the time when
all bidders decide not to bid. The auction duration reveals the
overall number of valid bids, and determines the item’s final
price and the total payment from bidders to the auctioneer.

We propose a three-stage auction duration prediction
framework. Our key idea is first making predictions using
different game theory models and then developing a Multi-
Branch Mixture Density Network, which learns the mapping
from this domain knowledge and other available auction in-
formation to the actual distribution of the auction duration.
Our contributions are two-fold:

* On the application side, we develop a framework to pre-
dict the auction duration under different auction configu-
rations and compare it with other methods. Experiments
on both synthetic and real data show that our framework
achieves accurate predictions, even under a large domain
shift. Our framework can help auctioneers better estimate
their revenues under different auction configurations and
choose the optimal configuration.

* On the methodology side, we propose a novel strategic
behavior prediction approach that combines the strengths
of game theory and machine learning. We tackle the asso-
ciated technical challenges, such as inferring parameters
in game theory models. The idea of our prediction ap-
proach is general and can be extended to predict human
behavior in other strategic environments.

2 Related Work

Behavior Prediction in Penny Auctions Prior studies
have analyzed human behavior in penny auctions using
either laboratory data (Caldara 2012) or real-world data
(Zheng, Goh, and Huang 2011; Wang and Xu 2016). Built
upon a common fundamental game theory model, some
studies investigated the impacts of different factors (e.g., risk
preference, sunk cost, and information asymmetry) on hu-
man behavior (Byers, Mitzenmacher, and Zervas 2010; Platt,
Price, and Tappen 2013; Augenblick 2016; Hinnosaar 2016).
Furthermore, a few studies applied behavioral game theory
to model bidders’ bounded rationality and cognitive biases.
For example, Prospect Theory was used to capture the prob-
ability misperception and loss aversion of bidders (Gnutz-
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mann 2014; Briinner et al. 2019). They provide a good un-
derstanding of human behavior in penny auctions but still
lack predictive accuracy due to the challenge of manually
designing an accurate behavior model. In fact, the models
in most of these studies can be expressed through a generic
form, as will be discussed in Section 4.3.

Integration of Game Theory and Machine Learning
There are some prior studies integrating game theory and
machine learning, but many of them used game theory and
machine learning to solve different tasks of their problems
(Gao, Kwong, and Jia 2017; Zhu et al. 2021). In contrast, our
work combines them to address the same prediction task.

A few studies combined theoretical behavioral models
with machine learning to better predict human behavior
(Plonsky et al. 2019; Radford and Joseph 2020; Hofman
et al. 2021). Most references focused on predicting human
choices among monetary gambles (Noti et al. 2016; Plonsky
et al. 2017), where each gamble encompasses several pos-
sible outcomes (Erev et al. 2015; Plonsky et al. 2018). For
example, (Bourgin et al. 2019) utilized theoretical models
developed by cognitive psychologists to generate synthetic
data, alleviating the scarcity of real behavioral data avail-
able for training neural networks. In these studies, human
payoffs are not affected by the decisions of others, which is
different from penny auctions. Moreover, unlike these stud-
ies, we propose to learn the relation between predictions of
theoretical models and actual human behavior.

Reference (Noti and Syrgkanis 2021) also studied the bid-
ding behavior prediction, but focused on predicting bids un-
der the same auction mechanism. Our work aims at predict-
ing outcomes under different configurations, which helps in
optimizing the auction mechanism (e.g., bid fees).

3 Problem Formulation
3.1 Penny Auctions

Consider a penny auction lasting for multiple rounds in-
dexed by t € NT. To begin with, all bidders are allowed to
place a bid. The first bid will make the auction enter its first
round. Whoever places the first bid will become the leading
bidder in this round. After the first round, any non-leading
bidder in the ¢-th round can place a bid, triggering the start
of the (¢ + 1)-th round and resulting in the bidder becoming
the new leading bidder.

In the penny auction, the initial buying price ¢ is 0 and
every bid will raise it by a constant increment d > 0. Ev-
ery time a bidder bids and becomes the leading bidder, she
has to pay a small and non-refundable bid fee b > 0 to the
auctioneer.
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Figure 2: Our Three-Stage Auction Duration Prediction (ADAPT) Framework.

If no further bids occur after ¢ rounds, the auction will Stage III (Duration Distribution Prediction): We propose
conclude and we record the auction’s duration n as ¢. The a Multi-Branch Mixture Density Network, which takes the
leading bidder in the ¢-th round will win the auction and outputs of the first two stages as inputs and predicts the dis-
pay q for the product. We illustrate an example of n = 4 in tribution of the auction duration.

Figure 1, where three bidders bid for a game controller. The
auctioneer charges'b for eagh bid, and ¢ = 4-d for selling the 4.2 Stage I: Product Embedding
controller to the winner (bidder C).

Penny auctions can vary in terms of bid fees b and bid For each product T, 1tS dCSCI‘iptiOH is visible to all bidders on
increments d. Moreover, they may differ in the products to the auction website and offers basic information about prod-
be auctioned off, and we use r to identify a produet, Addi- uct speciﬁcations. COIlSideI'iIlg that the pl"OdU.Ct description
tionally, we use v to denote the retail price of a product. It is is in the length of a sentence, we use a pre-trained Sentence
announced by the auctioneer on the auction website, and can Transformer (Reimers and Gurevych 2019) to encode it and
help bidders better assess the value of the product. Formally, get a fixed-length embedding e;. The embedding e; is a vec-
we Categorize penny auctions by four features: product r, tor representation of the product features and can be easily
retail price v, bid fee b, and bid increment d. Thus, by num- processed by the neural networks in the next two stages.
bering different categories with ¢, we can define the auction
configuration as s; = {ri, v, bi, di}. 4.3 Stage II: Domain Knowledge Extraction
3.2 Auction Duration Prediction Problem In this subsection, we first discuss the connection between

. . . auction durations and the equilibria characterized by game
Penny auctions with the same configuration can be held mul- d y &

tiple times, and our data record the auction durations ob-
served under each configuration. To capture the random-
ness in bidder behavior, we aim to predict the distribution of
auction durations given the configuration information. For-
mally, if S denotes the set of all auction configurations that
we study, our problem is to predict p; ., (i.e., the probability
that the auction ends after n rounds) for each s; € S.

decision-making theories. Third, we address the challenge
of inferring the parameters of the game theory models.

Connection Between Auction Durations and Equilib-
ria Some prior studies conducted game-theoretic analy-
sis of penny auctions and mainly focused on deriving sym-

theory models. Second, we present a generic equilibrium
condition, and characterize equilibria considering different

metric subgame perfect Nash equilibria (Platt, Price, and

4 Our Prediction Framework Tappen 2013; Hinnosaar 2016). Specifically, we use m €
4.1 Overview {L,2,..., M} toindex game theory models. For game theory
model m and auction configuration s;, a symmetric subgame

We propose a three-stage Auction Duration Prediction perfect Nash equilibrium is characterized by the probability

(ADAPT) framework to predict auction durations. As shown
in Figure 2, our framework consists of the following stages.
Stage I (Product Embedding): We utilize a pre-trained
neural network to encode product descriptions and get their
embeddings, which will be used in the next two stages.
Stage II (Domain Knowledge Extraction): We leverage

m)

uﬁyt . According to the auction rule, it equals the probability
of the penny auction s; entering its ¢-th round, conditioning
on that ¢ — 1 rounds have elapsed. Note that we focus on

. _— auction durations exceed 0. Therefore, we have u™m = 1.
game theory models to get preliminary predictions of auc- i1
tion durations, regarded as domain knowledge. A key chal- Given Uz(,r?), we can compute the distribution of auction du-
lenge is inferring the parameters of game theory models, es- ration predicted by model m, and derive the probability pgfﬁ)
pecially some parameters that may depend on the product (defined in Section 3.2) as:
features. We address it by proposing an InferNet to learn the
mapping between product features and parameter values. PE,TZ) =(1- u%)ﬂ) o ui? (1)
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that at least one bidder bids after t—1 rounds. We denote it by

auctions that can be successfully initiated, meaning that the
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A Generic Equilibrium Condition We show a generic
condition that u(m) satisfies in the equilibrium. For ¢ > 2,
when a non- leadlng bidder bids after the (¢ — 2)-th round, it
is possible that she becomes the leader in the (¢ — 1)-th round
and other bidders continue to bid, leading the auction to en-
ter the ¢-th round. Each non-leading bidder should decide be-
tween bidding or not after the (¢ — 2)-th round, considering
the abovementioned possibility. In the symmetric subgame
perfect equilibrium with u(m) > 0, each non-leading bidder
is indifferent between the two choices, i.e., the utilities are
equal (Briinner et al. 2019):

- ‘meWN =(t=1)-di=bi=h™ (t-2))
™ ) - S (b= B (0 - 2)
=£" (fhE””( - 2)). @)

The left side of (2) computes the bidder’s perceived expected
utility, considering whether her bid after the (¢ — 2)-th round
will conclude the auction in the (¢ — 1)-th round. The right
side of (2) computes the bidder’s utility when she does not
bid, and the utility only depends on the sunk cost of placing
bids in the preceding ¢ — 2 rounds.

There are three functions in (2) that can take different spe-
cific forms in different game theory model m:

. fi(m) (+) is the utility function of bidders and reflects bid-
ders’ valuation of the outcomes resulting from different
actions.

+ 7™ (.) is the probability weighting function, which cap-
tures how bidders perceive probabilities differently from

the actual probabilities of uncertain outcomes (Kahne-
man and Tversky 1979).

. hgm)(-) denotes the sunk cost incurred by the accumu-
lated historical bid fees (Augenblick 2016).

Next, we introduce two representative game theory mod-
els (GT1 and GT2), where we choose specific forms of
the above three functions based on Expected Utility Theory
(EUT) and Prospect Theory (PT), respectively.

GT1 (EUT-Based Model) Expected Utility Theory
(EUT) assumes that bidders are fully rational and can cor-
rectly perceive the probabilities of uncertain outcomes, so
7 (u) = win GTI (indexed by m = 1). If the bidder util-
ity function is linear and the bidders disregard the sunk cost
(Platt, Price, and Tappen 2013), we have fi(l) (v) = v and
A (¢) = 0.
Substituting £ (-), h{V (), and 7" (-) into (2) yields a
simplified equilibrium condition:
(1=ul)) - (vi=(t = 1) - di=bs) +u) - (=bs) =

0. 3

Solving the equation gives uZ t , which can be used to derive
Eln based on (1).

GT2 (PT-Based Model) Compared with EUT, Prospect
Theory (PT) considers more sophisticated bidder behavior,
and assumes that bidders evaluate gains and losses asym-
metrically (Kahneman and Tversky 1979). GT2 (indexed by
m = 2) considers the following utility function (Briinner
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(2) )
i forv > 0,

and f(2>( o, M”) _

Here, af) and >\§2) are parameters denoting bidders’ prefer-
ence of risk and attitude toward loss, respectively. GT2 also
assumes that bidders have inaccurate perception of uncer-
tainty and consider the sunk cost. Due to space limit, 7r( ) ()
and h§2) (+) are omitted and they are also referenced from
(Kahneman and Tversky 1979; Briinner et al. 2019). Similar
to (3), we can substitute these functions to (2), and solve it
to get u}?)

et al. 2019): £ (U; a® A@)) %

() (1_ox <)
i G (21;( ?)) for v < 0.

Challenge of Parameter Inference Let 0("') denote the
parameters of model m. For example, 8> includes «!”

)\52), and the parameters in the probability weighting func-
tion and suck cost function in GT2. A prerequisite for com-
puting u(m) and p(m) is inferring 6™ . Specifically, we can

infer e§m> based on the actual auction durations under auc-
tion configuration s; in the training data. We can use algo-
rithms, such as Simulated Annealing (Bertsimas and Tsit-
siklis 1993), to search for the eg”” that maximizes the like-
lihood given the data.

A challenge is that the training data cannot include all
possible auction configurations. Without observations of ac-
tual auction durations under configuration s;, the conven-
tional method cannot infer 6™ .

Inference with InferNet The key idea of our solution is
learning the mapping between auction configurations (such
as the embedded description e;) and model parameters 6™
using the training data. Given the learned mapping, even if
the training data do not include any observation of the dura-
tion for configuration s;, we can still estimate 05’") based on
the configuration information such as e;.

Neural networks have a strong capability to capture the
underlying pattern inherent in the data. For each model m,
we propose an InferNet (a multi-layer fully connected neu-
ral network). The inputs include configuration information
(e.g., ei), and the outputs include the inferred parameters,
denoted as 8™ .

To train the InferNet on the training data, we design a
loss function. Specifically, with 8™, we can compute u(m)

using (2), and then get pl? based on (1). To evaluate 0<m)
we can resort to p(m)

(m)

P, With respect to different n and the actual auction dura-
tlons observed in the data. Consequently, we choose the loss
function to be the following negative log-likelihood:
1

D T 2 el (P{)s
i:| NG| #0 neN;

where N; is the set of actual auction durations under con-
figuration s; observed in the data. A lower negative log-
likelihood implies a more precise mapping between configu-
ration information and model parameters. After training In-
ferNet to minimize the negative log-likelihood, we can use
it to predict model parameters for the configurations that do
not appear in the training data.

and measure the consistency between

@

LossinferNet = —
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Figure 3: Structure of Our Multi-Branch Mixture Density Network.

4.4 Stage III: Duration Distribution Prediction

We propose a Multi-Branch Mixture Density Network (MB-
MDN) to predict the duration distribution. We first discuss
the network inputs and MDN, and then introduce MB-MDN.

Network Inputs Given the configuration s;, the input of
our duration prediction model is a stack of M + 1 vectors.
The first vector is the embedded product description e;. Each
of the other M vectors corresponds to the domain knowl-
edge extracted using each game theory model, i.e., it con-
sists of p£771L>, p£7;>, etc. To facilitate the batch training of
our predlctlon model, we extend these vectors to the same
length L, where L is a sufficiently large integer. We apply
the padding technique (adding zeros to the end of short vec-
tors) and mask the padded zeros during model training.

Mixture Density Network The Mixture Density Network
(MDN) can effectively learn the mapping from features to
the probability distribution of random events. Specifically, it
combines a conventional neural network with a mixture den-
sity model (Bishop 1994). MDN outputs parameters of the
mixture density model. For example, taking the stacked vec-
tors under configuration s; as the input, a Weibull MDN can
output w;, k;, and 3; as the parameters of a Weibull mix-
ture model. Given w;, k;, and 3;, the predicted probability
density function of n is as follows:

J
=Y wiy-ii(n
j=1

where J is a hyper-parameter indicating the number of mix-
ture components, w; ; is the mixing coefficient satisfying
w;,; > 0 and ijl w;,; = 1, and ¢; ;(-) is a Weibull proba-
bility density function parameterized by the shape parameter
ki; > 0 and the scale parameter 3; ; > 0. By combining dif-
ferent components ¢; ; (-) with the weight w; ;, g; (-) gains
the capability to represent complex distributions.

Gi(n; wi, ki, Bi) ki g, Bii), ()

Multi-Branch Mixture Density Network The conven-
tional MDN typically uses a fully connected neural network
to learn the mapping from input features to the parameters
of the mixture model. We propose a novel MB-MDN, which
uses multiple branches to predict different mixture model
parameters separately. Each branch focuses on capturing the
relationship between input features and a specific type of
model parameters, leading to a more fine-grained prediction
for each type of parameters. Leveraging the multi-branch
structure (Ye et al. 2020; Leroux, Li, and Simoens 2022), our
network effectively predicts heterogeneous model parame-
ters while requiring fewer trainable neural network weights.
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As shown in Figure 3, the input of MB-MDN is a stack
of L-dimensional vectors. We use a batch normalization
layer to normalize the input data over each mini-batch. Each
branch is dedicated to predicting one type of parameters of
the Weibull mixture model. For each branch, we utilize a
convolutional block to extract features from the input data.
Within the convolutional blocks, we use convolutional ker-
nels with customized sizes and strides. We choose the soft-
plus function (Softplus () = log (1 + e)) as the activation
function, which always has a non-zero gradient. For the
branch corresponding to w, we include a softmax layer to
ensure that ijl w; = 1 and w; > 0. For the branches asso-
ciated with k and 3, we apply an exponential function to the
output, which guarantees that k; > 0 and 3; > 0.

Loss Function The loss function used to train MB-MDN
measures the consistency between the predicted auction du-
ration and the actual duration. Note that the output of MB-
MDN is a continuous probability distribution and the actual
duration can only be an integer. Let p; , denote the predic-
tion of p;, n %wen by our framework. We can compute it as
Din = fn 0.5 Gi (1) dn. Then we can define the loss function
as the following negative log-hkehhood.

> L e,

it N |#0 neEN;

(6)

LossmMB-MDN = — Wi
'L

where N; is the set of actual auction durations under config-
uration s;. The negative log-likelihood has been widely used
as the loss function in strategic behavior problems (Hartford,
Wright, and Leyton-Brown 2016).

5 Experiments
5.1 Dataset Description

We evaluate our duration prediction framework on a syn-
thetic dataset and a real dataset. We use game theory models
to generate the synthetic dataset. Given an auction config-
uration s;, we first select a game theory model m from the
M models according to a predefined mapping from auction
configurations to the choices of game theory models. Next,
we compute the correspondlng p<m) for different n. Then,

we perturb each p ) using a Gaussian noise, subject to the
constraint that the sum of probabilities remains one. We ran-
domly generate samples of auction durations according to
the perturbed distribution.

The real data are collected by authors of (Byers, Mitzen-
macher, and Zervas 2010; Augenblick 2016) from online
penny auction websites. The dataset includes auction config-
urations consisting of the product information, retail price,
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bid fee, and bid increment. Under each configuration, multi-
ple auctions may be held. The dataset records the duration of
each of these auctions. It contains 115, 831 records covering
1,276 auction configurations.

5.2 Experiment Settings

Our duration prediction framework uses InferNet to infer
the parameters of game theory models for out-of-sample
configurations, which do not appear in training data. We
compare InferNet with two inference methods:

* SA-Avg (Booij, Van Praag, and Van De Kuilen 2010):
For each configuration that appears in the training data,
this method applies Simulated Annealing to infer the
parameters of game theory models. Then, it computes
the averages of the inferred parameters across these in-
sample configurations, which serve as the model param-
eters for all out-of-sample configurations.

¢ SA-Unified (Briinner et al. 2019): For all configurations
that appear in the training data, this method applies Sim-
ulated Annealing to infer a unified set of model parame-
ters, and uses them for all out-of-sample configurations.

To evaluate these inference methods, we compare game
theory models whose parameters are inferred using differ-
ent inference methods and test their prediction performance
under out-of-sample configurations. Specifically, we focus
on GT2, and compute the negative log-likelihood (NLL)
achieved by GT2 with parameters inferred by each inference
method. The NLL measures the consistency between the
predicted duration distribution and the actual auction dura-
tions (Lakshminarayanan, Pritzel, and Blundell 2017). This
metric has been widely used to evaluate the performance
of prediction methods in strategic environments (Stahl and
Wilson 1995; Hartford, Wright, and Leyton-Brown 2016;
Wright and Leyton-Brown 2019).

We can also evaluate the prediction by measuring the KL-
divergence between the empirical distribution and predicted
distribution of auction duration (Balietti, Klein, and Riedl
2021; d’Eon et al. 2023). However, the KL-divergence per-
formance may be sensitive to data scarcity. When the num-
ber of collected data points is limited under some auction
configurations, the empirical distribution may deviate sig-
nificantly from the true distribution. Due to space limit, we
will only show the KL-divergence performance of duration
prediction methods on real data.

We compare our ADAPT framework (which integrates
the two aforementioned game theory models with machine
learning) with the following methods in terms of auction du-
ration prediction:

e GT1: It is a representative game theory model that ap-
plies Expected Utility Theory to analyze bidder behavior
and predict durations (as introduced in Section 4.3).

e GT2: It is a representative game theory model estab-
lished on Prospect Theory (as introduced in Section 4.3).
We infer the model parameters by InferNet.

* GT1+MDN: It first applies GT1 to predict the auction
distribution, which is then fed into the Multi-Branch
Mixture Density Network to further refine the prediction.
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SA-Avg SA-Unified InferNet

: Avg 7938 6538  5.947
Synthetic Data ;" 962 0565  0.173

Ave T.492 7421  6.858
RealData i 0133 0355  0.208

Table 1: NLLs of Game Theory Models with Parameters In-
ferred by Different Methods.

The MB-MDN is used to learn the mapping from the pre-
diction of GT1 to the actual duration distribution.

* GT2+MDN, GT1+GT2+MDN, GT1+EMB+MDN,
GT2+EMB+MDN, EMB+MDN: These methods are
similar to GT1+MDN, but differ in terms of the inputs
to MB-MDN, which can include the prediction of GT1,
the prediction of GT2, and the product embedding.
In particular, EMB+MDN is a machine learning-only
method that simply feeds the product embedding to the
neural network.

In addition to GT1 and GT2, prior studies have investi-
gated another game theory model (referred to as GT3) (Platt,
Price, and Tappen 2013). It is essentially a generalization of
GT1 and a special case of GT2.In GT3, =" (-) and h{™ (.
are the same as those of GT1, and fi(m) () is the same as
that of GT2 to capture the risk preference of bidders. Due
to its similarities with GT1 and GT2, we will only show the
performance of GT3, and omit the performance of methods
like GT1+GT3+MDN and GT3+EMB+MDN to reduce the

number of similar methods in each figure.

Implementation Details We conduct experiments using
eight random seeds for both synthetic and real data. Under
each seed, we randomly select 70% of data for training, 20%
for validation, and 10% for testing. We apply the Adam opti-
mizer to train neural networks. The code and data are avail-
able at: https://github.com/YogaWang7/ADAPT.

5.3 Experiment Results

Model Parameter Inference Table 1 presents the com-
parison between different inference methods on synthetic
testing data and real testing data. The game theory model
(GT2) with parameters inferred by InferNet achieves the
best prediction performance (i.e., the lowest NLL) under
out-of-sample auction configurations. This implies that In-
ferNet can effectively learn the inherent connection between
auction configurations (e.g., product information) and pa-
rameters characterizing bidder behavior patterns.

Auction Duration Prediction In Figure 4, we show two
examples comparing the predicted distributions with the nor-
malized histogram of auction durations in real testing data.
By comparison, the predicted distribution of ADAPT ex-
hibits a better fit to the histogram of actual durations, and
achieves a lower NLL. It implies that the NLL serves as a
reliable indicator of prediction performance.

Figure 5 shows the NLLs achieved by different methods
on synthetic testing data, where the error bars represent the
standard deviations. As indicated by the colors, we catego-
rize these methods into four groups, based on whether they
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GT1 GT2 GT3 GT1+MDN GT2+MDN EMB+MDN GT14+EMB+MDN GT2+EMB+MDN GT1+GT2+MDN ADAPT

NLL Avg 6.795 6.858 6.851  6.626 6.684 6.728 6.454 6.462 6.416 6.344
Std 0.140 0.208 0.145  0.409 0.283 0.113 0.103 0.111 0.075 0.061
KL-D Avg 3.254 3.564 3.541  2.928 3.224 3.203 2.848 2.967 2.911 2.836
Std 0.128 0.209 0.463  0.084 0.259 0.086 0.076 0.143 0.123 0.075

Table 2: NLLs and KL-Divergence of Methods on Real Testing Data.
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Figure 4: Examples of Predicted Distributions and Normal-
ized Histogram of Durations in Real Testing Data.
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Figure 5: NLLs of Methods on Synthetic Testing Data.

use MB-MDN and the inputs to MB-MDN. Table 2 shows
the NLLs and KL-divergence on real testing data.

We can observe that our ADAPT achieves the lowest av-
erage NLL and KL-divergence. For example, compared with
GT1, ADAPT reduces the NLL on real data by around 0.5.
As shown in Figure 4, a decrease of 0.5 corresponds to a
significantly improved alignment with the actual distribu-
tion. Moreover, feeding more information regarding game-
theoretic predictions and product embeddings to the MB-
MDN can reduce the NLL and KL-divergence. In Figure
5, with more inputs to MB-MDN, the methods in yellow
(e.g., GT1+GT2+MDN) generally outperform the methods
in green (e.g., GT1+MDN and GT2+MDN). This obser-
vation validates our design of ADAPT, which feeds both
game-theoretic predictions and product embeddings to MB-
MDN. We also observe that our ADAPT yields a low stan-
dard deviation, indicating its robustness to data randomness.

Prediction Under Large Domain Shifts In the above ex-
periments, we randomly split data for training, validation,
and testing. Next, we deliberately split data to evaluate dif-
ferent methods under substantial domain shifts. First, we se-
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Figure 6: Duration Distributions under Large Domain Shifts.
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Figure 7: NLLs of Methods Under Large Domain Shifts.

lect the data with a bid increment of 0.01 (the lowest positive
increment value) as testing data, and use the remaining data
for training and validation. Second, we select the data with
a bid fee of 0.01 (the lowest positive bid fee) as testing data.
In these two cases, the proportions of testing data are 6.3%
and 15.8%, respectively. The box plots in Figure 6 show that
the distribution of auction durations in the testing data sig-
nificantly diverges from that in the training and validation
data. Note that each box plot in Figure 6 does not display
the outliers that notably differ from other data.

Due to space limit, Figure 7 compares ADAPT with
the following representative methods: GT1, GT2, GT3
(game theory models), EMB+MDN (machine learning-only
method), and GT1+GT2+MDN (which is second only to
ADAPT in previous experiments). We can see that un-
der large domain shifts, the reductions in NLLs under our
ADAPT over these methods become greater.

6 Conclusion

In this paper, we integrated game theory and machine learn-
ing to predict penny auction durations. We proposed Infer-
Net to infer parameters of game theory models for out-of-
sample configurations, and developed MB-MDN to learn the
mapping from game-theoretic predictions and product em-
beddings to the actual duration distributions. Our framework
outperforms game theory-based and machine learning-based
methods on both synthetic and real data, especially under
large domain shifts. We plan to extend our prediction frame-
work to other strategic environments in our future work.
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