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Abstract

This study introduces an optimal mechanism in a dynamic
stochastic knapsack environment. The model features a sin-
gle seller who has a fixed quantity of a perfectly divisible
item. Impatient buyers with a piece-wise linear utility func-
tion arrive randomly and they report the two-dimensional pri-
vate information: marginal value and demanded quantity. We
derive a revenue-maximizing dynamic mechanism in a finite
discrete time framework that satisfies incentive compatibility,
individual rationality, and feasibility conditions. It is achieved
by characterizing buyers’ utility and deriving the Bellman
equation. Moreover, we propose the essential penalty scheme
for incentive compatibility, as well as the allocation and pay-
ment policies. Lastly, we propose algorithms to approximate
the optimal policy, based on the Monte Carlo simulation-
based regression method and reinforcement learning.

Introduction

Dynamic resource allocation refers to the distribution of
a limited amount of resources in a dynamic environment.
This problem arises in various fields where the system has a
fixed capacity to serve time-varying demands, such as cloud
computing and software-as-a-service (Wu, Garg, and Buyya
2011; Wang, Liang, and Li 2013; Zhang et al. 2015). There-
fore, it is crucial for system designers to find an optimal pol-
icy to achieve their desired objectives while considering the
resource provision for future demands. Although the struc-
ture of dynamic allocation problems can vary depending on
the objectives and assumptions, this study focuses on a spe-
cific category of dynamic resource allocation, the Dynamic
Stochastic Knapsack Problem (DSKP).

In the original DSKP, the seller tries to sell a fixed amount
of an item over a finite time horizon. During each time pe-
riod, customers with information about the item’s value and
desired quantity enter the system. The seller, with stochas-
tic knowledge of customer arrivals, aims to determine the
optimal allocation strategy to maximize the total expected
value (Papastavrou, Rajagopalan, and Kleywegt 1996; Kley-
wegt and Papastavrou 1998). Moreover, the original DSKP
assumes that arriving demands are non-strategic. As each
buyer is assumed to behave non-strategically, the problem
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of maximizing expected value naturally aligns with the goal
of maximizing expected revenue, since the value can be in-
terpreted as the maximum willingness to pay.

However, this assumption about non-strategic buyers does
not hold true in many real-life scenarios. In reality, cus-
tomers might strategically misreport their information to
achieve favorable outcomes. They could request quantities
exceeding their actual desire or overbid the resource’s value
in an attempt to improve their chances of securing an alloca-
tion priority. Given this potential, the seller needs to devise
an optimal selling mechanism that maximizes expected rev-
enue when buyers are behaving strategically.

If all participants act strategically, the aforementioned
problem can be effectively tackled through mechanism de-
sign. By extending the work of Myerson (1981), which pro-
posed the optimal mechanism in one-dimensional and static
environments, we can derive the optimal dynamic mecha-
nism in two-dimensional and dynamic environments. How-
ever, it’s important to note that dynamic mechanisms of-
ten involve intricate mathematical formulations, which can
pose challenges when directly applied to real-world service
systems. To overcome these complexities, the development
of approximation algorithms for the derived mathematical
solutions becomes essential. This approach aims to render
these mechanisms practically implementable, mitigating the
challenges associated with their mathematical complexity.

To this end, we consider a revenue-maximizing dynamic
mechanism under the dynamic stochastic knapsack envi-
ronment. Buyers arrive randomly throughout the finite time
horizon with private two-dimensional information about
their desired quantities and values, which follows a continu-
ous joint probability distribution. In this setting, the optimal
allocation and payment rules that satisfy incentive compati-
bility and individual rationality are derived by modifying the
characterization approach and dynamic program. Further-
more, we propose two algorithms to approximate the pro-
posed mathematical solution by implementing Monte Carlo
(MC) simulation-based regression method and reinforce-
ment learning. We compare and analyze the performance of
these algorithms to evaluate their effectiveness.

The suggested model and algorithms in this study con-
tribute in the following ways:

* We propose a general structure for an optimal dynamic
mechanism by relaxing assumptions presented in exist-
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ing two-dimensional dynamic mechanisms. Firstly, we
assume that buyers have a piece-wise linear function in-
stead of the conventional take-it or leave-it form. Sec-
ondly, we extend the buyers’ type space and the seller’s
decision set as continuous domains. Lastly, we address
an environment where the number of arriving buyers at
each time period remains unknown.

* We determine allocation and payment policies contingent
on the time period, remaining item quantity, and submit-
ted bids from incoming buyers. Moreover, we devise a
penalty scheme to ensure incentive compatibility, which
is necessary to prevent buyers from overbidding for the
demanded quantity.

* We introduce two algorithms to numerically approximate
the proposed mechanism. The first algorithm employs a
Monte Carlo (MC) simulation-based regression method,
which approximates the state value function with a poly-
nomial function. The second algorithm relies on the deep
deterministic policy gradient (DDPG) technique, focus-
ing on learning the allocation policy.

Related Works
Dynamic Stochastic Knapsack Problem

DSKP emerged as a component of the dynamic alloca-
tion problem and was initially analyzed in a finite discrete-
time framework by Papastavrou, Rajagopalan, and Kleywegt
(1996). Subsequently, Kleywegt and Papastavrou (1998) ex-
tended this framework to encompass continuous-time sce-
narios, while Kleywegt and Papastavrou (2001) investigated
with random-sized demands. They aimed to find optimal
allocation and pricing rules within a non-strategic demand
context. Notably, they suggested that the optimal allocation
and pricing rules are threshold policies, which offer a uni-
form price to incoming buyers and the buyers either accept
or reject the offer.

Furthermore, various computation algorithms for DSKP
have been developed to implement allocation policies in
practical scenarios (Zhou, Chakrabarty, and Lukose 2008;
Han, Kawase, and Makino 2015; Im et al. 2021; Sun et al.
2022). They focused on online algorithms to allocate re-
sources in response to changing demands and constraints.
They offered theoretical bounds to guarantee the efficiency
of the proposed algorithms. However, the presence of strate-
gic behaviors among buyers necessitates a mechanism de-
sign approach to maximize the seller’s expected revenue.

Optimal Mechanism

In the field of mechanism design, the solution to the
presented problem—an optimal mechanism in a dynamic
stochastic knapsack environment—can be viewed as a two-
dimensional type space (value and quantity), multi-unit (per-
fectly divisible item) dynamic mechanism. Our approach ef-
fectively adapts the findings of mechanisms in a static envi-
ronment to span multiple periods. The cornerstone of the op-
timal mechanism in a static environment is the work of My-
erson (1981), which revolved around a revenue-maximizing
auction for a single item using the characterization approach.
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Subsequently, much of the literature has expanded to en-
compass various settings. Che (1993) and Asker and Cantil-
lon (2010) explored the multi-dimensional bidding environ-
ment, while Maskin and Riley (1989) extended the model to
a multi-unit setting. Furthermore, Iyengar and Kumar (2008)
formulated a two-dimensional and multi-unit procurement
auction mechanism with perfectly divisible items, laying the
groundwork for constructing a periodic allocation model in
our study. Additionally, to address the computational chal-
lenges of the optimal mechanism, Bhat et al. (2019) sug-
gested an algorithm that transforms integration into a sum-
mation operation, and Duetting et al. (2019) used a neural
network to approximate the optimal mechanism in various
auction environments.

Dynamic Mechanism

In the context of the dynamic mechanism based on the My-
ersonian approach, Bergemann and Viliméki (2019) noted
that the optimal dynamic mechanism has been explored in
two main strands. The first strand involves fixed participat-
ing agents with evolving values over time (Kakade, Lobel,
and Nazerzadeh 2013; Pavan, Segal, and Toikka 2014; Pavan
2017). However, our approach diverges from these works
as we consider a scenario where the buyers are impatient,
meaning they stay in the system only temporarily.

Our study aligns with the second strand, where the pop-
ulation of bidders changes over time while retaining fixed
private values. This line of research primarily focuses on
revenue management for sellers dealing with the requests
of impatient buyers. Vulcano, Van Ryzin, and Maglaras
(2002) tackled the challenge of designing an optimal mech-
anism for selling indivisible, limited items in a discrete-
time space, involving randomly arriving unit-demand buy-
ers. Building upon this, Gershkov and Moldovanu (2009) ex-
tended the problem to a scenario with heterogeneous goods
and continuous-time arrivals of buyers and Pai and Vohra
(2013) considered bids in three dimensions (value, arrival
time, deadline) from unit-demand buyers.

The two-dimensional optimal dynamic mechanism where
the buyers bid their value and quantity was studied in Dizdar,
Gershkov, and Moldovanu (2011) and Wang, Liang, and Li
(2013). The former considered an environment where a sin-
gle buyer arrives every period, while the latter assumed the
items are indivisible discrete units. Additionally, both stud-
ies simplified the analysis by considering the buyer’s utility
function as a take-it or leave-it form, where the utility be-
comes zero if the desired quantity is not obtained. In our
model, we aim to improve upon these aspects.

Framework

A monopolistic seller possesses ) units of a perfectly di-
visible item. The seller plans to sell the item during a finite
discrete time horizon 7 = {1,---,T'} and aims to maxi-
mize the ex-ante expected revenue at the beginning. In ev-
ery period ¢ € T, nt buyers arrive in the market, where n?
follows a probability mass function g(n) with the support
{1,---,N}. Every buyer is assumed to be impatient: the
buyer arriving at ¢ leaves the market before ¢ + 1.
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The arriving buyer at time ¢ is denoted as (i,t), where
1 < i < n'. The buyer (i,t) has private information
0t = (v, ql), with v} representing the marginal value of
the item and ¢! representing the desired quantity. 6! is in-
dependently distributed among the n' bidders and follows
a joint probability density function f(v,q) and cumulative
distribution function F'(v, ¢) with the support (or type space)
O = [v, 9] x [q, q]. The lowest values are normalized to 0,
ie,v=0andq=0.

We define 6* = (6%,---,0!,,@,---,@) € OV as the
type profile of bidders at period t. The former part de-
scribes the type vector of arriving buyers, and the latter de-
scribes the dummy types of non-arriving buyers. Here, we
let @ = (0,0) to ensure that the dummies do not influence
the allocation results. By defining 6% with dummies, we can
express the allocation and payment rules as /N-dimensional
functions. Additionally, we define 6 ; as the type profile ex-
cluding buyer (3, t).

Then, by the revelation principle, we can focus on the
incentive-compatible direct mechanism where buyers truth-
fully report their types.

Definition 1 (Direct Mechanism) I" = (a
rect mechanism where

at: 0N x [0,Q] %Rfandpt:GN X [O,Q]_)Rf

are the allocation rule and payment rule at period t.

t t . .
P )eeT is a di-

The direct mechanism comprises a sequence of time-
dependent allocation and payment rules. They are deter-
mined based on the reported type profile and the remaining
units of the item. Let ¢’ be the remaining units at the be-
ginning of period ¢, which is public information. Then, the
allocation and payment for buyer (i,t¢), who reports their
type as ¢ = (¢, ) when others bid truthfully, are denoted
as al (0,0 ;,¢") and p! (!, 6" ,, q'), respectively. Based on
this, we define the utility function for the buyers as follows.
Definition 2 (Ex-Post Utility Function) Given ¢! units re-
maining in the market at time t, the ex-post utility of buyer

(i,t), who reports 6% with the true type 0, is defined as:
uf (07,0105, ¢") = vf min{q}, af(0}, 0" ;,q")}

—p{(0],0",.4"). (1)
The utility function for the buyers is piece-wise linear. The
marginal utility remains constant at v! until the allocation
reaches the demanded quantity qf, and once it exceeds, the
utility no longer increases. This utility function is a natural
extension of the linear utility introduced by Myerson (1981).
Subsequently, we define the following expectations for the
Bayesian equilibrium.
Definition 3 (Expected Allocation and Payment) Given
q* units remaining in the market at time t, the expected allo-
cation and payment of bidder (i, t) who reports 0 with the
true type 0} is defined by

A(0116},4") = Eqr [a}(6},6";,q")] and
PH0}16},4") = Eqr [p}(6}, 6%, 0")),
provided that the other buyers report their types truthfully.
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Definition 4 (Interim Utility Function) Given q* units re-
maining in the market at time't, the expected (interim) utility
of bidder (i,t) who reports 0% with the true type 0! is defined
by

Ut(9t|9zaq )= E@ii[ug(é;'E,etl‘azvq )]s

provided that the other buyers report their types truthfully.

For the sake of simplicity, denote the expected allocation,
payment, and utility function when the buyer truthfully re-
ports its type as Af(0%|q") = AL(07107,q"), Pf(0flq")
PL(6!16!, ¢') and U} (6L]") = UL(6![6, ¢").

Then, the objective of the seller is to maximize the ex-ante
expected revenue which can be written as

T nt
max D 6T B g | Y 0084,
’ t=1 i=1

with the following constraints:

2

* Bayesian incentive compatibility: For any ¢ € 7 and
0 < ¢* < Q, every arriving buyer (4, t) has no incentive
to misreport its true type:

UL0qY) > UL 06, qb), V6,6t e ©.

[

3)

* Individual rationality: For any ¢ € 7 and 0 < ¢t <
Q, every arriving buyer (7, ) should not be worse off by
participating in the mechanism:

Ul6tq") >0 Vo co. 4)

* Feasibility: For any ¢ € 7T, if the buyers report 6! and
the seller has ¢* remaining units,

N
> al(0',q") <q
=1

0 < al(6',q")

at(6t,q")  (5)

-

@
I
.

(6)

The feasibility condition (5) implies that the periodic alloca-
tion cannot exceed the current remaining units and there are
no newly added items or returns. Also, ¢* = Q. Meanwhile,
the condition (6) implies the individual allocation cannot ex-
ceed the reported quantity.

ot
<q;-

Optimal Mechanism

In this section, we derive the optimal solution to the pro-
posed problem. To achieve this, we initially conducted
the characterization of the incentive-compatible mechanism.
The proofs of the propositions marked with & are omitted
here and can be found in the full version of the paper.

Lemma 1 (&) Suppose I' = (a', p')scT is incentive com-

patible and feasible. Then at any periodt € T,

(@) U (vt qt|q") is convex with respect to v}.

(b) Ve >0, Uj (v, ¢/lq") = Uy (v;—¢, ;|¢") < eAj(v], ¢;1q")
< Ui(vf +¢,4ilq") — U (vf, gflq").

Given (a) of Lemma 1, U} (v}, ¢¢|q") is absolutely contin-

uous, implying it is differentiable almost everywhere with

respect to vﬁ. Moreover, using (b) of Lemma 1, we can es-

tablish the following theorem.
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Theorem 1 Suppose I = (a', pt)ic is incentive compati-
ble and feasible. Then at any periodt € T,

(@) V(i,t), At(vt, qt|q") is non-decreasing in v! for fixed qt.
vf
®) Ul(ehalla) = Ultealle) + [ Al(r.afla')ar.

Proof.
(a) From (b) of Lemma 1, for any € > 0, we have

tot atlat) — [Tt (ot — e at|ot
Ui (vi7Qi|q ) gz (vz €7q7,|q ) < Af(vlt,qﬂqt)
_ ULt + aqtlet) U
- €
If ¢ — 0, we get AU} (vy, ¢;lq")/Ov; = Aj(v;, qilq") al-
most every everywhere and since U/ (v, g}|q") is convex in
vf, At(vl, gt|q") is non-decreasing in v}.
(b) Since AU/ (v}, gt|q") /vl = AL(v!, ¢f|q") almost every-
where, by the fundamental theorem of calculus,

(vi, gilg")

vl Ut £t
AthZ|Q)dT—/ qu_

v v 81);?
= Ui (v}, qilq") —

which completes the proof. |
Theorem 1 outlines the essential properties that any in-
centive compatible mechanism should satisfy. Particularly,
using (b) of Theorem 1, the original revenue maximization
problem is transformed into a problem analogous to Myer-
son’s virtual value maximization problem. The virtual valu-
ation of the two-dimensional bids is defined as follows

Ul (v, qtlq"),

Definition 5 (Virtual Valuation) For any realized buyer
(i,t) with 6t = (v, q}), the virtual valuation of bidder (i,t)

is defined as ¢%(0) := 1-F(vlq;)

@ HCHID I
Theorem 2 (&) For an incentive compatible, individually
rational, and feasible mechanism I' = (a,p), the seller’s

problem is reduced to the following dynamic stochastic
knapsack problem:

T n'

max Zétfl]Entﬁt Zq&ﬁ(@f)aﬁ(@t,qt)
t=1 i=1

(5), (6)

Subsequently, the dynamic programming approach can be
employed to solve the proposed stochastic program. For ev-
ery possible state (6%, ¢*), define V*(6?, ¢") as the state value
function, which represents the discounted sum of values that
can be obtained from state (6%, ¢*) until the end of the study
period by following the optimal policy. Thus, the optimal
solution must satisfy the following Bellman equation for ev-
ery t € T almost everywhere with respect to the underlying
probability space.

(N

S.t.

ViO'a) = s (RO
0<z<q?

—+ 6Ent+179t+1 [Vt+1(9t+1, qt — 37)] }7 (8)

¢, )
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with the boundary condition VI 19T+ ¢T+1) = 0 for
every 0111 € ©N and ¢T*! € [0,Q]. Also, RY (0", ¢*, x)
represents the maximum periodic revenue attainable at state
(6%, ¢*) when the seller opts to sell z units, which has a form
of

nt

=mex )
=1
0 <a;(0',q¢") < g,

i at(o
i=1

Since the suggested problem is a linear knapsack prob-
lem, the optimal solution is to allocate in descending order
of virtual valuation. Consequently, for a given state (6%, ¢*),
the buyers can be reordered based on their virtual valuations,
denoted as (bt - > ¢t . Let the order of buyer (i, t)

be represented as [ ). Then, We have the following theorem.

tt
i

R'(0",¢", x) (6*,q")

s.t. V(i,t)

Theorem 3 If the seller decides to sell x units, the optimal
allocation rule is

qt if [i] < i*(60", @)
()" (0",q") = S = S0 gty if[i] = (0, 2) + 1
0 otherwise
. )
where i*(Gt x) is the integer that satisfies 3’ (f ) qu] <

Gt,w “+1 t

T < Z ap)-

Proof. Without loss of generality, assume ¢! > 0 for
every bidder (i,t). The objective function value of the

4Gy T P o1 (@ —
) Then, consider the dual problem:

suggested problem is Zi:(et @)
0tz
Z ( )

t
n

0 mi iAi
0. Mmrn Zl q; A +xp
st A+ p >l V().
Since A} = max{0, ¢! — pu}, the dual problem is reduced to

nt,

min fmax{0, ¢! — u} +
tin Y g; max{0, ¢} — i} + ap

i=1

Ifweset u* = qbfi* (0% ,2))° then the objective value of the dual
problem is the same as that of the primal problem, which
satisfies the strong duality. ]

As depicted in (b) of Theorem 1 and Theorem 3, the op-
timal allocation rule and payment rule are determined for a
given x. Therefore, we are left with the problem of determin-
ing the appropriate amount to sell in each period, denoted as
x* (6%, q*). In order to achieve this, the following is essential.

Lemma 2 (&) For a given state (6%, q"),

(a) RY(0%,q",z) is non-decreasing with respect to .
(b) RY(6%,qt,x) is concave with respect to .
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(c) RY(6%,qt,z) is concave with respect to (¢*, ).
Lemma 3 (&) For a given state (0%, '),

(a) VY(0',q") is non-decreasing in q'.

(b) V(0,q") is concave with respect to q*

(©) Ene0:[VE(0,¢")] is non-decreasing and concave with
respect to q'

From Lemma 2 and Lemma 3, we can notice that the func-
tions R(6%,¢",z) and E,, o1 gesr [V ¢f — 2)] are
monotone with respect to x. As a result, they are differen-
tiable almost everywhere. Therefore, the differentiation of
the state value function is well-defined.

Definition 6 (Marginal Value) For any state (0, q"), the
marginal value, denoted as MV (0, q*, x), is defined as

MVt(Ht, qt, x) = %{Rt(et,qtvx)—’—

6Ent+1,9t+1 [Vt+1 (9t+1, qt -

)]}

Note that MV*(#*,¢', ) is non-increasing with respect to
z since both R (0", ¢", ) and E, 41 gera [V (91, gF —
x)] are concave. Also, they are continuous almost every-
where, which makes them Riemann integrable. Given that
RY(6%,¢%,0) = 0, the Bellman equation can be rewritten as

{/ MV, qt,T)dT} +
0

5Ent+179t+1 [Vt—‘rl (0t+1a qt)]a

(10)

Vi#'q") = sup

0<z<gq

(11)

€ argsup [ MV'(0*,¢", 7)dr.
0<z<q®

Then, define the set X ~ (0%, ¢*) that includes = with neg-
ative marginal values in a given state (6%, ¢*), i.e.,

X(0",¢") = {x € [0,¢"]|MV (6", q¢", x) < 0}

which implies z* (0%, ¢*)

(12)

If the set X (0%, 4") is non-empty, the infimum is well-
defined because 0 is a lower bound. The following theorem
proposes the optimal z* (6%, ¢*).

Theorem 4 For a given state (0%, q'), x*(6%,qt) is

q' ifX~(0'q") =2

inf X (0", ¢t) (13)

z (0", q") = {

otherwise.

Proof. Let a state (6%, ¢') be given. First, consider the
case where X (6%, ¢%) &. Then, for all z € [0,q"],
MV, q',z) > 0. So, for all z € [0, ¢'],

T qt
/ MV, ¢, 7)dr < / MVY@', q', 7)dr.
0 0

Therefore, 2* (0, q') = ¢ in this case. Then, consider the
case where X (0%, ¢") # @. Denote z° = inf X (6%, ¢*).
If x° 0, it is obvious that xz° is optimal because
MVE@t ¢t ,z) < O for every x € (0,¢']. If z° > 0,
we have MV4(0t ¢t,z) > 0 for 0 < x < z° and
MVHO, ¢t z) < 0forx° < x < ¢ since MV'(0, ¢*, x)
is non-increasing with respect to x. Assume that z° ¢
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argsup [) MV*(6',q",7)dr. Then, there exists 2’ that at-
tains the supremum and 2’ # 2°. If 0 < 2’ < 2°,

/ MVt(Gt,qt,T)dTg/ MVt(Qt,qt,T)dT,
0 0

which is a contradiction that z° does not attain the supre-
mum. Similarly, if z° < 2’ < ¢,

x’ z°
/ MVYE, ¢t T)dr < / MVY@', ¢, 7)dr,
0 0

which is a contradiction that z attains the supremum. W
Theorem 4 provides us with the optimal solution to the
Bellman equation outlined in (8). However, it’s crucial to
remember that we have not taken into account the non-
decreasing property of an incentive compatible mechanism,
as presented in (a) of Lemma 1. To ensure the property of in-
centive compatibility, we define the following assumption.

Assumption 1 (Regularity condition) The virtual valua-

— Bt
tion ¢f(9€) = ’Ut 1-F(v;lq;)

L is non-decreasing with respect
A ) g P

to v} and q!.
Under the regularity condition, buyers with a high value
and a greater demanded quantity will have a higher priority

if the seller determines to allocate the item as suggested in
(9). Therefore, we can obtain the following theorem.

Theorem 5 (&) Under the regularity condition,
(@) (al)*(0:,0",,q") and (AL)*(0%|q") are non-decreasing
with respect to v!.
(b) (a;)"(0;,6";,4")
with respect to g.

and (AY)*(0t|q") are non-decreasing

Nevertheless, despite deriving the optimal allocation and
payment rules based on the necessity condition of incentive
compatibility and the regularity condition, it remains to be
proven that the proposed mechanism is genuinely incentive
compatible. Specifically, it is found that if the mechanism
solely consists of the derived allocation and payment rules,
it is found that buyers can overbid on their demanded quan-
tities to increase their purchase probability. To prevent this,
we develop a penalty scheme that can punish buyers when
such quantity overbidding occurs.

Assumption 2 After the allocation, the seller can observe
whether the allocated quantity (at)*(0%,0% ., q") is greater
than the true demanded quantity ¢, for every buyer at no
cost.

This assumption indicates that although the seller might not
know the buyers’ desired quantities initially, they can ascer-
tain them after the bidding and allocation are finished. This
assumption is reasonable in the field of rental or service busi-
nesses, which is the main motivation of this study, where the
system can observe whether allocated resources are actually
being utilized after the allocation has taken place. We define
the penalty scheme as follows.

Definition 7 (Penalty Scheme) If a bidder (i,t) who re-
ports 0!

(vt, qt) overbids the quantity, i.e., ¢¢ > q, and
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subsequently receives an allocation greater than their true
quantity, i.e., at(0t,0' ; q') > ¢, the bidder must pay a
certain amount of penalty defined as

=t
N vq;
pi (07,0, q4") =

Por, ((a))>~1({df}))
where Py: ((a})*~ L({qt})) is the probability that the allo-
cated quantity is equal to @, i.e., (at)*(6%,0" ;. ¢') = g.

(14)

With the defined penalty scheme, we prove that the pro-
posed mechanism is incentive compatible, individually ra-
tional, and achieves ex-ante revenue maximization.

Theorem 6 (&) Under the regularity condition, the follow-
ing mechanism I'* = (a*, p*) with the penalty scheme p sat-
isfies the incentive compatibility, individual rationality, and
the optimality:

qf if i <
(@)7(0%,9") = g2 = Ljordfy #ll=i"+1,
0 otherwise

)" 0" a") = oi(al) (0".0) - | " (@) ((rq1), 1, g1 )dr

where i* = i*(0, 2% (6%, q")) is the integer that satisfies
0tz 0t 2" (0%,g"))+1
Z( ))qu]gx( )<Z( q)+ qu]
and
t FX (00, q) = @
* at t — q lf I
z(0%d) {inf X=(0%,q") otherwise.

Approximation Algorithms

The optimal mechanism that we have derived comprises the
allocation rule, payment rule, and z* (6%, ¢*), which serves to
determine the allocation amount for each period. However,
the practical implementation of this mechanism necessitates
a computational approach. The allocation rule and payment
rule entail a computational complexity of O(N log N) due
to the need to sort bidders by their virtual valuations at
each time period. Further details of these algorithms are pro-
vided in the supplementary material. The complexity arises
in computing x*(6?, ¢*) due to the requirement to calculate
the expected value of the state value function in a continuous
space. To tackle this challenge, we propose two algorithms
designed to approximate z* (0¢, ¢*).

Approximation Methods

We then present two algorithms to approximate z* (6%, ¢*).
To do this, we first consider approximating the expecta-
tions of the state value function using the MC simulation-
based regression. Assume that there are some basis functions
fi,--+, fn. Then, the state value function is approximated
as a linear combination of the basis functions: V*(6!, ¢*) =
Vi(qh) > =0 ¢ fi(g"). The coefficients cj are deter-
mined through regression at some fixed states s, -+ , Sp,.
In this study, we use the Chebyshev polynomials and nodes
as basis functions and states:

fo(s) =1, fi(s) = s, fny1(s) = 25fn(s) —

~
~

fnfl (5>7
(15)
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Algorithm 1: Monte Carlo Simulation
Input: n (# of basis); m (# of nodes); N° (# of episodes)
1: Initialize V¥(sy) =0,t=1,--- , T, k=1,---,m

2: Initialize coefficient matrix C € RT*(n+1) = @
3:1=1
4: while: < N€ do
5: fort=1T,---,1do
6: Generate buyers’ profiles 6*
7: for s =s1,---, 5, do
8: r* = argmax, . {R! (6%, s,2)+ VT (s—x)}
9: vrew = RUOL s, x*) + SV (s — a*)
10: Vi(s) < ZLVi(s) + Tynew
11: end for
12: 11+ 1
13:  end for
14: end while
15: fort =1,--- ,T do
fo(s1) fa(s1)] [ Vi(s1)
16:  Fit D=
fO(Sm) fn(sm) C?,L Vt (S'm)
17: end for
18: return C

1
7T>}, fork=1,---,m

S = % {1+cos <2k
(16)

Note that the Chebyshev polynomials have the characteris-
tics that they are orthogonal functions, i.e., f_11 fi(s)fi(s) =
0 for any i # j. Also, the original Chebyshev nodes are
cos (2=Lmr) which ranges from -1 to 1, so they are resized
from 0 to Q. Then, the original Bellman equation is reduced
to the following equation:

Zc fi(sk) NmaxR (Gt,sk,x)—t-éZc;Hfj(sk—JU).
Jj=0 j=1
17)

After obtaining the coefficients, the contingent decisions can
be made by the approximated state value functions. The sim-
ulation algorithm is presented in Algorithm 1.

Meanwhile, an alternative approach is to approximate the
optimal policy through policy learning. Specifically, rein-
forcement learning serves as a technique to learn the opti-
mal policy within a dynamic environment. In our case, as
the model encompasses a continuous space, we propose the
DDPG method. This actor-critic method is well-suited for
handling continuous action spaces. A concise overview of
the DDPG algorithm pertaining to dynamic allocation is pro-
vided in Algorithm 2. For an in-depth exploration of this al-
gorithm, please refer to Lillicrap et al. (2015).

Numerical Experiment

To compare the effectiveness of the two proposed approx-
imation algorithms, we conduct numerical experiments un-
der various scenarios, especially the length of the study pe-
riod. We consider three different market environment where
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Algorithm 2: Deep Deterministic Policy Gradient method
Input: 7 (learning rate), N¢, r (# of random episodes)
1: Initialize critic Q(s, a|#?) and actor u(s|0")
2: Initialize target critic (") and actor (1/) with % and 6
3: Initialize Replay buffer R
4. fori=1,--- ,N¢do

5. if i < r then

6: fort=1,---,7T do

7: At state s; = q*, generate buyers’ profile §*

8: Agent chooses random action a; = x

9: Compute reward r; = R (0, ¢*, z)
10: Compute the next state s;11 = sy —
11: Store (s¢, ag, ry, S¢11) in replay buffer R
12: end for
13:  else
14: Minibatch (s, ag, ¢, $¢+1) from replay buffer
15: Train critic and actor network, < and 0

16: Update target networks:

02 709 +(1—7)09, 0" — 70" + (1 —7)0"

17: fort=1,---,T do

18: Choose action a; = p(s¢|0") + €

19: Store (s¢, at,re, S¢+1) in replay buffer R
20: end for
21:  endif
22: end for

23: return u, 1, Q, Q'

(T.Q) = (10, 10), (30, 30), and (100, 100). The distribution
of the buyers and the seller’s plans are determined as shown
in Table 1. For the simulation, we employ 5 basis functions
and vary the number of nodes (m) within the range of 5 to
50. In the context of DDPG, we set the learning rates for the
actor, critic, and soft update to 0.0001, 0.001, and 0.0001 re-
spectively. A minibatch size of 64 is utilized, and the neural
network structure encompasses 3 layers, each with 64 nodes.
Also, the initial random choices are set to be 10% of the to-
tal training episodes. All the methods are trained by 10,000
episodes and the performances are compared by averaging
20 test episodes. The simulations were performed on a com-
puter with an Intel Core i7-6700 CPU, 16GB RAM, and an
NVIDIA GeForce GTX 1060 GPU, using Python numpy
and Pytorch packages, with a fixed seed number of 1.

The results, including the average discounted rewards
from test episodes and their corresponding training times,
are presented in Table 2. The full information case that
maximizes the virtual value is presented together to sug-

Parameters  Values

g(n) Poisson(10) (g(n) = ")

f(q) Uniform(0, 2) (f(q) = 3 for0 < ¢ < 2)
f(vlq) Exponential(q) (f(v|q) = qe ")

(T, Q) (10, 10), (30, 30), (100, 100)

b} 0.99

Table 1: Experimental parameters
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Methods Average test rewards (training time: min)

(10, 10) (30, 30) (100, 100)
MC (m = 5) 21.77(0.9)  56.71 (2.7) 115.88 (9.1)
MC (m = 10) 21.80(3.0)  62.84 (9.3) 132.62 (34.5)
MC (m = 20) 21.88 (11.0) 63.48(34.5) 146.75(119.4)
MC (m = 50) 21.88 (65.4) 63.74 (208.9) 163.40 (714.4)
DDPG 13.40 (1.0)  32.16 (1.9) 91.24 (5.1)
Full information ~ 22.78 65.23 170.62

Table 2: Average test rewards and training time of the ap-
proximation methods

gest theoretical upper bounds. The MC method outperforms
the DDPG approach in terms of average test rewards, even
when the number of nodes in the MC method is kept small.
However, While increasing the number of nodes in the MC
method enhances performance, it considerably slows down
training speed. Conversely, DDPG exhibits notably faster
computation speed in comparison to the MC method.

To investigate the reasons behind DDPG’s lower perfor-
mance compared to the MC method, we analyze the cumula-
tive average allocation depicted in Figure 1. Notably, the MC
method effectively adjusts the distribution of item quantities
across different time periods, while DDPG exhibits a ten-
dency to allocate items to buyers arriving early in the study
period. This phenomenon can be attributed to two main fac-
tors. Firstly, due to the inherent characteristics of DDPG’s
model, there might be an overestimation of the value func-
tion, resulting in an early allocation of resources. Secondly,
this premature allocation results from a lack of sufficient
state generation for learning during the later stages.

Conclusion

We designed the optimal dynamic mechanism and suggested
corresponding approximation algorithms under a more gen-
eralized dynamic stochastic knapsack environment. We fig-
ured out that the penalty scheme is necessary to preserve
incentive compatibility under the regularity condition on a
two-dimensional type. Meanwhile, the presented approxi-
mation algorithms showed that the DDPG-based method has
a lower performance than the regression method. To address
these issues, it is evident that improvements in exploration
during the policy learning process of DDPG are necessary to
train the model using allocation data from the later stages.

100

754

504

Cumulative average allocation

25 —— DDPG
—— MC (m=50)
0 : . :
1 25 50 75 100
Period

Figure 1: Cumulative allocation of (T, Q) = (100, 100)
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