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Abstract

We study online learning and equilibrium computation in
games with polyhedral decision sets, a property shared
by normal-form games (NFGs) and extensive-form games
(EFGs), when the learning agent is restricted to utilizing a
best-response oracle. We show how to achieve constant regret
in zero-sum games and O(T 1/4) regret in general-sum games
while using only O(log t) best-response queries at a given
iteration t, thus improving over the best prior result, which
required O(T ) queries per iteration. Moreover, our framework
yields the first last-iterate convergence guarantees for self-play
with best-response oracles in zero-sum games. This conver-
gence occurs at a linear rate, though with a condition-number
dependence. We go on to show a O(1/

√
T ) best-iterate con-

vergence rate without such a dependence. Our results build on
linear-rate convergence results for variants of the Frank-Wolfe
(FW) algorithm for strongly convex and smooth minimization
problems over polyhedral domains. These FW results depend
on a condition number of the polytope, known as facial dis-
tance. In order to enable application to settings such as EFGs,
we show two broad new results: 1) the facial distance for poly-
topes of the form {x ∈ Rn

≥0 | Ax = b} is at least γ/
√
k

where γ is the minimum value of a nonzero coordinate of
a vertex in the polytope and k ≤ n is the number of tight
inequality constraints in the optimal face, and 2) the facial
distance for polytopes of the form Ax = b,Cx ≤ d,x ≥ 0
where x ∈ Rn, C ≥ 0 is a nonzero integral matrix, and
d ≥ 0, is at least 1/(∥C∥∞

√
n). This yields the first such

results for several problems, such as sequence-form polytopes,
flow polytopes, and matching polytopes.

1 Introduction
Learning in games is a well-studied framework in which
agents iteratively refine their strategies through repeated in-
teractions with their environment. One natural way for agents
to iteratively refine their strategies is by best-responding. This
idea can be applied in many forms, the simplest and earliest
instance of which was fictitious play (FP) (Brown 1951). This
algorithm involves the agent observing the strategies played
by the opponent and then playing a strategy that corresponds
to the best response to the average of the observed strategies.

*The full version of this paper (including appendices) can be
found at https://arxiv.org/abs/2312.03696.
Copyright © 2024, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

FP was shown to converge (Robinson 1951), but its conver-
gence rate can, in the worst case, scale quite poorly with the
number of actions available to each player (Daskalakis and
Pan 2014). It is then natural to ask what are the best conver-
gence guarantees that can be obtained for the computation
of Nash equilibria in two-player zero-sum games or coarse
correlated equilibria in multiplayer games when agents are
learning through a best-response oracle.

In the online learning community, methods based only on
best-response oracles are special cases of methods based on a
linear minimization oracle (LMO), which can be queried for
points that minimize a linear objective over the feasible set.
Such methods are known as projection-free methods because
they avoid potentially expensive projections onto the feasible
set. Projection-free online learning algorithms might perform
multiple LMO calls per iteration, so our paper and related
literature are concerned not only with the number of iterations
T of online learning but also the total number of LMO calls,
which we will denote by N . Because LMOs for polyhedral
decision sets essentially correspond to best-response oracles
(BROs), we will use these two terms interchangeably.

Follow the Perturbed Leader (FTPL) (Kalai and Vempala
2005) was the first such algorithm. When used by both play-
ers in two-player zero-sum games, it yields a O(1/

√
T )

convergence rate to Nash equilibrium, with a single LMO
call in each iteration. More recently, Suggala and Netra-
palli (2020) proposed an optimistic variant of FTPL (OFTPL);
OFTPL achieves a O(1/T ) rate of convergence to Nash equi-
librium but requires O(T ) LMO calls per iteration, thus cor-
responding to a O(1/

√
N) rate as a function of the total

number of LMO calls. Online Frank-Wolfe (OFW) (Hazan
and Kale 2012) is another projection-free algorithm, based
on the well-studied Frank-Wolfe (FW) algorithm (Frank and
Wolfe 1956). While it does not require multiple calls to an
LMO, it can only achieve a O(T−1/3) rate for two-player
zero-sum games. We aim to break the O(1/

√
N) barrier

in terms of convergence towards two-player zero-sum equi-
libria and beyond. We focus on the setting of polyhedral
games, a class containing both normal-form and extensive-
form games. Our primary contribution is an online learning
method which enjoys O(1/T ) average individual regret in
zero-sum games and O(1/T 3/4) average individual regret
in general-sum games while only requiring O(log t) LMO
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calls in iteration t. Table 1 compares our algorithm with other
algorithms with the best-known guarantees for the setting
we consider. In the table, we also include a non-optimistic
version of our algorithm; despite having worse theoretical
guarantees than existing projection-free algorithms, it outper-
forms them in our numerical experiments.

Independent of work in projection-free online learning,
there has also been substantial work developing BRO-based
algorithms in the game-solving community. Most prominent
is the Double Oracle (DO) algorithm (McMahan, Gordon, and
Blum 2003) for computing Nash equilibria in two-player
zero-sum games, which uses BROs and a meta-solver for
computing Nash equilibria in a restricted game formed by the
returned iterates. More recently, the Policy Space Response
Oracle framework (Lanctot et al. 2017), a generalization of
Double Oracle, has laid the foundation for the design of DO-
variants. These algorithms only have theoretical guarantees
for computing Nash equilibria in two-player zero-sum games,
require a meta-solver for solving the restricted game com-
posed of the strategies chosen by the players at each iteration,
and thus are centralized, and do not have convergence rate
guarantees for convergence to equilibria.

The optimization community has also done substantial
work on developing projection-free methods, spurred by the
work of Frank and Wolfe (1956). Guarantees for FW typi-
cally assume the function f being optimized is smooth (has
Lipschitz gradient) and convex, the domain X being opti-
mized over is convex and compact, and that the algorithm
has access to a first-order oracle for the function which re-
turns gradients ∇f(x) at a queried point x and an LMO
which returns solutions to minimization problems of the form
argminx∈X ⟨c,x⟩ for any choice of c ∈ Rn. Given an initial
iterate x(0), it produces new iterates given by the following
update rule:

x(t+1) =
t

t+ 2
x(t) +

2

t+ 2
argmin
x′∈X

⟨∇f(x(t)),x′⟩.

In recent years, there has been work on developing FW-
based approaches to saddle-point computation (e.g., Gidel,
Jebara, and Lacoste-Julien (2017); Lan and Zhou (2016)).
However, Gidel, Jebara, and Lacoste-Julien (2017) only have
fast convergence guarantees for strongly convex-concave
objectives and Lan and Zhou (2016) are only able to provide
O(1/

√
N) convergence to saddle-points. On the other hand,

our method is able to leverage a FW variant, away-step Frank-
Wolfe (AFW), to achieve faster convergence rates.

An extended discussion of related work is given in Section
1.2 of the full version of the paper.

1.1 Contributions
We present a projection-free online learning method, Ap-
proximate Reflected Online Mirror Descent using away-step
Frank-Wolfe (AFW-ROMD), for learning over compact and con-
vex polyhedral decision sets. AFW-ROMD uses reflected online
mirror descent (ROMD), an optimistic online learning algo-
rithm which requires a prediction of the next loss, instantiated
with the Euclidean regularizer. The proximal problem for this
ROMD setup is thus strongly convex and smooth. Using the

linear convergence of AFW for polyhedral domains, we im-
plement approximate steps of ROMD using only a logarithmic
number of AFW iterations. We show that even with approxi-
mate steps, ROMD still yields an approximate regret bounded
by variation in utilities (RVU) bound (Syrgkanis et al. 2015),
a form of regret guarantee that depends on how much the ob-
served utilities vary, and which has enabled proving constant
regret of optimistic learning dynamics in two-player zero-
sum games and O(T 1/4) regret in general games (Syrgkanis
et al. 2015). While using FW-based methods to approximate
proximal steps has been previously studied, pioneered by
work of Lan and Zhou (2016), it is a surprising blind spot
in the literature that the connection to regret guarantees for
games has not previously been made.

We then apply our AFW-ROMD algorithm to learning in
games using only BROs (as opposed to typical learning algo-
rithms, which require access to Euclidean projection or other
proximal oracles). We show that when every player employs
AFW-ROMD, it is possible to converge to a Nash equilibrium
in a two-player zero-sum game at a rate of O(logN/N),
where N is the number of BRO calls. In contrast, the best
prior results converged at a rate of O(1/

√
N) (Suggala and

Netrapalli 2020). More generally, we show that AFW-ROMD
requires only O(log t) best-response queries at each self-play
iteration t while guaranteeing constant social regret, as well
as O(T 1/4) regret for each player after T total iterations of
self-play. We go on to study the last-iterate convergence prop-
erties of AFW-ROMD in self-play in zero-sum settings. We show
that, indeed, it is possible to retain last-iterate convergence un-
der AFW-ROMD, and in fact, it converges at a linear rate (up to
error induced by the approximate proximal computation). To
the best of our knowledge, these are both the first last-iterate
convergence and the first linear-rate convergence results for
self-play dynamics that purely rely on best-response oracles.
As with existing linear-rate results in the literature (Tseng
1995; Gilpin, Peña, and Sandholm 2012; Wei et al. 2021),
we have a dependence on a condition number inherent to the
game, which is generally hard to evaluate. We show that if one
wishes to avoid this condition-number dependence, then self-
play with AFW-ROMD still achieves a O(1/

√
T ) best-iterate

convergence. Our convergence results to Nash equilibria and
coarse correlated equilibria are summarized below using the
following two informal theorems:
Theorem 1 (Informal; Full version in Theorems 6, 8 and 9).
Using AFW-ROMD an ϵ′-Nash equilibrium in a two-player zero-
sum polyhedral game can be computed in O(1/ϵ′) iterations
and O( 1

ϵ′ log
1
ϵ′ ) LMO calls. Furthermore, in two-player zero-

sum games, AFW-ROMD will produce an iterate which is an
ϵ′-Nash equilibrium in O( 1

ϵ′2 log
1
ϵ′ ) LMO calls without a

dependence on a problem-dependent constant. AFW-ROMD
will produce an iterate which is an ϵ′-Nash equilibrium in
O(log 1

ϵ′ ) iterations, with this convergence rate having a de-
pendence on a game-dependent constant. Exact dependence
on problem parameters can be found in the formal theorems.
Theorem 2 (Informal; Full version in Theorem 7). In mul-
tiplayer polyhedral games, AFW-ROMD can be used to com-
pute an ϵ′-coarse correlated equilibrium using O( 1

ϵ′
4
3
log 1

ϵ′ )

LMO calls. Exact dependence on problem parameters can be
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found in the formal theorem.
The linear convergence of AFW on polyhedral domains

is crucial to our result, but the particular rate depends on
the facial distance constant of the polytope in question (in
addition to the strong convexity and smoothness constants).
To that end, we show two novel lower bounds on the facial
distance of a polytope. Our first result concerns polytopes that
can be described in the form Ax = b,x ≥ 0 where x ∈ Rn.
Let γ be the minimum value of a nonzero coordinate of a
vertex in the polytope. Then, we show that the facial distance
is at least γ/

√
n.

Moreover, if the optimal solution lies in a face such that
k ≤ n inequality constraints xi ≥ 0 are tight, then the
rate dependence in AFW can be tightened to γ√

k
. This the-

orem immediately implies several useful results, including
a bound 1/

√
n on the facial distance of the sequence-form

polytope, which is the polytope describing the set of feasi-
ble strategies of a player in an EFG, where n is the number
of sequences for the player. It also implies similar results
for flow polytopes and matching polytopes. The fact that
the facial distance is only square-root power small in the
dimension of the problem ensures that the convergence rate
of linearly convergent FW variants over these polytopes does
not scale poorly as the ambient dimension of the problem
increases. Our second result concerns an integral polytope
X given by Ax = b,Cx ≤ d,x ≥ 0 where x ∈ Rn, where
C ≥ 0 is a nonzero integral matrix, and d ≥ 0. In particu-
lar, for integral polytopes, we are able to handle inequality
constraints. In that case, we show that the facial distance is
at least 1/(∥C∥∞

√
n).

Finally, we conduct experiments to demonstrate that our al-
gorithm performs well in practice relative to other projection-
free algorithms when computing Nash and coarse correlated
equilibria in polyhedral games.

2 Notation and Preliminaries
We will use ∥ · ∥p to denote the ℓp-norm and ∥ · ∥ without
subscript to denote ∥ · ∥2. Any norm-dependent quantity (e.g.,
diameter, facial distance, strong convexity, and smoothness)
will be with respect to the Euclidean norm (which is self-
dual) unless otherwise noted. Because we are principally
concerned with using these algorithms for equilibrium com-
putation in games, we will use subscripts to indicate a set
or constant corresponding to a particular agent. We will use
[n] to denote the set {1, . . . , n}, and L-smoothness refers to
Lipschitz continuity of the gradient, with modulus L.

2.1 Online Linear Optimization
In online learning, an agent i repeatedly interacts with an
environment, aiming to minimize its regret. At each time
t, the agent chooses a strategy x

(t)
i from a given feasi-

ble set Xi ⊆ Rni and then receives a loss vector ℓ
(t)
i ∈

Xi → R. The loss is allowed to depend adversarially on
x
(t)
i . The agent then pays a cost of ⟨ℓ(t)i ,x

(t)
i ⟩. The (cu-

mulative) regret Reg
(T )
i after T iterations is defined as

maxx′∈Xi

∑T
t=1⟨ℓ

(t)
i ,x

(t)
i ⟩−⟨ℓ(t)i ,x′⟩, and average regret is

defined as regret divided by the number of iterations. We will

assume that losses are bounded and normalized: ∥ℓ(t)i ∥ ≤ 1
for all t ∈ [T ].

In order to achieve desired regret guarantees, online learn-
ing algorithms typically require some form of regulariza-
tion. While FTPL achieves this regularization through ran-
domization, the framework of algorithms utilizing approx-
imate prox calls that we present will require access to a
regularizer φi : Xi → R, which is 1-strongly convex
and Li smooth on Xi. The Bregman divergence between
x,y ∈ Xi is denoted by Dφi(x ∥y). Furthermore, we define
Ωi := supx,y∈Xi

Dφi
(x ∥y) and Di := supx,y∈Xi

∥x−y∥.
δ(Xi) will be used for the facial distance of Xi, defined in
Section 2.4. For a given set X , and a point x ∈ X , we denote
dist(x,X ) := infx′∈X ∥x − x′∥ and in the case that X is
compact, define ΠX (x) = argminx′∈X ∥x− x′∥.

Online Mirror Descent (OMD) is an algorithm which per-
forms a single proximal computation at every iteration of the
algorithm, generating iterates as follows:

x
(t+1)
i = argmin

xi∈Xi

{
⟨ℓ(t)i ,xi⟩+

Dφi
(xi∥x(t)

i )

η

}
.

It enjoys O(1/
√
T ) average regret (e.g., Hazan et al.

(2016); Orabona (2019)).
Reflected Online Mirror Descent (ROMD) is an optimistic

version of OMD which utilizes a prediction m
(t+1)
i of the next

loss ℓ(t+1)
i to generate the iterate at time t+ 1:

x
(t+1)
i =argmin

xi∈Xi

{
⟨ℓ(t)i +m

(t+1)
i −m

(t)
i ,xi⟩+

Dφi
(xi∥x(t)

i )

η

}
.

It is common to use the last observed loss as the prediction
for the next loss: set m(t+1)

i equal to ℓ
(t)
i . In this case, ROMD

achieves O(1/T ) average regret (Malitsky 2015; Joulani,
György, and Szepesvári 2017) in self-play. Since m

(t+1)
i

is the prediction of a loss ℓ(t+1)
i which is assumed to have

norm bounded by 1, we will assume that ∥m(t)
i ∥ ≤ 1 for all

t ∈ [T ].
Syrgkanis et al. (2015) introduce the notion of Regret

bounded by Variation in Utilities (RVU), recalled next, and
demonstrate that algorithms with this property exhibit faster
convergence to equilibria in games.
Definition 1 (RVU (Syrgkanis et al. 2015)). A learning algo-
rithm for Player i is said to satisfy the RVU property if for
some α, β, γ > 0, and all possible ℓ

(1)
i , . . . , ℓ

(T )
i ,

Reg
(T )
i ≤ α+ β

T∑
t=1

∥ℓ(t)i −ℓ
(t−1)
i ∥2−γ

T∑
t=1

∥x(t)
i −x

(t−1)
i ∥2.

ROMD satisfies this inequality with α = Ω/η, β = η, γ =
1/4η; we are not aware of a reference for this, but it can be
shown very similarly to known results for optimistic OMD.
Later we will show in Lemma 2 that our approximate ROMD
in Algorithm 1 still satisfies the RVU property.

2.2 Game-Theoretic Notions
Normal-form games (NFGs) model single-shot simultaneous
interactions among a set of agents denoted by [N ]. The agents
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∇ computations LMO calls Social regret Avg. social regret
Algorithm at iteration t at iteration t

∑
i Reg

(T )
i

∑
i

1
T Reg

(T )
i

FTPL (Kalai and Vempala 2005) O(1) O(1) O(
√
T ) O(1/

√
N)

OFTPL (Suggala and Netrapalli 2020) O(1) O(T ) O(1) O(1/
√
N)

AFW-OMD [this paper] O(1) O(log t) O(
√
T ) O(

√
logN/N)

AFW-ROMD [this paper] O(1) O(log t) O(1) O(logN/N)

Table 1: A comparison of the number of gradient (∇) computations, number of LMO calls, cumulative regret (as a function of
the total number of iterations T ), and average regret (as a function of total LMO calls N ) of various projection-free algorithms.
In two-player zero-sum games, average social regret upper bounds the duality gap to Nash equilibrium for the averaged iterates.

each have a set of possible actions Ai and a normalized utility
function ui :

∏
i∈[N ] Ai → [−1, 1], the latter specifying their

payoff for a given choice of actions by each of the agents.
The game is said to be zero-sum if

∑
i∈[n] ui(a) = 0 for

all a ∈
∏

i∈[N ] Ai. A mixed strategy xi for Player i, is a
probability distribution over Ai; xi ∈ ∆(Ai). We can extend
the domain of ui to be over ∆(Ai) by taking the expectation
of the utility function over the distribution over Ai induced
by xi ∈ ∆(Ai).

Nash equilibrium is the de facto notion of equilibrium in
NFGs, and the problem of computing a Nash equilibrium
(NE) in two-player zero-sum games can be formulated as a
bilinear saddle-point problem (BSPP):

min
x∈X

max
y∈Y

⟨Ax,y⟩. (BSPP)

In this case, X and Y are the space of mixed strategies for
Player 1 and Player 2, respectively, and A encodes the utility
of Player 2 for a given choice of strategies for both players.
The duality gap ξ of x̄ and ȳ for (BSPP) can be defined as
maxy∈Y⟨Ax̄,y⟩ −minx∈X ⟨Ax, ȳ⟩. This quantity is typi-
cally used to measure the quality of a solution; in the case of
two-player zero-sum games, a duality gap of ϵ′ corresponds
to an ϵ′-NE (and thus is also known as Nash gap).
Definition 2 (ϵ′-coarse correlated equilibrium). An ϵ′-
coarse correlated equilibrium (ϵ′-CCE) is defined as x ∈
∆(
∏

i∈[N ] Ai) such that

Ea∼x[ui(a)] ≥ Ea−i∼x[ui(a
′
i,a−i)]− ϵ′

for all players i ∈ [N ], for all a′
i ∈ Ai, for ϵ′ ≥ 0; ϵ′ = 0

corresponds to an exact CCE.
Extensive-form games (EFGs) are a generalization of

normal-form games, which also allow for modeling of se-
quential moves (and also private and/or imperfect information
and stochasticity). Nash equilibrium computation for two-
player zero-sum EFGs can also be formulated as (BSPP), by
letting X and Y be convex polytopes known as sequence-
form polytopes (Romanovskii 1962; Koller, Megiddo, and
von Stengel 1996; von Stengel 1996), and letting A be a
matrix representing the utility of Player 2 for a given choice
of strategies for both players. An important property that
sequence-form polytopes have is they can be expressed in the
form Ax = b,x ≥ 0; this will allow us to characterize the
facial distance of these polytopes. Additional background on
EFGs can be found in Appendix B.

When we are analyzing general multiplayer polyhedral
games involving N agents, we will let Xi ⊂ Rni denote
the convex and compact polyhedral set of strategies for the
ith player, where i ∈ [N ], and let xi ∈ Xi represent their
strategy. For NFGs, Xi is ∆(Ai), the set of mixed strategies
for i, while for EFGs, Xi is the sequence-form polytope for
Player i. In the case of two-player zero-sum NFGs or EFGs,
in which case Nash equilibrium computation corresponds to
(BSPP), we will let X = X1, Y = X2, and Z = X × Y . In
this case, we will use Z∗ to denote the set of solutions to
the BSPP. We define the vector field F (z) = (ATy,−Ax)
for z ∈ Z . Without loss of generality, we assume that F is
smooth with constant 1 (the payoff matrix A can be scaled
to ensure this is the case).

2.3 Saddle-Point Metric-Subregularity
Problems of the form (BSPP) satisfy a condition known as
Saddle-Point Metric Subregularity (Wei et al. 2021) as long
as X and Y are convex polytopes (as is the case for NFGs
and EFGs).
Definition 3 (Saddle-Point Metric Subregularity). The SP-
MS condition is satisfied if for any z ∈ Z \ Z∗ with z∗ =
ΠZ(z) for some β ≥ 0 and ν > 0,

sup
z′∈Z

⟨F (z), z − z′⟩
∥z − z′∥

≥ ν∥z − z∗∥β+1. (SP-MS)

For two-player zero-sum polyhedral games, there exists
ν ≥ 0 so that Inequality (SP-MS) holds with β = 0; given
a choice of a game, we will use ν to refer to this problem-
dependent constant. Wei et al. (2021) use this condition to
demonstrate linear last-iterate convergence of certain online
learning algorithms. Earlier works (Tseng 1995; Gilpin, Peña,
and Sandholm 2012) showed linear last-iterate convergence
using error bounds, and Wei et al. (2021) note that there is
a close correspondence between the SP-MS condition and
error bound techniques for bilinear polyhedral settings.

2.4 Frank-Wolfe and Facial Distance
Frank-Wolfe is a projection-free algorithm that converges
with rate O(1/T ) for smooth convex functions over con-
vex compact sets. In certain situations, faster convergence
rates can be obtained; for example, when the function is
strongly convex and the optimal solution lies in the relative
interior of the feasible set, the original FW algorithm is lin-
early convergent (Guélat and Marcotte 1986). In the case
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where the optimal solution is not in the interior, away-step
Frank Wolfe (AFW) is a variant of Frank-Wolfe which was
shown to achieve linear convergence for strongly convex
objectives over polyhedral sets (Wolfe 1970; Guélat and Mar-
cotte 1986; Lacoste-Julien and Jaggi 2015). Pseudocode for
AFW is provided in Appendix A. The linear rate of AFW and
several other linearly convergent variants of FW depends on
a condition number of the polytope known as the facial dis-
tance. It can be defined concisely using a theorem from (Pena
and Rodriguez 2019):
Definition 4 (Facial distance, Pena and Rodriguez (2019)).

δ(P) = min
F∈faces(P)
∅⊆F⊆P

dist(F ,Conv(Vert(P) \ F)).

For linearly convergent methods for strongly convex func-
tions, the ratio between the strong convexity modulus and
smoothness constant appears as a term in the linear rate. For
linearly convergent FW variants, both the former ratio and
the ratio between the facial distance and diameter over the
polyhedral domain appear as terms in the linear rate.
Theorem 3 (Convergence rate of AFW for strongly convex
functions over polyhedral sets (Lacoste-Julien and Jaggi
2015)1). In order to compute an ϵ-optimal solution to a
1-strongly convex, L-smooth function over a convex poly-
tope that has diameter D and facial distance δ, AFW requires
O(LD2

δ2 log LD
ϵ ) LMO calls.

This dependence on the facial distance to diameter ratio
makes it desirable to have a lower bound on the facial dis-
tance, to ensure that the linear rate scales well with the size
of the problem.

3 New Results on Polyhedral Facial Distance
In this section, we present two theorems which characterize
lower bounds on the facial distance in special cases where the
constraints of the polytope can be written in a certain form.
The proofs are deferred to Appendix C.
Theorem 4. Let P be a polytope given by Ax = b,x ≥ 0
where x ∈ Rn. Let γ be the minimum value of a nonzero
coordinate of a vertex. Then δ(P) ≥ γ√

n
. Moreover, if the

optimal solution lies in a face F such that k coordinates are
zero (i.e., |{i : xi = 0}| = k), then δ(P) ≥ γ√

k
.

Corollary 1. For any 0/1-polytope P , δ(P) ≥ 1√
n

.

The corollary follows by noting that Theorem 4 holds
with γ = 1 for 0/1 polytopes. Note that simplices (the strat-
egy spaces of NFGs), sequence-form polytopes (the strategy
spaces of EFGs), flow polytopes, and matching polytopes are
all 0/1 polytopes. The fact that the facial distance decreases
only at a square-root rate in the dimension of the problem
ensures reasonable scaling of AFW as the ambient dimension
of the problem increases.

In the case we are dealing with integral polytopes (poly-
topes with integral vertices), we can also handle inequality
constraints beyond the non-negativity constraints.

1Pyramidal width was used in the original linear-rate re-
sult (Lacoste-Julien and Jaggi 2015). It was shown to be equivalent
to facial distance by Pena and Rodriguez (2019).

Theorem 5. Let P be an integral polytope given by Ax =
b,Cx ≤ d,x ≥ 0 where x ∈ Rn, with C ≥ 0 a nonzero
integral matrix, and d ≥ 0. Then δ(P) ≥ 1

∥C∥∞
√
n

.

We note that facial distance and essentially equivalent no-
tions, have been considered non-trivial to evaluate (Garber
and Meshi 2016; Bashiri and Zhang 2017; Braun et al. 2022)
for most polytopes besides hypercubes, unit ℓ1 balls and sim-
plices. Thus, our lower bounds contribute to a more complete
characterization of convergence rates of linearly convergent
FW variants over a fairly broad class of polytopes.

4 Approximate Reflected Online Mirror
Descent Using Away-Step Frank-Wolfe

In this section, we propose an algorithmic framework that
uses approximate proximal updates instead of exact proximal
updates. First, we will show that such an approximate variant
of ROMD still retains many of the nice properties of ROMD, up to
the error in the approximation oracle. Then, we propose the
use of linearly convergent variants of FW for implementing
the approximate proximal step, specifically when the regu-
larizer is smooth, and strongly convex (as is the case with
the Euclidean regularizer) and the decision set is a convex
polytope, which is the case in NFGs and EFGs. We abstract
away the concept of computing an approximate proximal
update using what we call an approximate proximal oracle
(APO).
Definition 5 (Approximate proximal oracle). An APOX ,
given a choice of convex and compact set X , takes as input
a function f : X → R, a L-smooth and 1-strongly convex
regularizer φ, a prox center xc, and a desired accuracy ϵ ≥ 0,
and returns x′ ∈ X such that

f(x′) +Dφ(x
′ ∥xc) ≤ min

x∈X

{
f(x) +Dφ(x ∥xc)

}
+ ϵ.

(APO)
While our framework can be adapted to a variety of online

learning algorithms, we illustrate the framework using ROMD

in Algorithm 1. x(t)
i is the iterate returned by the algorithm

at iteration t, ℓ(t)i is the loss received at iteration t, and m
(t)
i

is the prediction of the loss to be used at iteration t. Proofs
for results in this section are deferred to Appendices D and E.
The subscript i is dropped in statements about a single regret-
minimizing agent applying the algorithm; the only exceptions
are this paragraph and the pseudocode in Algorithm 1.

We present the following lemma, which characterizes the
cumulative regret of Algorithm 1 when using an APO.

Lemma 1. Let x∗ = argmaxx′∈X
∑T

t=1⟨ℓ(t),x(t)⟩ −
⟨ℓ(t),x′⟩. Algorithm 1 yields

Reg(T ) ≤
T∑

t=1

∥ℓ(t) −m(t)∥ · ∥x(t+1) − x(t)∥

− 1

2η

T∑
t=1

∥x(t+1) − x(t)∥2 + 1

η
Dφ

(
x∗ ∥x(0)

)
+
〈
m(1),x(2) − x∗〉+ T∑

t=1

ϵ(t)

η
.
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Algorithm 1: Reflected Gradient OMD with Approximate
Proximal Computation (for a generic Player i)

Data: Xi ⊆ Rn: convex and compact set, φi : X → R≥0:
Li-smooth, 1-strongly convex, ηi > 0: step-size
parameter, ϵ(t)i : desired accuracy of prox call at
each t, APOXi : an APO for Xi, x

(0)
i ∈ Xi

1 ℓ
(0)
i = m

(0)
i = 0;

2 function NEXTSTRATEGY(m(t)
i )

3 APOXi

(
−ηi

〈
ℓ
(t−1)
i +m

(t)
i −

m
(t−1)
i , ·

〉
, φi,x

(t−1)
i , ϵ

(t)
i

)

In the rest of this section, for the sake of brevity, we state
our results using ϵ(t) = 1

t2 , and the last observed loss as
the prediction m(t) = ℓ(t−1). In this case, we obtain the
following refined result:

Lemma 2. Algorithm 1 with ϵ(t) = 1
t2 -optimal prox compu-

tations at each time step and using m(t) = ℓ(t−1) yields

Reg(T ) ≤ Ω+2

η
+η

T∑
t=1

∥ℓ(t)−ℓ(t−1)∥2− 1

4η

T∑
t=1

∥x(t+1)−x(t)∥2.

In particular, this satisfies the RVU property with parameters
α = Ω+2

η , β = η, γ = 1
4η .

We refer to Algorithm 1 instantiated with AFW (Algorithm
2 in the full version of the paper) as AFW-ROMD. Lemma 2 im-
mediately enables us to state several results on Algorithm 1’s
ergodic convergence to equilibrium and characterize average
regret in terms of LMO calls for AFW-ROMD.
Theorem 6. An ϵ′-Nash equilibrium in any two-
player zero-sum polyhedral game can be computed in
O(1/ϵ′) iterations of Algorithm 1. This corresponds to
O(maxi∈{1,2}

1
ϵ′

LiD
2
i

δ2i
log
[
LiDi

ϵ′

]
) LMO calls when using

AFW-ROMD.

Theorem 7. An ϵ′-CCE in any N -player general-
sum polyhedral game can be computed in O(1/ϵ′

4
3 )

iterations of Algorithm 1. This corresponds to
O(maxi∈[N ]

1

ϵ′
4
3

LiD
2
i

δ2i
log
[
LiDi

ϵ′

]
) LMO calls when

using AFW-ROMD.

4.1 Last-Iterate Convergence
Next, we obtain asymptotic last-iterate convergence to an ap-
proximate Nash equilibrium, when

∑N
i=1 Reg

(t)
i ≥ 0 for any

t ∈ N, adapting a result from Anagnostides et al. (2022). A
wide class of games, including two-player NFGs and EFGs,
polymatrix zero-sum games, constant-sum polymatrix games,
strategically zero-sum games, and polymatrix strategically
zero-sum games satisfy this condition on social regret (Anag-
nostides et al. 2022); thus, our result holds for this class of
games as well.
Theorem 8. For any N -player general-sum polyhe-
dral game, given ϵ ∈ (0, 1), let Player i employ the

above framework with ϵ
(t)
i = ϵ2 and m

(t)
i = ℓ

(t−1)
i .

Let ηmax ≤ 1
2
√
2(N−1)

where ηmax = maxi∈[N ] ηi

and suppose
∑N

i=1 Reg
(t)
i ≥ 0 for any t ∈ N. De-

fine αi =
(

1
ηi

+ 2Ωi

ηi
(Li +N − 1) + 1

)
. Then, after

T >
⌈
8ηmax

ϵ2

∑N
i=1

(Ωi+2)
ηi

⌉
iterations, there exists x(t) with

t ∈ [T ] which is an ϵ
(
maxi∈[N ]

√
2ηi(

2LiDi

ηi
+ 3) + αi

)
-

Nash equilibrium. AFW-ROMD will yield an
iterate that is an ϵ′-Nash equilibrium in

O
(
maxj∈[N ]

{
ηmaxα

2
j

ϵ′2

∑N
i=1(

Ωi+2
ηi

)
LiD

2
i

δ2i
log
[
LiDiαj

ϵ′

]})
LMO calls when ϵ ≤ mini∈[N ]

ϵ′

αi
.

In the two-player zero-sum case, we also obtain last-iterate
linear-rate convergence to ϵ′-Nash equilibria when instanti-
ated with the Euclidean regularizer, φi(xi) = 1

2∥xi∥22 for
i ∈ {1, 2}, for any choice of ϵ′.
Theorem 9. In any two-player zero-sum polyhedral
game, both players employing Algorithm 1 with m

(t)
i =

ℓ
(t−1)
i , ϵ

(t)
i = ϵ, φi(xi) = 1

2∥xi∥22, and ηi =

η ≤ 1
4 yields linear last-iterate convergence to

a (16+C1)ϵ+32maxi∈{1,2}
√
2ηϵ(2LiDi+3η)

C2
-Nash equilibrium,

where ν is a game-dependent constant associated with the SP-
MS condition, C1 = 2(1 + 4η2ν2

25 ), and C2 = min( 12 ,
η2ν2

25 ):

dist(z(t),Z∗)2 ≤ 2

(
1 +

C2

4

)−t

dist(z(1),Z∗)2

+
(16+C1)ϵ+32maxi∈{1,2}

√
2ηϵ(2LiDi+3η)

C2
.

In the same setting (m(t)
i = ℓ

(t−1)
i , ϵ(t)i = ϵ, and ηi =

η ≤ 1
4 ), if it is assumed that both players are applying

AFW-ROMD, then they can achieve linear last-iterate conver-
gence to a 48+C1

C2
ϵ-Nash equilibrium, with the same defini-

tions for ν, C1, C2:

dist(z(t),Z∗)2 ≤ 2

(
1 +

C2

4

)−t

dist(z(1),Z∗)2 +
48 + C1

C2
ϵ.

AFW-ROMD requires

O

(
max

i∈{1,2}

log 2C2+48+C1

C2ϵ′

log 4+C2

4

LiD
2
i

δ2i
log

[
(2C2+48+C1)LiDi

C2ϵ′

])
LMO calls to compute an ϵ′-NE. Furthermore, the ap-
proximate solution it returns will have support of size
O
(
maxi∈{1,2}

LiD
2
i

δ2i
log
[
LiDi(2C2+48+C1)

C2ϵ′

])
.

5 Experimental Results and Discussion
We conduct experiments on standard EFG benchmarks to
demonstrate the numerical performance of our algorithm
relative to known algorithms from the literature. Details of
games are provided in Appendix F. In addition to evaluating
AFW-ROMD, we also consider its non-optimistic variant (taken
by letting m(t) = 0 for all t ∈ [T ]). We call this algorithm
AFW-OMD since it corresponds to using AFW as an APO in
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Figure 1: Convergence to equilibrium (Nash eq. and CCE) as a function of average LMO calls per player for AFW-OMD, AFW-ROMD,
FTPL, OFTPL, FP, OFP, BR, and OBR.

vanilla OMD. We use the Euclidean regularizer, φi(xi) =
1
2∥xi∥22 for i ∈ [N ].

We compare against FTPL and OFTPL, fictitious play
(FP) (Brown 1951) and best-response dynamics (BR), the
latter two being unregularized variants of FTRL/FTPL and
OMD, respectively. Finally, we also compare to optimistic ver-
sions of fictitious play (OFP) and best-response dynamics
(OBR). We provide pseudocode for all of these algorithms in
Appendix G; the pseudocode for these algorithms explicitly
demonstrates that only one LMO call is required per iteration
of these algorithms. Because FP and BR represent unregu-
larized variants of FTRL/FTPL and OMD, they can be thought
of as letting the stepsize be arbitrarily large for FTRL and
OMD respectively (or letting the noise be zero for FTPL in the
case of the former); we choose to depict their performance
to evaluate the limiting behavior of FTRL/FTPL and OMD. We
note that, unlike FTPL, OFTPL, and our algorithms, FP may
converge at a very slow rate even in two-player zero-sum
games (Daskalakis and Pan 2014), and BR may not converge
at all.

For AFW-OMD, AFW-ROMD, FTPL, and OFTPL, we try η ∈
0.01 · 2[14], where η is the stepsize for our algorithms, while
η is the noise used for FTPL and OFTPL. Additionally, we
try uniform, linear, and quadratic iterate averaging for all
algorithms, as well as last-iterate. Non-uniform averaging
schemes are known to often outperform uniform averaging
when solving BSPPs (Tammelin et al. 2015; Gao, Kroer,
and Goldfarb 2021). Note that we demonstrate theoretical
guarantees for last-iterate convergence of AFW-ROMD, whereas
the other algorithms are not known to have such guarantees.
Moreover, in the case of averaging, we examine the effects
of applying adaptive restarting in Appendix H. Adaptive

restarts are known to lead to linear convergence for polyhe-
dral BSPPs for some algorithms, as they satisfy a sharpness
property (Applegate et al. 2023; Fercoq 2022; Tseng 1995;
Gilpin, Peña, and Sandholm 2012).

For our algorithms and (O)FTPL, we restrict the num-
ber of LMO calls per iteration to be in {1, 2, 3, 4, 5, 10,
20, 100, 200}. Note that the original presentations of OFTPL
and FTPL set the termination criterion for an iteration of the
algorithm based on the number of LMO calls (4T and 1,
respectively, for the convergence guarantees provided for
each algorithm). On the other hand, the more natural termi-
nation criterion for our algorithm is the accuracy to which
the approximate proximal call is to be computed. Never-
theless, we find that using the number of LMO calls as a
termination criterion generally works best for our algorithms
as well. Furthermore, we use warmstarting for our algorithm,
which involves initializing the active set of AFW in the cur-
rent iteration of our algorithms with the active set of AFW in
the previous iteration. We provide complete pseudocode for
adaptive restarting and various iterate averaging schemes in
Appendix G. In the Warmstart and Termination Criteria Ab-
lation subsection, we demonstrate that restricting the number
of LMO calls per outer iteration and warmstarting generally
leads to better performance for our algorithms. We conduct
further ablation on the averaging scheme in Appendix H.

For each of the six algorithms, we use the choice of step-
size, number of LMO calls, and averaging, which generally
leads to the best performance for each game. We provide
additional graphs in Appendix H demonstrating that the per-
formance of our algorithms relative to the others generally
holds irrespective of the choice of the averaging. All of our
experiments are run until the average number of LMO calls
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Figure 2: Convergence to equilibrium (Nash and CCE) as a function of average per-player LMO calls for AFW-ROMD (top row,
Nash) and AFW-OMD (bottom row, CCE) for different APO termination criteria, and with and without warmstarting. The best
averaging scheme is chosen for each warmstart and termination criterion setting.

for each player is 104.
We show the results of running our algorithms on two-

player Kuhn poker, two-player Leduc poker, two-player
Liar’s Dice, three-player Kuhn poker, three-player Liar’s
Dice, and three-player Goofspiel (3 ranks) in Figure 1, seek-
ing to compute Nash equilibria in the former three games and
CCE in the latter three games. In the case of NE computa-
tion, AFW-ROMD outperforms existing algorithms in all three
games. In Kuhn and Liar’s Dice, we observe that (O)FTPL er-
ratically reach small Nash gaps before returning to an iterate
which has a high duality gap. This erratic behavior is because
the last-iterate averaging is used for FTPL in Kuhn and for
both OFTPL and FTPL in Liar’s Dice. Despite (O)FTPL often
achieving low duality gap in those two games, AFW-ROMD
performs well relative to them (and the other algorithm). As
noted above, we evaluate all of these algorithms for fixed
choices of averaging schemes in Appendix H. Optimism is
clearly helpful for all of the algorithms besides BR. In the case
of CCE computation, we measure the maximum individual
player’s average regret since a bound of ϵ′ on all players’
average regrets corresponds to an ϵ′-CCE. Again, in all of
the games, our algorithms are competitive with existing algo-
rithms. However, this time it is our non-optimistic algorithm,
AFW-OMD, that performs best. Interestingly, for the other sets
of algorithms, the effect of optimism is minimal but does not

hurt, whereas it hurts for our algorithm.

5.1 Warmstart and Termination Criteria Ablation
We also test the performance of our algorithm when using
different choices of termination criteria for the approximate
prox call and the choice of whether to warmstart. We only
show the ablation for AFW-ROMD for NE computation and
for AFW-OMD for CCE computation since these were our re-
spective best-performing algorithms for each of these sets of
experiments. The ablation of AFW-ROMD for CCE computation
and AFW-OMD for NE computation is deferred to Appendix H.
It can be seen in Figure 2, that in two-player Leduc poker and
two-player Liar’s Dice, using warmstarting and a fixed num-
ber of LMO calls per iteration leads to the best performance.
In the multiplayer setting, it can be observed again that using
warmstarting and a fixed number of LMO calls leads to best
performance of our algorithm in three-player Liar’s Dice and
three-player Goofspiel (3 ranks). For both two-player and
three-player Kuhn, the choice of using warmstarting and a
fixed number of LMO calls is competitive.
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