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Abstract

The computation of short paths in graphs with arc lengths
is a pillar of graph algorithmics and network science. In a
more diverse world, however, not every short path is equally
valuable. For the setting where each vertex is assigned to
a group (color), we provide a framework to model multi-
ple natural fairness aspects. We seek to find short paths in
which the number of occurrences of each color is within some
given lower and upper bounds. Among other results, we prove
the introduced problems to be computationally intractable
(NP-hard and parameterized hard with respect to the num-
ber of colors) even in very restricted settings (such as each
color should appear with exactly the same frequency), while
also presenting an encouraging algorithmic result (“fixed-
parameter tractability”) related to the length of the sought so-
lution path for the general problem.

Introduction

Travel agency WhataWonderfulWorld offers adventure bus
trips from New Orleans to New York, making stops at
exciting country sites for impressive day trips throughout
the journey. To address environmental demands, the agency
wishes to minimize the overall travel distance, while at the
same time striving to maximize the variety and balance of
impressions gathered at the day trips. Clearly, such a sus-
tainable travel from a starting point s to an endpoint ¢ can
be modeled as finding an s-t-path in a graph with posi-
tive arc lengths. To model maximum variety and balance,
the vertices—the places to visit—are colored according to
agency-chosen categories, say blue vertices are interesting
for bathing, green vertices for hiking, et cetera. The quest
is to find a short travel path in which the colors are fairly
represented. Herein, what is to be considered fair may de-
pend on the setting. In an idealistic (and hypothetical) set-
ting, one may consider it fair to have the same amount of
beaches, hiking spots, and places of any other type on the
path. We call such paths balance-fair; an example for such
a path is depicted in Figure 1. Possibly, one has asked the
travelers beforehand about their preferences. With this, one
gains a better understanding on how many places of each
type should be visited and one may be able to give lower
and upper bounds for each type. The latter (more realistic)

Copyright © 2023, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

12346

Figure 1: A graph with colored vertices (blue and green),
unit-length arcs, and two vertices s and ¢ is depicted. The
highlighted path is a shortest path between s and ¢ and con-
tains five blue and five green vertices. Thus, it is balance-fair.

fairness constraint indeed generalizes upon multiple fairness
concepts introduced in the literature. We discuss these later
in this section.

Our contributions. We introduce and study two natural
fairness scenarios for one of the back-bone problems in net-
work algorithmics: finding short paths. The problems in con-
sideration are the following.

BALANCE-FAIR SHORTEST PATH

Input: A directed graph G = (V,A), a vertex
coloring x: V. — [c], an arc-length func-
tion w: A — N, and two vertices s,t € V.

Question: Is one of the shortest s-t-paths balance-fair,

that is, it visits the same number of vertices
of each color?

SHORT PATH WITH LOWER AND UPPER BOUNDS

Input: A directed graph G = (V,A), a vertex
coloring x: V' — [c], an arc-length func-
tion w: A — N, two vertices s,t € V, and
integers ¢, oy, g, ..., 0c, B1, B2, - ., Be-

Question: Is there an s-t-path P of length at most £ such

that the number of vertices in P of color i is
at least o;; and at most j3; for each i € [¢]?

Simply put, SHORT PATH WITH LOWER AND UPPER
BOUNDS allows for very general fairness constraints, while
BALANCE-FAIR SHORTEST PATH focuses on a seemingly
more simple (and possibly idealistic) constraint and only al-
lows for shortest paths. Note that BALANCE-FAIR SHORT-
EST PATH is indeed a special case of SHORT PATH WITH
LOWER AND UPPER BOUNDS by setting ¢ = dist(s,t)
and fixing all lower and upper bounds to (¢{ — 1)/c. Al-



ready the special case BALANCE-FAIR SHORTEST PATH
turns out to be NP-hard in general. We cope with this com-
putational intractability by investigating the parameterized
complexity of these two problems with respect to the two
perhaps most natural parameters: the number of different
vertex colors in the input graph and the length of the sought-
after solution path. Despite the fact that BALANCE-FAIR
SHORTEST PATH seems much more restricted than SHORT
PATH WITH LOWER AND UPPER BOUNDS at first glance,
we only identify very minor differences in their (parame-
terized) complexity, that is, we show most of our hardness
results for BALANCE-FAIR SHORTEST PATH and most of
our positive results for SHORT PATH WITH LOWER AND
UPPER BOUNDS. Our results suggest that the difference in
complexity is due to asking for a shortest path versus ask-
ing for any path, but not due to the more general fairness
criterion. We prove that finding a balance-fair shortest path
is W([1]-hard for the parameter number of colors and that
such paths can be found in polynomial time for any constant
number of colors. If, however, we do not require the solu-
tion to be a shortest path, then the problem becomes NP-
hard for only two colors. Indeed, both hardness results hold
even when all arcs have the same lengths. Lastly, we show
that the more general variant SHORT PATH WITH LOWER
AND UPPER BOUNDS is fixed-parameter tractable with re-
spect to the length of the path. The algorithm is based on
representative families.

Results marked with Y are deferred to the full version
(Bentert, Kellerhals, and Niedermeier 2022a).

Related work. Path finding in vertex-colored graphs has
been a subject of broad and intensive study. Here, we only
point to algorithmically motivated work that seems particu-
larly close to our scenario. First of all, a colorful path (some-
times also called a rainbow path or a multicolored path) is a
path containing each color at most once and finding colorful
paths is an important algorithmic topic, both in static and in
temporal graphs (Alon, Yuster, and Zwick 1995; Dondi and
Hosseinzadeh 2021). Cohen et al. (2021) analyze the com-
plexity of finding tropical paths, that is, paths containing at
least one vertex of each color. They provide both tractability
and intractability results.

Another close (and also broad) area is that of finding
resource-constrained shortest paths, where, roughly speak-
ing, the desired path shall have minimum cost and only a
limited consumption of resources. Generally, the problem
is NP-hard (Handler and Zang 1980) and it has been ex-
tensively studied over the years (Ford et al. 2022; Irnich
and Desaulniers 2005; Pugliese and Guerriero 2013). Given
its intractability, several heuristics have been proposed re-
cently (Ahmadi et al. 2021). These models however do not
have fairness aspects in mind. Hanaka et al. (2022) are some-
what closer to fairness aspects in path finding. They study
shortest paths under diversity aspects, meaning that they
search for multiple shortest paths that are maximally differ-
ent from each other; this fits into the recent trend of find-
ing diverse sets of solutions to optimization problems (Baste
et al. 2022; Petit and Trapp 2019; Kellerhals, Renken, and
Zschoche 2021).
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Finally, we only mention in passing that fairness aspects
are currently investigated in all kinds of optimization prob-
lems (particularly graph-based ones), including topics such
as graph-based data clustering (Ahmadian et al. 2020a,b;
Friggstad and Mousavi 2021; Froese, Kellerhals, and Nie-
dermeier 2022), influence maximization (Khajehnejad et al.
2020), matching (Chierichetti et al. 2019), and graph min-
ing (Dong et al. 2022; Kang and Tong 2021).

Fairness measures. Our fairness concept—ensuring that
the number of occurrences of each color in the solution is
within a given range—is closely related to that introduced
by Celis, Straszak, and Vishnoi (2018) to find fair rankings.
When considering paths, our constraints generalize finding
rainbow and tropical graphs. It also generalizes upon many
recently introduced fairness variants. We list three examples.

Max-min fairness. Defined as the difference or quotient
between the number of occurrences of the most frequent and
the least frequent color in the solution, this concept general-
izes our balance-fairness (for which the difference is 0 and
the quotient is 1). This variant has been used in many works,
including the seminal work on fair clustering by Chierichetti
et al. (2017). We can find solutions with a max-min fairness
of k by guessing' the number « of occurrences of the least
frequent colors. All lower bounds are then set to « and all
upper bounds are set to « + k or ak.

Proportional fairness. The goal of this variant is to make
each color appear roughly with the same frequency in the so-
lution as in the input. This is a standard axiom in the area of
fair division and was used in graph-based clustering (Froese,
Kellerhals, and Niedermeier 2022) and principal component
analysis (Samadi et al. 2018) to ensure a balanced error or
distortion among the colors. We can model this fairness vari-
ant in the same way as max-min fairness.

Margin-of-victory fairness. Herein, one minimizes the
difference in occurrences between the first and second most
frequent color in the solution. This more relaxed fairness no-
tion prevents a color from becoming a dominating majority
in the solution. It was incorporated into the problem of find-
ing fair many-to-one matchings (Stoica et al. 2020; Boehmer
and Koana 2022). To model this variant, we guess the two
most frequent colors as well as their number of occurrences.
The bounds for each color can then be trivially obtained.

Preliminaries

We denote by N the set of all positive integers and by Ny
the set of all non-negative integers. For an integer n € N, let
[n] :={1,2,...,n}.

Graphs. We use standard graph-theoretic terminology. All
graphs are directed if not explicitly stated otherwise. For a
directed graph G = (V, A), we set n :== |V| and m := |A].
For a vertex v € V, we denote by N'(v) the set of
all vertices u such that (u,v) € A. A path P on { ver-
tices is a graph with vertex set {v1,ve,...,v¢} and arc
set {(vi, vi41) | @ € [€—1]}. The vertices v1 and vy are called
endpoints. We denote by V(P) the set {v1,va,...,ve} of

"Whenever we pretend to guess something, we iterate over all
possibilities and consider the correct iteration.



vertices in P. Let G = (V, A) be a graph with two ver-
tices s and ¢t and w: A — N be an arc-length function.
An s-t-path P is a subgraph of G which is a path and whose
endpoints are s and ¢. The length w(P) of the path is the
sum of its arc lengths. We denote by distg (s, t) the length
of a shortest s-t-path in G. Whenever clear from context, we
may drop the subscript G. If not stated otherwise, we assume
arc lengths to be positive.

For a graph G = (V, A), a vertex coloring x: V — [c],
and a color i € [c], we denote by ' .= {v € V | x(v) =i}
the set of vertices of color i. For a subgraph H of G and
a color i, we denote by x g the coloring x restricted to the
vertices of H, and by XiH the set of vertices of color 7 in H.

Matroids. A pair M (U,Z), where U is called
ground set and Z is a family of subsets (called in-
dependent sets) of U, is a matroid if (i) § € Z,
(i) if A’ C A and A € Z, then A’ € T (hereditary prop-
erty), and (iii) if A, B € Z and |A| < |B|, then there is
an e € B\ A such that AU {e} € T (exchange property).
An inclusion-wise maximal independent set is a basis of M.
It follows from the exchange property that all bases of M
have the same size. This size is called the rank of M. Let A
be a matrix over a finite field I, and let U be the set of
columns of A. We associate a matroid M = (U,Z) with
A as follows. A set X C U is independent (i.e., X € 7) if
the columns in X are linearly independent over IF. We say
that the matroid is linear and that A represents M.

Gammoids are a family of matroids defined as follows.
Given a directed graph G = (V,A) with vertex sub-
sets S, T C V, we say that X C T is linked to S if there
exist | X| vertex-disjoint paths (possibly of length 0) going
from S to X. The gammoid M = (T,Z) corresponding
to G, S has T ={X C T | X is linked to S} as its family
of independent sets.

Theorem 1 ((Kratsch and Wahlstrém 2014)). Let ¢ > 0,
let G = (V,A) be a directed graph, let S, T C V, and
let M = (T,I) be the gammoid corresponding to G,
S, and T. Then, one can compute in polynomial time an
|S| x |T'| matrix A over the rationals which represents

a matroid M (T,I) such that for any X C T, we

have X ¢ T whenever X ¢ T and Pr[X € I] > 1 —¢
whenever X € ZI. Moreover, the entries in A are of bit-
length O(min{|T|, |S|log|T|} + log(1/e) + log|V]).

Parameterized complexity. A parameterized problem is
fixed-parameter tractable if there exists an algorithm solv-
ing any instance (I, p) (I is the input instance and p is some
parameter) in f(p) - |[I|°(Y) time, where f is a (computable)
function solely depending on p. To show that a parameter-
ized problem L' is presumably not fixed-parameter tractable,
one may use a parameterized reduction from a W[1]-hard
problem to L. A parameterized reduction from a parameter-
ized problem L to another parameterized problem L’ is a
function satisfying the following. There are two computable
functions f and g, such that given an instance (1, p) of L, the
reduction computes in f(p)-|7|®() time an instance (I’, p')
of L' such that p’ < g(p) and (I, p) is a yes-instance of L
if and only if (I’, p’) is a yes-instance of L'.
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The Parameter Number of Colors

In this section, we study the computational complexity of
our two problems parameterized by the number of colors.
Recall that we assume that all arc lengths are positive. We
justify this assumption by showing that, if arc lengths may
be zero, BALANCE-FAIR SHORTEST PATH with two colors
becomes NP-hard.

Observation 2. BALANCE-FAIR SHORTEST PATH is NP-
hard for two colors when zero-length arcs are allowed.

Proof. We reduce from the well-known problem DIRECTED
HAMILTONIAN s-t-PATH: where one is asked whether a
given a directed graph with two vertices s and ¢, con-
tains an s-t-path visiting all vertices. The problem is known
to be NP-hard (Garey and Johnson 1979). Given an in-
stance I = (G = (V, A), s,t), we construct an equivalent
instance I' = (G' = (V', A"), x,w,s’,t') of BALANCE-
FAIR SHORTEST PATH as follows. The graph G’ consists
of G plus a |V|-vertex path @ attached to ¢. The endpoint
of @ is t'. We identify s’ with s. All vertices except for
those in () are colored with the first color. All arcs in G’
have length zero. Now any s’-t’-path contains all |V| ver-
tices in (), which have the second color. Hence, it is balance-
fair if and only if it contains an s-t-subpath that visits all
vertices in V. O

Next, we look at the more general SHORT PATH WITH
LOWER AND UPPER BOUNDS. Note that the problem coin-
cides with DIRECTED HAMILTONIAN s-{-PATH when there
is one color, the arcs have unit length, and the lower bound
is equal to the number of vertices.

Observation 3. SHORT PATH WITH LOWER AND UPPER
BOUNDS is NP-hard even with unit arc lengths and only
one vertex color.

The reduction in Observation 3 makes use of the fact that
one may take detours to satisfy the lower bounds. Hence, it
does not work for the special case BALANCE-FAIR SHORT-
EST PATH or if we require that £ = dist(s, t). When enforc-
ing the solution to be a shortest s-t-path, we can show the
following.

Theorem 4. BALANCE-FAIR SHORTEST PATH is solvable
in O((2n+ 1)~ -m) time, where c is the number of colors.

Proof. Let (G (V,E),x,w,s,t) be an instance
of BALANCE-FAIR SHORTEST PATH with ¢ colors.
We devise a dynamic program with a Boolean ta-
ble T: V x [-n,n]*"t — {0, 1} storing for each vertex v
and each tuple (x1,x9,...,x.—1) whether there is a short-
est s-v-path in G in which the difference between the
number of vertices of colors ¢ and ¢ is exactly z; for
all i € [c — 1]. We say that such paths respect the tu-
ple (1,22,...,2.—1). The table is computed for all ver-
tices in order of their distances from s. Note that if all arc
lengths are positive, then for each arc (u,v) in any short-
est s-t-path P, the vertex u is always closer to s than v
and dist(s,v) = dist(s,u) + w((u,v)) holds. Any arc not



satisfying this equality cannot be part of a shortest s-¢-path
and can therefore be deleted. Denote by

A= {(u,v) € A | dista(s,v) = dista (s, u) +w((u,v))}

the set of remaining arcs. To compute an en-
try T[v,x1,22,...,%c—1]), we distinguish whether the
color i of v is ¢ or not. If i # ¢, then we iterate over all
incoming arcs (u,v) € A’ of v and compute

!/ !/
\/ Tlu,x, x5, ...
(u,v)eA’

Tlv,@1,T2, .. Te1] = o],

wherein 1z} z; — 1 and 2 x; for all j # i. That
is, T[v, 1, x2,...,2.—1] is set to true if and only if there
is a vertex u € N'®(v) for which T'[u, 2}, ), ...,z ] is
true. If T'[v, x1, . .., x._1] is set to true, then there is a short-
est s-u-path respecting (x4, z5,...,x._;). Appending v to
this path results in a path respecting (x1,Z2,...,%c—1)
since x; = x + 1. By the definition of A’, this path is
also a shortest s-v-path. In the other direction, assume that
there is a shortest s-v-path P respecting (z1, Za, ..., Tc—1).
Consider the penultimate vertex u in P and the subpath P’
from s to u. Note that since P and P’ only differ in v, it holds

that P’ is a shortest s-u-path respecting (z}, z5,...,z._;),
where = z; — 1 and 2, = =; for all colors j # i.
Thus, T'[u, z}, x4, ..., 2. _4] is set to true and thus by con-
struction also T'[v, X1, x2, ..., Tc_1].
If v has color ¢, then we compute
T[’U,.Ihl'g,...,.fﬂc_l] = \/ T[u7x/17x/27"'7'r,0—1]a
(u,v)€A’
where . = x; — 1 for all j € [c — 1]. If such an

J
arc (u,v) exists, then there is a shortest s-u-path respect-

ing («f,2,...,2._1). Appending v to this path results in
a path that has one additional vertex of color ¢ and hence
this path respects the tuple (z1,z2,...,Z.—1). Again, this
is also a shortest s-v-path and thus T'[v, 1, T2, ..., Te—1] 1S
correctly computed in this case. For the other direction, if
a shortest s-v-path P respecting (z1,xa,...,T.—1) exists,
then the subpath P’ from s to the penultimate vertex u in P
shows that T'[v, 1, xa, ..., T._1] is correctly set to true in
this case.

Once the whole table is computed, we can check whether
there is a balance-fair shortest s-t-path in G’ by checking
whether T'[t, 0,0, ...,0] is set to true. If so, then there is a
balance-fair shortest s-t-path in G since the path respect-
ing the tuple (0,0, ...,0) contains the same number of oc-
currences of each color. If not, then there is no balance-fair
shortest s-t-path in G.

Lastly, we analyze the running time. Observe that there
are (2n+1)°~! table entries for each vertex v and computing
one table entry takes O(|N'"(v)|) time. Thus, the overall
running time is in O(m - (2n + 1)¢71). O

A very simliar dynamic program to the one in the proof
of Theorem 4 can also be used to solve SHORT PATH WITH
LOWER AND UPPER BOUNDS in O(m - n¢) time if we
require ¢ = dist(s, t). Hence, Theorem 4 also holds if one
asks for a shortest path that respects given lower and upper
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bounds per color. Thus, when parameterized by the num-
ber c of colors, SHORT PATH WITH LOWER AND UPPER
BOUNDS is computationally harder than BALANCE-FAIR
SHORTEST PATH only due to not requiring a solution to be
a shortest path.

We next show that there is little hope for a significantly
better algorithm for BALANCE-FAIR SHORTEST PATH pa-
rameterized by the number c of colors. We prove that
BALANCE-FAIR SHORTEST PATH is W[1]-hard with re-
spect to ¢ and cannot be solved in n°(7/'=<) time unless the
Exponential Time Hypothesis (ETH) fails. The ETH states
that 3-SAT cannot be solved in subexponential time (Im-
pagliazzo and Paturi 1999). Both results are shown via re-
ductions from MULTICOLORED CLIQUE: Given a k-partite
undirected graph G = (V, E) with partitions V1, V5, ..., V4,
does G contain a clique on k vertices? MULTICOLORED
CLIQUE is known to be W[1]-complete (Pietrzak 2003).

Theorem 5 (). BALANCE-FAIR SHORTEST PATH is
W{1]-hard when parameterized by the number c of colors.

Proof. We derive a parameterized reduction from MULTI-
COLORED CLIQUE parameterized by solution size k. To this
end, let G = (V, E) be the input graph of our instance
of MULTICOLORED CLIQUE with partitions Vy, Vs, ..., V.
For the sake of simplicity, we will assume that each V;

has the same number 1 := |V|/k of vertices (this is no
restriction since we can simply add isolated vertices) and
that V; = {v},v5,..., v }.

In the following, we will construct a graph H with two
vertices s and ¢ that contains a balance-fair shortest s-t-path
if and only if G contains a clique of size k. Let us first give
an intuitive description of the different pieces. The graph H
will be made mostly from two parts: a vertex-selection gad-
get for each partition V; and an edge-verification gadget for
each pair V; # V; of partitions. The former (broadly speak-
ing) decides for each i € [k] which vertex of V; is supposed
to be in the clique. The latter verifies that there is an edge
between the two chosen vertices of the two respective parti-
tions. We need 2k(k — 1) + 1 colors: two colors r; ; and g; ;
for each ¢ € [k] and each j € [k] \ {4} and a special color p.

We start by introducing K o+ (5) + 1 ver
tices w1, uo,...,ux of color p. The vertex-selection gad-
get for each partition V; consists of 7 vertex-disjoint paths,
the endpoints of which are adjacent to u; and w1, respec-
tively. Each of these paths represents one vertex v’, and con-
tains a vertices of color r; ; and i — a vertices of color g; ;
for each j € [k] \ {i}. The edge-verification gadget for
each pair of partitions V; # V; also consists of vertex-
disjoint paths, the endpoints of which are adjacent to two
vertices ug and w41 such that each gadget uses a different
“slot” d. Each of these vertex-disjoint paths represents one
edge {v}, vj } and contains 7 — a vertices of color r; ;, a ver-
tices of color g; ;, n — b vertices of color r; ;, and b vertices
of color g; ;. To complete the construction, we add 2n — K
vertices of color p if 2n > K and K — 2n vertices of each
color 7; j and ¢; ; for each i # j € [k] if 2n < K. All
of these new vertices form a directed path. We add an arc
from ug to the start of this path and call the last vertex t.
Finally, we rename u; to s and set all arc lengths to one.



Figure 2: An example instance of MULTICOLORED CLIQUE
with £ = 3 colors and 1 = 4 vertices of each color.

It is easy to see that the reduction takes polynomial time.
We defer the proof of the correctness to the full version of
this paper. O

We continue with the lower bound based on the Exponen-
tial Time Hypothesis (ETH). If the hypothesis is true, then
MULTICOLORED CLIQUE parameterized by solution size k
cannot be solved in f(k) - n°*) time for any computable
function f (Lokshtanov, Marx, and Saurabh 2018).

Theorem 6. BALANCE-FAIR SHORTEST PATH param-
eterized by the number c of colors cannot be solved
in f(c) -noe) time for any computable function f un-
less the ETH breaks.

Proof. We reduce from MULTICOLORED CLIQUE param-
eterized by solution size k. To this end, let G = (V, E) be
the input graph of our instance of MULTICOLORED CLIQUE
with partitions Vi, Vs, ..., Vi. For the sake of simplicity,
we will again assume that each V; has the same num-
ber 1) := n/k of vertices. Let V; = {v},v},...,v}_,}. Fig-
ure 2 gives an example used throughout this proof.

In the following, we construct a graph H with two ver-
tices s and ¢ that contains a balance-fair shortest s-t-path if
and only if G contains a clique of size k. Again, H con-
tains a vertex-selection gadget for each partition V; and an
edge-verification gadget for each pair V; # V; of partitions.
Our reduction will use the colors r; and ¢; for each i € [k]
and a special color p. The main idea behind the reduc-
tion is to represent each vertex v’ with k9U°8™) vertices
of color r; and/or g; using a binary encoding of a. In the
vertex-selection gadgets, we will represent vertices of G by
paths of vertices such that if this path is part of the final
balance-fair path P, then P contains exactly k — 1 paths in
edge-verification gadgets that correspond to edges with v,
as an endpoint.

As in the proof of Theorem 5, we place K =k + (’;) +1
vertices uq,us, . ..,ur of color p on a line and place the
different gadgets in between. For each partition V;, we cre-
ate a vertex-selection gadget as follows (see Figure 3 for an
illustration). The gadget consists of 7 vertex-disjoint paths

from w; to w;1. Each of these paths represents one vertex v}
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Figure 3: The vertex-selection gadget for V; in Figure 2 and
a legend providing the names of the colors. Each path repre-
sents a vertex in V7 and the respective vertex is listed above
each path. Vertices right of the dashed line belong to the first
layer while vertices to the left belong to the second layer.

v o} )

’U% U% T1 Cj

vl w2 = TT‘
T2

U% U% q2 .

Figure 4: The edge-verification gadget for V; and V5 in Fig-
ure 2 and a legend providing the names for each color. Each
path represents an edge and both incident vertices are listed
above the respective path.

and is constructed using the binary encoding of j. To this
end, let 7 := [log, 7] be the number of digits required to en-
code 7). For each ¢ € [7] let d; be the (-th least significant bit
in the binary encoding of j. Then, we add (k — 1) - k*~! ver-
tices and color them with r; if d; = 0 and with ¢; if dy = 1.
We call the set of vertices added for a specific ¢ the ¢-th level
of this gadget. Denote by z .= (k—1)->_,_, k"' = k7 —1
the number of vertices in any of the above vertex-disjoint
paths.

The edge-verification gadget for a pair V;,V; of parti-
tions is again a collection of vertex-disjoint parallel paths
whose endpoints are adjacent to two vertices of color p
(see Figure 4 for an illustration). There is one path for each
edge {v’,v]} in G. For each ¢ € [7], let d; be the {-th least
significant bit in the binary encoding of a and let dj, be the ¢-
th least significant bit in the binary encoding of b. We then
add k*~1 vertices and color them with q; if dy = 0 and with
color ; if d; = 1. Analogously, we add k‘~! vertices and
color them with g; if dj, = 0 and with r; if d, = 1. We again
call the set of vertices added for a specific ¢ the ¢-th level of
this gadget and denote by y :=2->_,_, k‘~1 the number of
vertices in any of the above vertex-disjoint paths.

Observe that the number of vertices not of color p in
each shortest path through all the different gadgets is ex-

actly k - = + (’;)y, which is equal to

k(k—1)> kK7 42(5) Y kT =2k(k - 1) kT
=1 =1 =1

Hence, in order for such a path to contain the same amount
of vertices of each color, each of the 2k colors different



from p have to appear exactly (k — 1) - >, k! times.
Moreover, every path passing through all gadgets contains
exactly K vertices of color p. To complete the construc-
tion, we add a path on (k — 1) - >°;_, k"1 — K vertices
of color p to H, call the first vertex in it s, add an arc from
its last vertex to u1, and rename the vertex u g to t. Observe
that (k —1)- > ,_, k"' — K >O0forall 7 >2and k > 3.

It remains to show that the original instance is a yes-
instance if and only if the constructed instance is a yes-
instance and that a running time in f (k) - n°(*/'>=*) for some
computable function f would refute the ETH. The main idea
in there is to analyze the layers separately and for each layer
analyze the number of vertices of colors r; and g; in the re-
spective layer in all (vertex-selection and edge-verification)
gadgets combined.

Claim 7 (). The original instance is a yes-instance if and
only if the constructed instance is a ye s-instance.

In order to show the running-time lower bound, as-
sume that there are computable functions f and g with
g(x) € o(=/1oga) such that BALANCE-FAIR SHORTEST
PATH parameterized by the number c of colors can be solved
in f(c) - n9© time. Let f'(z) = f(2z + 1), g*(x)
g(z)-log(z),and ¢'(z) = g*(2z + 1). As g*(x) € o(x) we
have ¢’'(z) € o(x). It remains to show that MULTICOLORED
CLIQUE can be solved in O(f'(k) - n9' (%)) time. Since

ST, -1 — Z{[Lo%ﬂ L1 — le:ognj k¢ < ElHlogn
the number of vertices in the constructed instance
as well as the running time for the reduction are
in kO(ogn) — 9O(logn-logk) — ,O(logk) Moreover, observe
that ¢ = 2k + 1. Thus, first computing the described reduc-
tion and then solving the resulting instance of BALANCE-
FAIR SHORTEST PATH in f(c)-n9(®) time results in an over-
all running time of n®(°8%) 4 f(2k 4 1) - ng(2k+1), O

We remark that there is still a gap between the running
time upper bound of n®(¢) (Theorem 4) and the lower bound
of n°(°e<) (Theorem 6).

The Parameter Path Length

This section is devoted to proving that SHORT PATH WITH
LOwER AND UPPER BOUNDS is fixed-parameter tractable
with respect to the length ¢ of the path. More specifically, the
running time of our algorithm depends on the number £ of
vertices that are visited by the sought solution path. Recall
that we assume that each edge length is at least one; thus we
have k < ¢+ 1. This is a reasonable assumption as otherwise
the problem is NP-hard even if ¢ = 0 (Observation 2).

Throughout this section, we will make use of the fact
that we can model the balance constraints as a matroid.
Then, making use of the representative-families framework
by Fomin et al. (2016), we obtain the algorithm.

We model our lower-bound and upper-bound constraints
as a matroid M = (V,Z). Its bases are exactly those
sets B C V with |B| = k and o; < |B N x!| < B;. Thus
its family of independent sets is

IT={XCVI||IXNx'|<Biand|X|+gx <k, ic]}
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Here, gx = > ;_, max{0, a; —| X Nx‘|}, and | X |+gx < k
ensures that there is still enough “room” to add vertices of
colors whose lower bounds are not yet met.

By definition of M, any path P on exactly k vertices ful-
fills the lower and upper bounds if and only if V(P) is a ba-
sis of M. We call a vertex set X C V M-extendable* if X
is independent in M, that is, X € Z. Similarly, a path P is
M -extendable if V(P) € T.

Define for each v € V and p € [k] the family

P={XCV||X|=p XeT,
and there is an s-v-path P with V(P) = X }.

We now may find an s-t-path fulfilling the lower and up-
per bounds with a simple Dijkstra-like dynamic program-
ming approach. This would not yield the promised running
time, as each set PP contains up to (Z) subsets. The cru-
cial observation here is that PP stores too much: Consider a
setY C V.Ifthereisaset X C V with X NY = () such
that X UY is a basis of M, then we say that Y extends X,
and that X is extendable by Y . Now, for each set Y, we only
need to remember one set X that is extendable by Y. Hence,
if Y extends multiple sets in our family, we only need to re-
member one of them as a representative for the remaining
sets. We consider a weighted variant of this concept, defined
as follows.

Definition 8 (min-g-representative family). Given a ma-
troid M = (U,Z), a family S of subsets of U of size p, and
a weight function p: § — N, a subfamily S C S is a min-q-
representative for S S Cl,p S) if the following holds: for
every set Y C F of size at most g, if there is aset X € S
disjoint from Y with X UY € Z, then there is a set X S S
disjoint from Y with (1) X UY € Z and (2) p(X) < p(X).

We remark that representative families are transitive:
If A Cl, Band B Cf,, C, then A C{,, C. Apart from
proving their transitivity, Fomin et al. (2016) presented an
efficient algorithm to compute such representative families.
We denote by w < 2.373 the matrix multiplication constant

(Alman and Vassilevska Williams 2021).

Theorem 9 (Fomin et al. (2016)). Let M = (U,Z) be a
linear matroid of rank p+ q = k given together with its rep-
resentation matrix A over a field F. Let A = {A;, ..., A:}
be a family of independent sets of size p and let w: A — Ny

be a weight function. Then, a min-q-representative family A
Sfor Awith at most (p;q) sets can be found in O (p:q)tp“ +
t (pj;q) vl ) operations over F.

To be able to make use of this theorem with our ma-
troid M, we prove the following.

Lemma 10 (%). M is a gammoid of rank k.

We obtain a linear representation in polynomial time from
Theorem 1, which may be errorneous with low probability.
Indeed, the representation is actually the representation of

another matroid M —= (v, f) such that for each X C V we

2We drop the prefix if there is no ambiguity.



have X ¢ Zif X ¢ 7 and we have Pr[X € Z] > (1 —¢)
if X € 7. As we will compute min-g-representatives corre-
sponding to M, it is convenient to introduce a corresponding
adaptation for P?. For each v € V and p € [], let

PL={XCV||X|=p XeI

6]
and there is an s-v-path P with V' (

P)=X }
Our algorithm for SHORT PATH WITH LOWER AND UP-

PER BOUNDS then builds representative families of P? in-

ductively. For each family PP, we also keep a weight func-

tion pf which is intended to store for each set X € PP the
weight of the shortest s-v-path with vertex set X.

Algorithm 1. Set P! := {{s}}, p({s}) = 0, P! :

= () for
eachv € V' \ {s}, andp(X) = oo for each {s} ;AX cVv

Forp =2,...,k, compute foreachv € V
veE X, X ePrt
a= U {xop"® e @
(0)€E and X U{v} €T

and for each set X'
set pP (X)) := mm{pp(
wards, compute Pp ck

X U {v} to add to NP,
N, PP~ HX) + w((u,v))}. After-
Crep P NP for each v € V. Finally, re-
turn yes if there is an X* € PF with pF(X*) < £.

Let us show that Algorithm 1 is correct.

Lemma 11. For each v € V and p € [k], P? contains at
most (ﬁ) sets and is a min-(k — p)-representative for PEL.

For each X € ’ﬁf,’, the weight pb(X) equals the length of a
shortest M -extendable s-v-path with vertex set X.

Proof. Our proof is by induction. The statement is triv-
ially correct for p = 1. So assume that for some p > 1,

pr—1 choPm pr-1 Pl < (];), and for each X €
Pr1 the welght pP~1(X) equals the length of the short-
est M -extendable s-v-path on p — 1 vertices.

Let Y C V be a set of size at most k -p andletv € V.
Suppose that there exists a set X € PP such that YV

M-extends X. Let P be the path corresponding to X, and
let w(P) = pP(X). Consider the subpath P’ of P going
from s to the predecessor u of v. Then P’ contains p — 1
vertices and is of length w(P') = w(P) — w((u,v)) >
PP~ HX"). Let X' = V(P)andletY’" :=Y U {v}. By the
hereditary property of M, the path P’ is also M -extendable.
Further, as X UY € I and X NY = (), we also have
that Y/ M-extends X’ (note that X’ N'Y’ = (). Hence,
by the induction hypothesis, there a set X' € 735_1 with
PP~ 1(X') < pP~1(X") such that ¥’ M-extends X. Let P’
be the s-u-path of length pf~ ( ") corresponding to X’ and
let X = X’ U {v}. By Equation (2) we have X e NP
and ph(X) < pi ' (X') + w((u,v)) < pi(X). Thus,
NP CkoP PP Now, as Pr CEP NP, we obtain Pr ckop
735 by transitivity of representatives (Fomin et al. (2016)).
The upper bound on |73{,’| follows from Theorem 9. O
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We next analyze the running time of Algorithm 1.

Lemma 12 (%). Algorithm 1 runs in 2**n®® log(1/¢)
time, where ¢ is the error probability used to compute M.

Our main theorem now follows from Lemmas 11 and 12.

Theorem 13 (k). Let € > 0. Then there is a randomized
algorithm without false positives and success probability at
least (1 — ) that solves SHORT PATH WITH LOWER AND
UPPER BOUNDS in 5.181log(1/2)n®™) time.

Conclusion

Our study provides insight into a very general fairness model
injected into the problem of finding short paths in graphs.
We indicate that even very simple cases of the considered
problem turn out to be computationally hard, but, if the
sought path is sufficiently short, then the problem can be effi-
ciently solved. For parameterizing BALANCE-FAIR SHORT-
EST PATH by the number c of colors, our results leave a
gap between the running time upper bound of n°(©) and the
lower bound of n°(/"*=<) In a follow-up work, we studied
the parameterized complexity of BALANCE-FAIR SHORT-
EST PATH with respect to structural parameterizations (Ben-
tert, Kellerhals, and Niedermeier 2022b).

Our fairness model generalizes upon many established
variants. Another benefit of this fairness concept is that it can
be modeled by a matroid. We make use of this to obtain an
efficient (randomized) parameterized algorithm. The perva-
siveness of matroids lets us believe that our fairness concept
may be easily applicable also to other problems. Indeed, it
can also be applied to a problem studied by Chierichetti et al.
(2017), which we will call BALANCED MATROID: Given a
matroid ) = (U, Zg) of rank ¢ for which one can decide in
polynomial time whether a set X is independent in () or not,
a coloring x: U — [c], and two rationals 0 < o < 8 < 1,
the task is to find the independent set X of largest cardi-
nality such that for each color ¢, the fraction of elements
of color 7 in X lies between « and (3. They prove that if ¢
is constant, then this problem can be solved in polynomial
time (Chierichetti et al. 2019, Lem. 3). Indeed, this problem
is polynomial-time solvable even if c is not a constant. To
this end, one first guesses the cardinality p < /, then one
uses the matroid M devised in the previous section, choos-
ing a; == [a-p] and B; = |8 - p] for each color 4. Us-
ing the matroid intersection algorithm (Edmonds 1970), one
can compute in polynomial time the maximum-cardinality
set which is independent in both () and M. If the set has
cardinality p, then the guess was correct.

Corollary 14. BALANCED MATROID is polynomial-time
solvable.

There are also some variants which do not fit into our
model. An intriguing model variation is to enforce fairness
not only to the path as a whole, but also to each (sufficiently
long) subpath of the solution. This problem seems compu-
tationally easier to tackle as the constraints are more local.
A natural extension that feels harder to tackle is the case in
which a vertex may hold multiple colors (e.g., a place for
both biking and hiking).
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