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Abstract

The minimax optimization over Riemannian manifolds (pos-
sibly nonconvex constraints) has been actively applied to
solve many problems, such as robust dimensionality re-
duction and deep neural networks with orthogonal weights
(Stiefel manifold). Although many optimization algorithms
for minimax problems have been developed in the Euclidean
setting, it is difficult to convert them into Riemannian cases,
and algorithms for nonconvex minimax problems with non-
convex constraints are even rare. On the other hand, to ad-
dress the big data challenges, decentralized (serverless) train-
ing techniques have recently been emerging since they can
reduce communications overhead and avoid the bottleneck
problem on the server node. Nonetheless, the algorithm for
decentralized Riemannian minimax problems has not been
studied. In this paper, we study the distributed nonconvex-
strongly-concave minimax optimization problem over the
Stiefel manifold and propose both deterministic and stochas-
tic minimax methods. The Steifel manifold is a non-convex
set. The global function is represented as the finite sum of
local functions. For the deterministic setting, we propose
DRGDA and prove that our deterministic method achieves a
gradient complexity of O(ϵ−2) under mild conditions. For the
stochastic setting, we propose DRSGDA and prove that our
stochastic method achieves a gradient complexity of O(ϵ−4).
The DRGDA and DRSGDA are the first algorithms for dis-
tributed minimax optimization with nonconvex constraints
with exact convergence. Extensive experimental results on the
Deep Neural Networks (DNNs) training over the Stiefel man-
ifold demonstrate the efficiency of our algorithms.

Introduction
The minimax problems arise throughout machine learning,
such as generative adversarial networks (GANs) (Goodfel-
low et al. 2014), adversarial training (Wu, Zhang, and Huang
2022), and policy evaluation (Wai et al. 2019). In recent
years, minimax problems over Riemannian manifolds (pos-
sibly nonconvex constraints) have attracted intensive inter-
est because of their important applications in many sci-
entific and engineering fields (Jordan, Lin, and Vlatakis-
Gkaragkounis 2022), such as subspace robust Wasserstein
distance (Paty and Cuturi 2019), distributionally robust
principal component analysis (PCA) (Zhang, Zhang, and
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Sra 2022), adversarial training over Riemannian manifolds
(Huang and Gao 2020) and orthonormal generative ad-
versarial networks (GANs) (Müller, Klein, and Weinmann
2019). Among them, optimization over the Stiefel manifold
is popular because, from robust PCA to deep neural net-
works with orthogonal weights, a plethora of machine learn-
ing applications can be cast into it (Huang et al. 2018).

As sizes of model parameters and training datasets keep
increasing, machine learning tasks heavily rely on dis-
tributed training (Bao et al. 2022; Lu et al. 2019; Wu et al.
2022). Given that computing capacity increases rapidly,
communication overhead gradually becomes the bottleneck
of training speed. As a result, research on communication
efficient distributed optimization is very important. One im-
portant direction is decentralized distributed training, where
each worker node updates the local model based on its lo-
cal data and communicates exclusively with its neighbors,
instead of a central server (Lian et al. 2017). In other words,
when there are a lot of worker nodes, the decentralized dis-
tributed training strategy is more conducive to communica-
tion. In addition, due to data heterogeneity in the distributed
setting, distributed robust training has wide applications.
The distributed robustification of many ML tasks can also
be formulated as decentralized minimax optimization prob-
lems (Jordan, Lin, and Vlatakis-Gkaragkounis 2022).

Although decentralized distributed training has gained
popularity, algorithms for decentralized Riemannian min-
imax problems have not been studied. The existing mini-
max optimization methods over Riemannian manifolds can-
not be applied to these problems (Jordan, Lin, and Vlatakis-
Gkaragkounis 2022; Zhang, Zhang, and Sra 2022; Han et al.
2022; Huang and Gao 2020), since (1) they mainly focus
on the geodesically strongly-convex-concave case or require
PL condition, which might not be satisfied in the deep learn-
ing and nonconvex optimization (Han et al. 2022); (2) algo-
rithms cannot be used in the distributed setting.

In this paper, we study the following distributed
nonconvex-strongly-concave minimax problem on Stifel
manifolds:

min
x∈St(d,r)

max
y∈Y

F (x, y) =
1

n

n∑
i=1

fi (xi, yi) (1)

s.t. xi = xj , yi = yj , (i, j) ∈ E
where the function fi(x, y) : M × Y → R is nonconvex
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over x ∈ M and is µ-strongly concave over y ∈ Y ⊆ Rd

Here Y ⊆ Rd is nonempty compact convex sets but M :=
St(d, r) = {x ∈ Rd×r : x⊤x = Ir} is the Stiefel manifold.
Unlike the Euclidean distributed setting, the Stiefel manifold
is a non-convex set. E is the communication link set in the
decentralized communication network. We consider a multi-
client network system G = (V, E), where V = {1, . . . , n} is
the collection of work nodes indices and E ⊆ V × V is the
collection of communication links (i, j), i, j ∈ V , that connect
worker nodes. Each worker node i possesses local data and
updates the local model.

In this paper, we also focus on the stochastic form of de-
centralized minimax problem (1), defined as

min
x∈St(d,r)

max
y∈Y

F (x, y) =
1

n

n∑
i=1

E[fi(x, y; ξ)] (2)

s.t. xi = xj , yi = yj , (i, j) ∈ E
where ξ is a random variable following an unknown distri-
bution Di. Many important applications can be written in
the form of (1) and (2), such as robust geometry-aware PCA
(Zhang, Zhang, and Sra 2022), distributionally robust DNN
training with orthogonal weights (Huang and Gao 2020).
PCA has a wide range of applications, and it can be used
K-means clustering (Zhang, Zhang, and Sra 2022) and study
the functional diversity of cells (Baden et al. 2016). For deep
learning, orthonormality on parameters has been proven to
increase generalization precision and speed up and stabilize
convergence of neural network models (Wang et al. 2020;
Huang et al. 2018), which corresponds to optimization over
the Stiefel manifold. Although above minimax problems (1)
and (2) have been frequently appeared in many machine
learning applications, (1) and (2) in distributed settings have
not been theoretically studied. The existing explicitly decen-
tralized minimax optimization methods such as the decen-
tralized gradient descent ascent method only focus on the
minimax problems in Euclidean space.

The change from Euclidean to Riemannian nonconvex op-
timization and from centralized to distributed settings pose
several difficulties. For example, we cannot use the arith-
metic mean as a consensus step on the Stifel manifold be-
cause the average result might not be on the Stifel manifold.
Under the Riemannian PL condition or g-convex-concave
(Jordan, Lin, and Vlatakis-Gkaragkounis 2022; Han et al.
2022), variables x and y can be embedded as z = (x⊤, y⊤)
and solve two variables together, which cannot be applied in
our nonconvex case. Then there exists a natural question:

Can we design new decentralized algorithms
with exact convergence for distributed minimax
optimization on the Stiefel manifold for solving
the Problems (1) and (2)?

In the paper, we give an affirmative answer to the above
question and propose a class of gradient descent ascent
methods for solving the Problems (1) and (2). Our main con-
tributions are three-fold:
1) We propose the first decentralized gradient descent as-

cent algorithm (DRGDA) over the Stiefel manifold for

the deterministic minimax problem (1). Our method is
retraction-based and vector transport-free. We prove that
the DRGDA has a sample complexity of O(ϵ−2) for
finding an ϵ-stationary point, which matches the best
complexity result achieved by the centralized minimax
method on Euclidean space.

2) We also propose a decentralized stochastic first-order al-
gorithm (DRSGDA) over the Stiefel manifold for the
stochastic problem (2), which has a sample complex-
ity of O(ϵ−4), which is the first theoretical result of the
stochastic method in the decentralized Riemannian min-
imax problems.

3) Extensive experimental results on the robust DNN train-
ing over the Stiefel manifold confirm the effectiveness of
our proposed algorithm.

Related Works
Minimax Optimization and Decentralized
Distributed Learning
The minimax optimization recently has been successfully
applied in many machine learning problems such as robust
federated learning, reinforcement learning (Wai et al. 2019),
and adversarial training (Wu, Bojchevski, and Huang 2022).
Many gradient-based minimax methods were proposed for
solving these minimax optimization problems (Lin, Jin, and
Jordan 2020; Lin et al. 2020). In addition, some works
developed accelerated gradient descent ascent algorithms
with the variance-reduced techniques (Luo, Ye, and Zhang
2020). More recently, Huang, Wu, and Huang (2021) pro-
posed mirror descent ascent methods to solve the nonsmooth
nonconvex-strongly-concave minimax problems based on
dynamic mirror functions. Huang, Wu, and Hu (2023) used
momentum-based variance-reduced technique to design the
single-loop algorithm (Acc-MDA).

At the same time, many decentralized distributed meth-
ods are proposed because they are useful when the network
has communication bottlenecks or limited bandwidth be-
tween certain nodes and the central node. Lian et al. (2017)
firstly provides theoretical support for the potential advan-
tage of a decentralized distributed algorithm. Subsequently,
D-SPIDER-SFO (Pan, Liu, and Wang 2020), DEEPSTORM
(Mancino-Ball et al. 2022) and many other methods are pro-
posed for the decentralized training.

Recently, Xian et al. (2021) and Zhang et al. (2021) ex-
tended the minimax problem to a decentralized distributed
setting and solve the nonconvex-strongly-concave minimax
problems in the Euclidean spaces. Zhang et al. (2021) pro-
posed both deterministic gradient-based decentralized min-
imax methods and stochastic gradient-based decentralized
minimax methods.

Riemannian Manifold Optimization
Riemannian manifold optimization is an important prob-
lem given that they are related to many machine learning
problems, such as low-rank matrix completion , dictionary
learning and deep learning (Huang et al. 2018). Liu et al.
(2017) proposed first-order gradient methods for geodesi-
cally convex functions. Furthermore, Zhang, J Reddi, and
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Sra (2016) applied variance-reduced technology to Rieman-
nian manifold optimization and proposed fast stochastic
methods. More recently, various fast Riemannian gradient-
based methods have been proposed for non-convex opti-
mization based on the retraction and vector transport (Ka-
sai, Sato, and Mishra 2018). Then some efficient Rieman-
nian adaptive optimization algorithms are introduced (Kasai,
Jawanpuria, and Mishra 2019).

Recently, Huang and Gao (2020) proposed a class of
Riemannian gradient descent ascent algorithms to solve
the nonconvex-strongly-concave minimax problems on Rie-
mannian manifolds. Then Han et al. (2022) introduced Rie-
mannian Hamiltonian function and proposed Riemannian
Hamiltonian gradient methods under the Riemannian PL
condition. Zhang, Zhang, and Sra (2022) and Jordan, Lin,
and Vlatakis-Gkaragkounis (2022) proved that the Rieman-
nian corrected extragradient (RCEG) method achieves con-
vergence at a linear rate in the geodesically strongly-convex-
concave problems. In addition, some methods are proposed
for variational inequalities, which are the implicit minimax
problems, on Riemannian manifolds (Huang and Gao 2020).

In addition, several algorithms were proposed for dis-
tributed optimization on Riemannian manifolds (Chen et al.
2021). In the decentralized distributed setting, the consensus
step is usually done by calculating the Karcher mean on the
manifold (Shah 2017), or calculating the minimizer of the
sum of the square of the Euclidean distances in the corre-
sponding sub-manifold case (Chen et al. 2021). Grammenos
et al. (2020) firstly present the algorithm for federated learn-
ing on Riemannian manifolds and focus on the PCA prob-
lems (Stiefel manifold).

Notations
We use x and y to denote a collection of all local pa-
rameters xi, yi, i.e., x⊤ = (x⊤

1 , x
⊤
2 , . . . , x

⊤
N ) and y⊤ =

(y⊤1 , y
⊤
2 , . . . , y

⊤
N ). ⊗ denotes Kronecker product. Define

x̄ = 1 ⊗ x̄. ∥ · ∥ denotes the ℓ2 norm for vectors and
Frobenius norm for matrices, respectively. ∇xf(x, y) and
∇yf(x, y) denote the Euclidean partial derivatives w.r.t.
variables x and y respectively, and the Riemannian gradi-
ent is gradxg(x, y). For M, the n−fold Cartesian product
of M is denoted as Mn = M × · · · × M. Ir denotes
r-dimension identity matrix. Given the mini-batch samples
B = {ξi}qi=1, we let ∇f(x, y;B) = 1

q

∑q
i=1 ∇f(x, y; ξi).

In general, the manifold M is endowed with a smooth in-
ner product ⟨x, y⟩x : TxM× TxM → R on tangent space
TxM for every x ∈ M.

The network system G = (V, E) is represented by double
stochastic matrix W , which is defined as follows: (1) if there
exists a link between node i and node j, then Wij > 0,
otherwise Wij = 0, (2) W = W⊤ and (3) W1 = 1 and
1⊤W = 1⊤. The second-largest eigenvalue of W as λ.

Preliminaries
Riemannian Gradients
Given that the metric on tangent space TxM is induced
from the Euclidean inner product ⟨·, ·⟩, the Riemannian

gradient gradh(x) on St(d, r) is defined as gradh(x) =
PTxM∇h(x), where PTxM is the orthogonal projection
onto TxM. On the St(d, r), we have

PTxMy = y − 1

2
x(x⊤y + y⊤x) (3)

Retraction
Given x ∈ M and u ∈ TxM, retraction Rx : TxM → M
is defined as mapping from tangent space TxM onto M
with a local rigidity condition that preserves the gradients
at x ∈ M. The retraction Rx satisfies: 1) Rx(0) = x. 2)
DRx(0) = idTxM.

In the centralized Riemannian gradient descent iteration,
the update step is defined as

xt+1 = Rxt
(−αgradh(xt)), (4)

namely, it updates parameters along a negative Riemannian
gradient direction on the tangent space, then it uses an oper-
ation called retraction Rxt to map onto M. Following (Chen
et al. 2021), we also assume the second-order boundedness
of retraction Rx, namely,

Rx(u) = x+ u+O(∥u∥2). (5)

Furthermore, following (Boumal, Absil, and Cartis 2019;
Chen et al. 2021), we have the following lemma:
Lemma 1. (Boumal, Absil, and Cartis 2019) Let R be a
second-order retraction over St(d, r), we have

∥Rx(u)− (x+ u)∥ ≤ M∥u∥2

∀x ∈ St(d, r),∀u ∈ TxM
(6)

Moreover, if the retraction is the polar decomposition. For
all x ∈ St(d, r) and u ∈ TxM, the following inequality
holds :

∥Rx(u)− z∥ ≤ ∥x+ u− z∥, ∀z ∈ St(d, r) (7)

Unless otherwise stated, the sequel uses the polar retrac-
tion to offer a concise analysis. More details on the polar
retraction are provided in (Liu, So, and Wu 2019).

Mean and Consensus on the Stiefel Manifold
In the Euclidean decentralized distributed algorithms, the
∥xi − x̄∥2 is usually used as the consensus error, where x̄
is defined as the Euclidean average point of x1, · · · , xn by

x̄ =
1

n

n∑
i=1

xi (8)

However, in the decentralized distributed Riemannian set-
ting, such as St(d, r), we cannot directly average local pa-
rameters as in (8) because the arithmetic mean result might
not be on the manifold. Therefore, we follow (Sarlette and
Sepulchre 2009) and use induced arithmetic mean (IAM) on
St(d, r), defined as

x̂ := argmin
z∈St(d,r)

n∑
i=1

∥z − xi∥2 = PSt(x̄) (9)
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Algorithm 1: DRGDA Algorithm

1: Input: T , tuning parameters {α, β, η};
2: initialize: Initial input xi

0 ∈ St(d, r), yi0 ∈ Y , and then
compute ui

0 = gradxfi(x
i
0, y

i
0) and vi0 = ∇yf(x

i
0, y

i
0),

where i ∈ [n];
3: for t = 0, 1, . . . , T do
4: xi

t+1 = Rxi
t
(PT

xi
t
M(α

∑n
j=1 W

k
ijx

j
t )−βwi

t) where

wi
t = PT

xi
t
M(ui

t)

5: yit+1 =
∑n

j=1 W
k
ijy

j
t + ηvjt ;

6: ui
t+1 =

∑n
j=1 W

k
iju

j
t + gradxfi

(
xi
t+1, y

i
t+1

)
−

gradxfi
(
xi
t, y

i
t

)
;

7: vit+1 =
∑n

j=1 Wijv
j
t + ∇yfi

(
xi
t+1, y

i
t+1

)
−

∇yfi
(
xi
t, y

i
t

)
;

8: end for

where PSt(·) is the orthogonal projection onto St(d, r). And
similarly we have

min
z∈St(d,r)

n∑
i=1

1

n
∥z − xi∥2 =

1

n
∥x− x̂∥2 (10)

Furthermore, we also define

∥x− x̂∥∞ = max
i∈[n]

∥xi − x̂∥ (11)

As for the consensus problem over the Stiefel manifold,
following the (Chen et al. 2021), we use the minimizer of
the sum of the square of the l2 norm over St(d, r). It means:

min Jk(x) :=
1

2

n∑
i=1

n∑
j=1

W k
ij ∥xi − xj∥2 (12)

s.t. xi ∈ M, ∀i ∈ [n]

where the superscript k ≥ 1 is an integer. It should be men-
tioned we use k to offer flexibility in algorithm design and
analysis. And Wk

ij corresponds to performing k steps of
communication on the tangent space.

Decentralized Riemannian Gradient Descent
Ascent Methods

In the section, we propose deterministic and stochastic meth-
ods for solving decentralized Riemannian minimax Prob-
lems in (1) and (2), respectively.

DRGDA Algorithms
In this subsection, we first study the decentralized Rieman-
nian gradient descent ascent (DRGDA) method with gradi-
ent tracking technologies for solving the problem (1). We
describe our algorithm in Algorithm 1.

At the beginning of Algorithm 1, one can simply initialize
local model parameters x ∈ M and y ∈ Y for all worker
nodes with the same points.

At the step 4 of Algorithm 1, we use the decentralized
Riemannian gradient method to update variable x based on

the gradient tracker ui
t. We firstly need to project the gradi-

ent tracker ui
t onto the tangent space Txi

t
M, which follows a

retraction consensus update (Seen in the supplementary ma-
terials). We can regard the step 4 as applying Riemannian
gradient method to solve the following problem:

min
x∈St(d,r)

βF (x) + αJk(x) (13)

where Jk(x) is the consensus problem defined in (12) and
more details seen in the supplementary materials. The con-
sensus step and computation of Riemannian gradient can be
done in parallel (Chen et al. 2021).

At the step 5 of Algorithm 1, we follow conventional de-
centralized gradient ascent steps, where we update local pa-
rameters with gradient tracker and then do the consensus
step with double stochastic matrix W.

At the step 6 of Algorithm 1, we use ui
t to tracks the av-

erage Riemannian gradient gradxfi(x
i
t, y

i
t). Gradient track-

ing is a popular technology in the decentralized distributed
learning to guarantee the convergence of the global objective
function. Note, we can regard gradxfi(x

i
t, y

i
t) at the step 6

as the projected Euclidean gradient, and we do not need to
project it on the tangent space Txi

t
M to save the computa-

tion cost, and we only do the projection at the step 4.
At the step 7 of Algorithm 1, we use the similar opera-

tion. Each worker node calculates the local full gradients,
and then we update the gradient tracker vit for y.

DRSGDA Algorithms
We also consider stochastic method because Stochastic gra-
dient descent are widely used in learning tasks (Sun et al.
2022). In the DRGDA algorithm, worker nodes need to com-
pute local full gradients in each iteration, which result in a
high sample complexity when the local datasets are large.
It also cannot be applied in the online learning. This limita-
tion motivates us to leverage the stochastic method and pro-
pose Riemannian decentralized stochastic gradient descent
ascent (DRSGDA) method. Algorithm 2 show the algorith-
mic framework of DRSGDA method.

At the step 4 and step 5 of Algorithm 2, we use the simi-
lar step to update variable St(d, r) and y ∈ Y . The different
is that we use the ut and vt, which is the gradient tracker
for the unbiased gradient estimators. At the steps 7 and 8 of
Algorithm 2, we calculate the stochastic Riemannian gradi-
ent for variable x, and calculate the stochastic gradient for
variable y based on sampled data to update the ut and vt.

Convergence Analysis
Assumptions
In the subsection, we state assumptions for the problems.
Assumption 1. Each component function fi(x, y) is twice
continuously differentiable in both x ∈ St(d, r) and y ∈ Y ,
For i ∈ [n], we have

∥∇xfi(x1, y)−∇xfi(x2, y)∥ ≤ L11∥x1 − x2∥,
∥∇xfi(x, y1)−∇xfi(x, y2)∥ ≤ L12∥y1 − y2∥,
∥∇yfi(x1, y)−∇yfi(x2, y)∥ ≤ L21∥x1 − x2∥,
∥∇yfi(x, y1)−∇yfi(x, y2)∥ ≤ L22∥y1 − y2∥.
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Algorithm 2: DRSGDA Algorithm

1: Input: T , tuning parameters {α, β, η};
2: initialize: Initial input xi

0 ∈ St(d, r), yi0 ∈ Y , and
then compute ui

0 = gradxfi(x
i
0, y

i
0;Bi

0) and vi0 =
∇yf(x

i
0, y

i
0;Bi

0), where i ∈ [n];
3: for t = 0, 1, . . . , T do
4: xi

t+1 = Rxi
t
(PT

xi
t
M(α

∑n
j=1 W

k
ijx

j
t )−βwi

t) where

wi
t = PT

xi
t
M(ui

t)

5: yit+1 =
∑n

j=1 W
k
ijy

j
t + ηvjt

6: Draw a mini-batch i.i.d. samples Bi
t+1 = {ξij}

q
j=1,

and then compute
7: ui

t+1 =
∑n

j=1 W
k
iju

j
t + gradxfi

(
xi
t+1, y

i
t+1;Bi

t+1

)
−gradxfi

(
xi
t, y

i
t;Bi

t

)
;

8: vit+1 =
∑n

j=1 Wijv
j
t + ∇yfi

(
xi
t+1, y

i
t+1;Bi

t+1

)
−

∇yfi
(
xi
t, y

i
t;Bi

t

)
;

9: end for

and we also assume the uniform upper bound of
∥gradxfi(xi

t, y
i
t)∥ is D.

The L-smooth assumption is widely used in the minimax
problems in the Euclidean space. Since the Stiefel manifold
is embedded in Euclidean space, we are free to do so, and
detailed comparison is provided by (Chen et al. 2021).

One could also consider the following Lipschitz inequal-
ity (Huang and Gao 2020),

∥Px→y grad f(x)− grad f(y)∥F ≤ L′
gdg(x, y) (14)

Because it involves vector transport and geodesic distance,
which add computational burden, we choose to use assump-
tion 1 for simplicity. And L11, L12, L21, L22 are all con-
stants and we set L = max{L11, L12, L21, L22}. Since
global function F (x, y) is a finite sum of local functions,
it is also the L-smooth.

We also bound the partial derivative with respect to vari-
able x as (Chen et al. 2021). It is reasonable since the Stiefel
manifold is compact and often satisfied in practice. One
common example is the finite-sum form of function.
Assumption 2. The function fi(x, y) is µ-strongly concave
in y ∈ Y , i.e., for all x ∈ St(d, r) and y1, y2 ∈ Y , then the
following inequality holds

fi(x, y1) ≤fi(x, y2) + ⟨∇yfi(x, y2), y1 − y2⟩

− µ

2
∥y1 − y2∥2. (15)

Then we could easily get F (x, y) is also µ-strongly
in y ∈ Y . Then, there exists a unique solution to
the problem maxy∈Y F (x, y) for any x. Here we let
y∗(x) = argmaxy∈Y F (x, y) and Φ(x) = F (x, y∗(x)) =
maxy∈Y F (x, y).
Assumption 3. The function Φ(x) is bounded below in
St(d, r), i.e., Φ∗ = infx∈St(d,r) Φ(x) > −∞.

A Useful Convergence Metric
Since finding the global optimal solution for the non-convex
min-max problem is NP-hard in general (Lin, Jin, and Jordan

2020), we firstly introduce a useful convergence metric to
measure convergence of our algorithms for both determinis-
tic and stochastic settings. Given the variable sequence gen-
erated from our algorithms, we define a convergence metric
as follows:

Mt = ∥gradxF (xt, yt)∥+
1

n
∥xt − x̂t∥

+
L

n
∥ȳt − y∗(x̂t)∥, (16)

where the first and second terms of Mt measure the optimal-
ity gap of non-convex minimax problems, while the last term
measures the convergence of ȳt to the unique maximizer of
F (x̂t, ·)

Convergence Analysis of DRGDA Algorithms
In the subsection, we study the convergence properties of
our DRGDA algorithm.
Lemma 2. Under the above assumptions, the gradient of
function Φ(x) = maxy∈Y F (x, y) is LΦ-Lipschitz with re-
spect to retraction, and the mapping or function y∗(x) =
argmaxy∈Y f(x, y) is κ-Lipschitz with respect to retrac-
tion. ∀x1, x2 ∈ M and u ∈ Tx1

M, we have

∥y∗(x1)− y∗(x2)∥ ≤ κ∥x1 − x2∥
∥gradΦ(x1)− gradΦ(x2)∥ ≤ LΦ∥x1 − x2∥

where LΦ = κL12 + L11,and κ = L21/µ denotes the num-
ber condition.

The lemma 2 guarantees that Φ(x) is LΦ-Lipschitz and
y∗(·) is κ-Lipschitz, and it provides the theoretical support
to use Φ(x) in the proof.
Theorem 1. Under Assumptions (1, 2 and 3) Let k ≥
⌈logλ2

( 1
2
√
n
)⌉, α ≤ 1

M , 0 < β ≤ min
{
β0,

1
L+9C2

, αδ1
10D

}
and η ≤ 1

L . And suppose the sequence generated from Algo-
rithm 1 and the initial parameters start from the same points,
we have

1

T

T−1∑
t=0

Mt ≤
10(H0 −HT + C4)

Tβ

+
10β(H0 −HT + C4)C3

T
(17)

where β0 and Q is introduced in the proof of Theorem 1, and
we let

Ht =Φ(x̂t) +
8L

µη
∥ȳt+1 − y∗ (x̂t+1)∥2 +

Q

n
∥yt − ȳt∥2

+
ηQ

n
∥vt − v̄t∥2

and C1 = 1
(1−ρk)

2 ; C2 = [ 1
2η + LΦ

2 + 40κ2L
µ2η2 + (1 +

1
c0
)6L2ηQ]; C3 = 2

(1−ρk)
2 C4 =

C3C7δ
2
1α

2

10 ; C5 =(
2MD + L+ C2(5δ

2
1 + 5)

)
;C6 = 100rD2C1

L + 2ηL2 +
67L2

µ2 +6L2ηQ+C2101α
4C1δ

2
1+8MDα2+2Dα+L;C7 =

2L2ηQ+ 100rD2C1

L ]; C8 = 2

(1−σt
2)

2
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Remark 1. To achieve an ϵ2-stationary solution, i.e.,
1
T

∑T−1
t=0 Mt ≤ ϵ2, the total samples evaluated across the

network system is on the order of O(mϵ−2), where m is the
total number of data points.

Convergence Analysis of DRSGDA Algorithms
Assumption 4. Each component function fi(x, y; ξ) has an
unbiased stochastic gradient with bounded variance σ2, i.e.,
∀i ∈ [n], x ∈ St(d, r), y ∈ Y

E[∇fi(x, y; ξ)] = ∇fi(x, y),

E∥gradxfi(x, y; ξ)− gradxfi(x, y)∥2 ≤ σ2
1

E∥∇yfi(x, y; ξ)−∇yfi(x, y)∥2 ≤ σ2
2 .

and we define σ = max{σ1, σ2}. In addition, we also as-
sume a uniform upper bound of ∥gradxfi(xi

t, y
i
t;B)∥ is D.

Assumption 4 imposes the bounded variance of stochas-
tic (Riemannian) gradients, which is commonly used in the
stochastic optimization (Lin, Jin, and Jordan 2020; Huang
and Gao 2020).
Theorem 2. Under Assumptions (1, 2, 3 and 4) Let
k ≥ ⌈logλ2

( 1
2
√
n
)⌉, α ≤ 1

M , 0 < β ≤
min{β0,

1
L+9C2

, αδ1
2(γ̃σ+5D)} and η ≤ 1

L . And suppose the
sequence generated from Algorithm 2

1

T

T−1∑
t=0

EMt ≤ 10
EH0 − EHT + C4

Tβ

+
20β(EH0 − EHT + C4)C3

T
+

C9σ
2

B
(18)

where β0 and Q is introduced in the proof of Theorem 2 and
we let

Ht =Φ(x̂t) +
8L

µη
∥ȳt+1 − y∗ (x̂t+1)∥2 +

Q

n
∥yt − ȳt∥2

+
ηQ

n
∥vt − v̄t∥2

and C1 = 1
(1−ρk)

2 ; C2 = [ 1
2η + LΦ

2 + 40κ2L
µ2η2 + (1 +

1
c0
)18L2ηQ]; C3 = 2

(1−ρk)
2 C4 =

C3C7δ
2
1α

2

4 ; C5 =(
2MD + L+ C2(5δ

2
1 + 7)

)
;C6 = 100rD2C1

L + 2ηL2 +
67L2

µ2 +6L2ηQ+C2101α
4C1δ

2
1+8MDα2+2Dα+L;C7 =

2L2ηQ+ 100rD2C1

L ]; C8 = 2

(1−σt
2)

2 , C9 = [2C3 + 4(C5 +

C6C3+C7C3)+ (48α2C3C8+12C8)L
2]βγ̃+180ηQ(1+

1
c0
) σ2

Bβ + 195C2βγ̃
2σ2

B

Remark 2. To achieve an ϵ2-stationary solution, i.e.,
1
T

∑T−1
t=0 Mt ≤ ϵ2, Let B = T, and we choose T ≥ ϵ−2,

the total samples evaluated across the network system is on
the order of O(ϵ−4).

Numerical Experiments
We conducted numerical experiments to validate the effi-
ciency of our algorithms on two tasks: 1) Orthonormal fair

classification networks and 2) distributionally robust op-
timization with orthonormal weights. In the deterministic
setting, we use the GT-GDA (Zhang et al. 2021) as the
baseline to compare with DRDGA. In the stochastic set-
ting, we use GNSDA which is motivated by the GNSD al-
gorithm (Lu et al. 2019), DM-HSGD (Xian et al. 2021),
GT-SRVR (Zhang et al. 2021) as the comparison baselines
for solving nonconvex-strongly-concave minimax problems.
Since these methods were not designed for optimization
on the Stiefel manifold, we add the retraction operation
(projection-like) when we do the test experiments. The ex-
periments are conducted using computers with 2.3 GHz In-
tel Core i9 CPUs and NVIDIA Tesla P40 GPUs. We set the
number of worker nodes as n = 20 and use the ring-based
topology as the communication network (Xian et al. 2021).

Orthonormal Fair Classification Networks
In the first task, we train orthonormal fair classification net-
works by minimizing the maximum loss over different cat-
egories. Orthonormality on parameters corresponds to op-
timization over the Stiefel manifold. We use Convolutional
Neural Networks (CNNs) as classifiers, whose architectures
are given in supplementary materials. In the experiment, we
use the MNIST, Fashion-MNIST, and CIFAR-10 datasets as
in (Huang, Wu, and Huang 2021). Following (Huang, Wu,
and Huang 2021), we mainly focus on three categories in
each dataset: digital numbers {0, 2, 3} in the MNIST dataset,
and T-shirt/top, Coat, and Shirt categories in the Fashion-
MNIST dataset, and airplane, automobile, and bird in the
CIFAR10 dataset. The datasets are evenly divided into dis-
joint sets across all worker nodes. Then we train this fair
classifier by solving the following minimax problem:

min
w∈St(d,r)

max{L1(w),L2(w),L3(w)} , (19)

where L1, L2, and L3 are the cross-entropy loss functions
corresponding to the samples in three different categories
and w denotes the CNN model parameters. Problem (19)
can be re-written as the following:

min
w∈St(d,r)

max
u∈U

{ 3∑
i=1

uiLi(w)− ρ∥u∥2
}

(20)

s.t. U =
{
u | ui ≥ 0,

3∑
i=1

ui = 1
}
,

where ρ > 0 is the tuning parameter, and u is a weight vector
for different loss functions.

In the experiment, we use Xavier normal initialization to
CNN layer. The grid search is used to tune parameters for
all methods. For all datasets, we choose the {α, β, η} from
the set {0.0001, 0.001, 0.005, 0.01} for DRGDA and DRS-
GDA. For other methods, we tune the learning rates from the
set {0.0001, 0.001, 0.005, 0.01}. For DM-HSGD, we also
set {βx, βy} from the set {0.1, 0.9}. The batch sizes for
MNIST and Fashion-MNIST are 100 while that for CIFAT-
10 is 50. The initial batch sizes for GT-SRVR and DM-
HSGD are set as 300.

The training progress for orthonormal fair classification
networks is reported in Figures 1 and 2. We can see that our
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(a) MNIST (b) Fashion-MNIST (c) CIFAR-10

Figure 1: Results of different deterministic methods on the orthonormal fair classification networks task.

(a) MNIST (b) Fashion-MNIST (c) CIFAR-10

Figure 2: Results of different stochastic methods on the orthonormal fair classification networks task.

methods (DRGDA and DRSGDA) converge faster than the
other comparison baselines on all datasets.

Distributionally Robust Optimization
In the second task, we focus on distributionally robust opti-
mization with orthonormal weights which is defined as the
following:

min
w∈St(d,r)

max
p∈∆n

{
n∑

i=1

piℓi (w; ξi)−
∥∥∥∥p− 1

n

∥∥∥∥2
}

(21)

where p = (p1, · · · , pn) is the i-th component of variable y.
∆n represents the simplex in Rn. ℓi(w; ξ) denotes the loss
function over the Stiefel manifold.

In this task, we also use the datasets MNIST, Fashion-
MNIST, and CIFAR-10 datasets with the same DNN archi-
tecture provided in the supplementary materials. Similarly,
the datasets are evenly divided by all worker nodes. We also
use the grid search to tune parameters. For all methods, we
tune the step size from the set {0.001, 0.01, 0.1, 0.5, 1}. For
DM-HSGD, we set {βx, βy} from the set {0.1, 0.9}. The
batch size for all methods is set as 100. The initial batch size
for GT-SRVR and DM-HSGD is set as 300.

The experimental results are reported in supplementary
materials. From the results, we can see that our method
DRSGDA achieves the best test accuracy and converges
fastest compared with other baseline methods.

Conclusion

In the paper, we proposed decentralized Riemannian gra-
dient descent ascent methods for solving the decentralized
Riemannian minimax problems (1) and (2), respectively.
We focus on non-convex strong-concave and x ∈ St(d, r).
In particular, our methods are the first algorithms for dis-
tributed minimax optimization with nonconvex constraints
with exact convergence. For the deterministic setting, we
introduced the decentralized gradient descent ascent algo-
rithm (DRGDA) over the Stiefel manifold. We proved that
the DRGDA has a sample complexity of O(ϵ−2) for find-
ing an ϵ-stationary point, which matches the best complex-
ity result achieved by the centralized minimax method on the
Euclidean space. We also propose a decentralized stochastic
first-order algorithm (DRSGDA) over the Stiefel manifold
for the stochastic setting, which has a sample complexity of
O(ϵ−4). This is the first theoretical result of the stochastic
method in the decentralized Riemannian minimax problems.
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