The Thirty-Seventh AAAI Conference on Artificial Intelligence (AAAI-23)

Spearman Rank Correlation Screening for Ultrahigh-Dimensional Censored Data

Hongni Wang'*, Jingxin Yan?*, Xiaodong Yan

345+

!School of Statistics and Mathematics, Shandong University of Finance and Economics
2 Academy of Mathematics and Systems Science, Chinese Academy of Sciences
3Zhongtai Securities Institute for Financial Studies, Shandong University
“Shandong Province Key Laboratory of Financial Risk
>Shandong National Center for Applied Mathematics
wanghongnisd @ 126.com, yanjingxin22 @mails.ucas.ac.cn, yanxiaodong @sdu.edu.cn

Abstract

Herein, we propose a Spearman rank correlation based
screening procedure for ultrahigh-dimensional data with cen-
sored response cases. The proposed method is model-free
without specifying any regression forms of predictors or re-
sponse variables and is robust under the unknown monotone
transformations of these response variables and predictors.
The sure-screening and rank-consistency properties are es-
tablished under some mild regularity conditions. Simulation
studies demonstrate that the new screening method performs
well in the presence of a heavy-tailed distribution, strongly
dependent predictors or outliers, and offers superior perfor-
mance over the existing nonparametric screening procedures.
In particular, the new screening method works well when a
response variable is observed under a high censoring rate. An
illustrative example is provided.

Introduction

Ultrahigh-dimensional covariates are often encountered in
many fields of study, e.g., mechanical systems; genetic engi-
neering (Zhou et al. 2021), and biomedical engineering. Un-
der the “larger p smaller n” data framework, numerous pe-
nalized variable selection approaches have been developed
for high-dimensional Cox model (Zhang and Lu 2007; Zou
2008), additive hazard model (Chen and Cai 2018; Leng
and Ma 2007; Martinussen and Scheike 2009; Lin and Lv
2013), linear regression model (Huang, Horowitz, and Ma
2008; Wang et al. 2008) and unconditional moment model
(Tang, Yan, and Zhao 2018). However, the aforementioned
variable selection methods may not perform well because of
the simultaneous challenges of computational expediency,
statistical accuracy, sophisticated algorithm techniques and
strong model assumptions (Fan, Samworth, and Wu 2009;
Tang, Yan, and Zhao 2018). Therefore, developing new ap-
proaches to deal with ultrahigh-dimensional censored data
is necessary and urgent.

Emerging feature screening approaches have recently
been developed for a complete response with ultrahigh-
dimensional covariates. The existing model-based feature-
screening methods include sure independence screening

“These authors contributed equally.

Corresponding author.
Copyright © 2023, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

10104

(SIS) for linear regression (Fan and Lv 2008), a maximum-
marginal-likelihood (MML) approach for generalized lin-
ear models (Fan and Song 2010), a nonparametric feature
screening method for missing response (Li et al. 2020),
a nonparametric independence screening (NIS) for addi-
tive models (Fan, Feng, and Song 2011), partially linear
models with missing responses (Tang, Xia, and Yan 2019),
and marginal empirical-likelihood screening (ELS) for lin-
ear regression (Chang, Tang, and Wu 2013). Model-free
feature-screening methods have been developed to over-
come the limitation variable above models. These include
sure independent ranking and screening (SIRS) (Zhu et al.
2011), rank-correlation screening (RCS) (Li et al. 2012),
distance correlation screening (DCS) (Li, Zhong, and Zhu
2012; Chen, Chen, and Liu 2019), category-adaptive vari-
able screening (Xie et al. 2020), quantile-adaptive screen-
ing (QAS) (He, Wang, and Hong 2013), fused Kolmogorov
filter screening (FKFS) (Mai and Zou 2015), conditional
quantile screening (CQS) (Wu and Yin 2015), and the fused
mean-variance (FMV) filter (Yan et al. 2018). Rank correla-
tion can characterize the nonlinear relationship between two
variables.

However, the aforementioned screening procedures pro-
posed a complete response failure in performing well for
the censored model because it cannot be estimated reli-
ably. In particular, the performance will be dramatically
decreased under a high censoring rate or in the existence
of outliers in the predictors. Furthermore, several emerging
feature-screening procedures have been proposed for cen-
sored responses. The existing model-based screening meth-
ods mainly focus on the Cox model. These include the lasso-
penalization approach for prescreening (Tibshirani 1997),
the standardized-marginal-maximum partial-likelihood es-
timators (Zhao and Li 2012), and the marginal-sure-
independence-screening procedure (Fan and Song 2010).
However, model-free screening methods with a censored
response, such as the censored quantile-adaptive screen-
ing procedure (He, Wang, and Hong 2013), the censored-
rank-correlation screening (RCS.e,) procedure with in-
verse probability-of-censoring weighted as Kendall’s 7
(Song et al. 2014), the conditional-quantile screening
(CQScen) procedure for a covariate-independent censor-
ing method (Wu and Yin 2015), the adjusted-distance-
correlation screening procedure (DCSe,) (Chen, Chen, and



Wang 2018), and the censored sure independent ranking and
screening methods (SIRS¢ey,) (Zhou and Zhu 2017), may be
more robust under model misspecification. Recent research
on the screening issue of ultrahigh-dimensional censored
data has also included the following works (Liu and Chen
2018; Lin, Liu, and Hao 2018; Liu, Zhang, and Zhao 2018;
Zhang, Liu, and Wu 2017; Zhang et al. 2018). Addition-
ally, a feature screening procedure is developed through a
marginal Buckley—James index (Yan et al. 2021); a multiple-
imputation sure independence screening (MI-SIS) proce-
dure is proposed to distinguish between the active and in-
active predictors (Xie, Yan, and Tang 2021).

The main contributions of this article include the follow-
ings:

* This is the attempt using imputation technic to adjust
the feature screening method in high-dimensional cen-
sored data, called Spearman rank correlation screening
(SRCScen)-

It is model-free due to it being invariant under mono-
tonic transformations of the response and robust in the
presence of monotonic transformations of predictor vari-
ables.

* The feature screening performance still behaves under a
high censoring rate.

Screening Procedures

Let Y be a continuous response with a support R.vl;’ and X be
a vector of continuous covariates with a support RZ . Define
Fi(z) = pr(Xy <), Fyx,(y | z) =pr(Y <y | Xj =
x), Fp(z,y) = pr(X < z,Y <y)(k=1,...,p), and
F(y) = pr(Y < y). To investigate the relationship between
X and Y, Fan and Lv (Fan and Lv 2008) utilized abso-
lute marginal Pearson correlation F(X,Y) — E(X,)E(Y)
to rank the linear correlation between X, and Y. Zhu et
al. (Zhu et al. 2011) proposed a marginal screening util-
ity based on E{XFy|x,(Y | X)}, while Li et al. (Li
et al. 2012) developed the robust rank correlation screening
method based on E{Fj(Xy,Y)} — E{Fy(Xz)}E{F(Y)}.
Motivated by these marginal screening utilities, we consider
investigating the correlation between the distributions Fy, ()
and F'(y), because such correlations include the linear and
nonlinear relationship between X and Y. Therefore, we
propose the following index for the kth covariate,

w = E{Fp(Xi)F(Y)} — E{F(Xp) }E{F(Y)} =

//{Fk y)}dFy(z,y) —

which can be used to measure the dependence between X,
and Y. Then, wy serves as the population quantity of our
proposed marginal-utility measure for ranking the potential
correlations between predictors and responses. wy has the
remarkable property of being 0 if X and Y are statisti-
cally independent. This motivates us to utilize it for feature-
screening to characterize linear and nonlinear relationships
between responses and covariates.

Suppose that one observes the right-censored data
(X, Y*,0)={X, Y AC, (Y < C)}, where Y is a cen-
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sored response of interest, C' represents a censoring vari-
able, and X = (Xi,...,Xp)T. Let {X,;,Y*,8; : i
1,...,n} comprise independent copies of (X, Y™, ). If we
know the distributions Fy,(z) and F'(y ) the moment estima-
tor of E{F},(«)F(y)} in (1)is 1/n >~ {Fx(Xps) F(Y;)}.
Since Y; cannot be completely observe(i due to censoring,

we replace F(Y;) with its conditional expectation given
the observed response Y;*, censoring indicator §; and pre-
dictor Xy,. For this, let F(Y*,0;, X)) = E{F(Y;) |
Y.*,0;, Xk }. Note that

F(Y], 60, Xis)

=&Y ) +(1— 8;)E{F(Y; |Y>Y Y o Xei
_ s * __E{F I(Y: > Y") | X}
fy* dF y | Xk )
=8 F(Y” 1-96; s
(Vi) +(1-6) (Y* I X2)

where the equality is derived from the formula of condi-
tional expectation given an event, F'(y | x) is the Y distri-
bution given the fixed value x. Then we conclude that

Proposition 1 The unbiased moment estimator of

E{F.(x)F(y)} is 1/n3 2 {Fe(Xii) F(Y7, 03, Xii) ;-

i.e., E{Fk(X;m)]:(Y z»sz)} = E{Fk(m) ( )}
However, the distributions of Fy(z), F(y) and F(y | =)

are usually unknown in practice. Fj(x) can be estimated by
its empirical distribution Fy(z) = 1/nY i [(Xy; < x)
with I(-) being the indicator function. We can also turn to
employ imputation technic that

F(y) =

(1-

to obtain the estimator

= EI(Y <y) = E{0I(Y < y)+
fy* Y<deY|X;€)}
FY* | X)

Fuly) = 1/ny {6:I(Y; <y)+
i=1
fY* (Y < y9)dF, (Y | Xps)
(1 Z }a
L= Fo (Y] | Xui)
where F),(y | z) is the estimator of conditional distribution

n 6;Brni(x) *
D it G ‘x)I(Y <

F(y | z) and given by F,(y | z) =

y), where G(y | z) is the local Kaplan-Meier estimator (He
et al. 2014) of G(y | =) = pr(C > y | x). More specifi-
cally,

n

Gyl o=T]{1-

i=1

S 1Y > Y7)B,

}I<Yi*§y16i:0)

() '
. « 2)

where Byj(z) = K(=5)/{> 02, K(*5*)} (7 =
1,...,n), are the Nadaraya-Watson weights, h is the band-

width and K () is a density function. Therefore, the empiri-
cal version of F(Y;*, d;, Xi) is
fY* ’VL

an(y ‘ sz
Fu(Y7 | Xua)

3)



We propose an adjusted Spearman rank correlation
screening utility of wy, for a censored response (SRCS.cy,)
given by

Bk =1/n Y [Fr(Xp) Fu (Y], 65, Xi)] — 1/4,

i=1

“

which is invariant to under any strictly increasing trans-
formation of the response. Therefore, we choose &y, as a
marginal utility to measure the importance of X, for re-
sponse Y in the presence of censoring. The corresponding
screening set is defined as

A= {k:|Gy| > en 7,1 <k <p}, )

where ¢ and 7 are pre-determined thresholding values de-
fined by Condition (C1) below. We note that if all §;’s are
equal to 1 (i.e., all observed responses are complete), Wy
in (4) can be rewritten as &y = 1/n3 Z?zl Ry;jQ; — 1/4,
where Ry; = Y 0 I(Xpi < Xpj)and Q; = >0 I(Y; <
Y;) denote the rank of X}; in all observations of X, and the
rank of Y} in all observations of Y, respectively. By setting
R, =1 Z;;l Ryjand Q = 1 Z;Lzl Q;, we can express
Spearman’s rank-correlation coefficient as

Phn = Z;L:l(Rkj — Rp)(Q,;—Q)
VEia B Ry £ (@i- Q)7

1 . 1
12 75 0. —=
{n(n2—1) =~ Ry;Q; 4

n+1

-1

where the detailed derivative process of (6) is shown in the

Appendix. Obviously, the form of pg,, is analogous to that
of @y, and converges to 12wy. Therefore, we call this screen-
ing procedure Spearman rank correlation screening with a
screening utility &y (SRCS¢ey) in (4). The Spearman corre-
lation is a nonparametric measure of the statistical depen-
dence between two variables. Unlike Pearson correlation,
it assesses how well the relationship between two variables
can be described using a monotonic function. This property
allows us to discover the nonlinear relationship between the
response and predictor values. Therefore, it can be directly
used to deal with semiparametric models such as those of
transformation regression models and single-indices models
with monotonic constraints on the link function.

Theoretical Properties
In this section, we investigate the sure-screening, rank-
consistency and false-discovery controlling properties of the
proposed screening procedures. Without specifying any re-
gression model of Y and X (X1,...,X,)", where
p > n (with n being the sample size), we define the active
predictor subset as

D = {k: F(y | X) functionally depends on
Xy for some y, k= 1,...,p},

where F'(y | X) = pr(Y < y | X). Then, the sparsity
assumption states that p > |D|. Our goal is to recover the
active set D as precisely as possible. To this end, we apply
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the screening procedure depicted in Section 2 for each pair
(Xk,Y) as a marginal utility to measure the importance of
X, for the response Y. We require the following conditions.

(C1) There exist positive constants ¢ > 0 and 0 < 7 <
1/2 such that mingep |wg| > 2en™7.

(C2) mingep |wi| — maxygp lwi| > cin”
and k are some positive constants.

(C3) Y and C are independent given covariates Xy, (k =
1,...,p). G(y | =) has uniformly bounded first derivative
and bounded (uniformly in y) second-order partial deriva-
tives with respect to x. Furthermore, inf, pr(y < Y; <
C; | ) > A1 > 0 for some positive constant A; and any
y € [0,bg], and y1 < sup{y : G(y | =) > 0} <
uniformly in = for some positive constants y; and y»; The
kernel function K (-) is a probability density function such
that it is bounded and has compact support.

Condition (C1) allows the minimum true signal to be
on the order of n~", degenerating to zero as the sample
size increases. Furthermore, this condition can be relaxed
by assuming ¢ = O(n~%) with 0 < ¢ < 27 (Cui, Li,
and Zhong 2015). Under the relaxed condition, the sure-
screening property in Theorem 1 still holds, but the con-
vergence rate becomes relatively slower. Condition (C2) en-
sures that the screening utility can separate informative and
non-informative predictors well at the population level, and
it is much weaker than the partial-orthogonality condition,
i.e., |wg| # 0 for k € D and |wg| = 0 for k& ¢ D. Condi-
tion (C3) is commonly used in the survival analysis literature
to ensure that the Kaplan-Meier estimator and its reciprocal
function are well behaved (He, Wang, and Hong 2013).

% where c;

Theorem 1 (i) (Sure-Screening Property) If Condition
(C3) and other conditions in Lemmas hold, there exists a
positive constant b depending on c, such that

P( max |Wr—wg| >en™T)
1<k<p

< O[p(n + 1) exp(—bn'~27)];
and under Conditions (C1) and (C3),
pr(D C A) > 1 — O[|D|(n + 1) exp(—bn'~>7)].

(i) (Rank-Consistency) If Conditions (C2), (C3), and the
additional condition log(p) = o(n'=2%) with k < 1/2 hold,
then

lim inf (min |wg |
n—oo keD

— max |@g|) > 0.

k¢D

Theorem 1 gives the sure-screening and rank-consistency
properties of our proposed screening procedure. The con-
ditions for the sure-screening property are milder, because
we do not require the regression function of Y onto X to
be linear and there are few requirements on the moments
of covariates. Since wy, inherits the robustness of a distribu-
tion function, our proposed screening utility is robust against
heavy-tailed distributions of predictors and the presence of
potential outliers. The exponential tail probability bound of
the sure-screening property is less than or equal to that of Wu
and Yin (Wu and Yin 2015) and the equality holds only if the
quantile ¢ in CQScen(q) is adopted as 0.5. We find that our
method can handle the NP-dimensionality log(p) = O(n¢),



where ¢ < 1 — 27 with 0 < 7 < 1/2, which depends on the
minimum true signal strength. In this case, we have

W1, — <en ) >
pr(lrg?%(p\wk wi| <en) >

1 — O[A exp{~An' 2"+ log(n+1)}], )

where A is some constant. The rank-consistency property
implies that the values of || of active predictors can be
ranked ahead inactive ones with high probability. Thus we
can separate the active and inactive predictors by taking an
ideal threshold value following Mai and Zou (Mai and Zou
2015).

Theorem 2  (Controlling false discovery) If Condition
(C3) holds, there exists a positive constant b/ depending on
(&)

pr{lA] < n’ Z |wil/e} > 1 — O(n)pexp(—b'n'—27).
k

Theorem 2 implies that the model obtained after screen-
ing is of polynomial size with high probability. Although
we investigate the theoretical conclusion on controlling the
false-positive rate in Theorem 2, the result is conservative
for screening purposes because the lower false-positive rate
may lead to larger false-negative error. Then an alterna-

tive strategy to specify A practically is to use A = {k :
|0k | is among the d,,th largest}. We note that the sure-
screening property of the SRCS,,, filter does not involve d,,
or the censoring rate explicitly, leading to tremendous practi-
cal convenience for our choice of d,,, because we can utilize
a reasonably large d,, to guarantee a high probability of the
hold of the sure-screening property. As Mai and Zou (Mai
and Zou 2015) suggested we can use d,, = a[n/log(n)],
where a is some constant whose value may reflect the re-
searchers’ prior knowledge of the number of susceptible pre-
dictors, or the budget limitations (Song et al. 2014). There-
fore, its choice is flexible and a more conservative choice
could be d,, < n, so that a follow-up regression analysis
could be performed in a p < n scenario.

Simulation Studies

Simulation studies were conducted to evaluate the perfor-
mance of the proposed new feature-screening procedure and
to compare it with existing screening methods. We con-
sider six model-free methods, including rank correlation
screening (RCS) (Li et al. 2012), censored rank indepen-
dence screening (RCScq;,) (Song et al. 2014), conditional
quantile screening with complete and censored responses
(CQS(g9), CQScen(q), where q represents the quantile used)
(Wu and Yin 2015), respectively, our proposed SRCS.c,
in (4), and the SRCS defined in (6). Naturally, we want to
know whether we can simply use the screening procedures
developed for a complete response in the presence of cen-
soring. To answer this question, we design a naive screen-
ing procedure for RCS, CQS(g) and SRCS based on datasets
{(X/],Y;*):i=1,...,n}. First, we focus on checking the
model-based behaviors of screening procedures combined
with some shrinkage methods. Then we aim to at show the
robust model-free performance of the proposed nonparamet-
ric screening procedure.
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Linear Model

In the linear model, we mainly investigate how to decide
the true model size. Considering that some truly unimpor-
tant covariates are also retained in the screening stage, we
next perform the penalized method to further remove these
covariates, and specify the eventual true model size.

Example 1  (Linear model). In this simulation study, we
suppose that censored response variable Y takes the follow-
ing linear model

Y;;:_X;ﬂ—f—éi,

where X; = (x;1,...,%ip) and (T;1,. .., Ti5) are derived
Sfrom Unif(0,1), (46, . ..,%ip) are assumed to be generated
from a multivariate normal distribution with zero mean and
covariance matrix ® = (dj;) with dj; = 0.7, and the
censored variable C; was generated from C; = XZ-T 0+ ¢y,
€; and €; were assumed to follow the standard normal dis-
tribution N'(1,1) and N (0, 1), respectively. We set the sam-
ple size to n = 200 and the number of regressors to
p = 3,000. The true coefficients 3 = (B1, - ,8p)" =
(3,1.5,0,0,2,0,_5), & = (60,0,0,—4,-4,0,_4)", and
0o were chosen to achieve censoring ratios of 45% and 65%.

In this simulated dataset, a total of 200 simulation repli-
cations were conducted. Let f)'(k,) = (Bl(k), e ,Bp(k))T
be the estimator realized in the kth simulation replication.
Then, the model selected by f‘i( k) 1s given by M =17
| Bj(k)| > 0} and the corresponding average model size
(AMS) is @Zig |M\(k)|, where |M\(k)| denotes the car-

dinality of M y). Let D* = {j : 3; # 0} denote the index
of the true model; we evaluate the coverage probability (CP)
as s P I(D* € M), which measures how likely it
is for all relevant variables to be discovered by one particu-
lar method. To characterize the capability of this method in
producing sparse solutions, we define the percentage of cor-

rect zeros (PCZ; %) as -100% (L. §5~200 1 1B =

p—|D*| k=1
0)I(5; 0)} and percentage of incorrect zeros (PIZ;
%) as

187 { oty Lt 21 LBy = 0)I(B; # 0)}.
If all zero coefficients are correctly identified for all in-
active predictors and no sparse solution is mistakenly es-
timated for all relevant variables, the true model is per-
fectly identified, meaning that giving larger PCZ and
smaller PIZ imply a good model-fitting procedure. We
utilize the residual-mean-square (RMS) error to examine

the performance of the estimated true coefficients, i.e.,

200 >
RMszﬁ Pt Zjep* \/ﬁ(ﬁj(k) — Boj)?. We choose

the bandwidth h = ox,n%, a = —1/5, where oy, is the
estimated standard deviation of X, in the sample and adopt
standard normal distribution as the kernel density function
K(").

To prepare candidate models for fitting, we ordered
the regressors via the suggested SRCS.e, and the above
mentioned screening methods, i.e., RCS.q,, CQScen(0.5),
SRCS, CQS and RCS. We separated the first [n/log(n)] ~
38 active predictors using each screening method, and then




considered conducting variable selection and parameter es-
timation procedures using a combing Buckley-James-type
least square objective function and the corresponding penal-
ized functions, i.e.,

9= (5.55) 8]~

ZZ: {Yi (ﬂfﬁ) - X;ﬁ}

where Y (83, F) Yi(B,F), - ,Y,(B,F))", and
I T o tdFg(t) ~
T v -xTp -
(1 - 51){X1 B8 + W} Here Fﬁ is the

Kaplan-Meier estimator of Fjg given by ﬁg(t)

1
1 - Hm(ﬁ)g{l_Tn(ﬁTi(B))} , and vi(B)

min(G;(8), &:(8)), i(B) = Yi— X, B, G:(B) = Ci— X[ B,
i=1,...,n Gu(B,u) = > I(vi(B) > u). Next we

o~

generate the plug-in response Y;(3, Fjg). pa(:) are some
sparsity-inducing penalties and here we consider SCAD,
MCP and LASSO to obtain penalized estimator; the optimal
value of A can be selected via the following EBIC criterion
(Chen and Chen 2008; Wang 2009),

EBIC(M) =logn 'Y " (Brg, Fp o ) In — X (X X )"
X MY (B Fp i)+~ IM|(log n + 2logp),

where 3,, and X 5 are respectively, the sub-parameter

coefficients and sub-design matrix corresponding to M.
To calculate all slopes, we specify a proper initial value
and adopt a Buckley-James iterative procedure (Miller and
Halpern 1982) to update the the regression estimators until
input of some convergence criterion.

Table 1 presents the simulated results for Example 1.
We note that (i) traditional screening methods, (i.e., SRCS,
CQS, and RCS), fail to recover the true model combined
with the penalized procedure, because according to Table
1, they show lower coverage probability and their estimated
average model size approximates zero under the censored
case; (ii)the SRCS .n+penalized method shows the best
performance in terms of the highest coverage probability;
(iii) although all methods show higher percentages of cor-
rect zeros, the SRCS.,+penalized method shows a lower
percentage of incorrect zeros, this result is attributed to the
wrongly selected predictors in the first screening step; (iv)
unlike the estimated result of RCS..,,, The coverage prob-
ability obtained by SRCScen still approximates one under
a 65% censoring rate, implying that our proposed method
remains robust, whereas RCS,, is dramatically reduced un-
der a 65% censoring rate; (v) the SRCS,,-concave penalties
method is superior in recovering the true model, because ac-
cording to Table 1, the estimated average model size under
this method approximates the true model size, i.e., 3.

2 p
+> (18D, ®)
j=1

1
2n

Other Models

To measure the model-free performances of all screening
methods, we consider measurements including (i) the se-
lected model size, i.e., the average number of active vari-
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ables contained in the top m selected variables. We con-
sider m = 4,10, (i.e., my and mqo) for Example 2 and
m = 3, 10, for Examples 3, because m3 and m1 have corre-
sponding numbers of true active predictors given by 4, 3 re-
spectively; (ii) the coverage probability (Pay) of the the top
[n/log(n)] estimated variables covering the true ones; (iii)
the median minimum model size, i.e., the minimum num-
ber of predictors needed to keep all the active predictors;
(iv) the interquantile range (IQR) of the minimum model
size needed to include all active predictors. Here we adopt
the range of the 0.8 and 0.2-quantiles. To show the robust-
ness of our proposed nonparametric screening procedures,
we consider the following three models. For each setting,
we consider n = 200, p = 3000 and 200 replicates.

Example 2  (Linear transformation model). We adopt the
model setting of (Song et al. 2014) and generate failure time
T; from the class of linear transformation models

HT)=XB+e,i=1,n,

where Y; = H(T;) and H(t) = log0.5(e* —1), B8
(-1,-0.9,0/,0.8,1,0) ), X; ~ N(0,%) and ¥ =
(Ukj)1000><1000 with o, = 1 and Okj = 0.5‘k_j|. Al-
though Y; is unobserved for an unknown function H (-), our
method is still applicable to this model setting for its invari-
ant under any strictly increasing transformation. The model
is flexible, because if we adopted three error distributions,
including the standard normal distribution and the standard
logistic distribution or standard extreme-value distribu-
tion, this model would correspond to a normal transforma-
tion model, a proportional-odds model, or a proportional-
hazards model, respectively. The censoring time was gen-
erated from Unif(0, k) or Unif(0, kexp(|X1 — Xa|)) for
random and non-random censoring, where k. was chosen to
achieve censoring rates of 45% and 65%. To study the ro-
bustness of our method, we contaminated the predictors by
adding outliers to them using the strategy of (Song et al.
2014).

Example 3  (Additive model). We consider the additive

P
model of the form: Y = %" g;(X;)+e. Set g1(X1) = 4X7,
j=1

g2(X2) = 2tan(nX2/2), g35(X3) = 5X3. Assume that the
X were generated from Unif(0,1) independently and that
€ ~ N(0,1) is independent of X. The censoring variable
was generated from a 2-component normal-mixture distri-
bution plus a constant, i.e., k1 N(—5,2) + ko N(5,1) + K3
for censoring rates of 45% and 65%, respectively.

The simulation result for Example 2 is reported in Table 2
shows that the performance of the proposed method is com-
parable to or better than other screening methods under ran-
dom censoring; we note that (i) SRCS.,, performs better
than RCS..,,, because according to Table 2, SRCS..,, shows
much higher coverage probability of the top [n/log(n)] es-
timated variables covering the true ones, a larger average
number of active variables contained in the top m4 and mq,
and smaller 0.8 and 0.2-quantiles ranges of the minimum
model size. (ii)) SRCS.,, generates the same median mini-
mum model size as CQScen(0.5) in Table 2, but SRCS.,,



CR=45% CR=65%

Screening Selection
method method  CP(%) PCZ(%) PIZ(%) RMS AMS CP(%) PCZ(%) PIZ(%) RMS AMS
SRCScen SCAD 91.50 99.13 2.50 049  3.21 86.50 98.57 5.67 0.82 242
MCP 91.50 99.16 2.50 049 324 86.50 98.53 5.67 0.84 243
LASSO 91.50 99.59 2.50 0.86  3.01 86.00 98.99 2.74 149 223
CQS(0.5)cen SCAD 63.50 98.87 14.65 0.66 1.72 60.00 98.42 15.22 0.91 1.21
MCP 63.50 98.99 14.65 0.66 1.72 60.00 98.43 15.22 0.91 1.20
LASSO 63.50 99.47 15.33 0.99 1.61 58.50 99.39 14.02 1.55 1.18
RCScen SCAD 81.50 99.11 11.27 0.68 1.91 11.00 98.78 45.07 1.35  0.11
MCP 81.50 99.30 11.27 0.68 1.92 11.00 98.79 45.07 1.35  0.11
LASSO 81.50 99.79 11.27 1.09  0.64 10.00 99.69 43.21 1.68  0.00
SRCS SCAD 65.50 99.10 15.20 094 0.72 22.50 98.62 33.43 1.16  0.25
MCP 65.50 99.23 15.20 095 0.72 22.50 98.64 33.43 1.16  0.25
LASSO 65.50 99.48 15.20 123 0.02 20.50 99.34 39.54 1.69  0.00
CQS(0.5) SCAD 31.00 98.95 33.43 095 0.12 4.50 98.62 59.08 1.78  0.00
MCP 31.00 99.15 33.43 095 0.12 4.50 98.69 59.08 1.78  0.00
LASSO 31.00 99.84 35.62 1.56  0.00 4.00 99.92 61.27 1.99  0.00
RCS SCAD 54.50 98.86 23.50 0.85 092 14.00 98.55 40.22 1.36  0.06
MCP 54.50 98.83 23.50 0.85 093 14.00 98.65 40.22 1.36  0.06
LASSO 54.00 99.55 26.52 144  0.02 13.50 99.26 43.27 1.98  0.00

Table 1: Simulation results by different screening procedures and variable selection methods in Example 1.

CR=45% CR=65%

Error Method My mio Pau Median IQR me  mio Pau Median IQR
Normal SRCScen 3.78 4.00 1 4 0 335 359 092 3.90 0.25
CQS(0.5)cen 3.72 390 0098 4 0 325 341 0.86 3.75 1.50

RCScen 3.64 3.81 092 4 1.68 0.72 144 0.00 1000 10.2
SRCS 2.64 320 0.63 12.5 72.4 0.31 0.56 0.00 6535 141.2
CQS(0.5) 2.35 297 0.67 20 50.8 0.22 044 0.00 458 381.2
RCS 3.20 355 071 5 23.4 0.53 0.79 0.00 452 240.5

Logistic SRCScen 3.75 3.79 1 4 0.15 3,51 3.65 0.97 3.90 3.05
CQS(0.5)cen 3.52 3.64 0095 3.90 342 3.58 3.60 0.88 3.75 8.25
RCScen 2.85 320 0.70 10.5 59.4 0.81 1.94 0 1000 0

SRCS 1.55 220 0.19 103.5 413.4 0.19 0.75 0 664.5 571.2
CQS(0.5) Ilisted 2.00 0.16 119.5 403.2 0.09 0.59 0 538 679.8

RCS 2.29 2,62 0.40 68.5 133 0.21 1.06 0 478 632

Weibull SRCScen 3.87 3.95 1 4 0.15 377 390 0.98 4 1.08
CQS(0.5)cen 3.68 3.80 0.98 4 1.98 3.57 375 0.90 4 5.24
RCScen 3.45 347 0.85 4 9.2 221 232 0.17 197.5 788.2
SRCS 2.09 227  0.37 93 253.4 1.31 1.39 0.15 344 515.2

CQS(0.5) 1.65 2.38  0.35 91 273.4 1.19 176 0.11 215.5 413
RCS 2.72 272 0.68 82.5 133.2 1.79 2.58 0.29 145.5 234.4

Table 2: Simulation results by different screening methods for Example 2 with random censoring.

CR=45% CR=65%
Method ms mio Pau  Median IQR ms mio Paeu  Median IQR
SRCScen 251 2.82 097 3 2 236 274 090 3 5.02
CQS(0.5)cen 2.31 2.62 0.90 4 10.05 2.05 233 0.83 7 152
RCScen 1.49 189 041 67 318 052 072 0.07 435 455.6
SRCS 203 217 0.82 4.5 18.4 1.03 1.69 041 587 790.6
CQS(0.5) 142 201 0.64 57.5 92.6 055 1.05 0.18 352.5 303.2
RCS 1.88 222 0.79 6 47.4 1.09 1.35 0.38 182 539.4

Table 3: Simulation results of different screening methods for Example 3.

10109



outperforms CQScen(0.5), because SRCS,, always shows
smaller 0.8- and 0.2-quantile ranges of minimum model size
and larger coverage probabilities. For simulated results of
the additive model in Example 3, one can see that our pro-
posed method SRCS,, still performs best among all screen-
ing methods because according to Table 3, SRCS,,, shows
a higher coverage probability, larger selected model size
and smaller interquantile range than other screening proce-
dures and RCS,,, still cannot work under a censoring ratio
of 65%, because the coverage probability approximates or
equals zero in Table 3. The screening results of Example
3 again proves that our proposed nonparametric screening
method is a robust model-free procedure.

In summary, the proposed new screening method is more
robust than existing ones and provides superior perfor-
mance. In addition, when a response is censored at a high
rate such as 65%, our screening procedure still works well.
To intuitionally expose the mechanism of robustness under
a high censoring ratio, we assume that (X;,Y") follows a bi-
variate normal distribution with zero mean vector and cor-
relation p;= Cor(Xj;, Y); thus, X; and Y have standard
normal distributions. We generated a censored variable C'
from A\ (19, 0.32) and chose different values of 7 to achieve
four censoring ratios (CRs) of 30%, 50%, 70% and 90%.
Thus, the values of screening statistics are the functions of
p; and CR. Figure 1(see Supplemental Material) presents
the change of the screening utilities of RCScen, CQScen and
SRCScen against p; under different CR’s. And it shows that
(i) the three screening utilities are strictly increasing func-
tions of |p;| under relatively low censoring ratios; (ii) RC-
Scen is invalid for screening active predictors under higher
censoring ratios; and (iii) the statistical value of SRCScen
increases more quickly with increasing |p;|.

An Application

In this section, we applied our proposed screening proce-
dure with a censored response to the mantle cell lymphoma
microarray data, available from http://llmpp. nih.gov/MCL/.
The data consist of the survival times of 92 patients and the
gene-expression measurements of 8,810 genes for each pa-
tient. However, we only considered 6,312 genes for each pa-
tient after deleting 2,498 that appeared to be missing. During
the follow-up, 64 patients died of mantle-cell lymphoma and
the other 28 were censored, causing a censoring rate of 36%.
Our goal is to identify genes with great influence on patient
survival risk. Under a given model size [92/log(92)] = 20,
we ranked the most influential of the 6312 genes using the
proposed screening procedure in Section 2 and two other
methods developed by Song et al. (Song et al. 2014) and
Wu and Yin (Wu and Yin 2015). We summarized the top
20 selected genes in Table 4(see Supplemental Material)
and found 12 genes commonly selected by the three screen-
ing methods. Their unique identifications are 28990, 30157,
27095, 34771, 28346, 28872, 34790, 30334, 25234, 31420,
17326 and 17123. Wu and Yin (Wu and Yin 2015) have
confirmed that these genes may be strongly associated with
patients’ survival risk. In addition, Gene 28990, i.e., cell
division cycle 2, G1 to S and G2 to M, was ranked first
by our proposed method and its importance has also been
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identified by Huang and Ma (Huang and Ma 2010) and Wu
and Yin (Wu and Yin 2015). Among the top 20 genes, the
numbers commonly selected by SRCS..,, and CQScen(0.5)
are 14 with 16 being commonly selected by SRCS., and
RCS¢en, and 12 by CQScen(0.5) and RCS...,,. Therefore, our
approach shows the highest total number of common genes
with other two methods, i.e., 30.

Next, we examine how a variable-screening procedure
helps to predict the conditional mean of censored response
variables. To this end, we regard the logarithm of patients’
survival time as response Y and 6,312 genes as covariates
X = (Xy, -+, Xe132) . All covariates were standardized
before applying all methods. Then, we consider the linear
model

Yi=X[B+ei=1,--,92

we require the following two steps to be implemented for
model-fitting, i.e., the Screening+penalized methods pro-
cedure. The first step is to order the set of 6312 regres-
sors and adopt the top [%1 = 20 predictors for the

six screening index magnitudes (i.e., SRCS, CQS(0.5), RCS,
SRCScen, CQScen(0.5), and RCS,.y). In the second step we
consider combining the Buckley-James-type least-squares
objective function and the corresponding penalized func-
tions (i.e., SCAD, MCP, Lasso), i.e., Equation (8), to ob-
tain a penalized estimator (3; then, we obtain a conditional
mean estimator [i;. To evaluate the prediction performance
of various methods, we adopt bootstrap strategy and let
B = {i : observation ¢ is resampled} as the index set of ob-
servations resampled and ; denotes the resampled number
of ©. We used the average squared prediction errors (ASPE)

ASPE = N (Y — ig)%

1
ZiEB /\/i‘si ;3

Figures 2(see Supplemental Material) presents boxplots of
the ASPEs after 500 replications. And it shows that our pro-
posed SRCS.,, method together with any shrinkage proce-
dure offers a better performance than other methods in terms
of the smallest median of 500 ASPE values among the three
censored screening methods.

Conclusion

In this article, to address the new challenges from ultrahigh-
dimensional data in robustness and the presence of censor-
ing, especially under a high censoring rate, we have pro-
posed a new model-free screening procedure to improve
screening efficiency, and established its sure-screening and
rank-consistency properties under very weak regularity con-
ditions. The proposed screening approach is invariant un-
der the monotone transformation and is robust under the
presence of heavy-tailed distributions, outliers, and depen-
dent covariates. In particular, the new screening method still
works well when a response variable is observed under a
high censoring rate. The superior performance of the pro-
posed screening approach over the existing methods has
been demonstrated through simulation studies and real data
analysis.
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