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Abstract

We study a fundamental model of online preference ag-
gregation, where an algorithm maintains an ordered list
of n elements. An input is a stream of preferred sets
Ri,R2,...,Ry,.... Upon seeing R; and without knowl-
edge of any future sets, an algorithm has to rerank elements
(change the list ordering), so that at least one element of R;
is found near the list front. The incurred cost is a sum of the
list update costs (the number of swaps of neighboring list el-
ements) and access cost (the position of the first element of
R; on the list). This scenario occurs naturally in applications
such as ordering items in an online shop using aggregated
preferences of shop customers. The theoretical underpinning
of this problem is known as Min-Sum Set Cover.

Unlike previous work that mostly studied the performance of
an online algorithm ALG in comparison to the static opti-
mal solution (a single optimal list ordering), in this paper, we
study an arguably harder variant where the benchmark is the
provably stronger optimal dynamic solution OPT (that may
also modify the list ordering). In terms of an online shop,
this means that the aggregated preferences of its user base
evolve with time. We construct a computationally efficient
randomized algorithm whose competitive ratio (ALG-to-OPT
cost ratio) is O(r?) and prove the existence of a deterministic
O(r*)-competitive algorithm. Here, r is the maximum cardi-
nality of sets R;. This is the first algorithm whose ratio does
not depend on n: the previously best algorithm for this prob-
lem was O(r*/2 . /n)-competitive and () is a lower bound
on the performance of any deterministic online algorithm.

1 Introduction

We focus on the problem of maintaining an ordered (ranked)
list of elements and updating the order to better reflect the
preferences of users. This problem occurs naturally in an on-
line shop that has to present a list of items in some order
to users. Items that a user is interested in should be placed
sufficiently close to the list beginning: otherwise, a user
has to scroll down, which could degrade the overall expe-
rience and reduce customer retention. Similar phenomena
occur not only in online shopping (Derakhshan et al. 2020),
but also in ordering results from a web search for a given
keyword (Dwork et al. 2001; Agichtein, Brill, and Dumais
2018), or ordering news and advertisements.
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In the Min-Sum Set Cover (MSSC) problem, which
serves as a theoretical model for this problem, there is a uni-
verse U of n elements, and a set of m users, where the ¢-th
user has a set of preferred elements R; C U. The goal is
to find a fixed permutation of n elements, which minimizes
the sum of users’ dissatisfaction, where the dissatisfaction of
user ¢ is the position of the first element from R, in the per-
mutation. This measures (in a perhaps simplistic way) how
far a user has to scroll till an interesting item is found. This
problem and its variants have been thoroughly studied in the
approximation algorithms community: the best polynomial-
time solution is a 4-approximation (Bar-Noy et al. 1998) and
this approximation factor is tight unless P = NP (Feige,
Lovasz, and Tetali 2004).

In this paper, we study an online variant of the MSSC
problem, where an algorithm has to maintain a permutation
of n elements, and preferred sets appear in an online manner.
Upon seeing a set R, an algorithm (i) first has to pay an ac-
cess cost equal to the position of the first element from R;;
(i) may reorder the list arbitrarily, paying the Kendall tau
distance between old and new permutation (minimal number
of swapped adjacent elements).! This setting captures a fre-
quent case where the service (e.g., a shop) is learning user
preferences on the fly and has to react accordingly, without
knowing the preferences of future users.

1.1 Competitive Ratio

To measure the effectiveness of online algorithms we use
one of the standard yardsticks, namely competitive analy-
sis (Borodin and El-Yaniv 1998), and we compare the over-
all cost of an online algorithm ALG to an optimal (offline)
solution OPT on the same input instance Z. We emphasize
that we compare our algorithm to an optimal solution that
can also change the permutation dynamically.

An algorithm ALG is c-competitive if there exists £ such
that for any input instance Z, it holds that ALG(Z) < c¢ -
OPT(Z) +&. The competitive ratio of ALG is the infimum of

'A careful reader may observe that the same cost measure is ap-
plied both to accessing the first element and to swapping two adja-
cent list elements. This choice is made to make the model coherent
with the previous papers. However, one can easily set the swap-
ping cost to an arbitrary constant: by the expense of small constant
factors, these variants are reducible to our problem using standard
rent-or-buy approaches (Karlin et al. 1994).



values of ¢, for which ALG is c-competitive. For randomized
algorithms, we replace the cost ALG(Z) with its expected
value E[ALG(Z)], where the expectation is taken over ran-
dom choices of ALG.

1.2 Previous and Our Results

Fotakis et al. (2020a) studied the online MSSC problem and
constructed an online O(r3/2 - /n)-competitive algorithm
MOVE-ALL-EQUALLY (MAE), where r is the maximum
cardinality of requested sets R;. Their solution, for the re-
quested set R;, computes the position d of the first element
from R; in the current permutation and moves all elements
d — 1 positions towards the list front. They showed that the
competitive ratio of any deterministic algorithm cannot be
lower than Q(r) and proved that many natural algorithms
based on the move-to-front heuristic have a competitive ra-
tio of 2(n). They also asked whether attaining a competi-
tive ratio which is only a function of 7 is possible. (Note that
r < n for most practical applications).

We answer this question affirmatively, providing a novel
approach, which allows us to construct a randomized O(r?)-
competitive algorithm. Moreover, our result holds even if
each set R; is chosen by an adversary based on the current
state of the algorithm’s list, i.e., holds also against adaptive-
online adversaries (Borodin and El-Yaniv 1998). This im-
plies the existence of a deterministic O(r*)-competitive al-
gorithm (Ben-David et al. 1994). We note that using the
techniques of Ben-David et al. (1994), it is possible to con-
struct such a deterministic algorithm. The comparison of old
and new results is given in Table 1.

On the technical level, to solve the problem, in Section 2
we introduce the Exponential Caching (EC) problem and
show that the MSSC problem reduces to EC with the loss
of constant factors. Glossing over details, EC treats the list
as being split into chunks of geometrically growing sizes
and captures the intuition that — neglecting constant factors
— the costs depend only on the chunk index. In Section 3,
we provide an algorithm for the EC problem. To circumvent
the lower bound for the algorithm MAE, we move only the
element that is closest to the list front, and we increase the
budgets of the remaining elements in the requested set in-
stead. Once the budgets become sufficient to pay for the el-
ement movement, the respective elements are moved to the
first chunk.

1.3 Related Work: Static Optimality

The online variant of the MSSC problem has been also con-
sidered in an easier setting where an online algorithm is
compared to a static optimal solution that has to stick to
a single permutation for the whole runtime (Fotakis et al.
2020a). We emphasize that this variant differs from the on-
line learning setting; that is, we assume that an online algo-
rithm is still charged for changing its permutation.

The static model forfeits optimization possibilities that
occur when the preferences of the user base are evolving
(e.g., due to influences from advertisements or because of
seasonality). It is also worth mentioning that the costs of
static and dynamic optimal solutions can differ by a factor
of Q(n) (Fotakis et al. 2020a).
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dynamic OPT static OPT
LMA | det o(r?) *0(r?)
LMA | rand O(r?) *O(r?)
MAE det 0(7,.3/2 . \/ﬁ) 20(\/logn-logr)
MWU derand. | det ? O(r)
Lower bound | det *Q(r) Q(r)
MwuU | rand ? O(1)

Table 1: Competitive ratios of old algorithms and algorithm
LMA presented in this paper, against dynamic and static
OPT. Asterisked entries are trivially implied by other ones.

The randomized O(1)-competitive solution follows by
combining multiplicative weight updates (MwU) (Little-
stone and Warmuth 1994; Arora, Hazan, and Kale 2012)
with the techniques of Blum and Burch (2000) designed for
the metrical task systems. This approach has been deran-
domized by Fotakis et al. (2020a), who gave a deterministic
solution with an asymptotically optimal ratio of O(r).

1.4 Other Related Work

The variant of the problem where all sets R; are single-
tons, known as the list update problem, has been studied in
a long line of work and admits O(1)-competitive solutions,
see (Kamali 2016) and references therein.

Another line of work studied a generalization of the
MSSC problem where each set 2, comes with a covering re-
quirement k; and an algorithm is charged for the positions of
the first k; elements from R; on the list. (The original MSSC
corresponds to k; = 1 for any t). Known solutions include
O(1)-approximation (offline) algorithms (Azar, Gamzu, and
Yin 2009; Bansal, Gupta, and Krishnaswamy 2010; Skutella
and Williamson 2011; Im, Sviridenko, and van der Zwaan
2014; Bansal et al. 2021) and O(1)-competitive polynomial-
time solution against static optimum without reordering
costs (Fotakis et al. 2020b).

Finally, a large amount of research was devoted to effi-
ciently learning a permutation with limited feedback, see,
e.g., (Helmbold and Warmuth 2009; Yasutake et al. 2011,
2012; Slivkins, Radlinski, and Gollapudi 2013; Ailon 2014).
While the general aim is similar to ours, the specific objec-
tives and cost measures make these results incomparable to
ours.

1.5 Problem Definition and Notation

In the Min-Sum Set Cover (MSSC) problem, we are given
a universe U of n elements. For the sake of notation, we
assume that a permutation of U is given as a bijective map-
ping U — {1,...,n}, returning for any element = € U its
position on the ordered list.

An input Z consists of an initial permutation 7y of U and
a sequence of m sets R, Ro, ..., R,,. Upon seeing set Ry,
an online algorithm ALG is first charged the access cost
mingep, 7(z). Then ALG chooses a new permutation 7
(possibly 7y = m;_1) paying reordering cost d(m_1,m),
defined as the number of inversions between m;_1 and ;.
Note that d(m;_1, 7;) is also the minimum number of swaps



of adjacent elements necessary to change permutation 7,1
into ;. We emphasize that the choice of 7, made by ALG
has to be performed without the knowledge of future sets
Ryy1, Riyo,... and also without the knowledge of the se-
quence length m.

In the following, OPT denotes an optimal offline algo-
rithm. For an input Z and an algorithm A, we use A(Z) to
denote the total cost of A on Z, and ALG(Z, t) to denote the
cost of A in response to set R;. For an integer j, we use

[1]=40,...,5—1}

2 Exponential Caching Problem

Without loss of generality, in the MSSC problem, we may
assume that the universe cardinality is n = 2% — 1, where
w > 1 1is an integer. To see this, observe that it is always
possible to add dummy elements that are never in any re-
quested set so that n is of this form; these dummy elements
are kept by OPT at its list end, and thus they do not increase
its cost. After such modification, the number of elements re-
mains asymptotically the same.

2.1 Problem Definition

We now define an Exponential Caching (EC) problem,
whose solution will imply the solution to the MSSC problem
of the asymptotically same ratio. In the EC problem, an al-
gorithm has to maintain a time-varying partition of elements
into w sets, henceforth called chunks, whose sizes are pow-
ers of 2. That is, an algorithm has to maintain a partitioning
p: U — [w]. We call p(x) the chunk index of element = and
we say that partitioning p is valid if [p~(i)| = 2°.

We define chunks S5, ST, ..., SP |, where S = p~1(i).
We usually skip p in superscript if it does not lead to ambi-
guity. For any valid partitioning p and element x, we use

SIZE(p, x) = 2P

to denote the cardinality of the chunk containing x in the
partitioning p.

An input to the EC problem is an initial partitioning pg
and an online sequence of sets Ry, Ro, . . ., R,,. Time is split
into m steps, and when set R; arrives in step t:

* ALG pays an access cost minge g, SIZE(pt—1, ).

* ALG chooses a valid partitioning p; : U — [w]. For each
element  with ps(x) # pi—1(x), ALG pays a movement
cost equal to max{SIZE(p;_1,x), SIZE(p;, x)}.

Theorem 1. If there exists a c-competitive (deterministic or
randomized) algorithm for ALGY for the EC problem, then
there exists an O(c)-competitive (deterministic or random-
ized) algorithm ALG® for the MSSC problem.

2.2 Canonic Partitioning

To prove Theorem 1, note that MSSC and EC problems are
closely related by a natural transformation from any permu-
tation 7 in the MSSC problem to a partitioning p in the EC
problem: Assume that the elements are ordered in a list ac-
cording to 7. Then, S§ contains the first list element, S% the
next 2! elements, S} the next 22 elements, and so on, with
SP | containing the last 2~ ! elements.
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Formally, any permutation 7m of the MSSC induces
a canonic partitioning CP(r) of the EC problem, defined as

cP(m)(x) = |logy 7(x)| forany x € U.

Note that for any permutation 7 and element z it holds that

SIZE(CP(m), z) < m(x) < 2-SIZE(CP(w),z) — 1. (1)

2.3 Constructing Online Algorithm

To show Theorem 1, we need to construct an algorithm
ALG® for the MSSC problem on the basis of an existing
algorithm ALG" for the EC problem.

Observe that any input Z° = (g, Ry, Ra, . . .
MSSC problem has a corresponding input ZF (po =
CP(mp), R1, Ra, ..., Rp) to the EC problem. To provide
a solution to an input Z5, our algorithm ALG® internally
executes an algorithm ALG" on input Z®. Once ALGP re-
sponds to R; by changing its partitioning from p;_; to p,
ALG® mimics these changes by modifying its permutation
m¢—1 into 7, so that CP(m;) = py.

As we show below, such a definition together with (1)
guarantees that the access costs of ALG® and ALGY are
equal up to a factor of 2. Note that there are multiple ways
of obtaining a permutation 7, satisfying CP(7;) = p;. The
crux is to show that it is possible to choose 7y, so that the re-
ordering cost of ALG® is at most constant times higher than
the movement cost of ALG".

, Rp) to the

Lemma 2. For any step t, it is possible to choose m, such
that cp(m;) = p, and ALG®(Z°,t) < 4 - ALG® (TP, ¢).

Proof. First, we observe that ALG® may swap two elements
on positions a # b using 2 - |b — a| — 1 swaps of adjacent
elements, paying 2 - |b — a] — 1 < 2 - max{a,b}. We use
SWAP(a, b) to denote both such operation and its cost.

The movements chosen by ALG” in step ¢ can be ex-
pressed by a directed graph, whose vertices are chunks
S0, - - -, Sw—1. Each element x that changes its chunk (from
Spi_1(x) 1© Sp,(z)) is encoded as a directed edge from
chunk S, | (z) 10 S}, (s)- As both partitionings p; 1 and p;
are valid, the in-degree and out-degree of each vertex are
equal. Thus, the graph can be partitioned into a union of
edge-disjoint cycles. We treat each such cycle separately. For
simplicity of the description, we assume that there is only
one such cycle S;;, — S;;, = Si, = -+ = Si,_, = S,
(where i, = i¢). The general case follows by simply sum-
ming over all cycles.

For any j € [k], let z; be the element that is moved
from chunk S;; to S;,, : let v; = m;_1(x;). To mimic the
choices of ALGY, ALG® executes a sequence of k—1 swaps:
SWAP(Uk—1,Uk—2), SWAP(Uk—2,Uk—3), ..., SWAP(va,v1),
SWAP(v1, vp). It is easy to verify that once these SWAP op-
erations are executed, the position of element x; becomes
equal to v, for any j € [k — 1], and the position of z;_
becomes equal to vg. Thus, the resulting permutation 7; sat-
isfies the property CP(7;) = p;.



To estimate the cost of ALG®, fix any j € [k — 1]. By
pt—1 = CP(m—_1), pr = CP(my), and (1), we have

SWAP(vj,vj11) = SWAP(my—1 (), ¢ ()
< 2-max{m_1(x;), m(x;)}
< 4 - max{SIZE(p;—1,x;), SIZE(ps, z;)}
=4-ALGE(ZP,t, x;),

where ALG® (TP, ¢, ;) is the movement cost of z; in step ¢.

Let s be the element from R; which is the earliest on the
list for permutation 7;_1. By (1) and p;_1 = CP(m;—1), we
have 7;_1(s) < 2 - SIZE(ps—1, ). Summing up,

ALGS(Z5,t)
=m-1(8) + 2 cp—1) SWAP(Vj, Uj41)
< 2-SIZE(Pr—1,8) + 2 ey 4 ALG® (TP, t,x;)

< 4-ALG®(TE1). O

2.4 Proof of Theorem 1

Let OPT® and OPT® be the optimal solutions for inputs
7% and I, respectively. To show the competitive ratio of
ALG®, it remains to relate the costs of these optimal solu-
tions.

We say that an algorithm is move-to-front based (MTF-
based) if, in response to R, it chooses exactly one of the
elements from R; and brings it to the list front; furthermore,
it does not perform any further list reordering.

Lemma 3. For any input I° for the MSSC problem, there
exists an (offline) MTF-based solution MTF®, such that
MTFS(Z%) < 2 - OpPT®(Z9).

Proof. Based on the actions of opt® on I°
(7o, R1,..., Ryy), we may create an input J°
(mo, RY,...,R],), where R is a singleton set containing
exactly the element from R; that is closest to the front on
the list of OPT®.

Clearly, OpT®(75) = OPT®(Z®). Furthermore, J°
is an instance of the list update problem, for which it
is known that moving the requested element to the list
front is a 2-approximation (Sleator and Tarjan 1985). Thus,
MTF®(78) < 2-0pT(7). Finally, we observe that reorder-

ing actions of MTF®(7) can be also applied to input Z5.
‘While the movement cost remains then the same, the access
cost can be only smaller, i.e., MTF® (Z°%) < MTF> (7). The
lemma follows by combining the shown inequalities. O

Lemma 4. For any input I° for the MSSC problem, and
the associated input I for the EC problem, OpT®(I?) <
6 - MTFS(Z5).

Proof. To show the lemma, it suffices to show that there
exists an offline algorithm OFF® satisfying OFF" (77, ¢) <
6 - MTFS(Z5, t) for any step t.

Let OFF" be an (offline) algorithm for Z¥ that in step ¢
takes the permutation 7MTF of MTF® and changes its par-

titioning to CP(7MTF). We now compare the costs of OFF®
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to MTF® in step t, separately for access costs and move-
ment/reordering costs.

Let s be the element from R; that MTF® has closest to the
list front. The access cost of OFF" is SIZE(CP(mMTT), s)

which by (1) is at most 7MTF (s), the access cost of MTF®,

Let 2 be the element that MTF® moves to the list front and
let v = 7MTF (). If v = 1, then neither MTF® nor OFF"
perform any reordering/movement, and the lemma follows.
Thus, we assume that v > 2. To move x to the list front,
MTF® executes v — 1 swaps; this reordering increments the
positions of all elements that originally preceded x.

To estimate the cost of OFFE, we analyze the movement
costs associated with changing partitioning from cp(7M1F)
to cP(mMTY), Let £ = |logyv| > 1. When x is moved to
the front, its chunk changes from Sy to Sy. To describe the
remaining changes, we assume that the list is ordered from
left to right with the list front on the left. Then, the rightmost
element of any chunk Sy, Sy, ..., S¢—1 changes its chunk to

the next one. Hence, the movement cost of OFF® is
max{2¢,20} + > jen max{27, 271}
<3-2/<3.0<6-(v—1),

which is 6 times the reordering cost of MTF®. O
Proof of Theorem 1. Let ALG® be defined as in Lemma 2.
Then,

ALGY(T%) < 4- ALG®(Z®) < 4 - c- OpT®(ZP)
< 24-c-MTF(Z%) < 48 - ¢- OPT(Z5).

The inequalities follow by summing Lemma 2 over all

steps, c-competitiveness of ALG”, Lemma 4, and finally by
Lemma 3. O

3 Solving Exponential Caching

In this section, we provide an O(r?)-competitive random-
ized algorithm for the Exponential Caching problem, where
r is the maximum cardinality of requested sets. By Theo-
rem 1, this will yield an O(r?)-competitive algorithm for the
Min-Sum Set Cover problem. We note that our algorithms
do not require prior knowledge about r.

In the following description, we skip ¢ subscripts in the
notations and use p as the current value of the partition func-
tion, and .S; as the current contents of an appropriate chunk.

Our algorithm LAZY-MOVE-ALL-TO-FRONT (LMA)
maintains budget b(z) for any element z € U. Initially, all
budgets are set to zero.

At certain times, LMA wants to move an element z to
chunk Sy. However, to preserve the cardinality of Sy, it
needs to make space in Sy. It does so using a procedure
FETCH(z) defined in Routine 1. This procedure chooses
a random sequence of elements and moves them to chunks
of larger indexes. It also moves z to Sy and resets its budget
to zero.

To serve a set R = {z,y0,¥1,...,Yq—2}, Where ¢ < r
and z is an element of R with the smallest chunk index,



Routine 1: FETCH(z), where z is any element
if p(z) > 0 then

1
2 £+ p(z)

3 fori=0,1,...,/—1do

4 | a; < random element of S;

W

move z from S, to S
6 fori=0,1,...,/—1do
7 | move a; from S; to S 44

8 b(z) <0

Algorithm 2: LAZY-MOVE-ALL-TO-FRONT
Input: Set R = {z,y0,%2,-..,Yq—2} Where g <7
and p(z) < p(y;) fori € [r — 1]

1 pay access cost SIZE(p, ) = 2P(*)

2 execute FETCH(x)

3 fori—O,l,...,q—Qdo

o | bl e ) + 22

s while exists z such that b(z) > 2P(*) do
6 | execute FETCH(z)

LMA executes FETCH(z) moving z to Sp. A natural strat-
egy would be then to move the remaining elements y; to-
wards chunks with smaller indexes. However, such an ap-
proach leads to a huge competitive ratio. Instead, LMA per-
forms these movements in a lazy manner: it increases the
budgets of the remaining elements and moves the elements
to Sy once their budgets reach a certain threshold. The de-
tails of LMA are given in Algorithm 2.

3.1 Termination

We start by showing that the algorithm Algorithm 2 is well-
defined, i.e., it terminates. If an element z satisfies b(z) <
2P(2) then we say that its budget is controlled, and it is un-
controlled otherwise.

Observation 5. Executing FETCH(z) makes the budget of z
controlled and it does not cause budgets of other elements
to become uncontrolled.

Proof. For the elements randomly chosen within routine
FETCH(z), their chunk indexes are increased without chang-
ing their budgets which can only make their budgets con-
trolled. The only element whose chunk index is decreased is
z itself, but its budget is reset to zero, which trivially makes
it controlled.

Note that execution of a single FETCH operation may
make multiple budgets controlled. O

By the observation above, the number of elements with
uncontrolled budgets decreases with each iteration of the
while loop in Line 5 of Algorithm 2. Thus, processing
a set R, by algorithm LMA terminates.
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3.2 Potential Function

We compare the cost of LMA to that of an optimal offline
solution OPT. We use p and S; to denote the partitioning
function and appropriate chunks in the solution of ALG, and
we use p* and S} for the corresponding notions in the solu-
tion of OPT.

In our analysis, we use four parameters: o« = 7,y = 7r —
6, 8 = 21r —11, k = [log (. Our analysis does not depend
on the specific values of these parameters, but we require
that they satisfy the following relations.

Fact 6. Parameters o, 8 and -y satisfy the following rela-
fions:a>T,y>a-(r—2)+8 8>a-(r—1)+2y+8
Furthermore, K is an integer satisfying 2 > f3.

To compute the competitive ratio of LMA, we use amor-
tized analysis. To this end, for any element z € U, we define
its potential

~ fa-b(2) if p(2)
b= {B () if p(2)

We also define the total potential as @ = 3~ __,, ®

To streamline the proof, we split each step ¢ into two parts.
In the first part (studied in Sections 3.4 and 3.5), LMA ex-
ecutes Algorithm 2 (pays the access cost, chooses element
movements, and pays for them), while OPT pays the access
cost only. In the second part (studied in Section 3.6), LMA
does nothing, while OPT moves its elements and pays for
these movements.

We use ALMA, AOPT, and A® to denote the increments
in costs of LMA and OPT and the total potential, respec-
tively, associated with the currently discussed event. We
show that for both step parts, it holds that EJALMA+A®] <
O(r?) - AOPT. The competitive ratio of O(r?) will then fol-
low by summing this relation for both parts over all steps of
the input.

p*(z) + K,

<
>p*(z)+k+ 1.

—7-b(z)

3.3 Budget Invariant
We start with a simple bound on the budget values.

Observation 7. Ar any time, for any element z € U, it holds
that b(z) < 2 -2P(2),

Proof. Note that at the beginning of any step, the budgets of
all elements are controlled (b(z) < 2P(*) for any element 2).
This holds trivially at the beginning as all budgets are then
zeros. Moreover, by Observation 5, this property is ensured
at the end of a step by the while loop in Lines 5-6 of Algo-
rithm 2.

Within a step, the budget of an element may not be con-
trolled because of budget increases in Line 4. However, be-
cause of this action, the budget of y; may grow only to
2P(vi) 1 2P(*) which is at most 2-2P(¥) as p(z) < p(y;). O

Note that 3 > 2+ by Fact 6. Thus, Observation 7 and the
potential definition immediately imply the following claim.

Corollary 8. At any time, ®, > 0 for any element z.



3.4 Analysis of Operation FETCH

To analyze the amortized cost associated with a single op-
eration FETCH, we start with calculating the change in the
potential due to a movement of a random element.

Lemma 9. Fixa chunk indexi € [w—1]. Let a be an element
chosen uniformly at random from chunk S;. If a is moved to
chunk S;y1, then E[A®,] < 272, The result holds even
conditioned on the current partitioning of ALG.

Proof. We look at all 2¢ elements from S; and their chunk
indexes in the solution of OPT. Let

Si={z€8; : p*(2) <i—r}
Note that
|5z‘| = Zje[i—n—&-l] [{z € S; : p*(2) = j}

= Zje[i—ﬁﬂ] 1S N Sg*| < Zje[i—nﬂ] ‘Sg*|

< Zje[ifn+1] 21 « Qi=r+l
Hence, when a is chosen randomly from .S,
15|
1S3

To upper-bound E[A®,, | p*(a) < i — k], we consider two
cases. By the potential definition, if p*(a) < i — s — 1, then
Ad, = (321 — - b(a)] — [+ 2 —~ - b(a)] — §- 2.
Otherwise, p*(a) = i — k, and then A®, = [ - 21Tt — .
b(a)] — a - b(a) < B -2+ Hence, in either case

E[AD, |p*(a)<i—k] < 8- o+,

Prp™(a) <i— k] = < 2Tl 9t —9mrtLl ()

Again by the potential definition,
E[AD, |p*(a) >i—k+ 1] =a-bla) — a-bla) =0.
Combining these bounds on A®, with (2) yields
E[AD,] = B[A®, |p*(a) < i — ] - Prlp*(a) < i — ]
+E[AD, |p*(a) > i — Kk + 1]
-Prlp*(a) >i—k+1]
< B2t . gmr+l

The lemma follows as 3 < 2" by Fact 6. O

Lemma 10. Whenever LMA executes operation FETCH(z),
E[ALMA + A®] < 7-2P(2) — g where g is the value of ®,
right before this operation.

Proof. First, we estimate ALMA itself due to FETCH(z).
Recall that the procedure FETCH creates a sequence of ran-
dom elements ag, ay, . . ., Gp(»)—1, Where a; € S; and moves
each a; from chunk S; to S;;;. Furthermore, z is moved
from chunk Sp(z) to Sy. Thus, the associated cost is
ALMA = max{2P(*) 20} 4 Efi’?fl max{2¢,2¢+1} 3
= op(2) Zfizl) 2t « 3.9p(2),

It remains to analyze the potential change for the moved
elements: ag, a1, . . ., ap(z)—1, and z. The potential of z be-
fore the movement is equal to g by the lemma assumption.
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By the definition, the potential of z after the movement is
a - b(z), which is equal to 0 as the budget of z is reset to 0
within FETCH(z) operation. Thus,

Ad, = —yg. 4)

Finally, by Lemma 9, E[A®,,] < 4-2¢ forany i € [p(z2)].
Combining that with (3) and (4), and using linearity of ex-
pectation yields

E[ALMA + Ad)
= ALMA + E[A®.] + Y75 T E[A®, ]
<320 g4 FPE g0
<7-20(3) — g,

3.5 Amortized Cost of LMA

Now we may upper bound the total amortized cost of LMA
in a single step. We split this cost into parts incurred by Lines
1-4 and Lines 5-6.

Lemma 11. Whenever LMA executes Lines 5-6 of Algo-
rithm 2, it holds that E]ALMA + A®] < 0.

Proof. Let z be the element moved in Line 6. Line 5 ensures
that b(z) > 27(%). Furthermore, b(z) < 2 - 2P(*) by Obser-
vation 7. Let ®, be the value of the potential right before
operation FETCH(z) is executed in Line 6. By the potential
definition,

@, > min{f - 27 —~.b(2),a-b(2)}
> mln{ﬁ — 2. ’)/,Oé} . QP(Z)

> 7.9P(2) (by Fact 6).

By Lemma 10, E[ALMA + A®] < 7-2°() — &, < 0. [

Lemma 12. Fix any step and consider its first part, where
LMA pays for its access and movement costs, whereas OPT
pays for its access cost. Then, E[ALMA + A®] < (a - (r —
1) +8) - 2% - AOPT = O(r?) - AOPT.

Proof. Let R = {z,y0,...,Yq—2} be the requested set,
where ¢ < r and p(x) < p(y;) for any i € [¢g — 1]. Let
@, Dy, ..., Py, _, be the potentials of elements from R
just before the request.

It suffices to analyze the amortized cost of LMA in
Lines 1-4, as the cost in the subsequent lines is at most 0
by Lemma 11. The access cost paid by LMA is 2P(*) and by
Lemma 10, the amortized cost of FETCH(z) is 7-2P(*) — &,
Therefore,

E[ALG + A®] = 8- 20 — &, £ 3, AD,. (5)
As b(y;) grows by 2P(®) forany i € [¢ — 1],
Ad,, < a- 2P foranyi € [q—1].  (6)
Finally, by Corollary 8,
o, > 0. (N

Let w € R be the element with the small*est chunk index
in the solution of OPT. That is, AOPT = 2P (w),



Assume first that p(x) < p*(w) + &. By (5), (6), and (7),
E[ALMA +A®] < (8+a-(¢—1))-2°@) < (84a-(r—
1)) - 2% - AOPT, and thus the lemma follows.

Therefore, in the remaining part of the proof, we assume
that p(z) > p*(w) +  + 1 and we show that, in such case,
E[ALMA 4+ A®] < 0. We consider two cases.

e If w = x, we may use a stronger lower bound on ¢,
ie, ®, = B-2°®) — 5 . p(z) > (B — 27) - 2*(@)
(cf. Observation 7). Together with (5) and (6), this yields
E[ALMA +A®] < (8+a-(q—1) — B+ 2y) - 2°(),

 If w = y; for some j € [¢ — 1], then as p(y;) > p(z) >
p*(y;) + K + 1, we may use a stronger upper bound on
A, , namely AP, < —v- (), Together with (5),
(6) (for i # j) and (7), this yields E[ALMA + A®] <
(8+a-(qg—2)—7)- 2,

In either case, Fact 6 together with ¢ < 7 ensures that
E[ALMA + A®] < 0. O

3.6 Movement of OPT

Lemma 13. Fix any step and consider its second part,
where LMA does nothing, whereas OPT moves elements and
pays for their movement. Then ALMA + A® < (2a+ 27+
B) - 2% - AOPT = O(r?) - AOPT.

Proof. We focus on a single element z moved by OPT. As-
sume that OPT changes its chunk index p*(z) from a to a+d
(where d is possibly negative).

The only element whose potential might be affected is
z itself. The definition of ®, has two cases, depending on
whether the relation p(z) < p*(z) + k holds. If this relation
remains untouched by the movement, then ¢, remains con-
stant. On the other hand, the relation changes only in one of
the following cases.

* dispositive,a < p(z) —x — 1,and a + d > p(2) — k;
* disnegative, a > p(z) — k,anda+d < p(z) — k — 1.

In the first case, p(z) < k + a + d, while in the second case
p(z) < k+a. Thus, in either case, p(z) < k+max{a, a+d}.
‘We obtain

Ad, <|a-b(z)— 273 4. b(2)|
< 20+ 2y + p) - 20
< (2a 42y + B) - 2% - max{2%, 2074}
where the second inequality is implied by Observation 7.
Note that the cost of OPT associated with moving z is
max{2%,29%9} by the definition of the EC problem. Sum-
ming over all elements moved by OPT immediately yields

AD < (2a0 + 2y + ) - 27 - AOPT. The lemma follows as
ALMA = 0 in the second part of a step. O

3.7 Competitiveness

Theorem 14. LMA is O(r?)-competitive for the Exponen-
tial Caching problem, even against adaptive-online adver-
saries.
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Proof. Fix any input Z and consider any step t. Let ®¢ de-
note the potential right after step ¢, and ®° be the initial po-
tential. By Lemmas 12 and 13,

E[LMA(Z,t) + ®' — & = O(r?) - OPT(Z,t). (8)

By summing (8) over all m steps of the input, we obtain
that E[LMA(Z)]+E[®™]—-®° < O(r?)-OPT(Z). As the ini-
tial potentials of all elements are 0 and the final potentials are
non-negative by Corollary 8, E[LMA(Z)] < O(r?)-OPT(Z).

We note that the only place where LMA uses randomness
is in choosing a sequence of random elements in the pro-
cedure FETCH. As noted in its analysis (cf. Lemma 9), the
bound on the expected amortized cost of LMA holds also
conditioned on its current state, and thus it holds even if the
adversary chooses the requested set R; on the basis of the
random bits of LMA used till step ¢ — 1. O

The result of Ben-David et al. (1994) shows that the
existence of a randomized algorithm that is c-competitive
against adaptive-online adversaries implies the existence of
a c?-competitive deterministic algorithm.

Corollary 15. There exists an O(r*)-competitive determin-
istic algorithm for the Exponential Caching problem.

Finally combining the results for Exponential Caching
with Theorem 1 immediately gives improved guarantees for
the online Min-Sum Set Cover problem.

Theorem 16. There exist a randomized O(r?)-competitive
algorithm and a deterministic O(r*)-competitive algorithm
for the Min-Sum Set Cover problem.

4 Conclusions

In this paper, we studied the online Min-Sum Set Cover
problem on a universe of n elements with requested sets of
cardinalities at most . We gave a first (randomized) algo-
rithm whose competitive ratio does not depend on n: our
algorithm is O(r?)-competitive. While our construction im-
plies also the existence of O(r*)-competitive deterministic
solution, it is unknown how to make it constructive and effi-
cient.

Closing the gaps between our results and lower bounds is
an intriguing open question: while the deterministic lower
bound is Q(r), no super-constant randomized bounds are
known.
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