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Abstract

Conformal prediction (CP) is a wrapper around traditional
machine learning models, giving coverage guarantees under
the sole assumption of exchangeability; in classification prob-
lems, a CP guarantees that the error rate is at most a chosen
significance level ε, irrespective of whether the underlying
model is misspecified. However, the prohibitive computational
costs of full CP led researchers to design scalable alternatives,
which alas do not attain the same guarantees or statistical
power of full CP. In this paper, we use influence functions to
efficiently approximate full CP. We prove that our method is
a consistent approximation of full CP, and empirically show
that the approximation error becomes smaller as the training
set increases; e.g., for 1, 000 training points the two methods
output p-values that are < 0.001 apart: a negligible error for
any practical application. Our methods enable scaling full CP
to large real-world datasets. We compare our full CP approxi-
mation (ACP) to mainstream CP alternatives, and observe that
our method is computationally competitive whilst enjoying
the statistical predictive power of full CP.

1 Introduction
Conformal prediction (CP) is a post-hoc approach to provid-
ing validity guarantees on the outcomes of machine learn-
ing (ML) models; in classification, an ML model wrapped
with “full” CP outputs prediction sets that contain the true
label with (chosen) probability 1− ε, under mild distribution
assumptions. Unfortunately, full CP is notoriously computa-
tionally expensive. Many have proposed alternative methods
to avoid the full CP objective; these include: split (or “induc-
tive”) CP (Papadopoulos et al. 2002), cross-CP (Vovk 2015),
jackknife+ (Barber et al. 2021), RAPS (Angelopoulos et al.
2020), CV+ (Romano, Sesia, and Candes 2020). While these
methods have shown practical promise, they do not attain the
same validity guarantee as full CP or its statistical power (e.g.,
prediction set size). Recent work optimized full CP for ML
models that support incremental and decremental learning
by speeding up the leave-one-out (LOO) procedure required
for the prediction set calculation (Cherubin, Chatzikokolakis,
and Jaggi 2021); however, this approach may not scale to
complex models such as neural networks.
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Herein, we first discuss how to approximate the full CP
objective. We focus on full CP for classification, and opti-
mize it for ML models trained via ERM (e.g., logistic re-
gression, neural networks). The key insight we leverage is
that, for each test point, full CP: (i) retrains the underlying
ML model on the additional test point, and (ii) performs a
LOO procedure for each training point. We observe we can
approximate both steps, and avoid retraining each time, by
using first order influence functions (Hampel 1974). We term
our method Approximate full Conformal Prediction (ACP),
and we prove finite-sample error guarantees: as the training
set grows, ACP approaches full CP. We then show that a
stronger regularization parameter for training the underlying
ML model improves the approximation quality.

We empirically demonstrate that ACP is competitive
with existing methods on MNIST (LeCun 1998), CIFAR-
10 (Krizhevsky, Nair, and Hinton 2009), and US Cen-
sus (Ding et al. 2021). Unlike full CP, ACP scales to
large datasets for real-world ML models (logistic regression,
multilayer perceptrons, and convolutional neural networks).
Performance-wise, ACP is consistently better than existing
alternatives in terms of statistical power: it attains the de-
sired error rate ε with tighter prediction sets; Figure 1 shows
on CIFAR-10 examples where, unlike other methods, ACP
learns smaller prediction sets that still contain the true label.

2 Preliminaries
We describe full CP, and then introduce influence functions,
our main optimization tool.

2.1 Notation and Full CP
Consider a training set Z = (X,Y ) ∈ (X × Y)N . For a
test object x ∈ X and a chosen significance level ε ∈ [0, 1],
a CP returns a set Γε

x ⊆ Y containing x’s true label with
probability at least 1 − ε. This guarantee (validity) holds
for any exchangeable distribution on Z ∪ {(x, y)}. Since the
error rate of a CP is guaranteed by validity, a data analyst only
needs to control the tightness (efficiency) of its prediction
set; average |Γε

x| is a common efficiency criterion (Vovk et al.
2016). Efficiency is controlled by improving the underlying
model that CP wraps.

Underlying model. A CP can be built around virtually any
ML model θ. We assume the underlying model is trained via
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Method Prediction set

ACP bird, cat, deer, frog
SCP bird, deer, frog
RAPS bird, cat, deer, dog, frog
CV+ bird, cat, deer, dog, frog

Method Prediction set

ACP auto, cat, frog, horse, truck
SCP auto, deer, frog, truck
RAPS plane, auto, bird, deer, frog, ship, truck
CV+ plane, auto, deer, frog, horse, truck

Method Prediction set

ACP cat, deer, frog, horse
SCP cat, deer, dog, frog, horse, truck
RAPS cat, deer, dog, frog, horse, truck
CV+ cat, deer, dog, frog, horse

Figure 1: Prediction sets generated by CP methods (ε = 0.2) for CIFAR-10 examples. Our method (ACP) yields prediction sets
that (1) contain the true label and (2) are the smallest. ACP approximates well full CP in large training sets, such as CIFAR-10,
inheriting its statistical power.

ERM by minimizing the risk: R(Z, θ̂) ≡ 1
N

∑
zi∈Z ℓ(zi, θ̂);

ℓ(z, θ) is the loss of the model at a point z, which we as-
sume to be convex and twice differentiable in θ. This as-
sumption holds for many popular loss functions. Let θZ ≡
argminθ̂∈Θ R(Z, θ̂) be the ERM solution; we assume θZ to
be unique, and discuss relaxations in Section 7.

Nonconformity measure. The underlying model is used
to construct a nonconformity measure, which defines a CP. A
nonconformity measure is a function A : (X × Y)× (X ×
Y)N → R which scores how conforming (or similar) an
example (x, y) is to a bag of examples Z̄. We focus on the
two most common ways of defining nonconformity measures
(and, hence, CP) on the basis of a model: the deleted and the
ordinary scheme (Vovk, Gammerman, and Shafer 2005).

Full CP (deleted). Consider example ẑ and a training set
Z. The nonconformity measure can be defined from the
deleted (LOO) prediction: A(zi, Z) = ℓ(zi, θZ∪{ẑ}\{zi}),
for all zi ∈ Z ∪ {ẑ}. Computing this nonconformity mea-
sure requires training the model on Z ∪ {ẑ} \ {zi}. This
scheme computes the loss at a point after removing it from
the model’s training data.

Algorithm 1 shows how the nonconformity measure is
used in full CP. For a test point x, CP runs a statistical test for
each possible label ŷ ∈ Y to decide if it should be included in
the prediction set Γε

x. The statistical test requires computing
a nonconformity score αi by running A for each point in
the augmented training set Z ∪ {(x, ŷ)}; then, a p-value is
computed, and a decision is taken based on the threshold ε.
This algorithm is particularly expensive. Crucially, for each
test point, and for every candidate label, one needs to retrain
the underlying ML model N + 1 times.

Full CP (ordinary). A computationally faster scheme
is achieved by taking the loss at the point: A(zi, Z) =
ℓ(zi, θZ∪{ẑ}). We refer to this as the ordinary scheme (Al-
gorithm 3). This method is inherently faster than the deleted
approach, as it only requires training one model per test ex-
ample and candidate label. However, the ordinary scheme
generally leads to less efficient predictions (Section 5).

Optimizing CP. The complexity of full CP depends on: (i)
the number of training points N , and (ii) the number of labels
|Y|. Optimizing w.r.t. |Y| is necessary for regression settings,
where full CP is not applicable directly; this was done, for
specific choices of nonconformity measures, by Papadopou-
los, Vovk, and Gammerman (2011); Nouretdinov, Melluish,
and Vovk (2001); Lei (2019); Ndiaye and Takeuchi (2019);
Ndiaye (2022). Our work focuses on optimizing w.r.t. N ; this
enables applying full CP classification to large datasets. Fu-
ture work may combine our optimizations and CP regression
strategies to obtain faster regressors on large training sets
(e.g., Cherubin, Chatzikokolakis, and Jaggi 2021).

2.2 Influence Functions
Influence functions (IF) are at the core of our proposal. For
a training example zi ∈ Z, let Iθ(zi) = − 1

NH−1
θ ∇θℓ(zi, θ)

be the influence of zi on model θ, where Hθ = ∇2
θR(Z, θ)

is the Hessian; by assumption, Hθ exists and is invertible. A
standard result by Hampel (1974) shows that:

θZ\{zi} − θ ≈ −Iθ(zi). (1)

Iθ says how much zi affects θ during training. We can apply
influence functions for computing the influence of a point
zi on any functional. In our work, we are interested in the
influence on the loss function at a point z. Let Iℓ(z, zi) =
∇θℓ(z, θ)

⊤Iθ(zi). Then, similarly to above, we have

ℓ(z, θZ\{zi})− ℓ(z, θ) ≈ −Iℓ(z, zi). (2)

3 Approximate Full Conformal Prediction
Our proposal (ACP) hinges on approximating the noncon-
formity scores via IF. We describe our approach, and prove
theoretical results on its consistency and approximation error.

3.1 Approach
The bottleneck of running full CP is the computation of the
nonconformity scores αi = ℓ(zi, θZ∪{ẑ}\{zi}). Each score
is determined by computing the loss of the model at point
zi ∈ Z ∪ {ẑ} after adding point ẑ and removing point zi
from the model’s training data Z. There are two ways to
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Algorithm 1: Full CP

1: for x in test points do
2: for ŷ ∈ Y do
3: ẑ = (x, ŷ)
4: for zi ∈ Z ∪ {ẑ} do
5: θZ∪{ẑ}\{zi} = argminθ̂∈Θ R(Z ∪ {ẑ} \ {zi}, θ̂)
6: αi = ℓ(zi, θZ∪{ẑ}\{zi})
7: end for
8: p(x,ŷ) =

#{i=1,...,N+1 :αi≥αN+1}
N+1

9: If p(x,ŷ) > ε, include ŷ in set Γε
x

10: end for
11: end for

Algorithm 2: Approximate full CP (ACP)

1: θZ = argminθ̂∈Θ R(Z, θ̂)
2: for x in test points do
3: for ŷ ∈ Y do
4: ẑ = (x, ŷ)
5: for zi ∈ Z ∪ {ẑ} do
6: α̃i = Approximate via Eq. 3 or 4
7: end for
8: p(x,ŷ) =

#{i=1,...,N+1 : α̃i≥α̃N+1}
N+1

9: If p(x,ŷ) > ε, include ŷ in set Γε
x

10: end for
11: end for

approximate αi via IF: we can approximate the contribution
of adding and removing the points to the learned model θZ ,
and then evaluate its loss at zi (indirect approach), or we can
directly approximate the contribution of the points on the loss
function (direct approach). We describe both below.

Indirect approach. We can use Equation 1 to approximate
model θZ∪{ẑ}\{zi} and then compute its loss. That is, let
θ̃Z∪{ẑ}\{zi} ≡ θZ + IθZ (ẑ)− IθZ (zi). Then:

αi ≈ ℓ(zi, θ̃Z∪{ẑ}\{zi}) . (3)

Direct approach. We can directly compute the influence
on the loss. Let θZ be a model trained via ERM on the entire
training set Z. The direct approximation for the score is:

αi ≈ ℓ̃(zi, θZ∪{ẑ}\{zi}) ≡ ℓ(zi, θZ) + Iℓ(zi, ẑ)− Iℓ(zi, zi).
(4)

Iℓ(zi, ẑ) and −Iℓ(zi, zi) are the influence of including point
ẑ and excluding zi (Equation 2). Algorithm 2 (ACP) shows
how both approaches enable approximating full CP.

ACP gives a substantial speed-up over full CP. In contrast
to full CP, ACP has a training phase, in which we: compute
the Hessian, the gradient for each point zi, and provisional
scores ℓ(zi, θZ) for zi ∈ Z. For predicting a test point ẑ,
it suffices to compute its influence by using the Hessian
and gradients at zi and ẑ, which is cheap, and update the
provisional scores (see time complexities in Table 4). This
enables ACP to scale to large real-world datasets such as
CIFAR-10 (Section 5).

3.2 Theoretical Analysis
In this section, we establish the consistency of ACP: its ap-
proximation error gets smaller as the training set grows. Fur-
ther, we study its finite-sample validity, and how the underly-
ing model’s regularization parameter affects its approxima-
tion error. The consistency of ACP for the indirect approach
comes from a result by Giordano et al. (2019). Proving con-
sistency for the direct approach requires a condition, which
we state in the next part as a conjecture.

Direct approximation is better than indirect We conjec-
ture that the direct approach approximates better than the
indirect one. Intuitively, it is much easier to approximate

the loss at a point (direct) than to estimate the effect of a
training point on the model weights, which lay in a high-
dimensional space (indirect). We observed this conjecture to
hold consistently across a number of simulations (Section 4).
Formally:

Condition 1. Assume that the loss ℓ is convex and differ-
entiable. Then the direct method (Equation 4) is a better
approximation than the indirect one (Equation 3). That is, let
αi = ℓ(zi, θZ∪{ẑ}\{zi}); then:

|ℓ̃(zi, θZ∪{ẑ}\{zi})− αi| ≤ |ℓ(zi, θ̃Z∪{ẑ}\{zi})− αi| .

Without Condition 1, we can prove consistency for the
indirect approach, but not for the direct approach.

Consistency of ACP We show that ACP is a consistent
estimator of full CP. We establish this equivalence in the most
generic form possible: we demonstrate that nonconformity
scores produced by Algorithm 2 approximate those produced
by full CP. In turn, the p-values (and, consequently, error
rates) of the two methods get increasingly closer.

Our result is an extension of the work by Giordano et al.
(2019), who showed that IF consistently estimate a model’s
parameters in a LOO setting. This result holds under a set of
assumptions (Assumption 1 in Appendix B), which Giordano
et al. (2019) showed to hold for a variety of settings; e.g.,
they hold when Z are well-behaved IID data and ℓ(·, θ) is
an appropriately smooth function. Note that Assumption 1
limits the set of applicable nonconformity measures, e.g., by
assuming them to be continuously differentiable.

Theorem 2 (Consistency of approximate full CP). Under
Assumption 1 and Condition 1, let αi = ℓ(zi, θZ∪{ẑ}\{zi}),
and suppose ℓ is K-Lipschitz. For every N there is a constant
C such that for every zi ∈ Z ∪ {ẑ}:

|ℓ̃(zi, θZ∪{ẑ}\{zi})− αi| ≤ KC
max{Cg, Ch}2

N
,

for finite constants Cg, Ch s.t. sup
θ∈Θ

1√
N
||∇θℓ(z, θ)||2 ≤ Cg

and sup
θ∈Θ

1√
N
||∇2

θℓ(z, θ)||2 ≤ Ch.

This result gives a finite-sample bound for the error of the
direct approach for ACP; the error of the indirect approach is
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also bounded as a byproduct of the same proof. We conclude
that, as N grows, ACP’s scores get increasingly closer to
those produced by full CP. We evaluate this in Section 4.

Validity of ACP Lin, Trivedi, and Sun (2021) state that
finite-sample validity is not guaranteed when the LOO is
estimated with IF since they cannot be exactly computed.
They exemplify this issue in the Discriminative Jackknife
(Alaa and Van Der Schaar 2020), which approximates the IF
using Hessian-Vector-Products (Pearlmutter 1994).

Although we alleviate part of the issue by computing the
exact Hessian, we cannot guarantee that our LOO estimation
is exact. Basu, Pope, and Feizi (2021) also summarize several
issues with using IF in deep learning. Nevertheless, ACP still
inherits the high efficiency of full CP, and we observe that
validity holds in practice (Section 5). Future work can prove
if the approximate scores follow the same distribution as the
true ones and, consequently, if exchangeability still holds.

Relation to regularization parameter By extending a re-
sult by Koh et al. (2019), we investigate the effect of the ERM
regularization parameter on ACP’s approximation error. This
result makes fairly simplistic assumptions (Appendix B.2).

Theorem 3 (Approximation goodness w.r.t. regularizer). Sup-
pose the model is trained via ERM with regularization pa-
rameter λ. Under the assumptions of Proposition 5, Assump-
tion 2, and neglecting O(λ−3) terms, we have the follow-
ing cone constraint between the true nonconformity mea-
sure αi = ℓ(zi, θZ∪{ẑ}\{zi}) and its direct approximation
ℓ̃(zi, θZ∪{ẑ}\{zi}) ≡ ℓ(zi, θZ)+Iℓ(zi, ẑ)−Iℓ(zi, zi), where
g(λ) = (1+3σmax/2λ+σ2

max/2λ2), and σmax is the maximum
eigenvalue of the Hessian H:

ℓ(zi, θZ) + Iℓ(zi, ẑ)− g(λ)Iℓ(zi, zi) ≤
αi ≤ ℓ̃(zi, θZ∪{ẑ}\{zi}).

4 Experiments on Synthetic Data
We study the properties of ACP outlined in Section 3.2 on
synthetic data (Appendix C); the underlying model is logis-
tic regression with cross-entropy loss. Results are averaged
across 100 test points.

Direct and indirect approximation. We empirically eval-
uate Condition 1, which claims that the direct method (Equa-
tion 4) is never worse than indirect (Equation 3). Figure 2
shows the absolute distance between full CP and ACP’s non-
conformity scores as a function of the training set size. Re-
sults confirm that direct is always better than indirect, al-
though the two get close for large N . Importantly, the non-
conformity scores produced by ACP get increasingly better
at approximating those of full CP as the training set grows
(cf. Theorem 2). We shall now focus on the direct approach.

Approximation goodness. We evaluate how well ACP ap-
proximates full CP, under various parameter choices, as the
training set grows. Figure 3a shows the difference between
the nonconformity scores of full CP and ACP as the number
of features ranges in 5-100. The number of features does
impact the IF approximation, although the error becomes

Figure 2: Comparison between direct and indirect approxi-
mations. We show the difference between the nonconformity
scores of full CP and their approximation as a function of
the training set size, averaged across 100 test points. These
results support that the direct method is never worse than
the indirect (Condition 1), and that both approximate full CP
increasingly better (Theorem 2). The standard deviation for
the direct approach (blue) is negligible.

negligible as the training set increases. Theorem 3 shows that,
unsurprisingly, a larger λ (i.e., stronger regularization) im-
plies better approximation. We confirm this in Figure 3b. Our
analysis focuses on the approximation error between noncon-
formity scores; yet, we remark that a small error between
scores implies a more fundamental equivalence between full
CP and ACP: their p-values should also have a small distance.

Figure 3c compares full CP and ACP’s p-values. The dif-
ference is smaller than 10−3 with a training set of 600, and
it becomes negligible with N = 10k training examples. Ob-
serve that in CP the p-value is thresholded by the significance
value ε to obtain a prediction (Algorithm 1 ). As practition-
ers are generally interested in values ε with no more than
2 decimals of precision (e.g., ε = 0.15), we argue that an
approximation error smaller than 10−3 between p-values is
more than sufficient for any practical application. Figure 3d
compares the error rate (for ε = 0.1) between full CP and
ACP. We observe that, after 500 training points, the two
methods have the same error.

5 Experiments with Real Data
We compare mainstream CP alternatives with ACP on the
basis of their predictive power (efficiency). Because of its
computational complexity, it is infeasible to include full CP in
these experiments. Nevertheless, given the size of the training
data, the consistency of ACP (Theorem 2), and the results in
Section 4, we expect ACP to perform similarly to full CP.

5.1 Existing Alternatives to Full CP
There are several alternative approaches to CP for classifica-
tion. In this work, we compare ACP with:

• Split (or “inductive”) Conformal Prediction (SCP) (Pa-
padopoulos et al. 2002) works by dividing the training set
into proper training set and calibration set. The model
is fit on the proper training set, and the calibration set is
used to compute the nonconformity scores.
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(a) Vary # of features (b) Vary regularization (c) P-values difference (d) Validity

Figure 3: Difference in nonconformity scores for different numbers of features (3a) and for various regularization strengths (3b).
The differences in scores are averaged across 100 test points. We report the difference between p-values (3c) and error rate (3d).

• Regularized Adaptive Prediction Sets (RAPS) (An-
gelopoulos et al. 2020), is a regularized version of Adap-
tive Prediction Sets (APS) (Romano, Sesia, and Candes
2020). APS constructs Generalized inverse quantile con-
formity scores from a calibration set adaptively w.r.t. the
data distribution. RAPS uses regularization to minimize
the prediction set size while satisfying validity.

• Cross-validation+ (CV+) (Romano, Sesia, and Candes
2020) exploits a cross-validation approach while con-
structing the conformity scores similarly to APS. CV+
does not lose predictive power due to a data-splitting pro-
cedure, but it is computationally more expensive.

Datasets. We select datasets to illustrate the performance
of ACP in various scenarios: a simple classification problem
with images (MNIST (LeCun 1998)), a more complex set-
ting (CIFAR-10 (Krizhevsky, Nair, and Hinton 2009)), and
a binary classification with tabular data (US Census (Ding
et al. 2021)); details in Appendix C.2.

5.2 A Warm-Up Example
We run an illustrative experiment for a CIFAR-10 test point
picked uniformly at random. We consider a neural network
with 3 layers of 100, 50, and 20 neurons; we refer to this net-
work as MLPC. Appendix C.3 gives implementation details.

Figure 4a shows the prediction set for a fixed ε = 0.05;
we observe that, while all the methods output the true label,
the prediction set of ACP (deleted) is the tightest (i.e., more
efficient). We also report how the prediction set size changes
w.r.t. ε, for ACP (Figure 4b) and for all methods (Figure 4c).
As a way of comparing the curves, we include the AUC
for the interval ε ∈ [0, 0.2]. ACP (deleted and ordinary)
have the smallest AUC. Finally, for each method we report
the highest ε for which the prediction set contains the true
label. A higher value indicates that, for this test example,
the method would still be accurate with an ε larger than
0.05, which would correspond to tighter prediction sets. Once
again, ACP (deleted and ordinary) have the largest values.
We show similar instances in Appendix E.2. In the next part,
we observe this behavior generalizes to larger test sets.

We observe an unstable behavior in the predictions of
RAPS and CV+: their prediction set size considerably oscil-

lates as ε increases. The reason is that their prediction sets
are not guaranteed to be nested; that is, ε > ε′ does not imply
that the prediction sets Γε ⊆ Γε′ . Specifically, because RAPS
and CV+ use randomness to decide whether to include a label
in the set, the true label may appear and then disappear for a
smaller significance level. This may not be desirable in some
practical applications.1 The prediction set for ACP and SCP
monotonically decreases with ε, by construction.

5.3 Experimental Setup
We evaluate the methods for five underlying models: three
multilayer perceptrons with architectures (neurons per layer):
20-10 (MLPA), 100 (MLPB) and 100-50-20 (MLPC); logistic
regression (LR); and a convolutional neural network (CNN).
In experiments with MNIST and CIFAR-10, the dimension-
ality is first reduced with an autoencoder (AE) in all settings
except the CNN. We defer implementation details to Ap-
pendix C.3-C.4.

Considering these five settings enables comparing the
methods both for underparametrized regimes (e.g., LR) and
for better performing models (e.g., CNN). Note that CP’s
guarantees hold regardless of whether the underlying model
is misspecified. Further, observe that most of these models
are non-convex, where the ERM optimization problem does
not have a unique solution; this contradicts the IF assumption
(Section 2). Nonetheless, our empirical results show that ACP
works well – it performs better than the other proposals; in
Section 7 we discuss relaxations of this assumption.

5.4 Results
For each experiment and method, we report averaged metrics
over 100 test points; we also run statistical tests to check if
differences are (statistically) significant.

Prediction set size. We measure efficiency as the average
prediction set size. We report this as a function of ε, dis-
cretized with a step ∆ε = 0.01. Figures 5a and 5b show
the average prediction set size in MNIST and CIFAR-10 for
MLPC. ACP (deleted and ordinary) consistently outperform

1RAPS allows a non-randomized version, although with a more
conservative behavior and considerably larger prediction sets.
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Method Prediction set

ACP (D) bird, cat, deer, dog, frog, horse
ACP (O) plane, bird, cat, deer, dog, frog, horse
SCP plane, bird, cat, deer, dog, frog, horse
RAPS plane, bird, cat, deer, dog, frog, horse, truck
CV+ plane, auto, bird, cat, deer, dog, frog, horse

(a) Test image and prediction set (ε = 0.05)
(b) Prediction set size (ACP) (c) Prediction set size (all)

Figure 4: Prediction set for a fixed ε (4a), and prediction set size w.r.t. ε for ACP (4b) and comparing methods (4c). For each
method, ⋆ is the highest ε for which the prediction set includes the true label; higher is better. We also show the AUC in the
interval ε ∈ [0, 0.2]; lower is better.

all other methods; deleted is better than ordinary. ACP is
significantly more efficient than RAPS and CV+. SCP and
ACP (O) perform similarly on MNIST, but their difference
is remarked on CIFAR-10; this suggests that SCP is a cheap
effective alternative to ACP on relatively easier tasks. Ap-
pendix E.3 reports results for the rest of the models and for
the US Census, showing similar behavior.

Efficiency AUC. We use an ε-independent metric to aid
this comparison: the area under the curve (AUC) of the pre-
diction set size in the interval ε ∈ [0, 0.2]; a smaller AUC
means better efficiency. ACP (deleted or ordinary) prevails
on all methods, datasets, and model combinations (Table 1).
An exception is LR on US Census, where RAPS has a bet-
ter efficiency than ACP and SCP; simpler tasks and models
may be well served by the computationally efficient RAPS.
Welch one-sided tests (reject with p-value < 0.1) confirm
that both deleted and ordinary ACP are better than RAPS and
CV+; they further show that either deleted or ordinary ACP
are better than SCP on most tasks. We refer to Section 7 for
directions to improve ACP’s performance.

Validity. As a way of interpreting why ACP performed
better than the other methods, we measure their empirical

(a) MNIST (b) CIFAR-10

Figure 5: Average prediction set size as a function of the
significance level ε in MNIST (5a) and CIFAR-10 (5b) for
MLPC. Smaller prediction set size indicates better efficiency.

error rate with a fixed ε = 0.2. Indeed, whilst all methods
guarantee a probability of error of at most ε, a more conser-
vative (i.e., smaller) empirical error may correspond to larger
prediction sets. Table 2 shows the difference between the ex-
pected and the observed error rate on CIFAR-10 (i.e., ε− ε̂).
We observe that ACP achieves an error rate close to the sig-
nificance level in most cases; this indicates this method fully
exploits its error margin to optimize efficiency.2 SCP shows a

2Note a randomized version of full CP, called smooth CP, ensures
the error rate is exactly ε (instead of “at most ε”).

US Census

Model ACP (D) ACP (O) SCP RAPS CV+

MLPA .301 .281 .302† .318∗† .374∗†

MLPB .306 .304 .351∗† .351∗† .377∗†

MLPC .273 .275 .280 .299∗† .324∗†

LR .276 .276 .284∗† .183 .344∗†

MNIST

Model ACP (D) ACP (O) SCP RAPS CV+

MLPA .252 .253 .261 .299∗† .322∗†

MLPB .220 .230 .233 .266∗† .277∗†

MLPC .198 .231 .230∗ .258∗† .267∗†

LR .385 .386 .379 .438∗† .467∗†

CNN .175 .182 .237∗† .197∗† .199∗†

CIFAR-10

Model ACP (D) ACP (O) SCP RAPS CV+

MLPA 1.261 1.259 1.281∗† 1.311∗† 1.373∗†

MLPB 1.385 1.364 1.397† 1.416∗† 1.514∗†

MLPC 1.226 1.250 1.327∗† 1.377∗† 1.475∗†

LR 1.409 1.411 1.419 1.436∗† 1.476∗†

CNN .976 1.108 1.019 1.110∗ 1.467∗†

Table 1: Efficiency AUC (ε ∈ [0, 0.2]). The table indicates
that differences in the AUC are statistically significant as
compared to ACP (D) (∗) and ACP (O) (†).
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Model ACP (D) ACP (O) SCP RAPS CV+

MLPA 0.01 0.01 0 0.05 0.09
MLPB 0.02 0.03 0.04 0.05 0.13
MLPC −0.01 0 0.02 −0.03 0.09
LR 0 0.03 −0.01 0.02 0.04
CNN −0.01 0.01 −0.01 0.04 0.10

Table 2: Difference between the expected error (ε = 0.2)
and the empirical error rate on CIFAR-10. A positive value
indicates a conservative prediction set; a negative value is a
validity violation, which may be due to statistical fluctuation.

similar behavior. On the other hand, RAPS and CV+ are more
conservative and tend to commit fewer errors. This means
that RAPS and CV+ generate unnecessarily large prediction
sets that, despite including the true label on average, result in
lower efficiency. This behavior is consistent with analogous
experiments on the US Census and MNIST datasets.

P-values fuzziness. Average prediction set size is a coarse
criterion of efficiency: small variations in the algorithm may
lead to substantially different prediction sets. An alternative
efficiency criterion is fuzziness (Vovk et al. 2016), which
measures how p-values distribute in the label space. Of the
methods we considered, fuzziness can only be measured for
ACP and SCP (RAPS and CV+ do not produce p-values).
For every test point x, and computed p-values {p(x,ŷ)}ŷ∈Y ,
fuzziness is the sum of the p-values minus the largest p-value:∑

ŷ∈Y p(x,ŷ)−maxŷ∈Y p(x,ŷ); a small fuzziness is desirable.
In Table 3, we observe that ACP (D) has a consistently better
fuzziness than ACP (O) and SCP. We observe statistical sig-
nificance of the results for 3 models in MNIST, and 2 models
in CIFAR-10. Results for the US Census (Appendix D) are
similar. As previously observed in Table 1, SCP performs
better in logistic regression (MNIST); this makes it a good
alternative for simpler underlying models.

6 Related Work
Full CP (Vovk, Gammerman, and Shafer 2005) is notoriously
expensive. Many alternatives have been proposed. Arguably
the most prominent are SCP (Vovk, Gammerman, and Shafer
2005), CV+ (Romano, Sesia, and Candes 2020), RAPS (An-
gelopoulos et al. 2020), Cross-CP (Vovk 2015), aggregated

MNIST CIFAR-10

Model ACP (D) ACP (O) SCP ACP (D) ACP (O) SCP

MLPA .057 .059 .068∗ 1.796 1.832 1.849
MLPB .032 .041 .043∗ 1.967 2.050 2.132∗

MLPC .012 .040 .044∗ 1.728 1.843 1.878∗

LR .187 .189 .183 2.269 2.280 2.332
CNN .002 .002 .002 1.186 1.645 1.235

Table 3: Fuzziness of ACP and SCP on MNIST and CIFAR-
10. A smaller fuzziness corresponds to a higher efficiency.
The table indicates that differences are statistically significant
as compared to ACP (D) (∗) and ACP (O) (†).

CP (Carlsson, Eklund, and Norinder 2014), APS (Romano,
Sesia, and Candes 2020), and the jackknife (Miller 1974;
Efron 1979). We compared ACP with the former three. Un-
like full CP, all the above methods have weaker validity guar-
antees or they tend to attain less efficiency.

Cherubin, Chatzikokolakis, and Jaggi (2021) introduced
exact optimizations for full CP for classification. Their
method saves an order of magnitude in time complexity for
many models, but is alas only applicable to models supporting
incremental and decremental learning (e.g., k-NN). Crucially,
it is unlikely extendable to neural networks

The closest in spirit to our approach is the Discriminative
Jackknife (DJ) by Alaa and Van Der Schaar (2020), which
uses IF to approximate jackknife+ confidence intervals for
regression (Barber et al. 2021). We note several differences
between ACP and DJ, besides their different goals (classi-
fication vs regression). While DJ approximates LOO w.r.t.
the parameters, we introduce a direct approach to approxi-
mate the nonconformity scores in Equation 4. Whereas DJ
only does decremental learning, which allows them to exploit
Hessian-Vector-Products (Pearlmutter 1994), approximating
full CP requires us to do both incremental and decremental
learning (Algorithm 2). We also prove that our approximation
error decreases w.r.t. the size of the training set.

7 Conclusion and Future Work
Full CP is a statistically sound method for providing per-
formance guarantees on the outcomes of ML models. For
classification tasks, CP generates prediction sets which con-
tain the true label with a user-specified probability. Unfor-
tunately, full CP is impractical to run for more than a few
hundred training points. In this work, we develop ACP, a
computationally efficient method which approximates full
CP via influence functions; this strategy avoids the numerous
recalculations that full CP requires. We prove that ACP is
consistent: it approaches full CP as the training set grows.
Our experiments support the use of ACP in practice.

There are many directions to improve ACP. For example,
we assumed that the ERM solution is unique. While our
approximation works well in practice, it would be a fruitful
endeavour to relax this assumption; initial work towards this
was done for IF by Koh and Liang (2017). Another direction
is to build nonconformity scores on the studentized scheme, a
middle way between deleted and ordinary (Vovk et al. 2017).
Future work can also investigate when Condition 1 holds.

Finally, while we scale full CP to relatively large models,
computing and inverting the Hessian becomes very expen-
sive as the number of parameters increases. Recent tools to
approximate the Hessian, like the Kronecker-factored Ap-
proximate Curvature (K-FAC) method (Martens and Grosse
2015; Ba, Grosse, and Martens 2017; Tanaka et al. 2020),
might help further scale ACP to larger models like ResNets.

In conclusion, ACP helps scaling full CP to large datasets
and ML models, for which running full CP would be impracti-
cal. Although split-based approaches like SCP and RAPS are
less expensive to run, they do not attain the same efficiency
as ACP. This makes the adoption of our method particularly
appealing for critical real-world applications.
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