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Abstract
New information in the context of real life settings usually
is accompanied by some kind of supplementary information
that indicates context, reliability, or expertise of the informa-
tion’s source. Bounded Revision (BR) displays an iterated be-
lief revision mechanism that takes as input a new information
accompanied by a reference sentence acting as supplemen-
tary information, which specifies the depth with which the
new input shall be integrated in the posterior belief state. The
reference sentence specifies which worlds in the prior belief
state are affected by the change mechanism. We show that
Bounded Revision can be characterized by three simple, yet
elegant postulates and corresponds to a special case of a lexi-
cographic revision, which inherits all relevant features of BR.
Furthermore, we present methodological implementations of
BR including conditional revision with c-revisions, making it
directly usable for conditional revision tools.

Introduction
The vivid research area of iterated belief revision (Darwiche
and Pearl 1997) investigates in which manner an agent incor-
porates new information that may be inconsistent with their
current epistemic state represented via total preorders. Dur-
ing the revision inconsistencies are cleared out, yet meta-
information accompanying the new input, e.g. reliability, are
not taken into account. Extensive studies in psychology (see
e.g. (Wolf, Rieger, and Knauff 2012; Sparks and Rapp 2011;
Pornpitakpan 2004)) have shown that the rather naive ac-
ceptance of any kind of input information does not corre-
spond to the way individuals revise their beliefs in real life
settings. In fact, expertise, reliability, and other factors im-
pact the way we incorporate new information. We strongly
believe that realistic models of revision should provide the
necessary means to represent this kind of meta-information.

We present a real life example illustrating what we have
in mind. Anna knows that George Washington was the first
president of the United States and she is also aware of the
fact that all presidents of the US lived in the White House. In
Washington, she learns from a tour guide that George Wash-
ington never lived in the White House and that he served
as a president from 1789 to 1797. So, Anna needs to re-
vise her beliefs but will do so only as far as she still accepts
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that George Washington was an American president and she
trusts the tour guide’s statement about Washington’s term
of office as president. The example illustrates how supple-
mentary information affects the revision. In the course of
the revision, Anna should not give up her prior belief that
Washington was an US president. Also the input’s context,
e.g., the tour guide’s trustworthiness, is crucial for the revi-
sion and should determine the depth with which Anna trusts
his statement about Washington’s term of office.

There have been several approaches to belief revision
with input information that is accompanied by some kind
of supplementary information, see e.g. (Hunter 2021; Am-
mar and Ismail 2021; Sezgin and Kern-Isberner 2022), in-
dicating trust or reliance towards the input information. In
this paper, we present a revision method in a qualitative and
a semi-quantitative framework based on Bounded Revision
(BR) which was firstly introduced by (Rott 2012). BR takes
as input two pieces of information, an input sentence β and
a reference sentence α, thus displaying a two-dimensional
revision function, where the input sentence is accompanied
by some kind of meta-information. The reference sentence
α guides the revision process and the main goal of BR by β
w.r.t. α can be expressed as follows: Accept β in the poste-
rior entrenchment relation as far as α and just a little fur-
ther. Despite its intuitive strength the formal implementation
of BR remains unclear in (Rott 2012). Our investigations
provide new insights in which way α influences the poste-
rior belief state and how it acts as a bound for the acceptance
of β.

Our main contributions are as follows:

• We clarify the strategy underlying BR by β w.r.t. α and
summarize the worlds affected by the belief change by a
single formula

• We present a representation theorem implementing se-
mantic postulates that characterize the iterated belief
change of BR by β w.r.t. to the reference sentence α

• We show that BR corresponds to a special lexicographic
revision and thus implements a more fine-grained revi-
sion mechanism via supplementary information

• We define BR for the semi-quantitative framework
of ranking functions (Spohn 1988) and implement it
methodologically as a conditional revision making the
ensuing application of BR more explicit and therefore di-
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rectly usable for revision tools, like the one presented in
(Haldimann, Beierle, and Kern-Isberner 2021)

The outline of this paper is as follows. In Section , we define
basics of belief revision and fix our notation. Then, in Sec-
tion , we briefly recall the basics of BR from (Rott 2012). In
Section , we clarify the methodology of BR in the possible
worlds reading and define a specific formula that subsumes
the change implemented by BR and provides ground for a
representation theorem. Employing this formula, we show
that each BR corresponds to a lexicographic revision. Then,
we transfer our results to ranking functions, first by a direct
translation of the revision mechanism in Section and then
via a conditional revision employing c-revisions in Section .
We show that these implementations inherit all relevant fea-
tures of BR and make the operation more easily accessible.
In Section , we conclude. Most of the technical proofs of this
paper are omitted due to lack of space and can be found in
the technical appendix.

Formal and Semantic Basis of Belief Revision
In this section, after recalling some basics from proposi-
tional resp. conditional logic and fixing our notation, we
present qualitative and semi-quantitative frameworks of rep-
resenting beliefs for belief revision.

We denote by L a finitely generated, propositional lan-
guage built over a signature Σ, equipped with the standard
connectives and ∧, or ∨ and not ¬. We omit the logical and-
connector, writing αβ instead of α ∧ β, and overlining for-
mulas indicates negation, i.e., αmeans ¬α. As usual, α⇒ β
is equivalent to α∨β. We denote logical truths by> and con-
tradictions by⊥. By Ω we denote the set of all propositional
interpretations over Σ. We write ω |= α when a world ω
satisfies α, i.e., when ω is a model of α. By slight abuse of
notation, we use ω both for the model and the conjunction
of all corresponding literals. The set of all models of a for-
mula α is denoted by Mod(α). For γ, δ ∈ L, it holds that
γ |= δ iff Mod(γ) ⊆ Mod(δ). The deductively closed set
Th(W ) = {α ∈ L |ω |= α for all ω ∈ W} which has ex-
actly a subset W ⊆ Ω as models is called the formal theory
of W . Let (L|L) = {(β|α) | α, β ∈ L} be the conditional
language based on L. The conditional (β|α) expresses ‘If α,
then (plausibly) β’, and α is called the antecedent and β its
consequent. Moreover, (β|α) is a three-valued logical entity
(De Finetti 1975), with verification αβ, falsification αβ and
neutrality α.

In 1997, Darwiche and Pearl introduced postulates called
the DP-postulates for iterated belief revision. The semantic
constraints following from the DP-postulates are defined for
epistemic states Ψ equipped with total preorders on possible
worlds, s.t. each epistemic state Ψ has an associated, deduc-
tively closed belief set Bel(Ψ). There exists a wide vari-
ety of qualitative and semi-quantitative frameworks repre-
senting epistemic states each associated with different belief
revision operators. Epistemic entrenchment relations rep-
resent an inner ordering of an agent’s belief set, i.e., for
two sentences α, β ∈ L, the notation α 6E β stands for
’β is at least as epistemically entrenched as α’. Following
(Nayak 1994), we define an epistemic entrenchment rela-

tion 6E as a total preorder over L, that satisfies (E1) If
α 6E β and β 6E γ, then α 6E γ, (E2) If α |= β,
then α 6E β, (E3) α 6E α ∧ β or β 6E α ∧ β and
(E4) If α 6E β for all α ∈ L, then β ≡ >. Then 6E
extracts a belief set Bel(6E) = {α ∈ L |⊥ <E α} if
⊥ <E α for some formula α, otherwise Bel(6E) = L.
In contrast to epistemic entrenchment relations, total pre-
orders (TPOs) over possible worlds rank worlds according
to their closeness to a belief set, and therefore define an im-
plausibility ordering on possible worlds, s.t. for two worlds
ω, ω′ ∈ Ω, ω � ω′ means that ω is at least as plausible
as ω′. We denote for W ⊆ Ω by min(W,�) = {ω ∈
Ω | ω ∈ W and ω � ω′ for all ω′ ∈ Ω} the set of mini-
mal worlds in W w.r.t. �. The belief set of � is defined via
minimal worlds in Ω, s.t. Bel(�) = Th(min(Ω,�)) and a
formula α is accepted by a TPO, �|= α, if α is part of its
belief set, α ∈ Bel(�). We call such TPOs over possible
worlds plausibilistic TPOs. Each plausibilistic TPO on pos-
sible worlds � induces a plausibilistic relation on formulas
via: α � β iff min(Mod(α),�) � min(Mod(β),�).

Plausibilistic TPOs and epistemic entrenchment relations
are dual approaches to representing epistemic attitudes from
which beliefs, but also an agent’s preferences can be derived.
Both formalisms are fundamental to belief revision (Katsuno
and Mendelzon 1992; Gärdenfors and Makinson 1988). The
following proposition summarizes the relationship between
entrenchment relations and plausibility orderings.
Proposition 1 ((Peppas and Williams 1995)). For each epis-
temic entrenchment 6E ,

α � β iff α 6E β (1)

defines a plausibilistic TPO � s.t. Bel(6E) = Bel(�) and
vice versa.

Since each entrenchment relation 6E is uniquely defined
via the entrenchment classification of maximal disjunctions
over Σ on which L is built, applying (1) on these entrench-
ment classifications leads immediately to a plausibilistic
TPO � on possible worlds with the same belief set.

Now, we recall two commonly used iterated belief revi-
sion operators. Lexicographic revision displays an iterated
belief revision operator that takes as input a sentence γ and
is semantically defined on a plausibilistic TPOs as follows.
Definition 1 (Lexicographic Revision (Nayak, Pagnucco,
and Peppas 2003)). Let � be a plausibilistic TPO and
γ ∈ L. The lexicographic revision � ∗`γ =�`γ of � by
γ satisfies
(L1) If ω, ω′ |= γ, then ω �`γ ω′ iff ω � ω′

(L2) If ω, ω′ 6|= γ, then ω �`γ ω′ iff ω � ω′

(L3) If ω |= γ and ω′ 6|= γ, then ω ≺`γ ω′

C-revisions, introduced in 2001 by Kern-Isberner, dis-
play an iterated belief revision operator for conditional in-
formation. C-revisions employ the semi-quantitative frame-
work of ranking functions resp. ordinal conditional func-
tions (OCFs) (Spohn 1988) κ : Ω→ N∞0 , with κ−1(0) 6= ∅,
which substantiate plausibilistic TPOs via assigning to each
world ω an implausibility rank κ(ω). The higher κ(ω) the
less plausible ω is, and κ−1(0) 6= ∅ ensures that worlds
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with maximal plausibility have rank zero. The belief set
Bel(κ) = Th(κ−1(0)) is defined via worlds with mini-
mal ranks. It holds that κ(α) := min{κ(ω) | ω |= α} and
κ |= α if κ(α) > 0 holds. A conditional (β|α) is accepted,
κ |= (β|α), if κ(αβ) < κ(αβ). It is easy to see that each
ranking function corresponds to a plausibilistic TPO �κ via
the following equivalence

ω �κ ω′ iff κ(ω) 6 κ(ω′) for all ω, ω′ ∈ Ω. (2)

C-revisions with a single conditional are defined as follows:
Definition 2 (C-revision (Kern-Isberner 2001)). Let κ be an
OCF and (δ|γ) ∈ (L|L). The c-revision κc = κ ∗c (δ|γ) is
defined as follows:

κc(ω) = −κ(δ ∨ γ) + κ(ω) +

{
ν−, for ω |= γδ

0 else
, (3)

s.t. the non-negative impact factor ν− satisfies

ν− > κ(γδ)− κ(γδ). (4)

−κ(δ ∨ γ) ensures that κc is a well-defined OCF, s.t.
κc(0)−1 6= ∅ (Kern-Isberner 2004). The impact factor ν−
is defined via the inequality in (4) and it ensures that κc |=
(δ|γ). Since we do not have interactions with other condi-
tionals to be adopted, it is straightforward to single out a
unique, non-negative impact factor

ν− = max{0, κ(γδ)− κ(γδ) + 1}. (5)

A c-revision with ν− as defined in (5) is called the minimal
c-revision with (γ|δ). Since c-revisions rely on numerical
ranks given by OCFs they are predestined for implemen-
tation. A high-level implementation using Abstract State
Machines (Börger and Stärk 2003) and providing the core
functionality of a series of belief change operations is pre-
sented in (Beierle, Kern-Isberner, and Koch 2008; Beierle
and Kern-Isberner 2008). The Java-based implementation of
belief change operations given in (Haldimann, Beierle, and
Kern-Isberner 2021) also provides an implementation of c-
revision because c-revision can be viewed as a special case
of conditional descriptor revision (Hansson 2014).

Basics of Bounded Revision
In this section, we state the basic methodology and proper-
ties of BR in the framework of epistemic entrenchment rela-
tions as it was presented in (Rott 2012). BR displays an iter-
ated belief revision mechanism that takes as input not only
a classical input sentence β but also a reference sentence α.
The reference sentence α acts as supplementary information
for the revision and marks the depth with which the new be-
lief is to be anchored in the posterior entrenchment relation.
Definition 3 ((Rott 2012)). Let 6E be an entrenchment re-
lation and α, β ∈ L. The Bounded Revision by β w.r.t. α of
an entrenchment relation 6E ∗αβ =6∗E is defined as follows

γ 6∗E δ iff{
(β ⇒ γ) 6E (β ⇒ δ), if β ⇒(γ ∧ δ)6E(β ⇒ α)

γ 6E δ, otherwise
(6)

for any arbitrary sentences γ, δ ∈ L.

The informal goal of BR can be partly formalized as the
following success condition for BR:

(BR)E β is strictly more entrenched than α: α <∗E β

Note that, from Definition 3 and (BR)E it remains unclear
how much more plausible the input β shall be in the poste-
rior ordering, i.e., what ‘Accept β as far as α and just a little
further’ Furthermore, it holds that 6∗E is a well-defined en-
trenchment relation and the BR operator ∗αβ satisfies the
DP-postulates for iterated belief revision with β regardless
of the choice of α (Rott 2012). Also, it holds that the re-
sulting belief set Bel(6∗E) is insensitive to the choice of the
reference sentence α Rott calls this property the Same Be-
liefs Condition (SBC)E .

(SBC)E Bel(6E ∗αβ) = Bel(6E ∗γβ) for any α, γ ∈ L
BR implements the idea that α does not define whether β
will be accepted or not, but only how firmly it will be en-
trenched in the posterior state. Note that, since BR displays
above all an iterated belief revision with β, the standard suc-
cess condition β ∈ Bel(6∗E) holds.

Bounded Revision for Plausibilistic TPOs via
Lexicographic Revision

The constraints in (6), defining BR for epistemic entrench-
ment relations, can be transferred to constraints for plausi-
bilistic TPOs via (1). For γ and δ, we take maximal disjunc-
tions, then their negations γ and δ are maximal conjunctions,
which correspond to possible worlds ω and ω′ in the set Ω.

Definition 4. Let � be a plausibilistic TPO and α, β ∈ L.
The Bounded Revision by β w.r.t. α of a plausibilistic TPO,
�∗α,β=�∗αβ, is defined as follows

ω �∗α,β ω′ iff
{
βω � βω′, if β ∧ (ω ∨ ω′) � αβ
ω � ω′, otherwise

(7)

Again, via applying (1), we transfer the success condition
for BR (BR)E and the Same Beliefs Condition (SBC)E to
the framework of plausibilistic TPOs.

(BR)� α is strictly more plausible than β: α ≺∗α,β β
(SBC)� Bel(�∗αβ) = Bel(� ∗γβ) for any α, γ ∈ L
Since (7) is an equivalent reformulation of Definition 3, it is
obvious that (BR)� and (SBC)� hold for each BR revised
TPO �∗α,β defined by (7). Also, �∗α,β |= β holds, i.e., �∗α,β
displays a revision with β.

The following proposition fully integrates BR by β w.r.t.
α in the possible worlds reading.

Proposition 2. For BR �∗α,β by β w.r.t. α, it holds that (7)
is equivalent to the following constraints:

ω �∗α,β ω′ iff



ω � ω′, if
(
ω, ω′ |= β and ω, ω′ � αβ

)
or
(
ω, ω′ |= β

)
or
(
ω, ω′ |= β and αβ ≺ ω, ω′

)
>, if ω |= β, ω � αβ and(

ω′ |= β or ω′ |= β, αβ ≺ ω′
) (8)
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In (8), we employ exclusive cases which lead to more
comprehensible constraints for BR. The first case in (8) im-
plies that the relations among β-worlds, that are more plau-
sible than αβ are kept and also the relations among worlds
in the remaining set of Ω are kept. BR by β w.r.t. α affects
the relations in between these exclusive sets and promotes
β-worlds that are more plausible than αβ. In a BR revised
state these worlds are strictly more plausible than the rest of
Ω which follows from the second case in (8). The strictness
of the relation follows from the fact that we cannot swap ω
and ω′ in the inequality. Thus, we can derive from (8) that
worlds ω |= β, s.t. ω � αβ are at the center of the iterated
belief change implemented by BR by β w.r.t. α. We summa-
rize them by a unique formula.

Definition 5 (Core of Bounded Revision). For a plausibilis-
tic TPO � and a BR operator ∗αβ, we define the core of
Bounded Revision by β w.r.t. α as the formula

ϕα,β = β ∧ (
∨
ω�αβ

ω).

We call the set of possible worlds satisfying ϕα,β the core
set of Bounded Revision and notate Cα,β = Mod(ϕα,β) =
{ω ∈ Ω |ω ∈Mod(β), ω � αβ} .

The formula ϕα,β specifies via the reference sentence α,
which β-worlds are sufficiently plausible to be promoted by
BR by β w.r.t. α, i.e., to which extent the plausibility of β
shall be increased relatively to the remaining worlds depend-
ing on the plausibility of α. Thus, the idea to ”accept the
input sentence as far as the reference sentence and just a lit-
tle further”, expressed in (Rott 2012), is substantiated by the
formula ϕα,β which places it at the core of BR. We state the
following representation theorem, which proves that ϕα,β
displays the right choice to characterize the change mecha-
nism of BR by β w.r.t. α.

Theorem 1 (Representation Theorem for BR). Let ∗αβ be
a BR operator by β w.r.t. α. Let � be a plausibilistic TPO
and � ∗αβ =�∗α,β be the corresponding BR revised plau-
sibilistic TPO. Then � and �∗α,β satisfy (8) iff � and �∗α,β
satisfy:

(BR1) If ω, ω′ |= ϕα,β , then ω � ω′ iff ω �∗α,β ω′

(BR2) If ω, ω′ 6|= ϕα,β , then ω � ω′ iff ω �∗α,β ω′

(BR3) If ω |= ϕα,β and ω′ 6|= ϕα,β then ω ≺∗α,β ω′

Proof. ⇒: Assume that � and �∗α,β satisfy (8).

(BR1): If ω, ω′ |= ϕα,β , then ω, ω |= β and ω, ω′ � αβ
and therefore the first alternative in the first case of (8)
applies, i.e., ω � ω′ iff ω �∗α,β ω′, and (BR1) holds.

(BR2): If ω, ω′ 6|= ϕα,β , then ω, ω 6|= β or αβ ≺ ω, ω′.
Note that the two alternatives are not disjunct, since some
of the β-worlds are less plausible than αβ. We exclude
these doubly named worlds and obtain the following ex-
clusive formulation: ω, ω′ |= β or (ω, ω′ |= β and
αβ ≺ ω, ω′). This corresponds to the second or third
alternative in the first case of (8). Thus, ω � ω′ iff
ω �∗α,β ω′, and (BR2) holds.

�:

abcd

abcd abcd

abcd abcd

abcd abcd

abcd

Ω̄

im
plausibility

(a) Plausibilistic TPO �

� ∗ab:

abcd

abcd

abcd abcd

abcd

abcd abcd

abcd

Ω̄

im
plausibility

(b) BR revised TPO � ∗ab

Figure 1: BR by a w.r.t. b

(BR3): If ω |= ϕα,β and ω′ 6|= ϕα,β , then it holds that
ω |= β and ω � αβ, and for ω′, it holds that either
ω′ |= β or αβ ≺ ω′. As for (BR2), we exclude the doubly
named worlds in β and assume that ω′ |= β or (ω′ |= β
and αβ ≺ ω′). Then the conditions of the second case of
(8) are satisfied and, we can conclude that ω �∗α,β ω′ but
not ω′ �∗α,β ω, i.e. (BR3) holds.

⇐: Assume that � and �∗α,β satisfy (BR1) – (BR3).

1. Assume that ω, ω′ |= β and ω, ω′ � αβ, i.e. the first con-
dition in the first case of (8) holds. Then ω, ω′ |= ϕα,β ,
i.e. we can conclude from (BR1), that ω � ω′ iff ω �∗α,β
ω′ holds.

2. Assume that ω, ω′ |= β, i.e. the second condition in the
first case of (8) holds. Then ω, ω′ 6|= ϕα,β , i.e. we can
conclude from (BR2), that ω � ω′ iff ω �∗α,β ω′ holds.

3. Assume that ω, ω′ |= β and αβ ≺ ω, ω′, i.e. the third
condition in the first case of (8) holds. Then ω, ω′ 6|=
ϕα,β , i.e. we can conclude from (BR2), that ω � ω′ iff
ω �∗α,β ω′ holds.

4. Assume that ω |= β, ω � αβ and ω′ |= β or ω′ |=
β, αβ ≺ ω′, i.e. the second case of (8) applies. Then
ω |= ϕα,β and ω′ 6|= ϕα,β and we can conclude from
(BR3) that ω ≺∗α,β ω′ holds, which implies that ω �∗α,β
ω′ holds.

The following proposition summarizes the characteristics
of BR defined via (BR1) – (BR3).

Proposition 3. For a plausibilistic TPO� and BR operator
by β w.r.t. α, s.t. (BR1) – (BR3) hold for �∗αβ =�∗α,β , the
following statements hold:

1. β ∈ Bel(�∗α,β) = Th(min(Mod(β),�))

2. α ≺∗α,β β, i.e., (BR)� holds
3. Bel(�∗αβ)=Bel(� ∗γβ) for γ ∈ L, so, (SBC)� holds

In the following example, we illustrate the versatile char-
acter of BR which depends on the interplay of input and
reference sentence.
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� ∗bc:

abcd

abcd abcd

abcd abcd

abcd abcd

abcd

Ω̄

im
plausibility

(a) BR revised TPO � ∗bc

� ∗ad:

abcd

abcd

abcd

abcd abcd

abcd abcd

abcd

Ω̄

im
plausibility

(b) BR revised TPO � ∗ad

Figure 2: BR by c resp. d w.r.t. b resp. a

Example 1. In Figure 1a) a plausibilistic TPO � with sig-
nature Σ = {a, b, c, d} is given, where Ω̄ denotes all re-
maining worlds on the same level of plausibility, which are
not shown explicitly. We perform three different BR opera-
tions in Figures 1b), 2a) and 2b) to illustrate the strength
and special features of BR. In Figure 1b) the BR � ∗ab with
input β = b and reference sentence α = a is depicted. It
holds that Ca,b = {abcd} and obviously�∗a,b|= b and (BR)�
hold. Note that, BR yields the same belief set of the posterior
TPO for a different reference sentence, like, e.g. α = a due
to (SBC)�. In Figure 2a), the outcome of � ∗bc with ref-
erence sentence α = b and input β = c is illustrated. BR
does not change the prior ordering since (BR1) – (BR3) are
already satisfied. This example shows that the change imple-
mented by BR is vacuous under the condition that all worlds
in Cα,β are already more plausible than worlds outside of it
in the prior ordering. Otherwise, (BR1) – (BR3) imply the
strengthening of the β-belief as can be seen in Figure 2b),
where BR is performed with input β = d and reference sen-
tence α = a. Here, the input sentence d gets promoted via
BR, even though it is already believed in the prior ordering.
Note that this promotion of the input belief depends on the
choice of the reference sentence, because the reference sen-
tence specifies how much more plausible the input shall be
in the posterior ordering.

In general, for BR by β w.r.t. α the reference sentence is
used to specify the distance between β- and β-worlds, since
it is crucial for ϕα,β and thus defines how much more plau-
sible the input β shall be in the posterior ordering �∗α,β . In
general, it holds that αβ ≈∗α,β α ≺∗α,β β due to the defi-
nition of ϕα,β and (BR)�. Yet, BR does not guarantee that
(BR)� is satisfied in the slightest possible way, i.e., it is pos-
sible that there exists a world ω s.t. α ≺∗α,β ω ≺∗α,β β as the
following example shows.
Example 2. Let ab ≺ ab ≺ ab ≺ ab be a plausibilistic
TPO over Σ = {a, b}. For BR with reference α = a and
input sentence β = b, it holds that Ca,b = {ab} and thus,
the constraints (BR1) – (BR3) hold and BR does not change
the prior ordering. Note that, (BR)� is satisfied, but for the
posterior ordering it holds that a ≺∗α,β ab ≺∗α,β b

In Theorem 1 constraints (BR1) – (BR3) are given which
characterize BR by β w.r.t. α. If we compare these con-

straints to (L1) – (L3) from Definition 1, i.e., the seman-
tic constraints defining a lexicographic revision with a state-
ment γ, we notice that the revision mechanisms are related to
each other. The following theorem proves that BR by β w.r.t.
α displays a lexicographic revision with the corresponding
core of BR.
Theorem 2. Let � be a plausibilistic TPO, ∗αβ be a BR
operator by β w.r.t. α and ∗` be a lexicographic revision
operator. For�∗αβ and� ∗`ϕα,β with ϕα,β being the core
of BR by β w.r.t. α, it holds that

ω (�∗αβ) ω′ iff ω (� ∗`ϕα,β) ω′.

Theorem 2 states that BR by β w.r.t. α corresponds to a
lexicographic revision by ϕα,β . Thus, we encode the sup-
plementary information given in the reference sentence α
from the meta-level to the more clearly defined and directly
usable object level via ϕα,β . Hence, lexicographic revision
with ϕα,β can be seen as a reduction of BR by β w.r.t. α
to the framework of lexicographic revisions, which makes
it directly usable for lexicographic revision solvers (see for
e.g. (Amor et al. 2018)). Moreover, in contrast to a stan-
dard lexicographic revision with β, where (L3) forces quite
rough changes on the prior ordering by making all β-worlds
more plausible than β-worlds, BR implements a more fine-
grained revision with input β. The incorporation of α leads
to the corresponding revision with ϕα,β , where α marks to
which plausibility level worlds in Mod(β) are promoted in
the posterior TPO. This supports the idea that α serves as an
indicator for the reliability of β.

Realizing Bounded Revision for OCFs
In this section, we present a realization of BR in the frame-
work of ranking functions via a straightforward implemen-
tation of BR by β w.r.t. α for ranking functions κ ∗α β. And,
we show that the corresponding plausibilistic TPO satisfies
the representation theorem stated in the previous section.

The following formulation of BR for ranking functions
makes the mechanism of BR more explicit.
Definition 6. Let κ be a ranking function. We define
Bounded Revision by β w.r.t. α for ranking functions κ∗α
β = κ∗α,β as follows:

κ∗α,β(ω) = κ0 +

{
κ(ω) + κ(αβ) + 1, ω 6|= ϕα,β
κ(ω), otherwise

(9)

with κ0 = −κ(β) as a normalization constant.
In general, for the normalization constant κ0 in (9) it holds

that κ0 = −min{minω|=ϕα,β{κ(ω)},minω′ 6|=ϕα,β{κ(ω′)+
κ(αβ) + 1}}. Since for ω |= ϕα,β it holds that κ(ω) 6
κ(αβ) and ω |= β. We get that κ0 = −κ(ϕα,β) = −κ(β),
since all minimal worlds satisfying ϕα,β are also minimal
worlds satisfying β and thus, κ∗α,β is well-defined. The fol-
lowing theorem shows that κ∗α,β satisfies (BR1) – (BR3) and
therefore displays a variant of a simple, yet elegant imple-
mentation of BR for ranking functions.
Theorem 3. Let κ be a ranking function and κ∗α β = κ∗α,β
as defined in (9). Then (BR1) – (BR3) hold for the corre-
sponding plausibilistic TPOs �κ and �κ∗α,β .
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Note that, BR by β w.r.t. α for ranking functions as de-
fined in (9) is a variant of a realization of BR for OCFs. Due
to the use of numerical ranks, other realizations are possible.
Like, e.g., variants that implement a greater stretch between
worlds ω |= ϕα,β and ω′ 6|= ϕα,β by adding a constant num-
ber higher than 1 to worlds ω 6|= ϕα,β in (9). Yet, all variants
correspond to the same TPO, since the addition of a constant
number greater than 1 solely adds empty layers to κ∗α,β .

From Proposition 3 and Theorem 3 it follows that,
κ∗α,β(α) < κ∗α,β(β) and Bel(κ∗α β) = Bel(κ ∗γ β) for
α, γ ∈ L hold, i.e., (BR)� and (SBC)� reformulated via (2)
for ranking functions are satisfied.

Bounded Revision via Conditional C-revision
In this section, we realize BR for OCFs from (9) via
a conditional revision of ranking functions with a single
conditional. This makes BR directly usable for existing
frameworks of belief revision which are capable to revise
with conditional information, such as the one presented in
(Haldimann, Beierle, and Kern-Isberner 2021).

We have seen so far, that BR yields a posterior ordering
by shifting worlds outside the core set of BR to plausibil-
ity levels strictly higher than the ones where worlds inside
the core set reside. Now, we will show that this shift can be
expressed by the following conditional which uses the core
formula ϕα,β corresponding to a BR by β w.r.t. α:

Φα,β = (ϕα,β |ϕα,β ∨ (αβ))

We call Φα,β the core conditional of BR by β w.r.t. α and
yield the corresponding verification resp. falsification for-
mulas as follows

(ϕα,β ∨ (αβ)) ∧ (ϕα,β) ≡ ϕα,β ∧ αβ

≡ αβ ∧ (
∨
ω�αβ

ω) (10)

(ϕα,β ∨ (αβ)) ∧ (ϕα,β) ≡ ϕα,β (11)

Equation (10) corresponds to the verification of Φα,β and
(11) to its falsification.

The minimal c-revision κ ∗c Φα,β = κcα,β according to
Definition 2 is obtained by employing (10) and (11) in the
definition of the minimal, non-negative impact factors in (5).
Note that, since the plausibility of αβ is defined via minimal
models, it holds that only these minimal models satisfy αβ
and ω � αβ in (10) at the same time. And therefore the OCF
ranking of (10) equals κ(αβ). We get the following compact
definition of the impact factor for Φα,β :

ν−Φ = max{0, κ(αβ)− κ(ϕα,β) + 1} (12)

And we get the following c-revision

κcα,β =− κ((ϕα,β ∧ (α⇒ β)) ∨ ϕα,β) + κ(ω)

+

{
ν−Φ , for ω |= ϕα,β
0, else

=− κ(β) + κ(ω) +

{
ν−Φ , for ω 6|= ϕα,β
0, else

(13)

For the normalization constant it holds that (ϕα,β ∧ (α ⇒
β)) ∨ ϕα,β ≡ ϕα,β . And, as before for (9), it holds for all
minimal worlds satisfying ϕα,β that they are also minimal
worlds satisfying β. Thus, we get that −κ(ϕα,β) = −κ(β)
for the normalization constant in (13) and κ ∗c Φα,β is well-
defined. The non-negative impact factor ν−Φ specifies the
plausibility stretch between the input and the reference sen-
tence in the revised state. This is crucial to reduce the meta-
level revision with a supplementary information in (9) to the
object level encoded as the c-revision with a single condi-
tional, which captures all relevant features of BR as the fol-
lowing theorem shows.
Theorem 4. Let κ be a ranking function. For the minimal
c-revision κ ∗c Φα,β = κcα,β as defined in (13) and κ∗α β =
κ∗α,β from (9), it holds that the corresponding plausibilistic
TPOs �κcα,β and �κ∗α,β are the same, i.e.,

ω �κcα,β ω
′ iff ω �κ∗α,β ω

′.

Proof. We show that TPO �κcα,β corresponding to the c-
revision κcα,β satisfies (BR1) – (BR3) from Theorem 1.
Since (BR1) – (BR3) define a unique TPO and �κ∗α,β , i.e.,
the TPO corresponding to κ∗α,β , also satisfies (BR1) – (BR3)
as we have shown in Theorem 3, we can immediately con-
clude that �κcα,β=�κ∗α,β holds.

(BR1): Let ω, ω′ |= ϕα,β . Then both worlds do not falsify
Φα,β , thus their ranks do not change during the c-revision
with Φα,β . We get that κcα,β(ω) = κ0 + κ(ω) 6 κ0 +

κ(ω′) = κcα,β(ω′) iff κ(ω) 6 κ(ω′) and therefore, (BR1)
follows for �κ resp. �κ∗α,β via (2).

(BR2): Let ω, ω′ 6|= ϕα,β . Then ω, ω′ |= ϕα,β holds and
both worlds falsify Φα,β . For the c-revision with Φα,β
and the corresponding impact factor ν−Φ as defined in
(12), we get that κcα,β(ω) = κ0 + κ(ω) + ν−Φ 6 κ0 +

κ(ω′) + ν−Φ = κcα,β(ω′) iff κ(ω) 6 κ(ω′), since ν−Φ is
a constant. Thus, (BR2) follows for �κ resp. �κ∗α,β via
(2).

(BR3): Let ω |= ϕα,β and ω′ 6|= ϕα,β , then it holds that ω
does not falsify Φα,β , while ω′ does and therefore, we get
that κcα,β(ω) = κ0 +κ(ω) and κcα,β(ω′) = κ0 +κ(ω′) +

ν−Φ holds, with ν−Φ = max{0, κ(αβ)− κ(ϕα,β) + 1} as
in (12). The following statements hold for each ranking
function κ and will be useful in the course of this proof.

κ(ϕα,β) = κ(
∨

ω̃ 6|=ϕα,β

ω̃) = min
ω̃ 6|=ϕα,β

{κ(ω̃)}. (14)

For ω |= ϕα,β , it holds that κ(ω) 6 κ(αβ). (15)

The first statement follows from ϕα,β ≡
∨
ω̃ 6|=ϕα,β ω̃ and

the properties of ranking functions. The second one holds
since ω ∈ Cα,β .
Now, we show (BR3) for the different forms of the im-
pact factor ν−Φ .
1. Assume that ν−Φ = 0, then it holds that κ(αβ) −
κ(ϕα,β) + 1 6 0, s.t., κ(αβ) + 1 6 κ(ϕα,β) and there-
fore (∗) κ(αβ) < κ(ϕα,β) holds. Together with (15), (∗)
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ω ∈ Ω κ κ∗a,b κca,b κ∗b,c κcb,c κ∗
a,d

κ∗
a,d

abcd 0 1 1 0 0 0 0
abcd 1 2 2 2 1 3 2
abcd 1 2 2 2 1 1 1
abcd 2 0 0 3 2 4 3
abcd 2 3 3 3 2 4 3
abcd 3 4 4 4 3 5 4
abcd 3 4 4 4 3 5 4
abcd 4 5 5 5 4 6 5

Ω̄ 5 6 6 6 5 7 6

Table 1: Prior κ and the BR revised κ∗ resp. c-revised κcα,β .

and (14), we get that κ(ω) 6 κ(αβ) < κ(ϕα,β) 6 κ(ω′)
holds. Thus, κcα,β(ω) = κ0 + κ(ω) < κ0 + κ(ω′) =

κcα,β(ω′) holds.
2. Assume that ν−Φ = κ(αβ) − κ(ϕα,β) + 1. Then, it
follows from (14) that (∗∗) 0 6 κ(ω′) − κ(ϕα,β) <
κ(ω′)− κ(ϕα,β) + 1 holds. Together with (15) and (∗∗),
it holds that κcα,β(ω) = κ0 + κ(ω) 6 κ0 + κ(αβ) <

κ0 + κ(αβ) + κ(ω′) − κ(ϕα,β) + 1 = κcα,β(ω′). All in
all, (BR3) follows for �κ resp. �κ∗α,β via (2).

The theorem shows that the core conditional encodes the
specific decrease of plausibility for all worlds ω 6|= ϕα,β in a
single, easily accessible logical entity, rather than introduc-
ing a meta-level to the revision operator itself as it is the case
for standard BR operators. Thus, we have shown that the
supplementary information provided by the reference sen-
tence in BR can be incorporated naturally to the object level
of an existing revision operator. Since �κ∗α,β satisfies (BR1)
– (BR3), it follows immediately from Theorem 4 that �κcα,β
also satisfies (BR1) – (BR3).

Yet, the ranking functions κ∗α,β from (9) and κcα,β in (13)
are not identical. This is due to special features of κ∗α,β vs.
κcα,β , which we illustrate via the following example. But
first, we transfer the prior TPO � from Example 1 in Fig-
ure 1a) to a ranking function by assigning each layer of � a
plausibility rank starting with zero for the lowermost layer.

Example 3. In Table 1 the prior ranking function κ which
corresponds to � from Example 1 is depicted. Alongside,
with the two ranking functions κ∗α,β = κ ∗α β resp. κcα,β =
κ ∗ Φα,β for each corresponding BR.

For the first BR by β = b w.r.t. α = a, it holds that
κ∗a,b(ω) = κca,b(ω), i.e., BR for OCFs as defined in Def-
inition 6 and the c-revision with the corresponding condi-
tional yield the same result. For the next BR with reference
α = b and input sentence β = c, it holds that c ∈ Bel(κ)
and Cb,c = {abcd}. So, the input is already accepted in
the prior ranking function and (BR3) is satisfied. Here, BR
for OCFs κ∗b,c strengthens the input c via introducing an
empty layer, s.t., κ∗b,c(c) = 0 < 2 = κ∗b,c(c), instead of

κ(c) = 0 < 1 = κ(c) as before. In contrast, c-revisions as
in κcb,c employ minimal change since (BR3) is already sat-
isfied, and therefore the prior ranking function is kept. For
the next BR with α = a and β = d, κ accepts the input d,
but (BR3) is not satisfied, since Ca,d = {abcd, abcd} and
κ(abcd) = κ(abcd) holds. Again, the change implemented
by κc

a,d
is minimal, in the sense that the ranks of all worlds

outside the core set are increased by exactly the stretch
needed to satisfy (BR3), namely κ(ad) − κ(ϕa,d) + 1 = 1.
BR for OCFs κ∗

a,d
leads to a strengthening of the input d,

while satisfying (BR1) – (BR3). Note that, it holds for all
BR revised and c-revised ranking functions, that their cor-
responding plausibilistic TPOs coincide with the BR revised
TPOs from Figures 1b), 2a) and 2b).

The example shows that c-revisions do not change the
prior ordering when it is not necessary. This corresponds to
a minimal implementation of (BR1) and (BR2), in the sense
that the specific ranks of worlds in and outside the core set
of BR are kept as long as Φα,β holds. On the other hand, BR
for OCFs can also be used to strengthen the input beliefs by
decreasing the plausibility level of worlds outside the core,
even though the input is already accepted. Note that BR in
general increases the number of layers in the posterior or-
dering, making the belief state more fine-grained.

Conclusion

BR displays a versatile iterated belief revision operator with
dual input information β and a reference sentence α. A
unique feature of BR is that α determines to which extent
β is accepted by the agent and thus guides the revision pro-
cess. In this paper, we have elaborated the intuitive strengths
of BR and provided a representation theorem in Section ,
which clarifies the methodology of BR in an elegant way and
clearly indicates its connection to lexicographic revision.
We have shown that BR by β w.r.t. α can be implemented
as a lexicographic revision by the corresponding core for-
mula ϕα,β , which reduces the supplementary information in
α from the meta-level to the object level. The translations
into the framework of ranking functions paves the way to
the implementation of interesting operators capable of deal-
ing with two-dimensional belief change operators and it in-
tegrates BR into an existing framework of conditional re-
vision operators. Now, BR can be implemented as a condi-
tional revision by the core conditional Φα,β for OCFs.

Summarizing, we have made BR fully usable and im-
plementable as an iterated revision operator for TPOs and
OCFs, elaborating in these frameworks clearly its underly-
ing methodology. This provides immediately revision oper-
ators that allow for taking supplementary information in the
form of a reference sentence also for TPOs and OCFs. As
part of our ongoing and future work, we will use the insights
into BR gained from this paper for elaborating its relations
to other iterated revision operators such as natural revision
(Boutilier 1996) more deeply.
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