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Abstract

Given a connected graph on whose edges we can build roads
to connect the nodes, a number of agents hold possibly differ-
ent perspectives on which edges should be selected by assign-
ing different edge weights. Our task is to build a minimum
number of roads so that every agent has a spanning tree in the
built subgraph whose weight is the same as a minimum span-
ning tree in the original graph. We first show that this problem
is NP-hard and does not admit better than ((1 — o(1)) In k)-
approximation polynomial-time algorithms unless P = NP,
where k is the number of agents. We then give a simple vot-
ing algorithm with an optimal approximation ratio. Moreover,
our algorithm only needs to access the agents’ rankings on the
edges. Finally, we extend our results to submodular objective
functions and Matroid rank constraints.

1 Introduction

Minimum spanning tree (MST) is one of the most funda-
mental problems in graph theory, whose objective is to find
a subgraph in a given graph to span all the nodes with min-
imum total weight. It finds wide applications in computer
science, among which a typical scenario is network con-
struction, such as fiber optic network design (Bachhiesl et al.
2002), highway system design (Ahuja, Magnanti, and Orlin
1993), FIR filter implementation (Ohlsson, Gustafsson, and
Wanhammar 2004), and so on. The problem becomes trick-
ier when the system interacts with multiple heterogeneous
entities who hold possibly different perspectives on measur-
ing the weights of the edges in the graph. For example, when
a government is planning the traffic in a city, many bureaus,
such as water resources, communications, construction, fi-
nance, and information industry, are involved, but they may
have different concerns and thus hold different opinions on
which roads should be built. Since there may not exist one
MST that satisfies all bureaus, we focus on the minimum
cost maximum social welfare problem by building the min-
imum number of roads so that all bureaus are satisfied. For-
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mally, we are interested in the following optimization prob-
lem: Given a graph where different agents may have differ-
ent weight functions on the edges, how can we select a mini-
mum number of edges so that the induced subgraph contains
at least one MST of the original graph for every agent.

Our problem is closely related to the multiple objec-
tive minimum spanning tree (MOST) problem, whose goal
is to select a spanning tree 7' in the graph to minimize
(1(T),...,9x(T)), where each g;(-) represents a differ-
ent weight function. Various multi-dimensional optimality
concepts have been investigated in the literature (Hassin
and Levin 2004; Hong, Chung, and Park 2004; Majumder
et al. 2022; Ruzika and Hamacher 2009), among which two
of the most popular ones are min-sum (Correia, Paquete,
and Figueira 2021; Fernandes et al. 2019) and min-max
(Darmann, Klamler, and Pferschy 2009; Escoffier, Gourves,
and Monnot 2013), i.e., finding a spanning tree 7' to min-
imize »_, ¢4y 9:(T) or max;epy) gi(T). Although comput-
ing a minimum spanning tree in the single-objective setting
is polynomial-time solvable, it appears to be NP-hard for
both multi-dimensional optimality concepts. Similar prob-
lems are also studied in computation social choice, where
the objective is to find one spanning tree such that the sat-
isfaction of the least satisfied agent gets maximized under
different “satisfaction” notions (Darmann 2016; Darmann,
Klamler, and Pferschy 2009; Escoffier, Gourves, and Mon-
not 2013; Gourves, Monnot, and Tlilane 2015). The key dif-
ference between the existing research and our work is that
we are not targeting a spanning tree; instead, we are allowed
to select a spanning subgraph and aim to please all agents
with a minimum number of edges.

Regardless of which multi-dimensional optimality con-
cept is adopted, targeting a spanning tree may lead to ex-
tremely bad situations for some agents. We show an ex-
ample in Fig. 1, where oo denotes a large constant. There
are two agents. The unique MST of agent 1 and agent
2 is {(a,b),(a,c),(c,d)} and {(a,bd),(a,d),(c,d)}, re-
spectively. If we restrict any feasible solution to be a
spanning tree, no matter which spanning tree we select,
there will always be half of the agents that dislike it very
much. For example, the selected spanning tree is 7'
{(a,b),(a,d),(c,d)} in the figure. Then agent 1 is de-
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Figure 1: An illustration of the satisfiability issue when the
solution is restricted to a spanning tree.

pressed as her valuation of the selected spanning tree is oo,
much larger than her original MST’s value 0. But if we are
allowed to add one more edge to the solution, all agents will
be satisfied because each of they can find her original MST
from the given subgraph H = { (a, b), (a, ¢), (a,d), (¢,d) }.

In the urban traffic planning example, and more practical
applications, building a spanning tree is more economical
than building a spanning subgraph with more edges. How-
ever, it may make some agents unsatisfied and thus, lead
to poor social welfare. On top of maximizing social wel-
fare, we want to find an economical way to please all agents,
which motivates our model.

1.1 Our Contributions

We study the multiagent MST cover problem (MMCP),
where the goal is to select a minimum subgraph that cov-
ers a minimum spanning tree of the original graph for every
agent. In a nutshell, our main results can be summarized as
follows.

Main Results. We show that the multiagent MST cover
problem is as hard as set cover and design an optimal log-
arithmic approximation algorithm, which also works when
the algorithm only accesses the ordinal information of agent
preferences. Further, the proposed algorithm can be ex-
tended to submodular objective functions and Matroid rank
constraints.

In a bit more details, we first show that the optimiza-
tion problem is NP-hard via a reduction from the set cover
problem, and does not admit better than ((1 — o(1))Ink)-
approximate polynomial-time algorithms unless P = NP,
where k is the number of agents. Interestingly, a special case
of the decision problem—deciding whether there is a span-
ning tree that is minimum for all agents, can be solved in
polynomial time.

We then design a polynomial-time algorithm that achieves
the optimal approximation ratio. Intuitively, in each round
of our algorithm, we ask the agents which edge should be
added to the solution and each agent votes for the ones that
make the solution “closer” to one of her minimum spanning
trees. The algorithm adds the edge that receives the most
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votes and stops when all agents find a minimum spanning
tree in the solution. Technically, we define a progress func-
tion to evaluate how close our partial solution is to satisfying
all agents, and then show that our algorithm is equivalent to
adding edges to maximize the marginal progress. By prov-
ing that the progress function is submodular, we obtain the
logarithmic approximation.

Our algorithm is robust in two senses. First, it does not
need to access the cardinal edge-weights of the agents; as
long as we have the ordinal rankings from the agents, the ap-
proximation ratio is guaranteed. This makes our algorithm
practically useful as it may be hard for the government to
gather all the accurate numerical values from the agents.
Second, our algorithm can be extended to more complicated
scenarios. For example, due to the heterogeneity of the edges
(e.g., lengths and geologic structures) the construction cost
of different edges can be different for the government. Thus
instead of selecting the minimum number of edges, the gov-
ernment wants to minimize the total construction cost of the
selected edges. We show that our algorithmic idea still works
in the case that the construction cost function (over edges)
is monotone and submodular. In addition to the generalized
objective, we also extend the minimum spanning tree con-
straints to maximum Matroids rank, where our results also
apply. Due to space limit, the results of the generalized mod-
els are omitted in this version and can be found in the full
version (Li et al. 2022).

1.2 Other Related Works

Multi-objective Spanning Tree. Finding a minimum
spanning tree is a fundamental problem in multi-objective
optimization (Ehrgott 2005). See (Ruzika and Hamacher
2009) for a survey. Typically, we are given a connected undi-
rected graph G(V, E). Each edge ¢ € F has a positive
weight vector w(e) = (wq(e),...,wg(e)). For every span-
ning tree 7T, we have a weight vector w(T") = (w;(T))ie[x]
with w;(T') = > .. wi(e). The goal is to compute a span-
ning tree 7" such that 7" is Pareto optimal. This problem has
been shown to be NP-hard even if the weight vector only has
two coordinates (Hamacher and Ruhe 1994) in which the
problem is called the bi-objective spanning tree minimiza-
tion problem. The literature mainly looks into the approx-
imation algorithms and exact exponential time algorithms.
Bi-objective spanning tree minimization has also been stud-
ied extensively (Amorosi and Puerto 2022; de Sousa, San-
tos, and Aloise 2015). For approximation algorithms, a fully
polynomial-time approximation scheme (FPTAS) is pro-
posed by (Papadimitriou and Yannakakis 2000). For exact
algorithms, most existing algorithms are widely used evo-
Iutionary methods in multi-objective optimization (Lai and
Xia 2019; Prakash, Patvardhan, and Srivastav 2020).

Fair Allocation with Public Goods. Another related
model of our problem is fair allocation with public goods.
In the model, we aim to select a subset of given pub-
lic goods such that the agents’ fairness objective is opti-
mized. Conitzer, Freeman, and Shah (2017) first introduce
this model. They aim to select goods to satisfy the fairness
notion of propositional share. Then Fain, Munagala, and



Shah (2018) propose a new fairness notion for public goods
which generalizes the propositional share. The authors also
consider some constraints of goods, i.e., the selected goods
must satisfy some properties, like matching, packing, and
matroid. Recently, Fluschnik et al. (2019) and Garg, Kulka-
rni, and Murhekar (2021) set Nash social welfare as the fair-
ness notion and aim to select goods such that the Nash social
welfare is maximized.

Partial Information Setting. In the current work, due to
the practical concern when it is hard for the decision maker
to elicit agents’ complete information of their preferences,
we assume that the algorithm only has access to their ordi-
nal rankings. Similar settings have been widely investigated
in computational social choice. Procaccia and Rosenschein
(2006) consider elections under the Borda voting rule, and
introduces distortion which is used to bound the worst-
case deterioration of the optimal objective with limited ac-
cess of preferences. Caragiannis and Procaccia (2011) and
Caragiannis et al. (2017) continue to study the same prob-
lem under the Plurality rule. There is also a line of works,
e.g., (Anshelevich et al. 2018; Munagala and Wang 2019;
Gkatzelis, Halpern, and Shah 2020), that studies the metric
social choice with partial information when the alternatives
are points in a metric space. We refer the readers to (An-
shelevich et al. 2021) for a detailed survey.

1.3 Roadmap

The formal definition of multiagent MST cover is stated in
Section 2. Section 3 proves that the problem is set-cover
hard, while Section 4 gives a simple and efficient algorithm
to determine whether there is a spanning tree that is an MST
for all agents. In Section 5, we present our optimal logarith-
mic approximation algorithm. Finally, we conclude this pa-
per and discuss some interesting future works in Section 6.

2 Preliminaries

Consider a connected undirected graph G(V, E) with n
nodes and m edges. There is a set K of k agents, where
each agent 7 € K has a preference =<; over the edges E.
Denote by < = (=y,..., =) the preference profile of all
agents. For any two edges a,b € F, a <; b' means that
from the view of agent i, edge a is cheaper than edge b,
while a ~; b represents the case that agent ¢ is indifferent
between a and b. Clearly, <; can be denoted by x; equiva-
lence classes £(=;) := (E},..., Ef*) (in increasing order
of costs), where each E contains the edges among which
agent ¢ is indifferent, and x; is the number of her equiva-
lence classes. Accordingly, for any two edges a € E; and
b€ Ef,a~;bimplies j = ¢ and a <; b implies j < /.
Agents may have arbitrary cardinal weight function on
the edges as long as they are consistent with <. Specifi-
cally, agent 4 € K has weight function w; : £ — Rx that
is consistent with =; if w; satisfies: w;(a) < w;(b) (resp.

!Since agents prefer smaller cost in our model, we use a <; b
to denote that w;(a) < w;(b), which might be different from other
literature of computational social choice, in which a <; b means
that agent ¢ prefers b than a.
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Algorithm 1: Kruskal’s Algorithm

Input: A connected undirected graph G(V, E); a prefer-
ence < over F.
Output: An MST T of G under <.
I T+ g1+ 1.
Let (e1,e2,...,€n,) be the list of edges sorted by <
(break ties arbitrarily).
while 7 < m do
if there is no cycle in 7' U { ¢; } then
141+ 1.
end if
end while
return 7.

»

R A A

w;i(a) = w;(b)) if and only if a <; b (resp. a ~; b) for
any a,b € E. We denote by w = (wy, ..., wy) the weight
profile of all agents. In our model, the algorithms only have
access to the preferences < , but not the weight functions w.

Given any graph G(V, E) and a set of edges S C F, let
G[S] := (V,S) be the subgraph of G induced by S. Un-
der the weight function w, a minimum spanning tree (MST)
of G is an induced subgraph G[S] that is connected, and
w(S) = Y .cgw(e) is minimized. When the context is
clear, we also use S to denote the induced subgraph G[S].
Let MST(G, w) and MST(G, <) be the set of all MSTs of
G under weight function w and preference profile <, respec-
tively, where a spanning tree 7" is minimum under < if 7" is
an MST under any weight functions that are consistent with
<. The following lemma captures the equivalence between
MST(G, <) and MST(G, w).

Lemma 1. For any preference profile < and weight function
w consistent with it, MST (G, w) = MST(G, <).

The proof of Lemma 1 is omitted and can be found
in the full version (Li et al. 2022). For simplicity, denote
MST(G, =;) by MST; for each agent ¢ € K. For a pos-
itive integer x, we use [x] to denote {1,2,...,x }. Based
on Lemma 1, checking whether a spanning tree is an MST
under some preference < can be done in polynomial time.

A feasible solution of the multiagent MST cover problem
(MMCP) is a set of edges H such that for any agent i, there
exists 7' C H which is an MST for agent 7. Namely, any
agent has at least one MST that is covered by H. Call such
an edge set an MST cover of all agents. Our goal is to find
an MST cover for all agents with the minimum size. Note
that in the full version (Li et al. 2022), we also consider the
weighted version of MMCP, in which we have a cost func-
tionc: 28 — R>( on the edges, and the objective is to find
an MST cover H of all agents with minimum cost ¢(H ).

By Lemma 1, given any connected undirected graph
G(V, E) with a preference < over F, it is well-known that
Kruskal’s algorithm (Kruskal 1956) computes an MST of G.
For completeness, we restate the algorithm in Algorithm 1.
Let Kruskal(G, <) be the returned MST by Kruskal’s algo-
rithm given graph GG and preference <.
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Figure 2: An illustration for the reduction. The set cover
instance (S,U) is as follows: U = {ej,e2,e3} and
S = {s1,82,83} with s; = {e1,e2}, s9 = {ea,e5}
and s3 = {ey,e3}. We construct a graph G(V, E) with
V = {(L, bl, bQ, b3 } and £ = { (a, bl), (a, bQ), (a7 bg) } U
{(b1,b2), (ba,b3) }. There are four agents with distinct
weight vectors shown in the figure.

3 Hardness Results

In this section, we show that MMCP is NP-hard even if (i)
all weight functions wyq, ..., wy are given; (ii) all weight
functions are binary, i.e., for any ¢ € K and e € FE,
wi(e) € {0,1}. We refer to this special case as MMCP
with binary weights.

Theorem 1. MMCP with binary weights is NP-hard.

Proof. The NP hardness is proved by a reduction from Set
Cover (SC) to MMCP in which w;(e) € {0,1} for any
1 € K and e € E. In the set cover problem, we are given a
ground element set U = {eq,..., e, } and a subset collec-
tion S = {s1,...,8, } C 2V.The goalis to find a minimum
number of subsets in S whose union covers U.

Considering an arbitrary SC instance with p elements
and ¢ subsets, we construct an MMCP instance with a
graph G(V,E) and p + 1 agents as follows. The graph
G(V, E) contains ¢ + 1 nodes and 2¢ — 1 edges. Let V' =
{a,by,...,b, } where a is called an up-node and the nodes
in V'\ { a } are called down-nodes. For each i € [q], we con-
nect a and b;, and refer to edge (a,b;) as an up-edge. For
each i € [g — 1], connect b; and b; 11, and call this edge
a down-edge. Now we define the weight functions of the
(p + 1) agents. First, let all the down-edges have weight 0
for all agents. Then, for each agent j € [p], let w;(a,b;) =0
if element e; € s;; wj(a,b;) = 1 otherwise. Note that by
this construction, the value of MST for every agent j € [p]
is 0. Let the last agent have weight 1 on all up-edges, and
thus the MST’s value for agent p + 1 is 1. It is easy to see
that the reduction can be implemented in polynomial time.
See Fig. 2 for an illustration.

Observe that any MST cover [ of agents must contain all
down-edges; otherwise, H does not cover any MST of the
last agent. Moreover, H must contain at least one up-edge e
with w;(e) = 0 for any j € [p] due to a similar argument.
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Algorithm 2: Computing a Perfect MST Cover

Input: A connected undirected graph G(V, E); Agent set
K and preferences = = (<X1,...,=<g).
Output: A spanning tree 1" of G.
1: Sort all edges in F by the rank vector ¢ in lexicograph-
ical order.
2: Let <’ be the ordering of the edges after sorting.
3: T <+ Kruskal(G, <’).
4: return 7.

By interpreting picking edge (a, b;) in MMCP as selecting
set s;, there is a one-to-one correspondence between feasi-
ble solutions to these two problems. Thus, computing the
minimum MST cover H* corresponds to finding an optimal
solution for the set cover problem, and the hardness result
follows. O

Building on the reduction above, we can further show an
inapproximability bound for MMCP with binary weights.
We state the theorem in the following and defer the proof
to the full version (Li et al. 2022).

Theorem 2. Unless P = NP, any polynomial-time algo-
rithm for MM CP with binary weights has approximation ra-
tio at least (1 — o(1)) In k, where k is the number of agents.

4 Perfect MST Cover

Although MMCP is NP-hard and has an inapproximability
of (1 —o(1)) - Ink, we find that deciding whether there is a
spanning tree that is an MST for all agents can be decided
efficiently. We refer to this common MST of all agents as a
Perfect MST Cover. This section shows a polynomial time
algorithm to decide the existence of a perfect MST cover.

Given any agent ¢ with her preference <;, recall that £(=;
)= (E},..., Ef)is an ordered partition of E generated by
=i.Leto; : E — [m] be a rank function for agent ¢, where
oi(e) = jife € EJ, ie., o;(e) is the rank of edge e for
agent 4. Fix an arbitrary ordering of agents and let o (e) =
(o1(€),...,01(e)) € [m]* be the rank vector of edge e.
Note that o induces a lexicographical ordering on the edges,
i.e., o(e1) < o(eq) if and only if there exists ¢ € K such
that o;(e1) = o;(ez) forall j < iand o;(e1) < o;(ez).

The description of the algorithm is given in Algorithm 2.
Clearly, Algorithm 2 is a polynomial time algorithm because
sorting all edges by the rank vector o takes O(kmlogm)
time by aggregating the preferences, and Kruskal’s Algo-
rithm runs in O(m log n). The following theorem shows that
if an instance admits a perfect MST cover, then Algorithm 2
computes one.

Theorem 3. Given any instance of MMCP, Algorithm 2 re-
turns a perfect MST cover T' if and only if the instance ad-
mits one.

Proof. Suppose the instance admits a perfect MST cover.
Consider any weight function w = (wq,...,wy) that is
consistent with the given preference < = (=1,...,=<g).
We show that T' is a perfect MST cover under the weight



function w. Let w;(T") be the total weight of 7" for agent
1 € K. According to the statement of Algorithm 2, 7' is
an MST under the preference <’. Thus, among all span-
ning trees of the graph, 7" has the minimum weight vector
(w1 (T),...,wg(T)) (Iexicographical order). So if there ex-
ists a perfect MST cover 7", we have

(wi (T, ..., wi(T")) > (w1 (T), ..., wx(T)).

On the other hand, due to the definition of a perfect MST
cover, for any ¢ € K, we have

Thus, for all ¢ € K, we have w;(T) = w;(T"), implying
that 7" is a perfect MST cover. O

Remark 1. It deserves to note that there are other ways to
compute a perfect MST cover besides implementing Algo-
rithm 2. For example, we can arbitrarily assign each agent
a weight function w;(-) that is consistent with her prefer-
ence, and then sum up all agents’ weights w(-) = >, w;(-).
We can compute an MST on w(+) (denoted by T'), and prove
that there is a common MST if and only if T € MST, for any
agent 1.

5 Multi-Round Plural Voting Algorithm

This section gives an O(In k)-approximation algorithm (Al-
gorithm 3) and shows the following main result (Theo-
rem 4). Note that the approximation ratio is asymptotically
optimal by the hardness result we have shown in Section 3.

Theorem 4. For every instance of MMCP, Algorithm 3
computes an O(In k)-approximation solution in polynomial
time, where k is the number of agents.

Algorithmic Framework. Our algorithm runs in rounds
and adds exactly one edge to the solution H (which is ini-
tially empty) in each round until the solution is feasible, i.e.,
it contains an MST for every agent. At the beginning of each
round, every agent specifies a candidate edge set S; C E\ H
from the unselected edges. Intuitively, the candidate edges in
S, are those agent ¢ prefers to select, given the current par-
tial solution H. Then, our algorithm chooses the edge that
appears in most candidate edge sets (break ties arbitrarily),
e.g., the edge that receives the most “votes”, and adds it to
the solution set H. In other words, the algorithm repeats the
following steps until  becomes feasible:

e each agent i € K specifies a candidate edge set .S; C
E\ H,;

o lete* € argmaxcep g [{i € K : e € S;}| be an edge
that receives the most votes;

* add e to the solution: H < H U {e}.

Apparently, the crucial part of the algorithm is how to de-
fine the candidate edge set for each agent in each round. In
our algorithm, we introduce a progress function f; : 28 —
{0,1,...,n — 1} for each agent i € K that measures how
much progress the current solution A has made for her, e.g.,
the larger f;(H) is, the more progress has been made for
agent . The candidate edges for agent ¢ are naturally those
whose inclusion to H makes f;(H) larger.
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Algorithm 3: Multi-Round Plural Voting Algorithm

Input: A connected undirected graph G(V, E); Agent set
K with preferences < = (=<1,..., k).

Output: A subgraph H C F.

: H+— 2.

while F(H) < k(n — 1) do
e’ < argmax,cpg{F(HU{e}) — F(H)}
H+ Hu{e*}

end while

return .

SARANF IR e

Definition 1 (Progress Function). Given any agent i € K
and any edge set H C E, the progress function f; of agent i
is defined as f;(H) := maxpemst,{|H NT|}.

In other words, f;(H) is the maximum number of edges
from H that can simultaneously appear in some MST of
agent . Note that the function f; is monotone and f;(H)
n — 1 if and only if the set H contains an MST for agent 1.
Therefore, (n — 1) — f;(H) indicates the minimum number
of edges that need to be added into H so that the solution
becomes feasible to agent ¢. The closer f;(H) iston — 1,
the agent is more satisfied with the partial solution H.

Example. Let us consider the example from Fig. 1.
Note that the unique minimum spanning tree for agent
1 and 2 are Ty {(a,b),(a,c),(c,d)} and Ty
{(a,b), (a,d), (c,d) }, respectively. If the partial solution
H = {(a,b),(a,c)}, then fi(H) = 2 (resp. fo(H) = 1)
since |71 N H| = 2 (resp. |To N H| = 1). If we add one more
edge (a,d) to H, the new partial solution becomes H’' =
{(a,b),(a,c),(a,d) }. In this case, we have fi(H') = 2
and fo(H') = 2. Since fo(H U {(a,d)}) > fo(H), edge
(a,d) is among the candidate edges of agent 2, given the
partial solution H.

5.1 The Complete Algorithm

We now present the complete algorithm by implementing
the definitions into the algorithm framework. Given the par-
tial solution H, the candidate edge set of agent ¢ is defined
as

Let function F' be the sum of all agents’ progress func-
tions, ie., F'(H) = >, fi(H). Note that F(H) €
{0,1,...,k(n—1)}, and H is a feasible solution if and
only if F/(H) = k(n — 1). Since the functions (f;);cx are
monotone, so is F. Therefore, k(n — 1) — F'(H) measures
how far an edge set H is away from being feasible. Select-
ing the edge that appears in most candidate edge sets can be
equivalently described as picking e € E'\ H with maximum
marginal contribution F(H U {e}) — F(H) to the current
partial solution H. The formal description of the algorithm
can be found in Algorithm 3.

The analysis to show that Algorithm 3 computes an
O(In k)-approximation solution to MMCP in a polynomial
time consists of the following three steps.



1. We show that given any partial solution H C FE, the
value of F(H) can be computed in polynomial time.
Since F(H) = .k fi(H), it suffices to provide an
oracle for each agent i that answers the value of f;(H)
for each queried set H C E. The following lemma is
proved in Section 5.2.

Lemma 2. Given the preference =<; of agent i and a sub-
set of edges H C E, f;(H) can be computed in polyno-
mial time.

. We show that the function F’ is submodular. Again, since
F = Zie i fi, it suffices to show the submodularity of
each function f;. The following lemma is proved in Sec-
tion 5.3.

Lemma 3. For all agent i € K, the progress function f;
is submodular.

3. We show that Algorithm 3 returns a solution H with
|H| < O(Ink) - |H*|. Given the monotonicity and sub-
modularity of F', we borrow a result in (Wolsey 1982) to
prove Theorem 4.

Lemma 4 ((Wolsey 1982)). Given any integer-valued
monotone submodular function F 2F 7 with
F(@) = 0, the algorithm that repeatedly includes the
element with maximum marginal value computes a set H
such that (where d = max.cg{F(e)})

|H| < (Zd:

i=1

1) “min{|S| : F(S) = F(E),S C E}.

Given the above three lemmas, we prove Theorem 4.

Proof of Theorem 4: Regarding the correctness of the algo-
rithm, since the returned set H satisfies F'(H) = k(n — 1),
the solution H is feasible. By definition of the progress
function (Definition 1), f; is integer-valued, monotone and
fi(@) = 0 for all i € K. By Lemma 3, f; is submodu-
lar. Therefore the function F' = ., f; is integer-valued,
monotone, submodular and F (@) = 0. Moreover, since
fi(e) < 1 for any agent i, we have max.cp{F(e)} < k.
Hence by Lemma 4, we have

k
1
]| < (Z) JH| < (nk+1) - [H.

i=1

Regarding the algorithm’s running time, it suffices to
show that there are a polynomial number of while-loops
since F(H) can be computed in polynomial time by
Lemma 2 . As F' is submodular and integer-valued, when
F(H) < k(n — 1), there must exists e such that F'(H U
{e}) — F(H) > 1. Hence in each round, the element e* se-
lected in line 3 of Algorithm 3 increases F'(H) by at least
one. Consequently, there are at most k(n — 1) rounds, and
the algorithm runs in polynomial time. ]

5.2 Oracle for the Progress Function

In this subsection, we prove Lemma 2 by giving an algo-
rithm (Algorithm 4) for the computation of f;(H).
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Algorithm 4: Degrade Algorithm

Input: A connected undirected graph G(V, E); Agent ¢
with preference <;; An edge set H C F.
Output: The value of f;(H).
1: Let& + (B}, ..., EF?) be the ordered partition gener-
ated by the preference =;.

2 Let& «+ (E'NH,ENH, ... EFNH,E\ H)and
remove empty equivalence classes.

3: Let =’ be the preference such that £(=X’) = &/.

4: T « Kruskal(G, =)

50 fi(H) + |[TNH]|.

6: return f;(H).

Recall that agent ¢’s preference <; generates an ordered
partition £(=;) = (E},..., Ef?) of the edge set E. Given
any agent ¢ and any edge set H, Algorithm 4 aims to find
an MST T under <; such that 7" uses a maximum number
of edges from H. To do that, we use Kruskal’s algorithm
and break ties in favor of H. In other words, when running
Kruskal’s algorithm, within each equivalence class Ef , Al-

gorithm 4 gives a higher priority to edges in Ef NH.

Proof of Lemma 2: We show that Algorithm 4 (which
clearly runs in polynomial time) computes an MST T' €
MST(G, <;) that has maximum overlap with H in line 4,
which by definition implies f;(H) = |T'N H|, and proves
Lemma 2. Note that T € MST(G, <;) holds because Al-
gorithm 4 is indeed Kruskal’s algorithm (Algorithm 1), but
with a carefully designed way to break ties.

Let |T' N H| = t. For the sake of contradiction, suppose
there exists another MST 1" € MST (G, =;) such that |[T" N
H| >t + 1. We construct a weight function w under which
both T and T" are MSTs, but with different total weights,
which is a contradiction. Fix any weight function w; that is
consistent with <;. We define another weight function w as
follows, where ¢ > 0 is arbitrarily small, e.g., ¢ < 1/m -
|w;(R) —w;(R’)| forany R, R' C F with w;(R) # w;(R’).

w(e) = {wi(e)v

wi(e) — €,

e¢ H,
e€ H.

Observe that w is consistent with 5;, as we give edges in
H a (very slightly) higher priority. Thus by line 4 of Al-
gorithm 4 and Lemma 1, we have T € MST(G, <})
MST(G,w). On the other hand, since 7/ € MST(G, w;)
is the MST that has maximum overlap with H, we have
T € MST(G,w) (because the only difference between w
and w; is that the weight of every edge in H is decreased
by €). Therefore, both T" and 7" are MSTs under w. Re-
call that both T and 7’ are MSTs under w;, which gives
w;(T) = w;(T"). Then we have w(T) = w;(T) —t - € while
w(T") < w;(T") — (t+ 1) - €, which is a contradiction. H

5.3 Submodularity of the Progress Function

In this subsection, we prove Lemma 3 by showing the sub-
modularity of the progress function. Consider any agent



1 € K. Before proving Lemma 3, we first show some prop-
erties of function f;. For any subset H C F, let

MST{" :={T € MST; : f;(H) = |T N H|}
be the set of MSTs that contain exactly f;(H) edges in H.
We observe the following simple facts.

Observation 1. For all edge e € E \ H, we have f;(H U
{e}) - filH) € {0,1}.

Observation 2. Forall edge e € E\ H, fi{(H U{e}) —
fi(H) = 1 if and only if edge e € T for some spanning tree
T € MSTH,

Observation 3. For all edge e € H, f;(H \ {e}) =
fi(H) = 1ifand onlyife € T for all T € MSTH.

Proof of Lemma 3: Consider any agent 1 € K. We prove
that f; is submodular by contradiction. Suppose that f; is
not submodular. By definition of submodularity, there must
exist a subset S C E and two edges a,b € E'\ S such that
fi(§U{a}) = fi(S) < fi(SU{a,b}) = fi(SU{b}). (1)
By Observation 1, the above inequality implies f;(S U
{a}) = fi(S) and f;(S U {a,b}) = fi(SU{b}) + 1. Re-
ordering Eq. (1) gives
fi(SU{b}) = fi(S) < fi(SU{a,b}) = fi(SU{a}), (2)
which implies that f;(SU{b}) = fi(S) and f;(SU{a,b}) =
fi(SU{a}) + 1. Thus, we have
fi(8) = fi(SU{a}) = fi(SU{b}) = fi(S U {a, b}) —(:1;5
By Observation 2, the first equality of Eq. (3) implies that
a ¢ T forall T € MST?. By Observation 3, the last two

equations of Eq. (3) implies that for all T' € MSTfU{a’b},

we have {a,b} C T.Fixany T € MST?U{“’Z’}, and con-
sider the graph G’ = (V, T\ {a, b}). Note that G’ has three
connected components, say with nodes C', C,, and C}, where
a€C(C,,CUCp)and b € C(C,UC, Cy) (see Fig. 3). Here
weuse C(X,V\X)=EnN((X x (V\ X)) to denote the
set of cut edges between X and V' \ X. Observe that
(i) there does not exist e € C(C,, C U Cy) such that e <; a;
otherwise, T is strictly worse than 7' U {e} \ {a} and is
not an MST under <;;
(i) foralle € C(C,, CUC,)N(SU{b}), we must have a <;
e; otherwise, we obtain another MST 7* = T'U{e}\ {a}

such that T* € MSTfu{a’b}, which contradicts the fact
that {a,b} C T forall T € MST?“{e},

Fix any 7' € MST? and consider the graph G” =
(V,T" U {a}). Recall that a ¢ T and thus G" contains a
cycle. Let e be any edge other than a from cut C(C,, CUC})
that also appears in the cycle (see Fig. 3). Note that we can-
not have a <; e because otherwise the MST T” can be im-
proved (by removing e and including a), which is a contra-
diction. By statement (i) from above, we cannot have e <; a,
and thus a ~; e; by statement (ii) from above, we have
e ¢ S. Therefore, T* = T" U {a} \ { e} is another MST,
and contains the same number of edges from S as 7", i.e.,
T* € MST?. However, this is again a contradiction because

we have proved that for all T" € MST? ,a ¢ T. [ |
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cyele in T U {a} |
TG

Figure 3: An illustration for the proof of Lemma 3. After
removing edge a and b from 7', we have three connected
components C,,, C and Cy,. Now, we consider an MST T" €
MST;'9 . After adding edge a to T”, there will be a cycle in
T"U{ a } and thus there exists an edge e other than a in both
the cycle and the cut C(C,, C U Cy). By the property of the
minimum spanning tree, we prove that e ~; a.

6 Conclusion and Open Problems

In this paper, we propose the multiagent MST cover problem
in which we need to compute a minimum subgraph of an in-
put graph that satisfies a group of k heterogeneous agents,
where each agent is satisfied if the subgraph contains an
MST under its own weight function. When the optimal so-
Iution of the problem is a spanning tree, the optimal solution
can be computed efficiently. However, in the general case, no
algorithm can do better than ((1—o0(1)) In k)-approximation
unless P = NP. We then propose an O(ln k)-approximation
algorithm, achieving the best possible approximation ratio
under the assumption that P £ NP. Further, our algorithm
can be naturally generalized to the case when the MST
constraints are generalized to maximum Matroid rank con-
straints, and the cardinality objective function is generalized
to submodular.

Our work leaves several interesting problems open. For
example, one possible direction is to relax the satisfaction
constraint of the agents. In our work, we require that every
agent is fully satisfied, e.g., can find an MST in the solution.
It would be interesting to investigate whether the approxima-
tion ratio can be improved if we allow the solution to contain
only approximate MST for each agent. However, note that
the approximation must be additive, as we can change the
reduction from the proof of Theorem 1 to show that the in-
approximability remains the same even if the value of MST
is 0 for all agents in K. Additionally, it would be interest-
ing to study the case when agents’ constraints are defined by
combinatorial structures other than MST.
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