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Abstract

The aim of this paper is to offer the first systematic explo-
ration and definition of equivalent causal models in the con-
text where both models are not made up of the same variables.
The idea is that two models are equivalent when they agree
on all “essential” causal information that can be expressed
using their common variables. I do so by focussing on the
two main features of causal models, namely their structural
relations and their functional relations. In particular, I define
several relations of causal ancestry and several relations of
causal sufficiency, and require that the most general of these
relations are preserved across equivalent models.

1 Introduction

Causal models are becoming evermore important and their
domains of application are growing rapidly, both within sci-
ence (most notably AI) and in philosophy. As with all forms
of modeling, there usually exist many causal models that can
be used to describe a given system of interest. Since dif-
ferent models can lead to widely divergent conclusions, it
is of paramount importance to have some method to com-
pare models and group together those that are sufficiently
similar. To do so we need to be able to establish when two
causal models are equivalent. The aim of this paper is to
offer the first systematic exploration and definition of equiv-
alent causal models.

Of course what makes for a sensible notion of equiva-
lence varies across different contexts. For example, there ex-
ists a well-known notion of equivalence that is used in the
epistemically limited context where one is learning a causal
model from data. However, such Markov-equivalence (as it
is called) does not apply in the context where two causal
models are fully specified and do not consist of the same
variables. Such contexts are widespread in science, but are
of particular concern when trying to capture stable, model-
independent, features of the world. Furthermore, exploring
equivalence in such an omniscient context offers a firm con-
ceptual starting point for generalizing to contexts that in-
volve approximation and uncertainty in future work.

Before diving into the details, I spell out the underlying
intuition of both the notion to be developed and the method
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by which I shall do so. The aim is to formalize a suitable
definition of causal model-equivalence that is relative to a
set of variables that the models have in common: the idea
is that two models are equivalent when they agree on all
“essential” causal information that can be expressed using
these common variables. Obviously this will require moti-
vating what I take to be (in)essential and why I choose to
focus merely on common variables.

My method focusses on the observation that causal mod-
els are characterized using two types of relations: structural
relations, i.e., having to do with the causal graph, and func-
tional relations, i.e., having to do with how particular values
of variables are determined by values of other variables. I de-
velop two notions of equivalence, one for each type. Causal
equivalence will then be defined as being both structurally
and functionally equivalent.

The details are as follows. The most basic structural rela-
tion is that of one variable X being an ancestor of another
variable Y. I generalize this relation along three dimensions.
First, I take into account the specific values z, z’ and y, 3’ of
the variables that are responsible for the ancestry. Second,
I consider ancestry for sets of variables X and Y. Third, I
distinguish between potential ancestors, which are relative
to a causal model, and actual ancestors, which are relative
to a causal model and a specific context. Structural equiva-
lence is then defined as having identical potential and actual
ancestors.

The most basic functional relation is that of one set of
variable values 2 being causally sufficient for another set 3.
I first look into spelling out an appropriate notion of causal
sufficiency, resulting in direct sufficiency. I then generalize
this relation by defining sufficiency as its transitive closure.
Functional equivalence is defined as having identical suffi-
ciency relations.

The structure of this paper is as follows: the next section
introduces the structural equations framework. I then offer
a motivation and clarification of the problem that this paper
is concerned with in Section 3. Section 4 focusses on the
causal structure and develops a notion of structural equiva-
lIence. In Section 5 I shift focus to functional equivalence,
by considering what makes for a good definition of causal
sufficiency. Causal equivalence is then defined as the com-
bination of both forms of equivalence. Section 6 compares
functional equivalence to Halpern’s notion of conservative



extension. Section 7 discusses other related work and re-
flects on possible future directions.

2 Structural Equation Models

This section reviews the definition of causal models as
understood in the structural modeling tradition started by
(Pearl 2000), mostly using the notation and terminology
from (Halpern 2016a).

Definition 1 A signature S is a tuple (U,V,R), where U
is a set of exogenous variables, V is a set of endogenous
variables, and R a function that associates with every vari-
able Y € U UV a nonempty set R(Y') of possible val-
ues for Y (i.e., the set of values over which Y ranges).
If X (X1,...,X,), R(X) denotes the crossproduct
R(X1) x - xR(X,). 1

Exogenous variables represent factors whose causal ori-
gins are outside the scope of the causal model, such as back-
ground conditions and noise. The values of the endogenous
variables, on the other hand, are causally determined by
other variables within the model (both endogenous and ex-
ogenous).

Definition 2 A causal model M is a pair (S, F), where S
is a signature and F defines a function that associates with
each endogenous variable X a structural equation Fx giv-
ing the value of X in terms of the values of other endogenous
and exogenous variables. Formally, the equation F'x maps
RUUY - {X}) to R(X), so Fx determines the value of
X, given the values of all the other variables inU u V. 1

We call a setting 4 € R(U) of values of exogenous
variables a context. The value of ¥ may depend on the
values of only a few other variables. Y depends on X if
there is some context @ and some setting of the endoge-
nous variables other than Y and X such that varying the
value of X in that context results in a variation in the
value of Y'; that is, there is a setting Z of the endogenous
variables other than Y and X and values z and z’ of X
such that Fy (z,2,4) + Fy(2',Z,4). (Or, in case X € U,
Fy(x,Z,4—x) # Fy (a',Z,14 — x).) We then say that X is a
parent of Y. It will prove useful later on to have some nota-
tion to capture the details of the foregoing situation: we write
(z,2") ~ (y,y") and say that (@, Z) is a witness to this. (In
case X € U, the witness is of the form (@ — z, Z). For sake
of notational simplicity we leave this nuance implicit.)

In this paper we restrict attention to strongly recursive (or
acyclic) models, that is, models where there is a partial order
< on variables such that if Y depends on X, then X < Y.!
In a strongly recursive model, given a context i, the values
of all the endogenous variables are determined (we can just
solve for the value of the variables in the order given by <).
We often write the equation for an endogenous variable as
Y = f(X); this denotes that the value of Y depends only on

the values of the variables in X , and the connection is given
by the function f. For example, we might have Y = X + 5.

! All definitions could easily be generalized to recursive models,
i.e., models where the partial order may depend on the context.
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An intervention has the form X « T, where X is a set of
endogenous variables. Intuitively, this means that the values
of the variables in X are set to the values Z. The structural
equations define what happens in the presence of interven-
tions. Setting the value of some variables X to Z in a causal
model M = (S, F) results in a new causal model, denoted
M-, which is identical to M, except that F is replaced
by FX%: for each variable Y ¢ X, F;*% = Fy (i.e., the
equation for Y is unchanged), while for each X’ in X , the
equation F'x, for X’ is replaced by X' = x’ (where ' is the
value in Z corresponding to X”).

Given a signature S = (U,V,R), an atomic formula is
a formula of the form X = z, for X € V and z € R(X).
A causal formula (over S) is one of the form [Y; <
Y1y, Y < yi |, where

* ¢ is a Boolean combination of atomic formulas,
¢ Yi,..., Y} are distinct variables in 1, and

* y; e R(Y;) foreach 1 <i < k.

Such a formula is abbreviated as [Y < ij]$. The special
case where k = 0 is abbreviated as ¢. Intuitively, [V; <«
Y1y .., Yy < yr]o says that ¢ would hold if Y; were set to
yi, fori=1,... k.

A causal formula ) is true or false in a causal setting,
which is a causal model given a context. As usual, we write
(M, ) E 4 if the causal formula v is true in the causal set-
ting (M, 4). The k relation is defined inductively. (M, i) =
X =z if the variable X has value z in the unique (since we
are dealing with recursive models) solution to the equations
in M in context @ (i.e., the unique vector of values that si-
multaneously satisfies all equations in M with the variables
in U set to u). The truth of conjunctions and negations is de-
fined in the standard way. Finally, (M, ) = [Y « §]¢ if
(MYeg7 a) F (;b

3 Motivation

There are many different contexts in which one might con-
sider one causal model M to be equivalent to another model
M. A crucial dimension along which we can separate these
contexts is by looking at the kind of relation they require to
hold between the sets of variables of both models.

A first context, that this paper is not directly concerned
with, is the one in which both models are required to have
identical variables. It is within this context that most causal
search algorithms take place. The output of such an algo-
rithm is usually a partially directed graph that represents the
Markov Equivalence Class. Markov equivalence means that
two models have identical observational probability distri-
butions. Yet two Markov equivalent models only partially
agree about the ancestral relations, and need not agree at all
about the structural equations.

This paper is concerned with a second context, namely
the one in which we are comparing two causal models only
with regard to (a subset of) their common variables V. In this
context, the primary interest of the modeler lies in the causal
relations between these common variables. We are looking
for a notion of equivalence that is strong enough such that



when confronted with a choice between two models M and
M5 that contain (at least) all of these variables, we can state
that if M, and M, are equivalent with regards to ) then they
agree on all the essential causal relations that hold between
the common variables and thus one is free to choose either
model.

This notion of equivalence matters because we want to
be able to draw stable conclusions about the causal rela-
tions between the variables of interest: no matter what fur-
ther variables we discover to be causally connected to the
variables of interest, and no matter what variables that we
are not interested in are being marginalized away, as long as
the resulting causal model is equivalent to the original one
the conclusions about their common variables remain iden-
tical.

As a consequence, the goal of this paper is to find a much
stronger notion of equivalence than any notion that could
be useful in the first context, one that gets much closer to
identity (which is of course the strongest possible notion
of equivalence). In particular, any difference between two
equivalent causal models in this strong sense should be en-
tirely explained by the fact that the two models do not have
identical variable sets. A fortiori, when applying this no-
tion of equivalence to models with identical variable sets,
it should reduce to identity. For example, say we have M;
consisting of the equation £ = C' and M consisting of
equations £ = D and D = C. If we are exclusively inter-
ested in the variables £ and C, then any sensible notion
of equivalence that allows for different variable sets should
consider both models to be equivalent with regards to £ and
C. Of course this does not mean that it is impossible to state
a causal relation between C' and E over which both mod-
els disagree: one could simply count the number of edges it
takes to get from C' to E, and in that respect the two mod-
els clearly are different. Yet I assume that such “numerical”
properties are not essential. If such properties were essen-
tial, then it seems impossible to come up with any useful no-
tion of equivalence, for presumably one can always zoom in
and inject a hitherto ignored intermediate variable along any
edge. Likewise, the number of distinct paths going from one
variable to another is also deemed to be inessential for the
purposes of this paper. I make do with these intuitive con-
siderations regarding numerical properties and refrain from
giving a precise definition.

Lastly a brief word about a third context that one could
consider for the relation between the sets of variables of two
models. A natural suggestion is to also compare two mod-
els such that we have a mapping 7 : Ro(V2) — R1(V1)
between the values of the variables of both models. Indeed,
that was the context investigated in previous work (Beckers
and Halpern 2019; Beckers, Eberhardt, and Halpern 2019).
Yet there the particular notion of equivalence that we used
was left entirely implicit, and thus other — more interesting —
notions were never considered. So in that respect the current
paper is more general. (This will be discussed in Section 6.)

Note also that the third and second context overlap: if Mo
is an extension of M;, meaning that V; € Vs, then one can
consider the special case where 7 is the identity-mapping
for the common variables and marginalization for the oth-
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ers, i.e.,, 7(v2) = U1 for all b3 € Ro(Va2) where 9; is the
restriction of ¥y to R (V; ). Therefore an interesting line of
future work is to generalize the notion of equivalence here
developed to the third context by considering equivalence
for any mapping 7.

4 Structural Equivalence

This section focuses on the causal structure of the causal
model. Several useful concepts are introduced in this regard,
which are then combined to suggest a definition of structural
equivalence.

Section 2 introduced the concept of one variable being a
parent of another. It is customary to further generalize this
genealogical terminology by taking ancestor to be the tran-
sitive closure of the parent relation, i.e., X is an ancestor of
Y if there are variables V1, ..., V,,, such that X is a parent of
V1, Vi is a parent of Vs, ..., and V,, is a parent of Y. By treat-
ing variables as nodes and drawing directed edges from par-
ents to their children, each strongly recursive causal model
induces a unique DAG (Directed Acyclic Graph) that cap-
tures the causal structure of the model. We say that X is an
ancestor of Y if X is an ancestor of Y in this DAG.

This graph by itself offers only a rough characterization
of all the causal information that the model contains: it tells
you which variable can depend on some other variable, but it
does not provide details of this dependence. In particular, it
does not say which values of some variable depend on what
values of some other variable. Such details can be added by
refining the standard genealogical relations so that they also
take into account the specific values which instantiate the
parent/ancestral relations.

(Throughout the rest of the paper we assume that M
((u,vth),f), My = ((U,VQ,RQ),]:Q), and V ¢ (Vl al
V>). We further assume that X and Y are distinct mem-
bers of V unless stated otherwise, x,z’ are distinct values
in R(X), and likewise for 1, ¢'. Similarly, X and Y are dis-
tinct — possibly overlapping — subsets of V, and Z,Z’ are
non-overlapping sets of values in R(X). For brevity, we of-
ten leave the variables implicit, writing Z instead of X = T,
for example. All definitions assume that X c V, but this is

merely for notational simplicity. The case where X N # &
is left implicit.)

Definition 3 We say that x rather than z’ is a potential par-
ent of y rather than y' if there exists a witness (u,?Z) for
(z,2") ~ (y,9').?

The ancestral generalization is straightforwardly defined
as the transitive closure. We use the following notation
for potential ancestry: (z,z') ~, (y,y’), where p =
(X, V1,..., Vo, Y) is called a directed path from X to Y.
|

Should potential ancestral relations be preserved among
equivalent causal models? As such this relation contains cru-
cial causal information, namely that there’s a stepwise con-
nection between changing some value of X and changing a

Note that potential parenthood is a symmetric relation for the
values of the variables: (z,z") ~ (y,y") iff (', z) ~ (3',y). This
is no longer true for actual parenthood, introduced later on.



value of Y. But the potential ancestral relation also contains
more specific information that is numeric in nature: it states
that this connection is given by a single path. As mentioned
before, I consider it a mistake to focus on numerical proper-
ties. Indeed, consider the following example.

Example 1 Assume the range of E is {0,1,2} and all
other variables are binary. (Throughout all examples, all
variables are binary unless otherwise stated.) The original
model M consists simply of the equation E = 2% C'. The ex-
tended model My consists of A=C, B=C,and F = A+ B.
Intuitively, I believe that these models should come out as
equivalent regarding C' and E. Yet although C'is an ances-
tor of E in both models, (1¢,0¢) ~p (2g,0g) for some
path p only in M. (The subscripts indicate to which vari-
ables the values correspond.)

Still, the essential property that there exists a stepwise
connection between (1¢,0¢) and (2g,0g) is preserved in
Ms, it is just that this connection now consists of simulta-
neously considering two paths rather than one: (1¢,0¢0) ~
(14,15;04,05) ~ (2g,0g). In other words, we can gen-
eralize the potential ancestral relation to allow for steps
between sets of variable values rather than steps between
single variable values. Graphical relations are not naturally
equipped to deal with sets of values, but functional relations
are. So in order to make this precise we first express the
single-path potential ancestral relations using functional re-
lations, i.e., relations expressed in terms of which formulas
are true under certain interventions.

Factl (z,2') ~ (y,y') with witness (i,Z) in M iff
(M,i)e[Z <2, X «z|Y =yn[Z <2 X <2']Y =y

As was pointed out in Section 2, in strongly recursive
models the parents of a variable suffice to determine its
value. Therefore we can always restrict the witness to only
include the context and a variable’s endogenous parents.
In fact, sometimes we can restrict it even further. For ex-
ample, if the equation for Y is Y = (A A B) v C, then
(04, 0¢) suffices to determine that Y = 0 and (04, 1¢) suf-
fices to determine that Y = 1. This allows us to conclude that
(0¢,1¢) ~ (Oy, 1y) with just using (04) as a witness.

Generalizing the notion of a witness so that it need not
consist of values for all other variables allows for compar-
ing potential parenthood across models with different signa-
tures. We make this precise by defining what it means for
a set of variable values to be directly sufficient for another
set of variable values. Informally, a set is sufficient precisely
when the outcome is independent of the values of variables
not in the set.

Definition 4 We say that % is directly sufficient for y if for
all settings Z of the other endogenous variables and all con-
texts i we have that (M, ) & [X « 2, Z < Z]Y =1

(If Xy = X nU is not empty, the quantification is re-
stricted to contexts i such that their restriction to Xy agrees
with Zy.) 1

Now that we have identified the crucial functional relation
out of which the potential parent relation is built up, we can
generalize this parent relation to sets of variable values.
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Definition 5 We say rhar 7 rather than 7' are potential joint
parents of 3 rather than ¢’ if there is a set Z €V UU, and a
setting Z € R(Z) such that

* (2,2) is directly sufficient for g,

o (2,2") is directly sufficient for y', and

o X is minimal (i.e., at least one of the previous statements
is false when considering any strict subset of X).

We notate this as (z,2') ~ (ij,4') and say that Z is a wit-
ness. il

It is trivial to see that if restricted to singletons, Definition
5 reduces to Definition 3. We demand X to be minimal in
order to avoid calling redundant elements parents. (For ex-
ample, if we have as structural equation Y = A, then we do
not want to call (14,1p) joint parents of Y = 1: B = 1 is
entirely redundant here.) We demand that X and Y are non-
identical in order to avoid self-parenthood. But it would be
too much to demand that their intersection is empty. To see
why, we consider a slight variant on Example 1.

Example 2 All variables are as before. The original model
M consists simply of the equation E =2 % C. The extended
model My consists of A = C and E = A + C. As before, 1
believe that these models should come out as equivalent re-
garding C and E. But in order to establish that (1¢,0¢) ~p
(2g,0g) for some path p in Ms, we need to break up the
single step into (1¢,0c) ~ (1¢,14;0¢,04) ~ (2g,0E).

Now that we have generalized the potential parenthood
relation along the dimension of sets of variables (which is
already built into functional relations), we can take the tran-
sitive closure to further generalize this relation along the di-
mension that is characteristic of the ancestral relation (but is
lacking from many functional relations).

Definition 6 We say thar 7 rather than Z’ are potential joint
ancestors of g rather than ¢’ if there exist Vi, ..., Vi, and
settings U;, 0, € R(V;) for eachi € {1,...,n -1} such that
(61,8]) ~ (Bist, By (2,8) ~ (61,5}) and (6,,7,) ~
(9,4"). We call the tuple n = (X,V;,...,V,,Y) a network
from X to Y, and say that & rather than 7' are potential
joint ancestors of ¢ rather than 3’ along n. We notate this as
(i'wi,) ~n (gﬁ(j,) 1

Preservation of potential joint ancestors deals with Exam-
ples 1 and 2, but it does not suffice for our notion of equiva-
lence, because it entirely ignores that much causal informa-
tion is context-dependent. The above defined ancestral rela-
tions are all general properties of the causal model M, in the
sense that they do not make any reference to an actual con-
text 4. Yet causal models also capture causal information re-
garding specific contexts. Indeed, it is such information that
is at stake when speaking of actual causation, an important
concept that has benefitted greatly from the advent of causal
models. A good notion of structural equivalence should take
this into account as well. Therefore we also define a context-
specific counterpart of the potential ancestral relations.

Definition 7 We say that x rather than x’ is an actual parent
of y rather than y' w.r.t. (M, 4) if (z,2") ~ (y,y') with a



Z) such that (M,4) E Z =

~% (y,y").1

Both the generalization of actual parenthood to sets of
variable values and the analogous ancestral counterpart are
defined straightforwardly. I only explicitly give the combi-
nation of both generalizations, which is the context-relative
counterpart of Definition 6.

witness (1, Z A X =x. We notate

this as (x,2")

Definition 8 We say that 7 rather than Z’ are actual joint an-
cestors of g rather than ¢’ w.r.t. (M, %) if (Z,2") ~,, (4,7)
for some n such that the exogenous parts of all the wit-
nesses are contained in i and all the endogenous parts Z
are such that (M, 1) = Z = 2 X = & We notate this as
(2,2") ~5 (4,4)-1

The following example illustrates why preservation of ac-
tual joint ancestors should be combined with the preserva-
tion of potential joint ancestors to get structural equivalence.

Example 3 Model M contains E = Bv D, whereas model
My contains E = (A A -C) v BV D. Both models con-
tain A = C, B = C, and D = -C. Note that both mod-
els have identical signatures. It is easy to verify that for
each context both models will have the same actual joint
ancestors. Yet they disagree on the potential ancestors, for
(14,04) ~ (1g,0g) in My (with witness (0c,05,0p))
and not so in My. The two models are indeed different, for
they disagree on whether A is an ancestor of E, and thus do
not even have the same DAG.

We are finally ready to define what it means for the struc-
tural causal information to be preserved across causal mod-
els. (As a reminder, an equivalence relation is defined as be-
ing reflexive, symmetric, and transitive. It is easy to see that
Definition 9 satisfies those properties.)

Definition 9 M; and M5 are structurally equivalent relative
to V if for all XcUuV,YcV, and &, g the following two
conditions hold:

(&,2') ~n (§.37") for some n in My iff (&,3') ~m (5,7)
for some m in Ms.

For all 4 € R(U) it holds that

(7,2") ~2 (4,9") for some n in My iff (,3") ~% (4,7)
for some m in M. 1

As mentioned, an interesting special case occurs when we
are comparing two models with regards to all of their com-
mon variables, i.e., V = V; N Vs. In that case we simply say
that M, and M, are structurally equivalent. (Note that con-
trary to Definition 9, this is not a transitive relation, so here
we are using the term “equivalence” loosely.)

The following variation on Example 3 illustrates that
structural equivalence does not suffice to ensure that equiva-
lence of models with identical signatures reduces to identity.

Example 4 In My we have E = (AAN-CAF)vBvDyv
(G A F), whereas in My we have E = (AA-C AG) v
B v D v (G A F). Both models contain A = C, B = C,
F=C,G=C,and D = -C. The reader can confirm that in
addition to agreeing on all actual joint ancestral relations,
as was the case with Example 3, they also agree on all po-
tential joint ancestors, and are thus structurally equivalent.
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(Note that they sometimes disagree about the witnesses for
the potential relations: (1p,0p) ~ (1g,0g) with witness
(14,0¢,05,0p,0¢) only in My, and likewise with F and
G reversed for Ms.) Intuitively the models are not equiva-
lent, because they disagree on whether it is F or G that can
contribute to E = 1 together with A and C.

The next section develops several notions of equivalence
which do give the desired outcome for cases with identical
signature, and argues for the superiority of one of them.

5 Functional Equivalence

Now we switch attention to the basic functional relations
that are captured by causal models, meaning those relations
capturing how the values of variables are determined by the
values of other variables. Recall that if Z is directly sufficient
for y (Def. 4), this means precisely that # fully determines
the variables Y taking on the values g. So the functional rela-
tions between a set of variables are specified completely by
stating all relations of direct sufficiency that hold between
their values. A naive suggestion might therefore be to define
functional equivalence as having identical relations of di-
rect sufficiency for all sets only containing variables that are
common to both models. However, that would give an overly
strong notion of equivalence, for it means that the only way
of extending a model is by adding children to childless vari-
ables. The reason is that the moment one adds a new parent
A to a set of existing parents X of a variable Y then, by
definition of being a parent, at least one setting & will cease
being directly sufficient for some y. To illustrate, even the
trivial models we considered as a sanity check in Section 3
would not be considered equivalent. Recall that M/; is made
up of £ =D and D = C, and M; consists simply of E = C.
Given that C' = ¢ is directly sufficient for £/ = e only in the
latter, these models would not come out as equivalent for the
variables { £, C'}.

The problem is that, as the name suggests, direct suffi-
ciency focusses on parent-children relations, and is thus a
numerical property. Instead, we generalize the notion of di-
rect sufficiency so that it also captures sufficiency for de-
scendants that are not children. Recall that we generalized
ancestral relations by incorporating a feature of functional
relations, namely that it also applies to sets of variable values
and not just to single variables. Here we make the symmet-
rical counterpart of that move: we generalize the functional
relation of direct sufficiency by incorporating a feature of
ancestral relations, namely its transitivity.

Definition 10 We say that % is sufficient for y if there exist
wo,..., Wy, such that for each i, w; is directly sufficient for
W41, where T = W and § = Wy, 1

This gives rise to our notion of functional equivalence.
As with structural equivalence, we say that M; and M are
functionally equivalent if they are functionally equivalent
relative to V = V1 N Vs.

Definition 11 M, and M, are functionally equivalent rela-

tive to V if forall X €V UU, Y €V and &, 7, it holds that &
is sufficient for § in My iff Z is sufficient for § in M. Il



It is easy to see that functional equivalence deals with Ex-
ample 4. For example, (14,0, 1r,05,0p,0s) is sufficient
for £ = 1 in M; but not in M. Nonetheless, the following
example illustrates why functional equivalence by itself does
not suffice to guarantee structural equivalence.

Example 5 M; consists simply of Y = D and X = D. M>
on the other hand consists of Y = (VAX)v D,V =D, and
X = D. It is easy to verify that the models are functionally
equivalent. Yet both models disagree about whether X is an
ancestor of Y, and thus are not structurally equivalent.

We therefore define causal equivalence as the combina-
tion of structural and functional equivalence.

Definition 12 M and M5 are causally equivalent relative
to V if they are both structurally and functionally equivalent
relative to V. My and M, are causally equivalent if they are
both structurally and functionally equivalent. Il

6 Weak Equivalence

We have come across two sensible notions of causal suffi-
ciency already (Defs. 4 and 10). The following definition
also offers a very natural notion of causal sufficiency.

Definition 13 We say that % is weakly sufficient for ¢
wrt. (M, a) if (M, 1) = [X < 2]Y = 4.

(If Xy = X nU is not empty, then the restriction of the
context U to Xu has to agree with Ty.)

Direct sufficiency required 2 to guarantee y regardless of
the context and of the values of the other variables. Weak
sufficiency on the other hand merely requires that Z helps in
getting 4 (even if only by not preventing it), but it does not
guarantee it: it relies on the other variables to play nice and
take on their usual values. Note that direct sufficiency im-
plies sufficiency, and sufficiency implies weak sufficiency.
Therefore one might wonder whether defining equivalence
using weak sufficiency could offer a plausible alternative to
functional equivalence.

(Halpern 2016b) considers precisely this definition, be it
that he limits attention to the special case where M is an
extension of M, i.e., a case where V; € V. Informally,
his definition states that both models agree on all formulas
consisting solely of variables that they have in common.

Definition 14 M5 is a conservative extension of M if for
all X,f/ C V1, all 2,9, and all 4, it holds that I is weakly
sufficient for § w.rt. (My,4) iff T is weakly sufficient for i
w.rt. (Mo, ). 11

Halpern calls the extended model a “conservative” exten-
sion precisely because he takes it to be intuitive that the
larger model preserves all relevant causal information of the
smaller model (as far as their mutual variables go of course).
I define weak equivalence as the generalization of Definition
14 to all sets of common variables V.

Definition 15 M, and M- are weakly equivalent relative to
Vifforall X cUuV, Y €V, dll &4, and all G, it holds
that T is weakly sufficient for ij w.r.t. (M1, %) iff T is weakly
sufficient for § w.r.t. (Mo, 1) Il
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As before, we say that My and My are weakly equivalent
if they are weakly equivalent relative to all of their com-
mon variables. Just as functional equivalence, weak equiva-
lence captures important features that are ignored by struc-
tural equivalence. In particular, it meets our demand that it
reduces to identity when applied to models with identical
variable sets (and thus also deals with Example 4). Yet func-
tional equivalence is stronger than weak equivalence.

Theorem 1 Given M, and Mo, it holds that if My and Mo
are functionally equivalent relative to ) then they are weakly
equivalent relative to V.

Proof: Assume M; and M5 are functionally equivalent rel-
ative to V. Say Z is weakly sufficient for § w.r.t. (M, ),
where X c{uV and Y ¢ V. (The reasoning for M> is
identical.) We first show that (4, %) is sufficient for ¢ in M.

Given strong recursivity, (u, ) is directly sufficient for
some setting d;, where fll ¢ V) are those variables that only
depend on the exogenous variables I/ and on the variables in
X. IfY c fll, then either § = d; or d; is directly sufficient
for ¢, and in both cases the result follows. If not, we can con-
tinue this reasoning by observing that (4, Z, d1 ) is directly
sufficient for some setting do, where 212 € V; are those vari-
ables that only depend on the variables in U UX UA;. There-
fore eventually we arrive at some d,, so that Y ¢ A, and
(4, ) is sufficient for d,, in M.

Because M; and M, are functionally equivalent rela-
tive to V), we also have that (4,7) is sufficient for ¢ in
M, from which it follows that Z is weakly sufficient for
gwrt. (M, d). 1

The following interesting result illustrates that the di-
chotomy between structural and functional relations is not
strict: weak equivalence (and thus also functional equiva-
lence) is not entirely independent from structural equiva-
lence. Concretely, the ancestor relation is preserved when
moving from a causal model to a conservative extension.
(Example 5 illustrates that the reverse is not true.)

Theorem 2 Given models My and M so that Ms is a con-
servative extension of M, for any variables X, Y € V;, we
have that if X is an ancestor of Y in M, then X is an ances-
tor of Y in M. In other words, the DAG of M is a sub-DAG
of Mo when ignoring all the variables not in V.

Proof: Assume X is an ancestor of Y in M. Because of the
transitivity of the ancestral relation, we may assume that X
is a parent of Y in M, i.e., there exist z, z’,y, vy’ and a wit-

ness (i, 2) with Z = V; - {X,Y} so that (z,2") ~ (y,9).
By Fact 1 this means that (M;,4) £ [Z « 2, X < 2]V =
yA[Z < 2, X < 2']Y = y'. Because M is a conservative
extension of M, we also have (M, @) £ [Z « 2, X «
2]V =yr[Z <2 X <2’V =y

Say A are the parents of Y in M5 excluding X. Thus
any setting of (A, X') combined with the context is directly

sufficient for some value of Y. If all variables in A get the
same values under both interventions, i.e., there exists a set-
ting d € R(A) such that (M,4) E [Z « Z, X <« z]A =



aA[Z < 2 X « 2')A = d, then (4, ) is a witness for the
fact that X is also a parent of Y in M.

If they do not get the same values then there exists an
Ap € A which gets different values a; and o under the
respective interventions. In other words, (Ma, @) £ [Z «
ZX cx]Ai=ainN[Z < %X < 2']A =d].

We are thus in the same situation for A;, a parent of Y,
as we were for Y. Therefore we can repeat the reasoning
from above by looking at the parents of A; in M5 excluding
X. Given strong recursivity, eventually we have to find a
variable A; such that X is a parent of A;, A; is a parent of
A1, ...,and Aj is a parent of Y. i

Despite this result and the intuitive appeal of the idea that
equivalence comes down to comparing formulas made up
solely of common variables, the following example shows
that weak equivalence is too weak to preserve all causal in-
formation that I would consider as relevant, and therefore is
not suitable to replace functional equivalence.

Example 6 The model My contains the following equa-
tionss: E = BvCvF B=AA-C,C =D, A=-D,
and F = -C. If we remove variable B we get the model
M where the equation for E has become E = Av C v F.
The reader can verify that the models are both weakly and
structurally equivalent. Yet the role of A in both models is
intuitively quite different: if C = 1, then A = 1 and C =1
fulfill entirely symmetrical roles in bringing about ¥ = 1 ac-
cording to My, which is clearly not the case according to
M. Functional equivalence formalizes this intuition: A = 1
is sufficient for E = 1 in My and not in M.

7 Other Related Work and Future Directions

(Bongers et al. 2016) offer a definition of “equivalence after
marginalization” that generalizes Halpern’s notion of con-
servative extension to cyclic and non-deterministic models.
Their work is highly complementary to mine: contrary to
them, I restrict myself to acyclic deterministic models, and
contrary to me, they restrict themselves to using just this one
type of equivalence (i.e., just as Halpern, they only consider
Definition 14).

The naive suggestion mentioned earlier of defining func-
tional equivalence using direct sufficiency is present implic-
itly in (Beckers and Halpern 2019). (In the terminology we
used there, it comes down to stating that M is a constructive
abstraction of M5 for the identity-marginalization mapping
discussed in Section 3). (Rubenstein et al. 2017) also give
such a definition (see their Theorem 9). However, as men-
tioned in Section 3, the focus of both articles lies with the
third rather than the second context. As a result, neither of
them discuss the issue of equivalence, nor do they consider
any of the other forms of equivalence here introduced.

In future work I intend to generalize my approach to
the third context by combining my notions of equivalence
with the various notions of abstraction from (Beckers and
Halpern 2019). Simply put, the idea would be to require for
some causal relations that they hold between Z and ¢ in M,
iff they hold between 7(Z) and 7(%) in M;, where T is an
“abstraction” mapping. (What makes this non-trivial, is the
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fact that 7 is defined as mapping a setting 5 € Ra(V2) to
some ¥; € R1(V1), and thus one has to come up with a
sensible generalization to random settings & and ¢.) As an
additional step, I can make use of the work from (Beckers,
Eberhardt, and Halpern 2019) to define a notion of approxi-
mate equivalence.

Another promising extension concerns the topic of actual
causation, i.e., the causal relation that holds between partic-
ular events, as opposed to types of events. I intend to use the
current approach to analyse existing — and to propose novel —
definitions of actual causation by assuming that a good def-
inition ought to be stable across equivalent models: whether
Z causes ¥ in some context % should not depend on which
of two equivalent models one uses. I take the idea of such
an analysis from (Gallow forthcoming), whose work offered
the impetus for the current project. He offers a very strong
sufficient condition for equivalence, but does not develop a
notion of equivalence. (The interested reader can easily ver-
ify that his sufficient condition indeed suffices to meet the
criteria of my definition of causal equivalence.)

The notion of actual joint ancestry (Definition 8) will
be central to this extension. It was inspired by a similar —
but subtly different — one from (Gallow forthcoming), who
presents it as the basis for a stable definition of actual causa-
tion.>* Therefore the current paper can be seen as offering a
partial formal vindication of his approach (modulo the sub-
tle differences between the definitions). But I believe there
is still room for improvement. For example, actual joint an-
cestry is (by definition) a transitive relation, whereas nowa-
days there is a broad consensus that actual causation is not
transitive. For a more concrete and intuitive objection, con-
sider a model with equation £ = (C A B) v (=C A A),
and a context such that C = 1, B = 1, and A = 1. Then
(14,1¢;04,0¢) ~% (1g,05). However, it seems strange
to consider A = 1 to be a part of an actual cause of E/ = 1,
given that the disjunct it appears in was false.

To sum up, I investigated when two causal models ought
to be considered equivalent relative to (a subset of) their
common variables. I proposed an answer by looking at the
two fundamental features of a causal model, namely its
structural and its functional relations. Although the discus-
sion has made clear that this definition satisfies certain intu-
itive properties, I do not take it to offer the last word. There
may very well be further intricacies that the current defini-
tion overlooks, which could lead to more refined notions of
equivalence.

3For the interested reader: here is an example for which his defi-
nition offers a different verdict. The equations are E = (AvB)AC,
and B = Av C, and we consider a context in which A = 1 and C' =
1. Then (14,1¢;04,0¢) ~* (1a,15;04,08) ~* (1g,0R),
and thus (A = 1,C = 1) are actual joint ancestors of F = 1.
Gallow’s definition involves a minimality condition applied to the
entire network, as opposed to applied to each step between parents
and children. Since also (1¢,0c) ~* (15,05), (A=1,C =1) s
not minimal and therefore he does not consider it an actual cause.

“His full definition adds to this a focus on the default/deviant
distinction between values of variables, which is fairly common in
work on actual causation. This distinction and his use of it could
easily be added to my analysis, and thus stands orthogonal to it.
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