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Abstract

We present a new approach for learning the structure of a
treewidth-bounded Bayesian Network (BN). The key to our
approach is applying an exact method (based on MaxSAT)
locally, to improve the score of a heuristically computed BN.
This approach allows us to scale the power of exact methods—
so far only applicable to BNs with several dozens of random
variables—to large BNs with several thousands of random
variables. Our experiments show that our method improves the
score of BNs provided by state-of-the-art heuristic methods,
often significantly.

Introduction
Bayesian network structure learning is the notoriously diffi-
cult problem of discovering a Bayesian network (BN) that
optimally represents a given set of training data (Chicker-
ing 2002). Since exact inference on a BN is exponential
in the BN’s treewidth (Kwisthout, Bodlaender, and van der
Gaag 2010), one is particularly interested in learning BNs
of bounded treewidth. However, learning a BN of bounded
treewidth that optimally fits the data (i.e., with the largest
possible score) is, in turn, an NP-hard task (Korhonen and
Parviainen 2013). This predicament caused the research on
treewidth-bounded BN structure learning to split into two
branches:

1. Heuristic Learning (see, e.g., Elidan and Gould (2009);
Nie, de Campos, and Ji (2015); Scanagatta et al. (2016,
2018); Benjumeda, Bielza, and Larrañaga (2019)), which
is scalable to large BNs with thousands of random vari-
ables but with a score that can be far from optimal, and

2. Exact Learning (see, e.g., Berg, Järvisalo, and Malone
(2014); Korhonen and Parviainen (2013); Parviainen, Fara-
hani, and Lagergren (2014)), which learns optimal BNs
but is scalable only to a few dozen random variables.

In this paper, we combine heuristic and exact learning and
take the best of both worlds.

The basic idea for our approach is to first compute a BN
with a heuristic method (the global solver), and then to apply
an exact method (the local solver) to parts of the heuristic
solution. The parts are chosen small enough that they allow
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an optimal solution reasonably quickly with the exact method.
Although the basic idea sounds compelling and reasonably
simple, its realization requires several conceptual contribu-
tions and new results.

For the global solver, any heuristic algorithm for treewidth-
bounded BN learning, such as the recent algorithms
k-MAX (Scanagatta et al. 2018) or ETL (Benjumeda, Bielza,
and Larrañaga 2019). The local solver’s task is significantly
more complex than treewidth-bounded BN structure learn-
ing, as several additional constraints need to be incorporated.
Namely, it is not sufficient that the BN computed by the local
solver is acyclic. We need fortified acyclicity constraints that
prevent cycles that run through the other parts of the BN,
which have not been changed by the local solver. Similarly,
it is not sufficient that the local BN is of bounded treewidth.
We need fortified treewidth constraints that prevent the local
BN from introducing links between a diverse set of nodes
that, together with the other parts of the BN, which have not
been changed by the local solver, increase the treewidth.

Given these additional requirements, we propose a new
local solver BN-SLIM (SAT-based Local Improvement
Method), which satisfies the fortified constraints. We formu-
late a fortified version of the treewidth-bounded BN structure
learning problem. In Theorem 1, we show that we can ex-
press the fortified constraints with certain virtual arcs and
virtual edges. The virtual arcs represent directed paths that
run outside the local instance; with these virtual arcs we can
ensure fortified acyclicity. The virtual edges represent essen-
tial parts of a global tree decomposition using which we can
ensure bounded treewidth.

The new formulation of the local problem is well-suited to
be expressed as a MaxSAT (Maximum Satisfiability) problem
and hence allows us to harvest the power of state-of-the-art
MaxSAT solvers (which received a significant performance
gain over the last decade). A distinctive feature of our encod-
ing is that, in contrast to the virtual edges, the virtual arcs are
conditional and depend on the local solver’s solution.

Results. We implement BN-SLIM and evaluate it empir-
ically on a large set of benchmark data sets, consisting be-
tween 64 and 10,000 random variables and for the treewidth
bounds 2, 5, and 8. As the global solver, we use the state-of-
the-art heuristic algorithms for treewidth-bounded BN learn-
ing k-MAX (Scanagatta et al. 2018), and two variants of ETL
(Benjumeda, Bielza, and Larrañaga 2019). k-MAX improves
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over the k-greedy algorithm (Scanagatta et al. 2016), which
was the first algorithm for treewidth-bounded structure learn-
ing that scaled to thousands of random variables. The more re-
cent algorithm ETL is reported to perform better than k-MAX
in many cases (Benjumeda, Bielza, and Larrañaga 2019).

We consider about a hundred benchmark data sets based on
real-world and synthetic data sets, ranging up to 4000 random
variables in our experiments. First we run the global solvers
on the data sets, followed by running BN-SLIM to improve
the score of the DAG they provided. Our results show that
after running BN-SLIM for 5 minutes, 73% of all DAGs
could be improved; by extending the time for BN-SLIM to
15 minutes, the improvement extends to 82%. We also notice
that, overall, BN-SLIM can improve the lower treewidth
DAGs more efficiently.

Since k-MAX is an anytime algorithm that can produce
better and better solutions over time, we can directly compare
the improvements achieved by k-MAX after some initial run
with the improvements achieved by BN-SLIM. Our experi-
ments show that after an initial run of k-MAX for 30 minutes,
it is highly beneficial to stop k-MAX and hand the torch over
to BN-SLIM, as BN-SLIM provides improvements at a sig-
nificantly higher rate. According to the ∆BIC metric, which
was used by Scanagatta et al. (2018) for comparing treewidth-
bounded BN structure learning algorithms, the results are
“extremely positive” in favor of BN-SLIM over k-MAX in a
vast majority of the experiments.

We cannot perform such a direct comparison between ETL
and BN-SLIM, since the available implementation of ETL
does not support an anytime run, but stops after a certain
time. Hence, we let ETL finish, and run BN-SLIM afterwards
for 30 minutes. The achieved improvement in terms of the
∆BIC metric is “extremely positive” for 84% of all DAGs
computed by two variants of ETL.

Related work. The first SAT-encoding for finding the
treewidth of a graph was proposed by Samer and Veith (2009).
Lodha, Ordyniak, and Szeider (2016) proposed the first SAT-
based local improvement method for branchwidth. Recently,
SAT encodings have been proposed for other graph and hy-
pergraph width measures (Fichte et al. 2018; Ganian et al.
2019; Lodha, Ordyniak, and Szeider 2017; Schidler and Szei-
der 2020). So far, there have been four concrete approaches
that use the SLIM framework, one for branchwidth (Lodha,
Ordyniak, and Szeider 2016, 2019), one for treewidth (Fichte,
Lodha, and Szeider 2017), one for treedepth (Peruvemba Ra-
maswamy and Szeider 2020) and one for decision trees (Schi-
dler and Szeider 2021). SLIM is a meta-heuristic that, sim-
ilarly to Large Neighborhood Search (Pisinger and Ropke
2010), tries to improve a current solution by exploring its
neighborhood of potentially better solutions. As a distinc-
tive feature, SLIM explores highly structurally constrained
neighbouring solutions with a complete method (SAT).

Several exact approaches to treewidth-bounded BN struc-
ture learning have been proposed. Korhonen and Parvi-
ainen (2013) proposed a dynamic-programming approach,
and Parviainen, Farahani, and Lagergren (2014) proposed a
Mixed-Integer Programming approach. Berg, Järvisalo, and
Malone (2014) proposed a MaxSAT approach by extending

the basic Samer-Veith encoding for treewidth. Our approach
for BN-SLIM uses a similar general strategy, but we encode
acyclicity differently. Moreover, BN-SLIM deals with the
fortified constraints in terms of virtual edges and virtual arcs.

Since the exact methods are limited to small domains,
Nie, de Campos, and Ji (2015, 2016) suggested heuristic
approaches that scale up to hundreds of random variables.
The k-greedy algorithm proposed by Scanagatta et al. (2016)
at NIPS’16 provided a breakthrough, consistently yielding
better DAGs than its competitors and scaling up to sev-
eral thousand of random variables. As mentioned above,
k-MAX (Scanagatta et al. 2018) is a more recent improve-
ment over k-greedy. More recently, Benjumeda, Bielza, and
Larrañaga (2019) came up with the ETL algorithms, based
on local search within the space of structures called elimina-
tion trees. These algorithms perform better than k-MAX and
k-greedy in many cases.

Preliminaries

Structure learning. We consider the problem of learn-
ing the structure (i.e., the DAG) of a BN from complete
data set of N instances D1, . . . , DN over a set of n cate-
gorical random variables X1, . . . , Xn. The goal is to find a
DAG D = (V,E) where V is the set of nodes (one for each
random variable) and E is the set of arcs (directed edges).
The value of a score function determines how well a DAG D
fits the data; the DAG D, together with local parameters,
forms the BN (Koller and Friedman 2009).

We assume that the score is decomposable, i.e., being
constituted by the sum of the individual random variables’
scores. Hence we can assume that the score is given in terms
of a score function f that assigns each node v ∈ V and
each subset P ⊆ V \ {v} a real number fP (v), the score
of P for v. The score of the entire DAG D = (V,E) is
then f(D) :=

∑
v∈V f(v, PD(v)) where PD(v) = {u ∈

V : (u, v) ∈ E } denotes the parent set of v inD. This setting
accommodates several popular scores like AIC, BDeu, and
BIC (Akaike 1974; Heckerman, Geiger, and Chickering 1995;
Schwarz 1978). If P and P ′ are two potential parent sets of a
random variable v such that P ( P ′ and f(v, P ′) ≤ f(v, P ),
then we can safely disregard the potential parent set P ′ of v.
Consequently, we can disregard all nonempty potential parent
sets of v with a score ≤ f(v, ∅). Such a restricted score
function is a score function cache.

Treewidth. Treewidth is a graph invariant that provides
a good indication of how costly probabilistic inference on
a BN is. Treewidth is defined on undirected graphs and ap-
plies to BNs via the moralized graph M(D) = (V,EM )
of the DAG D = (V,E) underlying the BN under con-
sideration, where EM = { {u, v} : (u, v) ∈ E } ∪
{ {u, v} : (u,w), (v, w) ∈ E, u 6= v }.

A tree decomposition T of a graph G is a pair (T, χ),
where T is a tree and χ is a function that assigns each tree
node t a set χ(t) of vertices of G such that the following
conditions hold:

T1 For every edge e of G there is a tree node t such that
e ⊆ χ(t).
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T2 For every vertex v of G, the set of tree nodes t with
v ∈ χ(t) induces a non-empty subtree of T .

The sets χ(t) are called bags of the decomposition T , and
χ(t) is the bag associated with the tree node t. The width of a
tree decomposition (T, χ) is the size of a largest bag minus 1.
The treewidth ofG, denoted by tw(G), is the minimum width
over all tree decompositions of G.

The treewidth-bounded BN structure learning problem
takes as input a set V of nodes, a decomposable score func-
tion f on V , and an integer W , and it asks to compute a DAG
D = (V,E) of treewidth ≤W , such that f(D) is maximal.

Local Improvement
Consider an instance (V, f,W ) of the treewidth-bounded BN
structure learning problem, and assume we have computed an
initial solution D = (V,E) heuristically, together with a tree
decomposition T = (T, χ) of width ≤ W of the moralized
graph M(D).

We select a subtree S ⊆ T such that the number of vertices
in VS :=

⋃
t∈V (S) χ(t) is at most some budgetB. The budget

is a parameter that we specify beforehand, such that the
subinstance induced by VS is small enough to be solved
optimally by an exact method, which we call the local solver.
The local solver computes for each v ∈ VS a new parent set,
optimizing the score of the resulting DAG Dnew = (V,Enew).

Consider the induced DAG Dnew
S = (VS , E

new
S ), where

Enew
S = { (u, v) ∈ Enew : {u, v} ⊆ VS }. The local solver

ensures that the following conditions are met:

C1 Dnew
S is acyclic.

C2 The moral graph M(Dnew
S ) has treewidth ≤W .

We assume that the local solver certifies C2 by producing
a tree decomposition Snew = (Snew, χnew) of M(Dnew

S ) of
width ≤W , which can be used by the global solver.

The two conditions stated above are not sufficient to ensure
that Dnew is acyclic and that treewidth of M(Dnew) remains
bounded by W . Acyclicity can be violated by cycles formed
by the combination of the new incoming arcs of vertices in
S together with old arcs that are kept from D. The treewidth
can increase by a number that is linear in |VS |.

Hence, we need additional side conditions, which we will
formulate using the following additional concepts.

Let us call a vertex v ∈ VS a boundary vertex if there
exists a tree node t ∈ V (T )\V (S) such that v ∈ χ(t), i.e., it
occurs in some bag outside S. We call the other vertices in VS
internal vertices, and the vertices in V \ VS external vertices.
Further, we call two boundary vertices v, v′ adjacent if there
exists a tree node t ∈ V (T ) \ V (S) such that v, v′ ∈ χ(t),
i.e., both vertices occur together in some bag outside S. It is
easy to see that any pair of adjacent boundary vertices occur
together in a bag of S as well.

For any two adjacent boundary vertices v, v′, we call
{v, v′} a virtual edge. Let Evirt be the set of all virtual edges.
These virtual edges form a clique and serve a similar purpose
as the marker cliques used in other work (Fichte, Lodha, and
Szeider 2017). The extended moral graph Mext = (VS , Eext)
is obtained from M(Dnew

S ) by adding all virtual edges.

For any two adjacent boundary vertices v, v′, we call (v′, v)
a virtual arc, if Dnew contains a directed path from v′ to v,
where all the vertices on the path, except for v′ and v, are
external. Let E→virt be the set of all virtual arcs.

We can now formulate the side conditions.
C3 Snew is a tree decomposition of the extended moral

graph Mext.
C4 For each v ∈ VS , if PDnew(v) contains external vertices,

then there is some t ∈ V (T ) \ V (S) such that PDnew(v) ∪
{v} ⊆ χ(t).

C5 The digraph (VS , E
new
S ∪ E→virt) is acyclic.

We note that condition C4 implies that in Dnew, all parents of
an internal vertex are internal.

a

b
c

d

e

f
g

B1 B2
B3 B4

B5
B6

B7 B8

Conference, ECSQARU 2015, Compiègne, France, July 15-704

17, 2015. Proceedings, volume 9161 of Lecture Notes in705

Computer Science, 387–396. Springer Verlag.706

Nie, S.; de Campos, C. P.; and Ji, Q. 2016. Learning Bayesian707

Networks with Bounded Tree-width via Guided Search. In708

Schuurmans, D.; andWellman, M. P., eds., Proceedings of the709

Thirtieth AAAI Conference on Artificial Intelligence, Febru-710

ary 12-17, 2016, Phoenix, Arizona, USA, 3294–3300. AAAI711

Press.712

Parviainen, P.; Farahani, H. S.; and Lagergren, J. 2014. Learn-713

ing Bounded Tree-width Bayesian Networks using Integer714

Linear Programming. In Proceedings of the Seventeenth715

International Conference on Artificial Intelligence and Statis-716

tics, AISTATS 2014, Reykjavik, Iceland, April 22-25, 2014,717

volume 33 of JMLR Workshop and Conference Proceedings,718

751–759. JMLR.org.719

Peruvemba Ramaswamy, V.; and Szeider, S. 2020. MaxSAT-720

Based Postprocessing for Treedepth. In Simonis, H., ed.,721

Principles and Practice of Constraint Programming, 478–722

495. Cham: Springer International Publishing. ISBN 978-3-723

030-58475-7.724

Raftery, A. E. 1995. Bayesian Model Selection in Social725

Research. Sociological Methodology 25: 111–163. ISSN726

00811750, 14679531. URL http://www.jstor.org/stable/727

271063.728

Samer, M.; and Veith, H. 2009. Encoding Treewidth into SAT.729

In Theory and Applications of Satisfiability Testing - SAT730

2009, 12th International Conference, SAT 2009, Swansea,731

UK, June 30 - July 3, 2009. Proceedings, volume 5584 of732

Lecture Notes in Computer Science, 45–50. Springer Verlag.733

Scanagatta, M. 2015. BLIP – Bayesian Network learning and734

inference package . URL https://ipg.idsia.ch/software/blip.735

Scanagatta, M.; Corani, G.; de Campos, C. P.; and Zaffalon,736

M. 2016. Learning Treewidth-Bounded Bayesian Networks737

with Thousands of Variables. In Lee, D. D.; Sugiyama, M.;738

von Luxburg, U.; Guyon, I.; and Garnett, R., eds., Advances739

in Neural Information Processing Systems 29: Annual Con-740

ference on Neural Information Processing Systems 2016, De-741

cember 5-10, 2016, Barcelona, Spain, 1462–1470.742

Scanagatta, M.; Corani, G.; Zaffalon, M.; Yoo, J.; and Kang,743

U. 2018. Efficient learning of bounded-treewidth Bayesian744

networks from complete and incomplete data sets. Int. J.745

Approx. Reason 95: 152–166.746

Schidler, A.; and Szeider, S. 2020. Computing Optimal Hy-747

pertree Decompositions. In Blelloch, G.; and Finocchi, I.,748

eds., Proceedings of ALENEX 2020, the 22nd Workshop on749

Algorithm Engineering and Experiments, 1–11. SIAM.750

Schwarz, G. 1978. Estimating the dimension of a model. The751

annals of statistics 6(2): 461–464.752

Van Haaren, J.; and Davis, J. 2012. Markov network structure753

learning: A randomized feature generation approach. In754

Twenty-Sixth AAAI Conference on Artificial Intelligence.755

internal vertex756

external vertex757

boundary vertex758

bag of T \ S759

bag of S760

arc of D761

edge ofM(D)762

virtual arc763

virtual edge764

765

Figure 1: Illustration for Theorem 1. The large circles
B1, . . . , B8 represent the bags of T , where B2, B3, B6 be-
long to S. The boundary vertices are a, . . . , g, where c, d are
adjacent, and e, f, g are mutually adjacent. Since there is a
directed path from d to c using external vertices from the
bags B7 and B8, there is a virtual arc from d to c.

Theorem 1. If all the conditions C1–C5 are satisfied, then
Dnew is acyclic, the treewidth of M(Dnew) is at most W , and
the score of Dnew is at least the score of D.

Proof. We define a new tree decomposition T new =
(T new, χnew) of M(Dnew) as follows. Let T1, . . . , Tr be the
connected components of T \ V (S), i.e., the Ti’s are the
subtrees of T that we get when deleting the subtree S. Let
Vi =

⋃
t∈V (Ti)

χ(t), 1 ≤ i ≤ r, and observe that each ex-
ternal vertex x belongs to exactly one of the sets V1, . . . , Vr.
Let Bi = VS ∩Vi, 1 ≤ i ≤ r, be the set of boundary vertices
in Vi. We observe that all the vertices in Bi are mutually
adjacent boundary vertices and occur together in a bag χ(si)
of si ∈ V (S) and in a bag χ(ti), for ti ∈ V (Ti), as we can
take si and ti to be the two neighboring tree nodes of T with
si ∈ V (S) and ti ∈ V (Ti). We also observe that each Bi

forms a clique in the extended moral graph Mext.
Recall that by assumption, the local solver provides a tree

decomposition Snew = (Snew, χnew) of Dnew
S = (VS , E

new
S )

of width ≤ W . Additionally, by condition C3, Snew is
also a tree decomposition of Mext, and hence, by a basic
property of tree decompositions (see, e.g., Bodlaender and
Möhring (1993, Lem. 3.1)), there must exist a bag χnew(s∗i ),
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s∗i ∈ V (Snew), with Bi ⊆ χnew(s∗i ). Hence we can de-
fine T new as the tree we get by connecting the disjoint trees
Snew, T1, . . . , Tr with the edges {s∗i , ti}, 1 ≤ i ≤ r. We
extend χnew from V (Snew) to V (T new) by setting χnew(t) =
χ(t) for t ∈ ⋃r

i=1 V (Ti).
Claim 1: T new = (T new, χnew) is a tree decomposition

of M(Dnew) of width ≤ W . To prove the claim, we show
that T new satisfies the conditions T1 and T2.

Condition T1. There are two reasons for an edge {u, v} to
belong to M(Dnew): first, because of an arc (u, v) ∈ Enew

and second, because of two arcs (u,w), (v, w) ∈ Enew.
First case: (u, v) ∈ Enew. If u and v are both external,
then {u, v} ⊆ χ(t) = χnew(t) for some t ∈ V (T new) \
V (Snew) = V (T ) \ V (S). If neither u nor v is external,
then (u, v) ∈ Enew

S , and since Snew is a tree decomposi-
tion of Dnew

S , {u, v} ⊆ χnew(s) for some s ∈ V (Snew). If
v is external but u isn’t, then the arc (u, v) was already
present in D, as the parents of external vertices didn’t
change. Hence, since T is a tree decomposition of M(D),
it follows that {u, v} ⊆ χ(t) = χnew(t) for some t ∈
V (T new) \ V (Snew) = V (T new) \ V (S). If u is external
but v isn’t, it follows from C4 that {u, v} ⊆ χ(t) = χnew(t)
for some t ∈ V (T new) \ V (Snew) = V (T new) \ V (S). Sec-
ond case: (u,w), (v, w) ∈ Enew. If u, v, w ∈ VS , then
{u, v} ∈ E(M(Dnew

S )), and so {u, v} ⊆ χnew(s) for some
s ∈ V (Snew), since Snew is a tree decomposition ofM(Dnew

S ).
If w ∈ VS but u /∈ VS or v /∈ VS , then C4 implies that
{u, v} ⊆ χ(t) = χnew(t) for some t ∈ V (T new)\V (Snew) =
V (T new) \ V (S). If w /∈ VS , then u, v are two adjacent
boundary vertices, hence {u, v} is a virtual edge which, by
C3, means {u, v} ⊆ χnew(s) for some s ∈ V (Snew). We
conclude that T1 holds.

Condition T2. Let v ∈ V . If v is external, then there is ex-
actly one i ∈ {1, . . . , r}, such that v ∈ Vi =

⋃
t∈V (Ti)

χ(t).
Since we do not change the tree decomposition of Ti, con-
dition T2 carries over from T to T new. Similarly, if v is
internal, then v does not appear in any bag χnew(t) for
t ∈ V (T new)\V (Snew), hence condition T2 carries over from
Snew to T new. It remains to consider the case where v is a
boundary vertex. The tree nodes t ∈ V (Snew) with v ∈ χ(t)
are connected, because Snew satisfies T2, and forBi : v ∈ Bi,
the tree nodes t ∈ V (Ti) for which v ∈ χ(t) are connected,
since T satisfies T2. By construction of T new, if v ∈ Bi,
then there are neighboring tree nodes s∗i ∈ V (Snew) and
ti ∈ V (Ti) with v ∈ χnew(s∗i ) ∩ χnew(ti). Hence all the tree
nodes t ∈ V (T new) with v ∈ χ(t) are connected, and T2 also
holds for boundary vertices.

To conclude the proof of the claim, it remains to observe
the width of T new cannot exceed the widths of T or Snew,
hence the width of T new is at most W .

Claim 2: Dnew is acyclic. To prove the claim, suppose
to the contrary that D contains a directed cycle C =
(V (C), E(C)). The cycle cannot lie entirely in Dnew

S , nor
can it lie entirely in Dnew − VS = D − VS , because Dnew

S
and D are acyclic. Hence, C contains at least one arc from
VS × (V \ VS) and at least one arc from (V \ VS) × VS .
Let (vj , xj) ∈ E(C) ∩ (VS × (V \ VS)) and (x′j , v

′
j) ∈

E(C) ∩ ((V \ VS) × VS), for 0 ≤ j ≤ p, be these arcs,

such that they appear on C in the order (v′0, x
′
0), (x0, v0),

(v′1, x
′
1), . . . , (v′p, x

′
p), (xp, vp). It is possible that x′j = xj or

vj = v′j+1. We observe that the vertices on the path from x′j
to xj on C all belong to some Vi =

⋃
t∈V (Ti)

χ(t). Hence
vj and v′j are adjacent boundary vertices, and E→virt contains
all the arcs (v′j , vj), 1 ≤ j ≤ p. However, the cycle C con-
tains also the paths from vj to v′j+1 (mod p), for 1 ≤ j ≤ p,
which only run through vertices in VS . These paths, together
with the virtual arcs (v′j , vj) form a cycle C ′ which lies in
(VS , E

new
S ∪ E→virt). This contradicts C5 which requires that

this digraph be acyclic. Hence the claim holds.
Claim 3: The score of Dnew is at least the score of D. We

observe that by taking Dnew = D we have a solution that sat-
isfies all the required conditions and maintains the score.

Implementing the Local Improvement
In this section, we first discuss how the set S representing
the subinstance is constructed. Then we provide a detailed
explanation of the MaxSAT encoding that is responsible for
solving the subinstance.

Constructing the subinstance. For this section, we fol-
low the same notation as used in the previous section. To
construct the subinstance, we initialize the subtree S with a
tree node r picked at random from V (T ). We then expand
S by performing a bread-first search from V (S) and adding
a new tree node to S as long as the size of VS does not ex-
ceed the budget. Next, we compute Evirt for the chosen S.
Finally, we prune the parent sets of each vertex so as to only
retain those parent sets which satisfy conditions C3 and C4.
This can be done by first checking, for each parent set, if the
required tree node t is present V (T ) \ V (S), and if it does,
we record the set of virtual arcs that are imposed by this
parent set as long as none of the virtual arcs are self-loops.
For each v ∈ S and P ∈ Pv, we denote by A→virt(v, P ) the
set of imposed virtual arcs when v has the parent set P in
Dnew. We denote by Pv , the collection of parent sets of node
v that remain after this pruning process. Notice that, under
this pruning, all remaining parent sets P ∈ Pv satisfy C4.
Also note that, since E→virt is conditional on the chosen parent
sets, it cannot be precomputed.

Further, since we intend to solve the subinstance using
a MaxSAT encoding, we need to ensure that the score of
each parent set is non-negative. Recall that Pv only contains
those non-empty parent sets whose score is at least that of
the empty parent set. Thus, we may assume that the empty
parent set has the lowest score among all the parents of a
certain vertex. Consequently, we can adjust the score function
by setting f ′P (v) = fP (v) − f∅(v) for v ∈ S and P ∈ Pv,
which implies that f ′P (v) ≥ 0 for all v ∈ S and P ∈ Pv .

MaxSAT encoding. We now describe the weighted par-
tial MaxSAT instance that encodes conditions C1–C5. We
build on top of the SAT encoding proposed by Samer and
Veith (2009). The only difference in our case is that there
are no explicit edges and hence we do not require the corre-
sponding clauses. Instead, the edges of the moralized graph
are dependent on and decided by other variables that govern
the DAG structure. For convenience, let n denote the size
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of the subinstance, i.e., n := |S|. A part of the encoding is
based on the elimination ordering of a tree decomposition
(see, e.g., Samer and Veith (2009, Sec. 2)).

The main variables used in our encoding are
• variables parPv represent for each node v ∈ S the chosen

parent set P ,
• n(n − 1)/2 variables acycu,v represent the topological

ordering of Dnew
S ,

• n(n− 1)/2 variables ordu,v represent the elimination or-
dering of the tree decomposition,

• n2 variables arcu,v represent the arcs in the moralized
graph Mext, along with the fill-in edges (see Samer and
Veith (2009)).
Since acycu,v and ordu,v represent linear orderings, we

enforce transitivity of these variables by means of the clauses

(acyc∗u,v ∧ acyc∗v,w)→ acyc∗u,w
(ord∗u,v ∧ ord∗v,w)→ ord∗u,w

}
for distinct u, v, w ∈ S.

To prevent self-loops in the moralized graph, we add the
clauses

¬arcv,v for v ∈ S.
For each node v ∈ S, and parent set P ∈ Pv , the variable

parPv is true if and only if P is the parent set of v. Since
each node must have exactly one parent set, we introduce the
cardinality constraint

∑
P∈Pv

parPv = 1 for v ∈ S.
Next, for each node v, parent set P , and u ∈ P , if P is

the parent set of v then u must precede v in the topological
ordering. Hence we add the clause

parPv → acycu,v for v ∈ S, P ∈ Pv, and u ∈ P.
Similarly, for each node v, parent set P , and u ∈ P , if P is
the parent set of v then we must add an arc in the moralized
graph respecting the elimination ordering between u and v,
as follows:

(parPv ∧ ordu,v)→ arcu,v
(parPv ∧ ordv,u)→ arcv,u

}
for v ∈ S, P ∈ Pv,

and u ∈ P.
Next, we encode the moralization by adding an arc be-

tween every pair of parents of a node, using the following
clauses

(parPv ∧ ordu,w)→ arcu,w
(parPv ∧ ordw,u)→ arcw,u

}
for v ∈ S, P ∈ Pv,

and u,w ∈ P.
Now, we encode the fill-in edges, with the following clauses

(arcu,v ∧ arcu,w ∧ ordv,w)→ arcv,w
(arcu,v ∧ arcu,w ∧ ordw,v)→ arcw,v

}
for u, v, w ∈ S.

Lastly, to bound the treewidth, we add a cardinality constraint
on the number of outgoing arcs for each node as follows∑

w∈S,w 6=v
arcv,w ≤W for v ∈ S.

To complete the basic encoding, for every node v ∈ S, and
every parent set P ∈ Pv we add a soft clause weighted by
the score of the parent set as follows

(parPv ) : weight f ′P (v) for v ∈ S, P ∈ Pv.

To speed up the solving, we encode that for every pair of
nodes, at most one of the arcs between them can exist. We

add the following redundant clauses
¬arcu,v ∨ ¬arcv,u for u, v ∈ S.

Now, we describe the additional clauses required to satisfy
the fortified constraints, and thus conditions C3 and C5. For
every virtual edge {u, v} ∈ Evirt, we introduce a forced arc
depending on the elimination ordering using the following
pair of clauses

ord∗u,v → arcu,v ∧ ord∗v,u → arcv,u for {u, v} ∈ Evirt.

This takes care of the fortified treewidth constraints, satisfy-
ing C3 and ensuring that the edge {u, v} ⊆ χ(s) for some
s ∈ V (S). Finally, we add the clauses that encode the forced
arcs E→virt. For each v ∈ S, P ∈ Pv , and (u, v) ∈ A→virt(v, P ),
we add the clause

parPv → acyc∗u,v,

which forces the virtual arc (u, v) if P is the parent set of v
in Dnew, thereby handling the fortified acyclicity constraints
and ensuring that C5 is satisfied.

This concludes the definition of the MaxSAT instance,
to which we will refer as ΦD,f (S). We refer to the weight
of a satisfying assignment τ of ΦD,f (S) as the sum of the
weights of all the soft clauses satisfied by τ . Let α(S) :=∑

v∈S f∅(v). To each satisfying assignment τ of ΦD,f (S)
we can associate for each v ∈ V the corresponding parent
set, which in turn determines a directed graph Dnew. Due to
Theorem 1, the treewidth of M(Dnew) is bounded by W , and
Dnew is acyclic. By construction of ΦD,f (S), the weight of τ
equals

∑
v∈S f

′
P (v) = f(Dnew

S ) − α(S). Conversely, if we
pick new parent sets for the vertices in S such that all the con-
ditions C1–C5 are satisfied, then by construction of ΦD,f (S),
the corresponding truth assignment τ satisfies ΦD,f (S), and
its weight is

∑
v∈S f

′
P (v) = f(Dnew

S )− α(S). In particular,
let K0 be the weight of the truth assignment which corre-
sponds to the parent sets of S as defined by the input DAG D.
We summarize these observations in the following theorem.
Theorem 2. ΦD,f (S) has a solution of weight K if and only
if there are new parent sets for the vertices in S giving rise
to a DAG Dnew with f(Dnew)− f(D) = K −K0.

Experimental Evaluation
The current state-of-the-art heuristic algorithms for solving
the treewidth-bounded BN structure learning problem are
the k-MAX algorithm by Scanagatta et al. (2018) and the
ETL algorithms by Benjumeda, Bielza, and Larrañaga (2019)
(available as two variants–the default variant ETLd and the
poly-time variant ETLp), therefore, we analyze the benefit of
applying BN-SLIM on top of these algorithms. It is worth
noting that both k-MAX and BN-SLIM are anytime algo-
rithms, i.e., they run indefinitely long and can be halted at
any instant to output the best solution found so far; ETL,
on the other hand, as per the available implementation, is
deterministic and terminates when it fails to find any new
improvements. This distinction affects the nature of the exper-
iments conducted to draw a comparison between the different
algorithms. However, for the most part, we closely follow
the experimental setup (including data sets, timeouts, com-
parison metrics) used by Scanagatta et al. (2018) to compare
k-MAX with previous approaches.
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Name n Name n Name n Name n Name n Name n

NLTCS 16 Accidents 111 Pumsb-star 163 Book 500 Movie reviews 1001 r2? 2000
MSNBC 17 Mushrooms 112 DNA 180 EachMovie 500 munin? 1041 r3? 2000
KDDCup2k 65 Adult 123 Kosarek 190 NIPS 500 BBC 1058 r4? 2000
Plants 69 Connect4 126 andes? 223 link? 724 Voting 1359 r5? 4000
Audio 100 OCR Letters 128 MSWeb 294 WebKB 839 Ad 1556 r6? 4000
Jester 100 Retail 135 diabetes? 413 Reuters-52 889 r0? 2000 r7? 4000
Netflix 100 RCV-1 150 pigs? 441 20 NewsGroup 910 r1? 2000

Table 1: Data sets used for experimentation. Data sets marked with a ? are synthetic. n is the number of random variables. The
number of samples ranges from 100 to 291326 for the real data sets, while, 5000 samples were drawn for the synthetic data sets.

Since BN-SLIM needs an initial heuristic solution, we
enlist either k-MAX, ETLd, or ETLp for this purpose.
We denote by BN-SLIM(X), the algorithm which applies
BN-SLIM on an initial solution provided by X where X ∈
{k-MAX, ETLd, ETLp}. We run all our experiments with
treewidth bounds 2, 5, 8 for each data set following Scana-
gatta et al. (2018). All reported BN-SLIM results are averages
over three random seeds (see supp. material for details).

Setup. We run all our experiments on a 4-core Intel Xeon
E5540 2.53 GHz CPU, with each process having access
to 8GB RAM. We use UWrMaxSat as the MaxSAT-solver
primarily due to its anytime nature (available at the 2019
MaxSAT Evaluation webpage1). We tried other solvers but
found that UWrMaxSat works best for our use case. We use
the BNGenerator package (Ide 2015) in conjunction with
the BBNConvertor tool (Guo 2002) to generate and refor-
mat random Bayesian Networks. We also use the implemen-
tation of the k-MAX algorithm available as a part of the
BLIP package (Scanagatta 2015). For the ETL algorithms
we use the software made available2 by Benjumeda, Bielza,
and Larrañaga (2019). We implement the local improvement
algorithm in Python 3.6.9, using the NetworkX 2.4 graph
library (Hagberg, Schult, and Swart 2008). The source code
is attached as supplementary material, and we intend to make
it publicly available.

We first conducted a preliminary analysis on 20 data sets
to find out the best values for the budget (maximum number
of random variables in a subinstance) and the timeout (per
MaxSAT call) of BN-SLIM. We tested out budget values
7, 10, and 17, and timeout values 1s, 2s, and 5s, and finally
settled on a budget of 10 and a timeout of 2 seconds for our
experiments.

Data sets. We consider 99 data sets for our experiments.
84 of these come from real-world benchmarks. These are
based on the benchmarks introduced by Lowd and Davis
(2010); Van Haaren and Davis (2012); Bekker et al. (2015);
Larochelle, Bengio, and Turian (2010), a subset of which has
been used by Scanagatta et al. (2018). These benchmarks
are publicly available 3 in the form of pre-partitioned data
sets. There are three data sets corresponding to each of the
28 benchmarks (see Table 1).

1https://maxsat-evaluations.github.io/2019/descriptions.html
2https://github.com/marcobb8/et-learn
3https://github.com/arranger1044/DEBD

The remaining 15 data sets are classified as synthetic as
they are obtained by drawing 5000 samples from known BNs
(see Table 1). Five of these BNs are commonly used in the
literature as benchmarks4, and we generated the remaining
10 BNs randomly using the BNGenerator tool with more
random variables than the previously mentioned data sets.
Overall, the collection of data sets provides a wide variety of
the data’s nature and the different parameters.

Both k-MAX and BN-SLIM take a score function cache
as input, while ETL requires the samples themselves and
computes the required scores on-the-fly. We thus compute
the score function cache using the scoring module provided
as a part of ETL’s source code. More specifically, we first
obtain the parent set tuples using independence selection
(available in the BLIP package), and then we recompute the
scores for these tuples using ETL’s scoring module. This
cache is used as input to both BN-SLIM and k-MAX. This
provides a level playing field and improves comparability
between the different algorithms.

While computing these score function caches, the scoring
function module was unable to process two data sets and
hence we discarded these two data sets. The final list of
data sets is shown in Table 1. Further, k-MAX crashes for 3
data sets and hence we disregard these for any experiments
involving k-MAX or BN-SLIM(k-MAX).

Evaluation metric. For evaluating our algorithm’s per-
formance, we use the same metric as Scanagatta et al., i.e.,
∆BIC, which is the difference between the BIC scores of
two solutions. Given a DAG D, the BIC score approximates
the logarithm of the marginal likelihood of D. Thus, given
two DAGs D1 and D2, the difference in their BIC scores
approximates the ratio of their respective marginal likeli-
hoods which is the Bayes Factor (Raftery 1995). A positive
∆BIC score signifies positive evidence towards D1 and a
negative ∆BIC score signifies positive evidence towards D2.
The ∆BIC values can be mapped to a scale of qualitative
categories (Raftery 1995) as follows:

Category ∆BIC Category ∆BIC

extremely neg. (−∞,−10) extremely pos. (10,∞)
strongly neg. (−10,−6) strongly pos. (6, 10)
negative (−6,−2) positive (2, 6)

Experimental results. The primary focus of our exper-
imentation is to analyze the benefit gained by applying

4https://www.bnlearn.com/bnrepository/
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Figure 2: CDF plots showing the number of significantly improved data sets (∆BIC ≥ 10) across 94 data sets

BN-SLIM on top of other heuristics and not to compare be-
tween the different heuristics. To this end, we run BN-SLIM
for 60 minutes on top of the initial solution provided by
k-MAX, ETLd, and ETLp and measure the time required for
BN-SLIM to obtain a solution that counts as extremely posi-
tive evidence with respect to the initial solution. The initial
solution by k-MAX is the solution captured at the 30-minute
mark, whereas the initial solution by ETL is the final solution
obtained upon termination. The maximum time required for
computing the initial solution on any individual instance, by
both ETLd and ETLp, is around 3.5 hours. For comparison,
we let k-MAX continue running for 60 more minutes after it
has produced the initial solution.

Fig. 2 shows the results of this analysis. We consider a
data set to be significantly improved if BN-SLIM is able to
improve by at least 10 BIC points over the initial heuristic
solution. We observe that BN-SLIM improves over k-MAX
much more efficiently as over ETL. Giving k-MAX more
time for computing the initial solution increases this dis-
crepancy even further, as the improvement rate of k-MAX
rapidly slows down after 30 minutes. Averaging over all the
heuristics, BN-SLIM can produce a solution with extremely
positive evidence for 95%, 79%, and 78% of instances for
treewidth bounds 2, 5, and 8, respectively.

Fig. 3 (top) shows the ∆BIC values from comparing the
BN-SLIM(ETL) solution after 30 minutes to the correspond-
ing initial solution by ETL. We can see that BN-SLIM(ETL)
can secure extremely positive evidence for a significant num-
ber of data sets across all tested treewidth bounds, with a
smaller treewidth being more favorable.

Due to the anytime nature of k-MAX, we can compare
it against BN-SLIM(k-MAX) in a “race.” We run both si-
multaneously for one hour, where out of the time allotted
to BN-SLIM(k-MAX), 30 minutes are used to generate the
initial solution, and the remaining 30 minutes are used to
improve this initial solution. Fig. 3 (bottom) shows the ∆BIC
values of comparing k-MAX and BN-SLIM(k-MAX) at the
one hour mark. Similar to BN-SLIM(ETL) we observe that
BN-SLIM(k-MAX) outperforms k-MAX on a significant
number of instances, and on all instances for treewidth 2.

The experimental evaluation demonstrates BN-SLIM ap-
proach’s effectiveness and the combined power as a heuristic
method of BN-SLIM(k-MAX) and BN-SLIM(ETL).

Figure 3: Comparison between BN-SLIM(X) and BN-SLIM

Conclusion
With BN-SLIM, we have presented a novel method for im-
proving the outcome of treewidth-bounded BN structure
learning heuristics. We have demonstrated its robustness and
performance by applying BN-SLIM to the solution provided
by the state-of-the-art heuristics k-MAX, ETLd, and ETLp.
The approach of BN-SLIM is based on exact reasoning via
MaxSAT, which is fundamentally different from the men-
tioned heuristics. Consequently, both approaches comple-
ment each other, and their combination provides significantly
better solutions than any of the heuristics alone. Simultane-
oulsy, the combination still scales to large instances with
thousands of random variables, which are far out of reach for
exact methods alone. Thus, BN-SLIM combines the best of
both worlds.

The highly encouraging experimental outcome suggests
several avenues for future work, which include the develop-
ment of more sophisticated subinstance selection schemes,
the inclusion of variable fidelity sampling (crude for the
global solver, fine-grained for the local solver), as well as
more complex collaboration protocols between local and
global solver in a distributed setting.
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