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Abstract

Recommender systems are influential for many internet ap-
plications. As the size of the dataset provided for a recom-
mendation model grows rapidly, how to utilize such amount
of data effectively matters a lot. For a typical Click-Through-
Rate(CTR) prediction model, the amount of daily samples
can probably be up to hundreds of terabytes, which reaches
dozens of petabytes at an extreme-scale when we take sev-
eral days into consideration. Such data makes it essential to
train the model parallelly and continuously. Traditional asyn-
chronous stochastic gradient descent (ASGD) and its vari-
ants are proved efficient but often suffer from stale gradients.
Hence, the model convergence tends to be worse as more
workers are used. Moreover, the existing adaptive optimiz-
ers, which are friendly to sparse data, stagger in long-term
training due to the significant imbalance between new and
accumulated gradients.
To address the challenges posed by extreme-scale data, we
propose: 1) Staleness normalization and data normalization
to eliminate the turbulence of stale gradients when training
asynchronously in hundreds and thousands of workers; 2)
SWAP, a novel framework for adaptive optimizers to bal-
ance the new and historical gradients by taking sampling pe-
riod into consideration. We implement these approaches in
TensorFlow and apply them to CTR tasks in real-world e-
commerce scenarios. Experiments show that the number of
workers in asynchronous training can be extended to 3000
with guaranteed convergence, and the final AUC is improved
by more than 5 percentage.

Introduction
Deep Learning (DL), which involves a class of neural net-
works with deep architectures, is now a workhorse power-
ing state-of-the-art results on a wide spectrum of data-driven
tasks. Since the model Wide & Deep (Cheng et al. 2016)
was proposed, it has been widely used and developed in
many recommender systems. For a typical industrial sce-
nario, where the daily data can be up to hundreds of ter-
abytes or even more, great amount of computation power
has to be leveraged. In view of the training efficiency, dis-
tributed DL, where a model is trained by hundreds and thou-
sands of workers concurrently, becomes necessary. Besides,
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many experiences show that the model will perform better
as the training data accumulated. Because of this, industry
models are often trained using data of several days, weeks
or even months, which makes the total data size aggravated.

To learn models from such huge data, effective training
methods must be developed. Currently, the main challenges
are:
• Data parallel training with hundreds and thousands of

workers, which compute gradients locally and update the
global parameters asynchronously, is necessary to con-
sume so much data. The asynchrony causes stale gradi-
ents, which may lead to model divergence. The problem
will get worse as workers increased. How to guarantee the
model convergence as well as training speed?

• Adaptive optimizers are proved stable in many cases, es-
pecially for sparse data. But they will come to a bot-
tleneck with continuous gradients accumulation (Zeiler
2012). Some variants with historical gradients decay at
each training step perform worse convergence. How to
balance the value between the new and the historical in-
formation in long-term training? And how to balance the
role between dense and sparse features?
To fill the mentioned above, we analyze the behavior of

gradient staleness in asynchronous distributed training, and
then clarify the key factors that impact model convergence in
extremely large-scale clusters. Based on our analysis, a stal-
eness normalization framework is proposed to improve the
convergence in asynchronous distributed training. Besides,
we try to take time as a factor of training samples to address
the impact of infinite accumulated data, based on which a
method to balance the new and the historical data is pro-
posed. It is suitable to any adaptive optimizers and performs
excellent. In general, our main contributions are:
• We analyze the behavior of gradient staleness as the num-

ber of distributed workers changes and also validate our
ideas by experiments. This will serve as a theoretical ba-
sis for many other works. Based on this, we can quantify
the optimization methods.

• To tackle the problems caused by huge data, we propose a
staleness normalization framework for large-scale asyn-
chronous distributed training, and a periodic recession
based optimization method for infinite accumulated train-
ing data. Both of them can be integrated into any SGD
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based optimizers. These methods are valuable and feasi-
ble for industrial scenarios.

Related Work
In recent years, distributed DL attracts great attentions. One
of the implementation developed and analyzed is the de-
centralized parallel stochastic gradient descent (D-PSGD).
(Lian et al. 2017a) gives an theoretical breakthrough on
non-convex optimization for D-PSGD, which first justifies
the potential advantage of decentralized algorithms over the
centralized ones and identifies regimes in which decentral-
ized algorithms can be faster with convergence guarantees.
More detailed experiments are further conducted in (Tang
et al. 2018; McMahan et al. 2016). A more recent work (Lian
et al. 2017b) demonstrates that an asynchronous decentral-
ized stochastic gradient decent algorithm (AD-PSGD) is
proven to be robust in a heterogeneous environment. In ad-
dition, a co-designed decentralized ML system and training
algorithm is proposed in (Xie et al. 2018). However, the
challenges are imposed under decentralized settings when
the data size is promoted to industrial level. Some researches
extend decentralized SGD with a pipe (Harlap et al. 2018; Li
et al. 2018) and perform well in ONE server equipped with
several GPU cards. But they are not verified when server
count reaches hundreds or thousands. On the other hand, the
centralized architecture with parameter server (PS) (Ho et al.
2013; Li et al. 2014) indicates an alternative and more con-
trollable regime in distributed DL literature. In this scenario,
stochastic gradient descent (SGD) using mini-batch lies in
the core of data-parallel distributed training algorithms. Un-
fortunately, synchronous SGD(SSGD) is often slow or even
infeasible due to the need of waiting for the slowest node
in every iteration. Industry practitioners resorted to asyn-
chronous SGD(ASGD), which removes the synchronization
requirements, and greatly speeds up the training procedure.
However, the poor convergence results limit the scalability
of ASGD.

When applying ASGD to large-scale distributed training
with thousands of workers, we meet the problems due to
the nature of asynchronous regime. An observation in (Huo
and Huang 2016) reveals that the variance of gradient esti-
mators in distributed stochastic updates deteriorate the con-
vergence rate. The most well-developed shortage of ASGD,
named as gradient staleness, is illustrated through a series
of works (Lian et al. 2015; Zhang et al. 2016; Zheng et al.
2017). Such staleness is accumulated through the training
procedure especially in massively distributed systems. A
few methods are proposed in prior works to improve ASGD
convergence against the gradient staleness. Backup gradi-
ents (Chen et al. 2016), gradient compensation (Zheng et al.
2017) and learning rate decay (Zhang et al. 2016) have
chronologically been proposed to alleviate the impact of
stale workers. (Lian et al. 2015) proved that the model
trained with ASGD has a bounded convergence rate. Its fol-
lower (Zhang et al. 2016) took gradient staleness as a decay
factor of learning rate, which makes a good result when tens
of workers training concurrently. (Zheng et al. 2017) pro-
posed a method to compensate the gap between the current
model parameters and stale gradients and got good results on

small staleness cases. However, few former works point out
the factors of ASGD convergence when scaling to thousands
of workers and the corresponding effective solutions.

In the other hands, many experiences show that the model
tends to be better as the training data accumulates. To
promote these needs, a lot of adaptive optimization meth-
ods (Sutskever et al. 2013; Kingma and Ba 2014; Zeiler
2012; Duchi, Hazan, and Singer 2011) are proposed. The
main point of these methods is that not only the current
batch of data but also the historical information will guide
the direction of model convergence. In many cases, they are
proved more effective and stable than the raw SGD. How-
ever, when the training data comes to petabytes, it harms
the continuous training procedure due to the infinite momen-
tums.

Methods for Asynchronous Training
In this section, we propose two strategies for perfor-
mance improvement: staleness-normalization and data-
normalization for the prospect of reducing the turbulence of
weight update and smoothing the loss function.

Background of Distributed SGD
Parameter Server (PS) terminology is used in which model
parameters are stored on PS and gradients are calculated on
workers. Let w represents the model parameters, B repre-
sents the labeled training set in a iteration and n represents
the size of B, η represents the learning rate. The serialized
training procedure of iteration t can be denoted as follows,

wt+1 = wt − η
1

n

∑
x∈B
∇f(x,wt). (1)

In distributed Asynchronous SGD(ASGD), all workers
pull and push w in a lock-free way, without waiting for other
workers. w on parameter server is updated as follows,

wt+1 = wt − η
1

n

∑
x∈Bi

∇f(x,wt−τi,t), (2)

where τi,t represents the staleness of the i-th worker at
timestamp t.

Staleness is defined as the version difference between
the pulled w and pushed w. That is, the version of newly-
updated variable wt+1 minus that of w in ∇f(x,wt) term.
For example, staleness is always 1 in Synchronous SGD.
Figure 1 intuitively illustrate parameter updating procedure
in Equ. 2. ASGD does not enforce a barrier among work-
ers after each iteration and therefore allows updates com-
ing from an old version of parameters. Instead, Synchronous
SGD accumulates the updates from all workers before the
beginning of next iteration. Staleness (τi,t) here can be de-
noted as the number of pushes raised by all workers during
the period between timestamp t (current push of worker i)
and timestamp t− τi,t (previous pull of worker i).

Trend of Staleness as Workers Scales
Here we describe how staleness changes when ASGD scales
to thousands of workers. First of all, we pose some mild as-
sumptions on the updating behaviors of both the PS side and
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<latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit>

t
<latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit>

t
<latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit>

+2 t
<latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit>

t
<latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit>

+4 t
<latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit><latexit sha1_base64="LJnvU8lHEAoudNEy1XgfuyV4CBo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPEtRGxesRpwv2IjpQIBaNorQesDKo1t+7ORVbBK6AGhZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9ywqGnHjZ/NNZ+TMOkMSxto+hWTu/p7IaGTMNApsZ0RxbJZruflfrZdieO1nQiUpcsUWH4WpJBiT/GwyFJozlFMLlGlhdyVsTDVlaMPJQ/CWT16F9kXds3x/WWvcFHGU4QRO4Rw8uIIG3EETWsAghGd4hTdn4rw4787HorXkFDPH8EfO5w8Uuo0M</latexit>

+5
=1 ⌧

<latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="5HknkZ4jp90LT8kDs82cASbd7nw=">AAAB43icbZDNSgMxFIXv+Ftr1erWTbAVXJUZN7oU3LisYH+gHUomvW1DM5khuSOUoQ/hxoUivpM738ZM24W2Hgh8nJOQe0+UKmnJ97+9re2d3b390kH5sHJ0fFI9rbRtkhmBLZGoxHQjblFJjS2SpLCbGuRxpLATTe+LvPOMxspEP9EsxTDmYy1HUnByVqfeJ57Vy4NqzW/4C7FNCFZQg5Wag+pXf5iILEZNQnFre4GfUphzQ1IonJf7mcWUiykfY8+h5jHaMF+MO2eXzhmyUWLc0cQW7u8XOY+tncWRuxlzmtj1rDD/y3oZjW7DXOo0I9Ri+dEoU4wSVuzOhtKgIDVzwIWRblYmJtxwQa6hooRgfeVNaF83AsePPpTgHC7gCgK4gTt4gCa0QMAUXuAN3r3Ue/U+lnVteavezuCPvM8f6d2NXw==</latexit><latexit sha1_base64="5HknkZ4jp90LT8kDs82cASbd7nw=">AAAB43icbZDNSgMxFIXv+Ftr1erWTbAVXJUZN7oU3LisYH+gHUomvW1DM5khuSOUoQ/hxoUivpM738ZM24W2Hgh8nJOQe0+UKmnJ97+9re2d3b390kH5sHJ0fFI9rbRtkhmBLZGoxHQjblFJjS2SpLCbGuRxpLATTe+LvPOMxspEP9EsxTDmYy1HUnByVqfeJ57Vy4NqzW/4C7FNCFZQg5Wag+pXf5iILEZNQnFre4GfUphzQ1IonJf7mcWUiykfY8+h5jHaMF+MO2eXzhmyUWLc0cQW7u8XOY+tncWRuxlzmtj1rDD/y3oZjW7DXOo0I9Ri+dEoU4wSVuzOhtKgIDVzwIWRblYmJtxwQa6hooRgfeVNaF83AsePPpTgHC7gCgK4gTt4gCa0QMAUXuAN3r3Ue/U+lnVteavezuCPvM8f6d2NXw==</latexit><latexit sha1_base64="j5E+tL1B3/eFQXxk0IVXwI45Bck=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4ut4KkkXvRY9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zg41Yy3WSxj3Quo4VIo3kaBkvcSzWkUSN4Npnd5vfvEtRGxesRZwv2IjpUIBaNorW59gDStV4bVmttwFyLr4BVQg0KtYfVrMIpZGnGFTFJj+p6boJ9RjYJJPq8MUsMTyqZ0zPsWFY248bPFunNyYZ0RCWNtn0KycH9PZDQyZhYFtjOiODGrtdz8r9ZPMbzxM6GSFLliy4/CVBKMSX47GQnNGcqZBcq0sLsSNqGaMrQJ5SF4qyevQ+eq4Vl+cGvN2yKOMpzBOVyCB9fQhHtoQRsYTOEZXuHNSZwX5935WLaWnGLmFP7I+fwBD1KOtA==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit>

=2 ⌧
<latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="5HknkZ4jp90LT8kDs82cASbd7nw=">AAAB43icbZDNSgMxFIXv+Ftr1erWTbAVXJUZN7oU3LisYH+gHUomvW1DM5khuSOUoQ/hxoUivpM738ZM24W2Hgh8nJOQe0+UKmnJ97+9re2d3b390kH5sHJ0fFI9rbRtkhmBLZGoxHQjblFJjS2SpLCbGuRxpLATTe+LvPOMxspEP9EsxTDmYy1HUnByVqfeJ57Vy4NqzW/4C7FNCFZQg5Wag+pXf5iILEZNQnFre4GfUphzQ1IonJf7mcWUiykfY8+h5jHaMF+MO2eXzhmyUWLc0cQW7u8XOY+tncWRuxlzmtj1rDD/y3oZjW7DXOo0I9Ri+dEoU4wSVuzOhtKgIDVzwIWRblYmJtxwQa6hooRgfeVNaF83AsePPpTgHC7gCgK4gTt4gCa0QMAUXuAN3r3Ue/U+lnVteavezuCPvM8f6d2NXw==</latexit><latexit sha1_base64="5HknkZ4jp90LT8kDs82cASbd7nw=">AAAB43icbZDNSgMxFIXv+Ftr1erWTbAVXJUZN7oU3LisYH+gHUomvW1DM5khuSOUoQ/hxoUivpM738ZM24W2Hgh8nJOQe0+UKmnJ97+9re2d3b390kH5sHJ0fFI9rbRtkhmBLZGoxHQjblFJjS2SpLCbGuRxpLATTe+LvPOMxspEP9EsxTDmYy1HUnByVqfeJ57Vy4NqzW/4C7FNCFZQg5Wag+pXf5iILEZNQnFre4GfUphzQ1IonJf7mcWUiykfY8+h5jHaMF+MO2eXzhmyUWLc0cQW7u8XOY+tncWRuxlzmtj1rDD/y3oZjW7DXOo0I9Ri+dEoU4wSVuzOhtKgIDVzwIWRblYmJtxwQa6hooRgfeVNaF83AsePPpTgHC7gCgK4gTt4gCa0QMAUXuAN3r3Ue/U+lnVteavezuCPvM8f6d2NXw==</latexit><latexit sha1_base64="j5E+tL1B3/eFQXxk0IVXwI45Bck=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4ut4KkkXvRY9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zg41Yy3WSxj3Quo4VIo3kaBkvcSzWkUSN4Npnd5vfvEtRGxesRZwv2IjpUIBaNorW59gDStV4bVmttwFyLr4BVQg0KtYfVrMIpZGnGFTFJj+p6boJ9RjYJJPq8MUsMTyqZ0zPsWFY248bPFunNyYZ0RCWNtn0KycH9PZDQyZhYFtjOiODGrtdz8r9ZPMbzxM6GSFLliy4/CVBKMSX47GQnNGcqZBcq0sLsSNqGaMrQJ5SF4qyevQ+eq4Vl+cGvN2yKOMpzBOVyCB9fQhHtoQRsYTOEZXuHNSZwX5935WLaWnGLmFP7I+fwBD1KOtA==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit><latexit sha1_base64="VRrMzjXQKB3Gl7eo8fpjs27g9uI=">AAAB7nicbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiImACDdkuW9iw3Ta7UxPS8CO8eNAYr/4eb/4bt9CDgm+yyZN3ZrIzb5BIYdB1v53SxubW9k55t7K3f3B4VD0+6Zo41Yx3WCxj/RhQw6VQvIMCJX9MNKdRIHkvmN7m9d4T10bE6gFnCfcjOlYiFIyitXr1AdK0XhlWa27DXYisg1dADQq1h9WvwShmacQVMkmN6Xtugn5GNQom+bwySA1PKJvSMe9bVDTixs8W687JhXVGJIy1fQrJwv09kdHImFkU2M6I4sSs1nLzv1o/xfDaz4RKUuSKLT8KU0kwJvntZCQ0ZyhnFijTwu5K2IRqytAmlIfgrZ68Dt1mw7N836y1boo4ynAG53AJHlxBC+6gDR1gMIVneIU3J3FenHfnY9lacoqZU/gj5/MHD/KOtg==</latexit>
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Figure 1: Illustration of asynchronous updates in Parameter
Server (PS) architecture. Each worker pulls a replica of pa-
rameter w from PS, computes the gradients (∇f ) with the
pulled parameter and then push them back to PS. From the
perspective of PS, the timestamp (t) of parameter is added
by 1 after receiving each gradient. The staleness (τ ) of each
update is defined as the timestamp difference between the
push and the pull.

clients by casting the arrivals of push/pull requests as a Pois-
son process. We first assume that due to different manufac-
turing quality of workers, the pushing/pulling rate of each
worker is subjected to a normal-like distribution with non-
negative values as follows: The pushing rate (at which a
worker submits its own gradients to PS) γi > 0 of each
worker i is sampling from a normal-like distribution with
finite mean and variance. Let N i(t) denotes the number of
pushes during period (0, t] for worker i, thenN i is a Poisson
process with arrival rate γi.

Next we will show that the compound behavior of multi-
ple workers is eligible to be treated as a whole Poisson ar-
rival via properties from Poisson process, which helps ana-
lyze the correlation between the system scale and gradient
delay from a macro view.

Superposition of Poisson Process

Suppose we have two independent Poisson process with ar-
rival rate γi and γj respectively, then the combined process
of arrivals from both processes is a Poisson process with ar-
rival rate γi + γj (Ross et al. 1996).

We denote the average pushing rate of each worker by γ
and the variance of γi by δ2

γ . Following the superposition
property of Poisson process, the total arrival of pushes seen
from PS side is a compound Poisson process with the com-
pound arrival rate γ =

∑n
i=1 γi. Furthermore, the mean of

this compound rate can be expressed as Eγ =
∑n
i E(γi) =

nγ.
Note that the distribution of γi only works for the select-

ing machine process. Once the cluster of workers for train-
ing is decided, the concrete pushing rate of each worker will
be determined. Hence in the modeled Poisson process for a
worker, γi keeps a constant. However, the distribution of the
staleness determined by computational performance of one
worker as well as others depends on the prior distribution of
pushing rates. With the compound result, the staleness over
the network will scale as the number of workers scales.

Linearly Scaling of Averaged Staleness
For the i-th worker, its staleness during a pull-push period
∆ti is the count of pushes raised by all the workers to PS.
It is concluded that for any cluster of workers subjected to
Poisson process models with pushing rate γ, the mean of
staleness increases linearly with the number of workers. The
result is computed through conditional expectations as fol-
lows.

E(τi) = E(N(∆ti)) = E(E(N(∆Ti))|∆ti = ∆Ti)

= E∆ti(((n− 1)γ +
1

∆ti
) ·∆ti)

= (n− 1)γE(∆ti) + 1 = n.

Staleness Normalization
Inspired by the results above, we proceed to operate the
learning rate with the scaling property of staleness to stabi-
lize the gradient update and achieve a convergence speed up.
(Zhang et al. 2016) divides the fine tuned learning rate η by
τ directly and achieves a better performance in a few work-
ers. However, when applied in large-scale cases, the stale-
ness tends to hundreds or thousands, where the new learning
rate will slow the training procedure terrifically. Our main
idea is to scale down the behavior of current cluster down
to a smaller one via dividing the learning rate by a appro-
priate staleness factor, which is exactly the normalized stal-
eness obtained by a linear transformation between random
variables. In what follows, we denote by τ the staleness
of the current cluster, and by τ ′ the target staleness (cor-
responding to a smaller cluster) which we expect to trans-
form into. Considering that the larger cluster possess a stal-
eness with greater a mean and variance leading to the worse
performance, the transforming coefficients are composed of
means and variances at the two scales following to the fol-
lowing proposition. Let f(·) be any probability density func-
tion (pdf). Suppose that µ is a real number and σ stands for a
positive real number. Then X is a random variable with pdf
(1/σ)f((x−µ)/σ) if and only if there exists a random vari-
able Y with pdf f(y) and X = σY + µ. The detailed proof
of the property can be found in Chapter 3 of (Casella and
Berger 2002). Another insight of our idea gives that the stal-
eness also varies under a normal-like distribution affected
by the prior distribution of inherent pushing rates. Conse-
quently, by combining the means (µ and µ′) and variances
(δ and δ′) of the current and smaller cluster respectively with
Proposition , we derive the τ -normalization formula accord-
ing to distribution transformation between normal distribu-
tions (Durrett 2010) as τ ′ = δ′(τ − µ)/δ + µ′. In view of
Proposition , we can further write τ ′ = δ′τ/δ. Applying
this normalized τ to the current cluster, we obtain the actual
learning rate as η′ = η/τ ′.

The derivation above implies that different models have
different tolerance for stale gradients, and a specific strategy
may not be appropriate to other models. For generality, we
promote the method in (Zhang et al. 2016) by considering a
function of staleness τ as below,

η′ = ρ(τ) · η. (3)
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Here η′ is the adjusted learning rate, and ρ(τ) ∈ (0, 1] is
the discounted factor as a function in τ that admits various
options. We choose

ρ(τ) = τ−k, k ∈ N. (4)
By setting k = 2, we may get a more reasonable factor of
learning rate in large-scale cases.

Furthermore, we consider different stages in a training
procedure. Given a loss function f with parameters w, the
training procedure is to fit for the training samples by up-
dating w iteratively. For a continuous differentiable convex
function, ∆w is gradual and not saltatoric. In the begining
of the training procedure, w changes fast and it is sensitive
to gradient updates. When the model is stable, the stale gra-
dients may not harm so much. Here we take the last ∆w into
consideration to make different decisions in different train-
ing stages, even for the same τ . We write

η′t = ρ(τ · trans(∆wt−1)) · ηt, (5)
where the last ∆w is used to measure how we care about the
staleness. trans(∆w) also admits a number of options, such
as below, where λ is a weight.

trans(∆w) = sigmoid(λ · |∆w|), (6)
We remark that our τ -normalization protocol is a superset

of Staleness-aware ASGD (Lian et al. 2015), in that τ al-
ways normalizes to SSGD scenario in their work. Our stale-
ness normalization protocol is derived from the fact that the
staleness scales linearly with workers. It avoids directly di-
vide the staleness, which can be tens of thousand when using
thousands of workers. Instead, it uses a specific number of
workers as the baseline, which is set to 1K workers through-
out our evaluation, and then fine-tune the learning rate. To
formally state our decay strategy over different workers, our
scheme can be formulated as

ρ =


1 τ ≤ µ′

1
(τ)2 τ > µ′

, (7)

where the part of identity mapping helps keep a meaningful
value of learning rate from being decayed to a considerably
small level which hinder the convergence performance in-
stead. Figure 2 illustrates three different settings of the fac-
tor ρ, where Linear stands for the strategy to directly divide
the learning rate of the current cluster by its own staleness,
and Linear1K denotes the case where the staleness is ap-
proximately normalized to a cluster scale of 1K, Linear500
shows a normalization to the scale of 500 similarly. From
Figure 2 we can observe that, the decay factor will decrease
slower as the staleness increases. For example, when two
staleness value τ0 and 2τ0 are compared, the impact of 2τ0
is 2τ0/τ0 = 2 times less than that of τ0, which result in a
less negative impact of the large staleness values compared
to the vallina update strategy.

Incorporate Staleness into Optimizers
The learning rate will affect not only the current gradients
but also the momentums in many optimizers. It is not mean-
ingful to punish the accumulated gradients just because the

Figure 2: Normalized decay factor.
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Figure 3: Trend of staleness when training on 1K and 3K
workers. X-axis represents the measured staleness and Y-
axis represents the corresponding updates number during a
given period, in which about 260K updates are recorded in
parameter server.

current gradient is stale. We apply ρ to the gradient gt at each
iteration instead of to the learning rate as follows,

ĝt = ρ(τ · trans(∆wt−1)) · gt. (8)

We can easily find that the decayed gradients will lead to a
decayed learning rate in some way, which aims a discounted
update. Such as, in Adagrad, ∆w = η√

vt+ε
gt, where vt =

vt−1 + g2
t . And when ĝt is used, v̂t = vt−1 + (ρ(τ)gt)

2, we
can get ∆ŵ < ∆w.

Data Normalization
Aside from the turbulence brought by staleness updates, in
most cases, the sampled data at different workers also show
a distribution deviation, which may lead to a considerable
variance of updates when the number of workers becomes
large. What is worse, the so-called internal covariate shift
(ICS) (Ioffe and Szegedy 2015) of a network layer dates
from the parameter updates of the preceding layers. Such
variation consequences become much more significant in
distributed asynchronous updates.

BatchNorm (Ioffe and Szegedy 2015) was proposed as
a major advanced technique through the evolution of DL
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Algorithm 1: Local Batch Normalization
output0 can be input or other layer’s output
w(i) is the parameters of the layeri
L is the number of dense layers
for i in range(1, L) do
outputi = Dense(w(i), outputi−1)
outputi = Normalize(outputi)
outputi = Active(outputi)

end for

methods from algorithmic aspect, which was widely used to
speed up the learning process and reduce the cost of parame-
ter tuning. Empirically, at most time, BatchNorm behaves to
benefit controlling the change of the layers’ input distribu-
tions during training. Furthermore, it is recently discovered
that BatchNorm impacts network training in a fundamental
way. That is, it makes the landscape of the underlying op-
timization problem significantly more smooth, which leads
to the fact that the derived gradients become more predic-
tive and a wider range of learning rates are allowed. How-
ever, up to now, no research takes BatchNorm as a solution
for large-scale asynchronous DL training. Here we present
data normalization to intentionally solve the aforementioned
problems in such training environments. Our key idea is that
applying BatchNorm to each worker asynchronously.

In a search or recommendation system in practice,
Wide&Deep (W&D) model (Cheng et al. 2016) was widely
used. Our model extended W&D, in which the number of
sparse feature parameters reaches 30 billions. The sparse
feature parameters are not updated frequently as usual, and
so that stale gradients problem will not happen to sparse fea-
tures. We just operated normalization on the dense layers.
Our algorithm combined with this W&D model is illustrated
in Algorithm 1.

In particular, we use a simple normalization instead of the
standard Gaussian as follows.

Normalize(x) =
x− E(x)

E(x)
=

x

E(x)
− 1. (9)

By introducing two coefficients α and β, we have

Normalize(x) = α
x

E(x)
− β, (10)

where α and β are trainable parameters. In this normaliza-
tion scheme, only the expectation of the input needs to be
computed. Some computation cost can be saved compared
to the standard Gaussian, such as the variance. More impor-
tantly, it avoids a poor model accuracy.

Samples Weighted According to Period
To use the second-order information of gradients while
keeping computation and storage feasible, adaptive opti-
mizers such as Adagrad (Duchi, Hazan, and Singer 2011),
AdaDelta (Zeiler 2012), Adam (Kingma and Ba 2014), etc
were proposed by considering only the diagonal of the in-
verse Hessian matrix. Adaptive optimizers have been widely

adopted for their stability. However, vanishing update prob-
lem in these adaptive optimizers comes with big data. Take
Adagrad as an example. After training with sufficient large
iterations, the accumulated gradients could possibly be very
large and the ∆w gradually converges to zero, which means
the model will not be improved as more data comes in. Prior
researches (Zeiler 2012) introduce a factor λ to decay vt in
each iteration in the following way.

vt = λvt−1 + (1− λ)g2
t .

When applying this on extreme-scale data with hundreds of
millions of iteration, the value of data that is trained earlier
vanishes. It is not always reasonable for a industrial recom-
mender system. Usually, the industrial model is trained in
a incremental way. That is, the new model parameters will
be initialized based on the ones of the model yesterday, and
then be fine tuned using the new training data. In such cases,
the samples generated in the same day should be treated
equally, and the order of them does not mean a weight. Our
main idea is, in the same period, how much information of
the samples will be preserved should not be determined by
the appearance order but the training algorithm.

Here we introduce a trade-off framework called SWAP,
Samples Weighted According to Period, to balance the new
coming data and the historical ones. It performs excellent
in long-term incremental training which may last for days
or weeks. Let T play for the Period. In the same Period,
the samples are treated equally. We incorporate SWAP with
Adagrad and the improved algorithm 2 is as below.

In the same period, both dense and sparse parameters are
treated in the same way. That is, by setting t with global step
instead of the update times, the learning rate for sparse pa-
rameters will be larger than for the dense parameters in some
way. Usually, sparse features used for updating sparse pa-
rameters are less than the dense ones, and the whole training
procedure may benefit from niched learning rate. SWAP can
also be applied to other optimizers. It is a kind of trade-off
between large accumulated data and preserving information
based on data aging. Usually, λ0 is chosen according to the
amount of training data, the period T , and prior knowledge
of your task. It indicates that how much to discount every T
steps. For example, if we divide one day into 5 periods and
set λ0 to 0.9, the samples appeared in the first period will be
weighted by 0.95 when training finished.

Algorithm 2: Adagrad-SWAP
1: Initialize w0, v0, λ0, T
2: Define t as the global training step.
3: if t mod T = 0 then
4: λt = λ0

5: else
6: λt = 1.0
7: end if
8: vt ← λt · vt−1 + g2

t
9: wt ← wt−1 − η√

vt+ε
gt

10: t← t+ 1
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Figure 4: How SWAP works in the training procedure.

Experiments
Aforementioned algorithms are helpful in training with
thousands of workers on huge data. In this section, we
conduct experiments on the CTR model for a e-commerce
search engine. The experiments include:

• How staleness changes as training cluster scales.

• Effects of the proposed staleness normalization and data
normalization mechanism for convergence.

• The effects of improved optimizers with SWAP for long-
term training.

E-Commercial Model and Dataset
The E-Commercial model is a DNN model composed of a
stack of fully-connected layers and an embedding layer, in
which attention mechanism is applied. It is a variant of Wide
and Deep Model (Cheng et al. 2016) (Ni et al. 2018). The
training data consists of records of browsing and purchases,
queries and product information on a e-commerce web site.
The model predicts whether a product will be clicked (0 or
1) or not to deliver a better online exhibition. Area under
ROC curve (AUC) is used to measure the accuracy of such a
binary classification model. The size of a model checkpoint
is about 250 GB. The amount of daily training samples is
about 7 billions and the size is more than 100TB. The model
is trained in a incremental way. i.e, it uses samples of day-1
as training set and day-2 as test set, and refines the model
day by day.

Computation Environment
The model was trained in a CPU commodity cluster with
tens of thousands of nodes. Moreover, many types of tasks
including online serving tasks, data cleaning tasks and of-
fline training tasks concurrently share the underlying hard-
ware. Each node in the cluster is equipped with a 64-core
CPU and 512GB memory. Node are connected with Ether-
net of which the bandwidth is around 2.5GB/s. During train-
ing, the resource of each worker (and parameter server) is
limited to 10 physical cores and 20 GB memory.

Software Implementation
The staleness is calculated for each trainable parameter w
of the model. To measure the staleness τ , we attach a ver-
sion tag V to each w. Workers get V during pulling w. For
the dense features, V is a scalar value. For the sparse fea-
tures, such as id embeddings, V is a vector with each el-
ement representing the version tag of one id. As a result,
the shape of V equals the first dimension of w. After local
computation, the workers push the gradients as well as V to
servers, and difference between the current V and pushed
V is the staleness τ . V will be increased by one once the
corresponding w is updated. We extend TensorFlow V1.4 as
the training framework with the proposed operators and pro-
vide several new interfaces including VersionedVariable and
AdagradSWAPOptimizer. Later the implementation will be
integrated into higher TensorFlow releases.

The Trend of Staleness as Scaling
To measure the distribution of staleness, we record the stal-
eness for about 260K updates on parameter server and the
results are shown in Fig. 3. The mean of the staleness distri-
bution on 1K worker and 3K worker is about 875 and 2090,
while the variance is 4770 and 11300 respectively, which is
roughly consistent with our theoretical analysis.

Moreover, an intuitive finding from Fig. 3 is that larger
amount of workers bring more turbulent updates. At the
same time, more turbulent updates bring unstable conver-
gence. To our best knowledge, this is the first theoretical
and quantitative analysis of staleness for large-scale ASGD
training. It not only reveals the reason why ASGD suffers
from poor convergence that were also reported and analyzed
by prior researches, but also enables a proper normalization
of gradient, in which the parameters will be adjusted accord-
ing to the distribution.

Effects of Staleness Normalization
To show how much the normalized gradients benefit, we
carry out experiments with 3K workers. Our method will be
compared with two baselines: no normalization and linearly
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Figure 5: Gradient decay with normalized staleness for train-
ing on 3K workers. The model is trained with 12 million
iteration (about 7 billion samples). We compare the conver-
gence performance in terms of prediction AUC on three set-
tings, vanilla ASGD, prior linearly normalization (Zhang
et al. 2016), and our method.

normalization in (Zhang et al. 2016). The AUC trained in
1K workers is what we expected.

By setting k = 2 in Equ. 4, we can see from Fig. 5, our
staleness normalization method accelerates the convergence
and also performs better in the final result. Specially, linearly
normalization (Zhang et al. 2016) shows the worst conver-
gence, which mainly suffers from the large staleness and is
infeasible for large-scale scenarios. An interesting findings
is that no-normalization method performs not too bad. We
believe it is because the extensive sparse embeddings in our
DNN architecture and they can accommodate more turbu-
lent sparse embedding gradient compared with dense CNN
model in (Zhang et al. 2016). When the number of workers
scales from 1K to 3K, we find that the two baselines perform
worse but our method almost achieves the same AUC as in
1K workers.

Effects of Data Normalization
We apply data normalization based on the experiments of
staleness normalization and measure how much it benefits
the convergence performance. Here we treat data normaliza-
tion as a compensation of staleness normalization and never
use it solely. From Fig. 6, we can see the data normalization
benefits not only in accelerating the convergence, but most
importantly, increasing the overall AUC metrics. For exam-
ple, training on 1K and 3K workers can achieve the AUC
around 0.75 and 0.74 while data normalization improves the
result by 1% and 2% respectively.

Effects of SWAP
Here we evaluate the benefits of SWAP in long-term train-
ing with huge accumulated data. The optimizer used in ex-
periment is Adagrad, which performs stable and effective
for sparse features. The model is trained in a incremental
way. That is, the model checkpoint trained yesterday will
be restored as the initialization of the model to be trained to-
day. Our experiments will cover 10 days’ data. SWAP will be

Figure 6: Data normalization on 1K and 3K workers. We
employ data normalization over staleness normalization, and
compare the obtained convergence performance in terms of
prediction AUC.

Figure 7: Train the CTR task with SWAP or not. Illustrate
the trend of AUC as data accumulated.

compared with two baselines: the original Adagrad and the
one proposed in research (Zeiler 2012) with λ = 0.999999.
We record 10 final AUCs for each optimizer as date goes on
and illustrate them in Figure 7. We can see that the origi-
nal Adagrad will meet a bottle-neck when 3 or 4 days’ data
accumulated, and the reason we have explained before. The
optimizer that decays accumulators at each step is not signif-
icant in such cases. Adagrad-SWAP, in which we set decay
rate with 0.8 and T = 1.4∗107 shows good result as training
data accumulation.

Conclusion
In this paper, we propose some solutions for training a
large-scale DNN model with petabytes dataset for a rec-
ommender system, including staleness normalization and
data normalization for improving convergence when train-
ing asynchronously with thousands of workers, and SWAP,
an effective framework as a compensation to the existing op-
timizers to adapt for huge dataset. The proposed approaches
facilitate DNN training on industry-level data and industry-
level model. Experiments on practical products show signif-
icant training acceleration and improved performance.
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