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Abstract

We consider a two-player resource allocation polytope game,
in which the strategy of a player is restricted by the strategy of
the other player, with common coupled constraints. With re-
spect to such a game, we formally introduce the notions of in-
dependent optimal strategy profile, which is the profile when
players play optimally in the absence of the other player; and
common contiguous set, which is the set of top nodes in the
preference orderings of both the players that are exhaustively
invested on in the independent optimal strategy profile. We
show that for the game to have a unique PSNE, it is a nec-
essary and sufficient condition that the independent optimal
strategies of the players do not conflict, and either the com-
mon contiguous set consists of at most one node or all the
nodes in the common contiguous set are invested on by only
one player in the independent optimal strategy profile. We
further derive a socially optimal strategy profile, and show
that the price of anarchy cannot be bound by a common uni-
versal constant. We hence present an efficient algorithm to
compute the price of anarchy and the price of stability, given
an instance of the game. Under reasonable conditions, we
show that the price of stability is 1. We encounter a paradox
in this game that higher budgets may lead to worse outcomes.

Introduction

The problem of resource allocation is relevant to a large
number and wide variety of applications, from small house-
hold applications to citywide, marketwide, and worldwide
applications (Johari and Tsitsiklis 2004; Wei et al. 2010;
Clearwater 1996; Thomas 1990). A primary goal of an agent
is to allocate its resources or budget in such a way that its
utility is maximized. In most scenarios, there exist compet-
ing agents who also aim to allocate their resources with the
aim of maximizing their own utilities. Furthermore, there
could be correlation among the agents’ utilities, for instance,
an investment by an agent on a node may benefit or harm the
utility of another agent (Borodin, Filmus, and Oren 2010).
A node or machine for which the resources are to be al-
located (or on which investments are to be made) may have
a bound or capacity beyond which it cannot be invested on.
So the set of feasible investment profiles would be restricted.
This would result in strategic investment by the agents, not
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only because they have to invest on multiple nodes, but also
because there would be competition among the agents for
investing on the nodes. This results in a game whose players
are the agents and a player’s strategy is how to allocate its
resources among the nodes while respecting node capacities.

We now describe the setting in detail, and see how it be-
longs to the class of games called polytope games (Bhat-
tacharjee, Thuijsman, and Vrieze 2000).

Setting

We label the two players as A and B, and the set of nodes as
N.Letn = |N|.Let w4; be the benefit that A gets by invest-
ing a unit amount on node ¢. Similarly, let w; be the benefit
that B gets by investing a unit amount on ¢. Consistent with
most applications, we assume wa;, wg; > 0,Vi € N. Let
x; and y; be the respective investments made by A and B on
1. Since the benefit that A gets by investing on 7 would be an
increasing function of x; and w 4;, we assume the benefit to
be w4;x; for analytical tractability. Similarly, wg;y; is the
benefit that B gets by investing on i. Let wa = (wa;)ien,
wp = (WBi)ien, X = ()ieN, Y = (Yi)ienN.

There may be correlation between the players’ utilities by
investing on a node, for example, A’s investment of x; on
node ¢ could result in an added amount of cvw4;x; in B’s
utility. This could be a benefit if « > 0, a loss if & < 0,
or an uninfluential term if a = 0. So the marginal utility
that B gets from ¢ is (wpg;y; + qwa;x;). Similarly, if B’s
investment of y; results in an added amount of Swpg,;y; in
A’s utility, the marginal utility that A gets from 4 is (w 4;x; +
Bwpyi). Letua(x,y) and up(x,y) denote their respective
utilities. So the net total utility of A summed over all nodes
isua(x,y) = > ,cn(waizi + Bwp;y;) and that of B is
up(X,y) = ZieN(wBiyi + awa;x;).

The players have budget constraints stating that A can in-
vest a total of, say k 4, across all nodes, and B can invest a
total of kp. That is, >,y s < ka, Y ;cn ¥i < kp. Also,
the total amount that can be invested on a node is bounded.
We assume that all nodes have a common bound or capacity.
We assume this bound to be 1 without loss of generality. So
we have another set of constraints: x; +y; < 1, Vi, which are
common coupled constraints (a player’s constraints are satis-
fied if and only if constraints of the other player are satisfied
for every strategy profile). We assume that k4 + kg < |N|,
that is, there are enough nodes to be able to invest on.



So players A and B aim to maximize their own utilities:
ua(x,y) = Z(wAixi + Bwpiy:),
iEN

up(x,y) = Z(wBiyi + awaz;)
iEN

ey

Tiy Yi = 0,Vie N
dowi<ka > vi<kp
i€EN i€EN

Since the common coupled constraints and the utility
functions are linear, it can be classified as a polytope game.

subject to

Motivation

There are several scenarios where there would be bound on
allocation on each node by the players combined. Such a
bound could account for critical scenarios where exceed-
ing a certain limit is infeasible or highly undesirable. For
instance, players may want to allocate jobs to machines
(nodes), where each machine cannot accept more than a cer-
tain total load, beyond which it would overheat and crash.
In scenarios where investing on a node means providing in-
formation and convincing arguments (such as during elec-
tions), the bounding constraint may arise owing to the at-
tention capacity of a node, beyond which any information
may be ignored. In routing, the links usually have capaci-
ties, which are responsible for the cost or time expended; in
scenarios where there is a time limit before which the data
transfers should be completed, the amount of data that can
be transferred over a link would be bounded. Such resource
allocation examples with linear bounding constraints form
our motivation to study resource allocation polytope games.
The study of existence and uniqueness of equilibrium, and
price of stability and price of anarchy, is often important for
games inspired by practical applications. There have been
extensive studies on these topics in resource allocation set-
ting (such as routing) and other games such as congestion
games, where there is an underlying cost function for allo-
cating resources (or assigning job) to a node. The funda-
mental assumption in such studies is that the cost function is
continuous, while most studies also assume smoothness for
deriving the price of stability and the price of anarchy. An
additional assumption of strict concavity is made to prove
uniqueness of equilibrium. Our setting can be transformed
so as to have a cost function instead of a bound on nodes,
however such a cost function would have to be discontinu-
ous, since the cost would shoot to infinity beyond the bound.
So though the fundamental base is common, replacing con-
tinuous cost functions with bounding constraints demands a
very different treatment, which this paper aims to study.

Preliminaries

Definition 1 (Feasible strategy). We say that x is a feasible
strategy, given the strategy 'y, if and only if Vi,0 < z; <
1 —y;and )y, x; < ka. Similarly, y is a feasible strategy,
givenx, if and only if Vi,0 <y; < 1—wx;and ), y; < kp.
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So a strategy profile (x,y) is feasible if and only if
Yot <ka,d,yi < kpandVi,0 < z; +y; < 1. Given
a strategy y of player B, we represent the set of feasible
strategies of player A by F'(y). And given a strategy x of A,
let the set of feasible strategies of B be F'(x).

Definition 2 (Pure strategy Nash equilibrium (PSNE)). A
feasible strategy profile (x*,y*) is a PSNE if and only if

vx' € F(y"),ua(x*,y") > ua(x',y")
and Vy' € F(x*),up(x*,y*) > up(x*,y’)

Since the feasible strategy set of a player depends on the
strategy of the other player, this equilibrium is termed gen-
eralized Nash equilibrium (Facchinei and Kanzow 2007).

The linear utility function and a bound on investment
per node, result in a preference ordering on nodes by the
players. It can be seen that uu(x',y) > ua(x”)y) <
Yo waixry > Y wai. Soif wa; > way, then A would
invest on node j only if it is not possible to further invest on
node 4 (owing to constraint z; < 1—1;). Hence, wa; > wa;
implies that A prefers i over j; let us denote this by 7 >4 j.

One of the primary goals of this paper is to study condi-
tions under which the game has a unique PSNE. However,
if multiple nodes hold the same benefit for a player, invest-
ing an amount in one node would be as good as investing
this amount in another node holding the same benefit, which
also would be as good as distributing this amount over mul-
tiple nodes holding the same benefit. So, in order to avoid
trivial non-uniqueness of PSNE due to ties, we assume that
wa;’s are distinct, that is, wa; # wa; for i # j. Similarly,
wp; 7 wpj for i # j. So each player has a strict ordering
over nodes. Hence w 4 induces a strict preference ordering
on nodes with respect to player A, say w4, such that

r1>79 = TA(T1) = ATA(T2) = WaAr,(ry) > WAr 4 (ry)

where 74 (r) is the 7" node in the preference ordering of
player A. Similarly, wp induces ordering 7 for player B.

Related Work

As explained earlier, the game we consider falls in the class
of polytope games (Bhattacharjee, Thuijsman, and Vrieze
2000), and the notion of equilibrium we study is generalized
Nash equilibrium (Facchinei and Kanzow 2007). A notable
study (Rosen 1965) shows existence of equilibrium in a con-
strained game, and its uniqueness in a strictly concave game.
Another study (Altman and Solan 2009) focuses on equilib-
rium behavior in games with common coupled constraints.

There have been studies on existence and uniqueness of
Nash equilibrium with respect to a variety of applications
transformed into games (Szidarovszky and Okuguchi 1997,
Yamazaki 2008). It is known that PSNE is guaranteed to ex-
ist in a class of games having an underlying potential func-
tion, popularly known as potential games (Monderer and
Shapley 1996). There have also been studies on convergence
to Nash equilibrium with respect to a number of applications
(Arslan and Shamma 2004; Brandt, Fischer, and Harrenstein
2013). A two-node multiple links system has been shown
to have a unique equilibrium under certain convexity condi-
tions (Orda, Rom, and Shimkin 1993).



The quality or goodness of Nash equilibria has been a
topic of study in several application, and has been of par-
ticular interest in network games with regard to the price
of stability (Fiat et al. 2006; Anshelevich et al. 2008) and
the price of anarchy (Roughgarden 2005; Christodoulou and
Koutsoupias 2005; Bharathi, Kempe, and Salek 2007).

Our Contributions

Though there have been studies on generalized Nash equi-
libria and the existence of equilibrium in polytope games
is known, it is not clear if it is unique and what the price
of stability and the price of anarchy are. Most studies on
uniqueness leverage the strict concavity (or convexity) of the
underlying game. Since our game is neither strictly convex
nor strictly concave, it requires a different treatment to de-
termine the conditions under which the game would have a
unique equilibrium. Also, though price of stability and price
of anarchy have been studied with respect to congestion and
other resource allocation games, such studies assume the
cost functions to be continuous and do not consider common
coupled constraints. Hence, this is the first game theoretic
study on resource allocation polytope games, with respect
to determining the conditions for uniqueness of equilibrium
and deriving the price of stability and the price of anarchy.

Conditions for Uniqueness of PSNE
We first provide a simple existential proof.
Lemma 1. PSNE exists in the considered game.

Proof. Suppose that player A plays a strategy x’ that max-
imizes ), wa;x;, that is, >, wa;x, > > waz;, VX €
[0,1]™. Let player B play a strategy y’ € F(x’) such that
Yo wBiY; > Y, weiY, Vy € F(x'). Adding ), cw ;7
on both sides, we get up(x',y’') > up(x’,y),Vy € F(x).

Since y’ € F(x'), we have z} + y; < 1,¥i, and
hence x' € F(y’). As x" is such that ) wa;x; >
Yo wai,Vx o€ [0,1]", we would have ), waz; >
> waixs, Vx € F(y'). Adding ), fwp;y; on both sides,
we get ua(x',y') > ua(x,y’),¥x € F(y’). So strategy
profile (x’,y’) is a PSNE. Since we can always find such a
strategy profile with this procedure, there exists a PSNE. [

Also, ua(x',y) —ua(x",y) = > (waix] + wpiy:) —
Yoi(wair) + wpiy), VX', x" € F(y) (by adding ). (1 —
B)wp;y; to both ua(x',y) and ua(x”,y)). Similarly, we
have up(x,y’') — up(x,y”) = > (waiz; + wpiy;) —
Y>oi(wair; + weiyy),Vy',y" € F(x). So the game can
be classified as an exact restricted potential game (Schobel
and Schwarze 2006), with potential function ®(x,y)
> ;(waiz; +wp,y;) and the restrictions on the strategies of
Aand Bbeingx € F(y) andy € F(x), respectively. Since
there exists a PSNE in an exact restricted potential game,
this gives an alternative proof of Lemma 1. The lemma could
also be viewed as a special case of a more general existential
result (Arrow and Debreu 1954).

We now introduce some important terminologies.

Definition 3 (Independent optimal strategy). An indepen-
dent optimal strategy of a player is the strategy that it would
play in the absence of the other player.
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Let X = (Z;)ien> ¥ = (Ji)ien be the independent op-
timal strategies of A and B, respectively. The independent
optimal strategy of A is to invest on nodes, one at a time,
according to its ordering 7 4, with a maximum of 1 unit per
node, until its budget k4 is exhausted. That is, Z, Alr) =
1,vVr < I_kAJ and i‘ﬂA(LkAJJrl) = frac(kA) = kq — \_k‘AJ
and &,y = 0,Vr > |ka] + 2. The independent optimal
strategy of B is analogous. Let (X, §) be the independent op-
timal strategy profile (IOS). As we assume orderings w4, Tp
to be strict (hence unique), we have that the IOS is unique.

Definition 4 (Non-conflicting 10S). The 10S (X, ¥) is non-
conflicting if and only if ; + §; < 1,Vi € N.

Lemma 2. For the game to have a unique PSNE, it is nec-
essary that the I0S is non-conflicting.

Proof. If the IOS is conflicting, there exists a node ¢ such
that Z; + ¢; > 1. On similar lines as the proof of Lemma 1,
if player A plays first, it would invest Z;; on node 7, and B
would then be able to invest 1 — ; < g; on node 7. On the
other hand, if player B plays first, it would invest ; on node
i, and A would then be able to invest 1 — ¢j; < Z; on node 7.
These result in two different PSNE’s since z; + ¢; # 1.

In general, for every x; € [1 — ;,4;] and y; = 1 — a5,
the nodes in N \ {i} can be invested upon by A and B with
respective budgets k4 — x; and kp — y;, according to the
procedure in the proof of Lemma 1. It can be seen that such
an allocation would be a PSNE. Since [1 — g;, #;] is an un-
countable set, we have uncountable number of PSNE’s. [

Lemma 3. The 10S being non-conflicting is not sufficient
for the uniqueness of PSNE.

Proof. We provide a counterexample. Let kg = kp = 2,
wa =(54321),wsg = (315 2 4). These result in
non-conflicting IOS: X =(11000),y = (0010 1). But
it has multiple PSNE’s, for instance, x = (1 1 0 0 0),y
(00101)andalsox=(01100),y=(10001).

We introduce some notation to facilitate our proofs. The
notation can be understood with the illustration in Figure 1.

Let T4 be the set of nodes on which player A would prefer
to invest 1 unit each, that is, it is the set of top |k | nodes in
the ordering 7 4. Let Tz be defined analogously. That is,

Ty ={i:d; =14 =0} = {ma(r)}4!
TB = {l . ﬁl = 1,.’1?'@ = 0} = {’/TB( )}LkBJ
If there is a residual budget of player A (frac(ka) = ka —
|ka]) after investing in T4, let [4 be the node on which
it would prefer to invest this residual budget. Note that [ 4
does not exist when k4 is an integer, and if it exists, it is
wa(|ka] + 1). Let ip be defined analogously. That is,
la=1 st @; =frac(ka) € (0,1)
and dly = [y = 7TA(|_]€AJ +1)

Ip =1 st g; =frac(kp) € (0,1)
and dlp — Ip = FB(\_ICBJ —|—1)



Figure 1: An example illustration of terminologies with re-
spect to player A’s ordering 74, where k4 = 2.7, kg = 3.3
(grey corresponds to X, black corresponds to §)

If [4 and [p is the same node, we denote it by [43. Note
that with respect to non-conflicting 10S, [ 45 exists only if
frac(k4) + frac(kp) < 1. Finally, let E be the set of nodes
on which neither player opts to invest in the IOS. That is,

E={i:& =i =0}

Definition 5 (Contiguous set). We define the contiguous set
in a player’s preference ordering to be the set of top nodes
in its ordering until we encounter a node which has partial
or zero combined investment in the 10S.

Let C4 and Cp denote the contiguous set in the preference
orderings of players A and B, respectively. So,

Ca = {ma(r)}iar

stt. ;+y; =1,Vie Cy and ﬁﬂA(qA)—‘rgﬂA(qA) <1

Cp = {mp(r)}i2;"!

st. Z;+y;, =1,Vi € Cp and i‘ﬂ'B(CIB) +Q7TB(QB) <1

Definition 6 (Common contiguous set). We define common
contiguous set to be the set of nodes belonging to the con-
tiguous sets in the preference orderings of both the players.

Let C'4 g denote the common contiguous set. So,
Cap=0C4NCpg

Let S4 denote the set of nodes in T4, which also belong
to the common contiguous set in the ordering of player B.
Let Sp be defined analogously. So we have

SAa=CgNTy and Sp =C4NTpE

Lemma 4. If [0S (X,¥) is non-conflicting, then a strategy
profile (x,y) is a PSNE only if x; + y; = &; + 4;,Vi € N.

Proof. Since the 10S is non-conflicting, we have that ; +
g, < 1L,Vie N.If 30 € Ty s.t. x; +y; < 1, since player
A’s budget k4 > |T4l, it must have invested in some node
J & T4, thatis, z; > 0. Now since ¢ >4 j,Vi € Ta,Vj ¢
T4, player A can gain by transferring an amount ¢ > 0 from
node j to node ¢, that is, by investing x; + € in node ¢ and
x; — e innode j. So a strategy profile in which 37 € T4 s.t.
x; +y; < 1, cannot be a PSNE. So (x,y) is a PSNE only
if x; + y; = 1,Vi € T4. Similarly, (x,y) is a PSNE only
ifx; + y; = 1,Vi € Ts. So we have proved that (x,y) is a
PSNE only if z; + y; = 2 + 9; (= 1),Vi € Ta U Tp.

The total budget to be invested over all nodes by both the
players combined is k4 + kp. Now we consider different
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cases depending on the existence of [ 4, {5 (or [ 4 ) and show
that z; + y; = @; + g, for these nodes in PSNE.

If 314, # 5, there is nothing to prove.

If3l4, 3l (la # lg),wehave z;+y; = 1,Vi € T4UTp,
so the total amount invested in T4 UT'g is | k4 |+| kg . Since
the budget invested by both the players combined is k4 +
kg, the residual amount of (k4 + k) — (|ka] + |kB]) =
frac(ka) + frac(kp) = &1, + Ui, has to be distributed over
nodes not in T4 U Tg, namely, E U {4} U {lp}. That is,

> @it yi) + @ia+ ya) + @+ vis) = G+ s (2)
icE

Ifa;, 4y, <, =frac(ka), A’s investmentin T4 U{l4}
is less than |Ta| + &, = |ka] + frac(ka) = ka, which is
its budget. So it must have invested in some node j ¢ T4 U
{la}, thatis, x; > 0. Now since l4 =4 7,Vj ¢ Ta U{la},
A can gain by transferring an amount € > 0 from j to [ 4,
that is, by investing x;,, +¢€inl4 and x; — € in j. So a profile
in which x;, +y;, < @;,, cannot be a PSNE. So (x,y) is a
PSNE only if «;, +y;, > &, = frac(k ). Similarly, (x,y)
isaPSNE only if ;, +y;,, > i, = frac(kp). These, along
with Equation (2), give our desired condition:

Z(xz + yl) =0, (xlA+ ylA) = "i‘lA s (mlB+ le) = /ng
i€k

The cases ﬂlA, dlp and dl 4, A5 can be proved on similar
lines as the above case.

We now consider the case dlap (I4 = Ig). If lsp, the
residual amount of (ka+kp)—(|ka|+|kp]) = frac(ka)+
frac(kp) = #1,, + U1, has to be distributed over nodes not
belonging to T4 U Tp, namely, E'U {lap}. That is,

Z(zz +¥i) + @1ap+ Yias) = Tian + Jias 3)
i€k

Ifx,, +Yiag < ZTinp+U1., = frac(ka)+frac(kp), the
combined investment of A and Bin Ty UTpU{lap} is less
than |Ta|+|Ts|+ 1,5 +0ias = kal+ |kp]+irac(ka)+
frac(kg) = ka + kp. So A or B must have invested in
some node j € F, thatis, z; > 0. Now since lap >4
J.lap =B j7,Vj € E, any player which has invested in node
j can gain by transferring an amount ¢ > 0 from node j
to node [ 45, that is, by investing x;, , + € in node [ 45 and
z;—einnode j. So a strategy profile in which x;, , +v;,,, <
Z1ap +Ui4,. cannot be a PSNE. So (x,y) is a PSNE only if
Tiap + Yinp = Tiap + Giap = frac(ka) + frac(kp). This,
along with Equation (3), gives our desired condition:

Z(xz + yz) =0 and (mlAB + ylAB) = Zipt Ylan

i€E

So in all the cases, we have shown that, if IOS (X, ¥) is
non-conflicting and strategy profile (x,y) is a PSNE, then
T, +y; =2, + Ui, Vi € N. O]
Corollary 1. IfIOS (X,§) is non-conflicting and a strategy
profile (x,y) isa PSNE, thenx =X <=y =73.

We now present the necessary and sufficient conditions
for the uniqueness of PSNE. The reader may refer to Table 1
for better understanding the different cases in the proof.



_ - ka| ks | Ta | {m}| Sob Ty Cu Oy Cip Cap invested on | Case

by one player? #
(abecde) | (cbade) | 15| 14| {a} {} {} {c} {a} {c} {} — 1
(abede) | (ceadd) | 2 | 1.5 | {a,b} | {} {c} {c} {a,b,c} {c} {c} Yes 1
(abede) | (cdead) | 2 | 2 |{a,b} | {} | {c,d} | {c,d} | {a,b,c,d} | {c d} {c,d} Yes 1
(abcde) | (dbcae) | 1.5 15| {a} | {b} {} {d} {a,b} {d, b} {b} No 2
(abecde) | (ceadb) | 2 | 2 |{a,b} | {} {c} | {e,e} | {a,b,c} | {c,e;a} | {a,c} No 3
(abcde) | (cbade) | 1.5] 15| {a} | {b} | {c} {c} {a,b,c¢} | {¢,b,a} | {a,b,c} No 3

Table 1: Examples for different cases in the proof of Proposition 1

Proposition 1. Assuming that nodes can be strictly ordered
by both players, the game has a unique PSNE if and only if
the 10S is non-conflicting and either (a) the common con-
tiguous set consists of at most one node, or (b) all the nodes
in the common contiguous set are invested on by only one
player in the 10S. Also, if the game has a unique PSNE, it is
same as the 108, else the number of PSNE'’s is uncountable.

Proof. Since it is necessary that the IOS is non-conflicting,
we look at all possibilities of non-conflicting I0S.

Recall that a contiguous set consists of nodes which are
exhaustively invested on in the IOS. Such nodes can be in-
vested on by player A or B or both. If such a node ¢ is com-
pletely invested on by player A in 10S, then i € T4, while
if it is invested on by player B, then ¢ € Tp. If it is in-
vested on by both the players combined, then i = [4p. In
what follows, if node [4p is such that z;,, + 41, = 1,
we label the node as m. Now, the contiguous set of player
A (C4) would typically consist of all the nodes on which it
would want to invest 1 unit each (7'4), followed perhaps by a
node on which it would want to invest the residual fractional
part of its budget (m), followed perhaps by some nodes on
which player B would want to invest 1 unit each (Sg). Sim-
ilar would be the contiguous set of player B (Cg). We now
consider all possible cases to prove the result.

Casel (Cy =Ty)or (Cp =Tg):

We prove for C'y = T4 (proof for Cz = T is similar).

If C4 = T4, we have that the node i = mwa([ka] + 1)
following the last node of T4 (and hence C'4) in the ordering
of A, is such that &; + ; < 1. Note also that i ¢ Tz, since
Z;+9; =1,Vj € Tp. Sowe have i =4 j,Vj € Tp. Since
Zi; + 9; < 1, any PSNE would follow z; + y; < 1 (from
Lemma 4). So a strategy profile in which player A invests
2; > 0in some node j € T’p cannot be a PSNE, since it can
gain by transferring an amount € > 0 from node j to node i.
So player A does not invest in any j € Tz in a PSNE.

So if P, we have y = ¥ and so x = % (Corollary 1).

If 3lap, ithastobe ma(|ka ]+ 1), in which case, &, , +
Ui, < 1 (it cannot be exhausted since C'y = T)4). Since
14 p 1s shared node, it is partially invested on by B, and so it
has to also be w5 (| kp|+1). Since I 4 5 follows the last node
of T in the ordering of B and is not exhausted in IOS, we
have Cp = Tp. Since assuming C'y = T4, we showed A
does not invest in T'g, in this case where C'g = Tz, we can
similarly show B does not invest on 7'4. So in any PSNE,
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A invests |k4| in T4 and B invests |kg| in Tg. So the
residual budget of A (frac(ka) = &;,,) would be invested
inlapsincelap =4 j,Vj ¢ TaU{lsp}; thatis, in a PSNE,
Ti,p = T1,5-Since we now have x = X, itimplies y = §.

Now if Jlp (not shared in 10S), I is not invested on by
A in 10S, and since by definition, [ ¢ T, we have &;,, +
Ui < 1. Since g follows the last node of T’z in the ordering
of B and is not exhausted in 10S, we have Cg = Tg. So
with the same argument as the above case of 3l 45, in any
PSNE, A invests |k4 | in T4 and B invests | kg | in Tg. If B
does not invest the residual amount of frac(kg) = ¢, onlp,
it would have invested some amountinnode j ¢ T U{lp};
and B can gain by transferring some amount from j to /.
So in any PSNE, we would have B investing frac(kg) = 4,
in [ . And since we now have y = ¥, it implies x = X.
This follows regardless of whether or not T4, Tp are empty.

Since Cyp C Cyx,Cap C Cp, thiscase had Cap C Ty
(i Ca =Ta)orCup C Tg (if Cg = Tg), and so all nodes
of C4p were invested on by only one player in the 10S, or
Cap = {}. We showed for this case, IOS is the only PSNE.

Since we have considered the case where C4 = T4 or
Cp = Tp, the remaining cases have {m} or Sg or both in
Ca,and {m} or S, orbothin Cp.

Case2 (Cy =TaU{m}and Cp = Tp U {m}):

Here, we have that i = w4 (|ka| + 2) following node m
in the ordering of A, is such that &; + ¢; < 1. Since there
is shared node m, it can be the only shared node, and since
i ¢ TaUTp because &; + 7; = 1,Vj € Ty UTp, we have
i € Fand hence Z; + §j; = 0. Sowe have i =4 j,Vj € T
and i >p j,Vj € T4. Since z; + y; = 0, any PSNE would
follow x; 4+ y; = 0 (from Lemma 4). So a strategy profile in
which A invests ; > 0 in some j € 7'z cannot be a PSNE,
since it can gain by transferring an amount € > 0 from node
j tonode i. So A does not invest in any j € Tz in a PSNE.
Similarly, B does not invest in any 7 € T’y in a PSNE.

Soin any PSNE, A invests |k | in T4 and B invests | kp |
in T. So the residual budget of A is frac(k 4) and that of B
is frac(kp). Since there is a node m, by its definition, we
have frac(k4) 4 frac(kp) = 1. Since m =4 j,Vj € TsUE
and m >p j,Vj € T4 U E, the residual budget of both the
players would be invested in node m in any PSNE. So we
have a unique PSNE (x,y) which follows x = X,y = §.
This follows regardless of whether or not 7'y, T's are empty.

In this case, C'4 g consisted of only one node (1), and for
this case, we showed that the I0S is the only PSNE.



Case3 (Cy =TaU{m}USgand Cp =T U{m})
or(Cy =Ty U {m} and Cp =T U {m} USa)
or (Cy =TaU{m}USgand Cp =T U{m}US,)
or(Cp=TypUSgandCg =T USy):

In this case, we have |Cap| > 2, Zz‘ecAB z; > 0,
> iccap Ui > 0. If we have an allocation ) ;. @ =

i€CaB i‘i’ ZiGCAB Yi = EiGCAB gz and Ty = jj’ Yi =
95,Vj ¢ Cap, player A cannot improve by removing any
amount from C'4 g, since Vi € C'4 g, any node ¢t > 4 ¢ would
be exhaustively invested on (because Cyp C C'4 and from
Lemma 4). Similarly, B cannot improve since C4p C Cp.
So any allocation satisfying the following conditions would
be a PSNE: Z’iGCAB Ti = ZiECAB ‘%’ >0, ZiECAB Yi =
ZiGCAB :'»72 > 0 and T = i‘j,yj = g)j,Vj ¢ Cap. This
results in uncountable number of possible allocations, and
hence uncountable number of PSNE'’s.

In this case, the common contiguous set consisted of at
least two elements and all of these elements were not in-
vested on by only one player in the IOS. For this case, we
showed the existence of uncountable number of PSNE’s.

So we have proved that, if condition (a) or (b) of the
proposition is satisfied (Cases 1 and 2), we have that the
game has a unique PSNE and it is same as the I0S. Con-
versely, if neither of the conditions is satisfied (Case 3), we
have that the game has uncountable number of PSNE’s. [

Price of Stability and Price of Anarchy

A socially optimal strategy profile is a profile that maxi-
mizes the sum of players’ utilities. In our game, it is a profile
(x,y) that maximizes ) _,(wa;x; + Bwpiyi) + >, (Wpiyi +
awaiz;) = Y. (1 + )wax; + (14 f)wpiy;). Let ‘best
PSNE’ be a PSNE that maximizes the sum of players’ utili-
ties, and ‘worst PSNE’ be a PSNE that minimizes it.

The price of stability is defined as the ratio between the
sum of players’ utilities in a socially optimal strategy profile
and that in the best PSNE. Similarly, the price of anarchy is
the ratio between the sum of players’ utilities in a socially
optimal strategy profile and that in the worst PSNE.

Socially Optimal Strategy Profile

Let z4; = (1 + a)wAi and zpg; (1 + ﬁ)wBi. So a
socially optimal strategy profile, and hence the maximum
sum of players’ utilities, can be obtained by maximizing
> i (zaix; + zBiy;) over the set of feasible strategy profiles.

If « < —1and g > —1, it can be seen that the socially
optimal strategy profile would have player A not investing at
all and player B investing ¥, so the sum of players’ utilities
would be Y. (1 + S)wp;y;. Similarly, if 3 < —1 and o >
—1, the socially optimal profile would have player B not
investing at all and player A investing X, thus resulting in the
sum of players’ utilities as ). (1 + a)wa;;. If o, f < —1,
neither player would invest in the socially optimal profile,
and so the sum of players’ utilities would be zero.

We now analyze the more involved case when «, § > —1.
In this case,z4 = (1+a)w4 andzp = (14 3)w g are con-
stant positive scaling. So the orderings of A and B (74 and
7mp) remain unchanged if they respectively order the nodes
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according to z4 and zp, instead of w4 and wg. In an opti-
mal profile, let jp be the last node in the preference ordering
of player B on which B invests, that is, B does not invest
beyond this node. Let j 4 be defined analogously. Let

IA = {WA(T) ‘Z‘iIl and IB = {ﬂ'B(r) iB:Il

Ja = {WA(T)}?:J'AH and Jp = {WB(T)};L:]-B_H

Ifdielp:x;+y; <1,valueof Zi ZpBiY; can be increased
(without altering ) , z4,;2;), by transferring some of B’s in-
vestment from 75(jp) to 4. So in a social optimal profile, it
should be that Vi € Ip : z; +y; = 1, thatis, y; = 1 — x;.
Also, Vi € Jp : y; = 0 (by definition). So we have

max max (zaii + 2BiYi)
x y<l—-x
1€N
= max max E ZAi%; + g (1 —w)zpi
X
IBieN i€lp
+ (ks - (- xﬂ)ZBwBuB)
ielp
= m)éaxmax E ZAiT; — E L4 (ZBi - ZBvrB(jB)>
TB ieN iclp
+ E (ZBi - ZBﬂB(jB)) + kBZBﬂB(jB)
ielp
= max max E ZAiT; — E T (maX{ZBi_ZBTrB(jB)vo})
JB x 2 ;
iEN i€EN

+ Z max{zp; — ZBrp(jB)> 0} + kBZBﬂ'B(jB)

iEN
= nj;ax [max (Z T (zAi — max{zp; — zB,rB(jB),O}))
B *Nien
+ Z max{zp; = 2By (jz)s 0} + kBZBwB(jB)} 4)
iEN

For checking the consistency of jp, we check if the
amount left for B after investing in I, that is, the amount
allocated for 75 (jp), is between 0 and 1 — ., (;,,). That s,

0<kp— Y (1-2) <1—any)

iclp
Lower bound <—- Z x; > (jp—1)—kp (5)
i€lp
Upper bound < Z Tit+ Trp(jp) <JB— ke (6)
i€lp

Since at least [kp| nodes are required for B to spend its
budget, we have y .,y = 1 — 2 (), Vr < [kp]. So from
the definition of j5, we have jg > [kg]. Also, if A invests
in the most preferred nodes of B (amounting to a maximum
of k4), B would invest its available amount kg in nodes
S0 as to be a feasible investment strategy, given A’s invest-
ment. So B would not invest in any node which is beyond
75([ka + kg]) inits ordering. That is, jp < [ka + kp].

Player A’s strategy in socially optimal profile can be ob-
tained by maximizing (4) subject to Constraints (5) and (6),



Algorithm 1: Socially optimal strategy profile

Input: wa, wg, ka, ki, a, 3
Output: Strategy profile (x,y) that maximizes
v=ua(xy) +usxy)
v* 4= —00
for jp + [kg|to [ka + kg] do
for i < 10 ndo
L 1/1(]3) =(1+ a)wa,;
—max{(1 + B)(wsi — Wprp(jp)), 0}
xUB) = max, Y, sciyi(j3> s.t.
1B 2y > (jp — kp) — Land
Y18 xr) < jB—kp (using greedy method)
VUB) = xUB) 4 k(1 + B)wpry i)
-+ max{(1+ B)(wBi — WBrp(jp)): 0}
if vUB) > v* then
L v pB)

X"+ x
y* =argmax, y yizpi sty <1 —x"

and z; € [0,1],Vi, over values of jp € [[kg], [ka+kB]].
With jp fixed, we use a greedy algorithm (instead of solv-
ing the linear program), where A invests in nodes ¢ one at a
time (up to 1 unit per node) in ascending order of the value
(z4:i — max{zpi — 2Brp(jp), 0}), until k4 is exhausted. If
this investment, say x(°), is consistent with (5) and (6), it
is our solution. If it is inconsistent, we make Constraint (5)
tight (then (6) is automatically satisfied), and invest greedily
on nodes in Ip, a total of (jp — 1) — kp (such an invest-
ment is possible since |I5| > (jp — 1) — kp). The residual
amount is invested greedily on nodes in N \ Ip. Suppose
this results in investment x(*), We similarly check by mak-
ing Constraint (6) tight, and obtain the corresponding greedy
investment x(*). Owing to linearity of the system, if x(°) is
inconsistent with the constraints, either x) or x(*) has to
be optimal. So our solution is x(*) or x(*), whichever gives
a higher value of ), 2;(24; — max{zp; — 2Br(jz),0})

To maximize (4), we iterate over jp € [[kp], [ka+kp]]
to obtain socially optimal strategy of A, say x*. The socially
optimal strategy of B, say y*, can be obtained by investing
greedily subject to a maximum of 1 — z in node i, until
kp is exhausted. The social optimal profile is thus, (x*,y*).
This method is presented as algorithm in Algorithm 1.

The Price of Anarchy

‘We first show that we cannot have a universal constant bound
for the price of anarchy for the entire class of such games.

Example 1. Say N ={i,j}, ka=kp =1. Consider w; =
wpj= M >1and wa;= wp;= 1. Let a=[3=0. A socially
optimal profile has x; = 1,y; = 0 and x; = 0,y; = 1. Now
thereis a PSNEwithx; = 0,y; = landx; = 1,y; = 0. The
ratio between the sum of players’ utilities in socially optimal
profile and that in this PSNE, is A{ﬂw =M. So the price of
anarchy can be arbitrarily large for arbitrarily large M.

In order to compute the price of anarchy for an instance
of the game, we first provide a characterization of PSNE.
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Lemma 5. A strategy profile (x,y) is a PSNE if and only if
there exist integers ja, jp such that

VZEIAUIBCC1+y1:1
Fori=ma(ja), mB(jB) s v +y; <1
VieJg:x; =0,y <1, Viedg:y;=0,2;<1

in:kA, Zyi:kg, Vie N,y >0
€N €N

Proof. Since the number of nodes and budgets are finite, for
any feasible strategy profile, there would always exist nodes
7wa(ja) and wp(jp) in the preference orderings of players
A and B respectively, beyond which A and B would not in-
vest; so there would exist integers j4, jp corresponding to
any PSNE. Note however that, given integers j 4, jp, we can
have several strategy profiles which may or may not be fea-
sible, and so may not correspond to any PSNE. We need to
show that we would obtain a PSNE if and only if we are able
to find integers j 4, jp Which satisfy the above conditions.
Note that the last three conditions are generic with respect
to the studied problem (the budget constraints are tight since
it is suboptimal for players to not exhaust their entire bud-
gets). Moreover, the conditions Vi € J4 : z; =0,y; <1
andVi € Jg : y; =0, x; < 1 always hold due to the defini-
tions of j 4, jp and hence J 4, Jp. So we need to only prove
that the first condition is necessary and sufficient, given the
generic conditions and definitions result in feasible j4, jp.
Ifx;+y; = 1,Vi € [p,UIg,wehave z;+y; = 1,Vi € I 4,
and so player A cannot deviate to a better strategy since all
the top nodes in 7 4 are invested on to their limits. Similarly,
we have z; +y; = 1,Vi € I, and so B cannot deviate to a
better strategy. So strategy profile (x,y) is a PSNE.
Suppose 3i € 14 suchthat z;+y; < 1, and A has invested
innode 74 (j4), it can gain by transferring an amount € > 0
from 74 (ja) todsince i =4 wa(ja). So the strategy profile
(x,y) is not a PSNE. Similar is the case for player B. So if
Ji € I, U Ip suchthat z; +y; # 1, (x,y) is not a PSNE if
A has invested in w4 (j4) or B has invested in 75(j5).
Note that if 37 € I4 such that z; + y; # 1, and A has not
invested in node 74 (j4) or any node ¢ > 4 i, we redefine
ja to be j’4 so that m4(j/) = ¢ and redefine I4 to be I’
accordingly. Similarly, we can redefine jz and I to be j%
and I, if required. If for a given strategy profile (x,y), any
Jh,ip resultinz; +y; # 1forsomei € T4 U Ip, (x,y)is
not a PSNE because of the above argument. L]

The following proposition follows immediately.

Proposition 2. A worst PSNE can be obtained by minimiz-
ing the value of 'y, ((1 + c)wa;x; + (1 + B)wpiy;) over
all integers j 4, jp that satisfy the conditions in Lemma 5.

A solution can be obtained efficiently without solving
the linear program, by using a greedy allocation. The idea
is to partition the set of nodes in which A would invest
(T4 U{ma(ja)}) into different subsets, and each subset is
allotted a part of the total budget based on the requirements
enforced by the conditions in Lemma 5; the nodes in each
partition are then greedily invested on, one at a time, until
the partition’s share of the budget is exhausted.



Greedy Algorithm for Finding Worst PSNE

From Lemma 5, we have Vi € I, U Ip :x; +y; = 1 and
Vie Jp:y; =0,z; < 1,whichgiveVi € IyNJp : z; = 1.
Further, since player A exhausts its budget k4 by allocating
among nodes only belonging to 4 U m4(ja), we have that
Y icr, Ti t Taa(ja) = ka. As earlier, we check the con-
sistency of jp by enforcing Inequalities (5) and (6). Also,
if 7g(jp) € Ia, the amount allocated by player B for
node 73 (jp) would be 1 — 2 (;,) (since the allocations
by both players should sum to 1). This would mean that up-
per bound in Inequality (6) would be tight, thus leading to
Y i 15 Ti + Trp(jp) = jB — kp. Hence our optimization
problem is:

m}iani (zAi —max{zp; — zBﬂB(jB),O})
ieN
subject to
Vie N: x; €0,1]
VielsnNJpg:
Z Ti + Tra(ia) =ky

i€lp

it 75(jp) € In : { S” @5+ Ty ) = J — ki

i€lp
Z 331 = B — 1 kB
. . el
lfﬂ'B(]B)¢IA: E )
Z T+ Try(jp) < JB — kB
i€lp

Case 1 (r5(jp) € 14):

Case 1(a) (ma(ja) € Jp):

Since we should have Vi € I, N Jg,Vi € [4 N Jp, the
total budget allocated by player A for the set /4 N.Jp should
be |14 N Jp|. Also we should have D,/ @i + Trp(jz) =
jip—kp, that is, the total budget allocated by player A for the
set Ig Ump(jp) should be jp — kp. Since player A invests
only in nodes belonging to /4 Uma(ja) and m4(ja) € Jp
(that is, 74 (ja) ¢ Ip Unp(jp)), we have that the budget
allocated by player A for the set (I4 U ma(ja)) N (Ip U
WB(jB)) =1I,N (IB @] WB(jB)) should be jp — kp. The
residual budget can then be allocated to {m4(ja)}.

So the set T4 U {m4(ja)} can be partitioned into three
subsets, with the allocation for each partition as follows:

Partition (2) Allocated budget (3., i)
IanNJg |IA N JB|
Ian(IpU{rs(iz)}) jB — kB

{ra(ia)} ka—1IanJp| = (jB — k)

The nodes in each partition are filled one at a time, in
ascending order of the value (1 + a)wy; — max{(l +
B)(WBi — WBrp(jp)), 0}, until the allocation for that par-
tition is reached. The budget allocation is valid if and only
if the allocated budget for each partition is non-negative and
not larger than the size of the partition, and the allocated
budgets for the partitions sum to k 4.

The other cases follow on similar lines; we now present
the allocations for the partitions in these cases.
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Case 1(b) (ma(ja) € I U{mp(ip)}:
Set T4 U {ma(ja)} can be partitioned into subsets,

Partition (2) Allocation by A (3, @i)
IanJg |IA N JB|
Ian (s U{rs(ir)}) jB — ks

Case 2 (mp(jp) ¢ 1a):
Partition (Z)

Allocation by A (ZiEZ zl)
IanNJp |74 N JB|

(laU{ra(a)}) \ (an Js) ka —|1an Js|

Here, the allocation is valid if two conditions are satisfied:

Z T > B - 1 ]CB
i€lp
Z T+ Tryip) < JB — kB
i€lp

If any of the above two conditions is violated, we need to
restructure the allocation budgets to forcibly satisfy one of
the two extreme possibilities:

Possibility 2(a) (Y ,c;, ©i = (jp — 1) —
Case 2(a)lil (ma(ja) € Ip):

kB )Z

Partition (Z) Allocation by A (3, , x;)
IanNJpg [Ta N JB|
IanlIp (jB—l)—k‘B
ma(ja) | ka—anJp|—(js —1—ks)

Case 2(a)[ii] (ra(ja) € Ip):
Partition (Z) Allocation by A (3, , @)
IanJp |14 N JB]
(IaUma(ja)) Nis (jB—1) — ks

Possibility 2(b) ( ZiEIB Ti+ Tryp) = JB — kB ):
Note that this reduces to Case 1, since it also requires that
ZieIB i + Trp(in) = jB — k.

We then take the minimum of the values obtained in Pos-
sibilities 2(a) and 2(b).

We obtain a worst PSNE by taking the minimum of the
following expression over possible values of j 4, j5:

Z i (z4i — max{zp; — ZBrp(jn) 0})
iEN
+ Z max{2B; = 2Bry(jp), 0} T kBZBrs(jn)
iEN
Algorithm 2 presents the concise algorithm for finding
worst PSNE. The time complexity of determining the pref-
erence orderings is O(nlogn), following which, the time
complexity for finding worst PSNE is O(nkakp).
Remark 1. The greedy algorithm outputs a strategy profile
in which, there could be at most two nodes with non-integral
allocation by player A (similarly by player B). Also, if both
ka and kp are integers, all the nodes would have integral
allocation by both the players.
Since we know the socially optimal strategy profile and
worst PSNE, the price of anarchy can hence be computed.



Algorithm 2: Worst PSNE
Input: wa, wp, ka, kg, o, 3
Output: PSNE (x, y) that minimizes
v=ua(x,y) +us(x,y)
v* 4+ +00
for ja < [ka]to [ka + kg] do
for jg + [kg|to [ka + kg] do
for i <— 1tondo
L VZ(JB) =(1+ a)wa;
- max{(l‘i'ﬁ)(wBi*wBﬂB(jB))?0}
X(jB) — miny ZZ x“/i(jB)
where x is obtained using greedy method
0B = XUB) 4 k(14 B)wpy ()
-+ max{(14+8)(wsi—WpBrg (i), 0}
if vU5) < 0" then
L v* « pUB)
X"+ x

y* =argmax, > yiwpist.y <1 —x"

The Price of Stability
Similar to Proposition 2, the following result can be proved.

Proposition 3. A best PSNE can be obtained by maximizing
the value of > ,((1 + ac)wasx; + (1 4+ B)wp,y;) over all
integers ja, jp that satisfy the conditions in Lemma 5.

Algorithm 2 can be modified to find a best PSNE by ini-
tializing v* < —oo (instead of +00), and assigning y/5) =
maxyx y, :Jciui(JB) (instead of miny Y, xiui(]B)). That is, in
the greedy algorithm, the nodes in each partition should be
filled in descending order (instead of ascending order) of the
value (1+a)wa; —max{(1+3)(wpi —WBry(jy)), 0}, un-
til the allocation for that partition is reached. Since we know
the socially optimal strategy profile and best PSNE, the price
of stability can be computed.

We now present a specific result for the price of stability
when «, f > —1. The condition «, f > —1 can be viewed
as a practically reasonable one, since in usual scenarios, if a
player’s action (such as allocating job to a machine or send-
ing data through a link) fetches it a certain benefit, it is the
direct effect of its action; the indirect effect of this action
on the other player’s utility would usually not be negatively
amplified, unless the setting is excessively antagonistic.

Proposition 4. If a, B > —1, the price of stability is 1.

Proof. Consider a strategy profile (x’,y’) that maximizes
> (L + a)waal + (14 B)wpiy,). Suppose there exists
a strategy x”’ to which A can deviate so that u(x”,y’) >
ua(x',y’), thatis, Y (wa;x) + Pwpy;) > >, (wasx; +
Bwpsy;) or equivalently, Y . wa;x! > >, wa;x,. Since
a > —1, this would resultin )", (1 + a)wa;zf > Y. (1 +
a)wa;zy, hence Y . ((1+ c)waix) + (1 + Blwpy;) >
> (L + a)wazl + (14 B)wpsy,). This implies (x',y’)
is not socially optimal, a contradiction. So there is no strat-
egy to which A can unilaterally deviate to improve its utility.
Similarly, since 5 > —1, there is no strategy to which B can
unilaterally deviate to improve its utility. So the socially op-
timal strategy profile (x’,y’) is a PSNE. O
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A Note on Non-Strict Preference Orderings

Under the assumption that players have strict preference
orderings over nodes, we had the following condition in
Lemma 5: z; +y; = 1,Vi € I4 U Ig. However, if the
orderings are not strict, this condition would no longer be
valid. Recall that non-strict ordering would mean that we
have wa; = wa; or wp; = wp; for some i # j. We now
discuss how this condition can be modified, and hence how
the price of anarchy and the price of stability can be com-
puted, when the ordering is not strict for at least one player.

Consider an ordering obtained by breaking ties using
any tie breaking rule. Since player A invested in 74 (ja),
all nodes strictly more beneficial for A than 74(j4), must
be exhausted; else A could transfer some investment from
ma(ja) to such nodes. Let P4 denote the set of such nodes.
However, nodes in I4 which are as beneficial for A as
m4(ja) may not be exhausted. This would still be a PSNE
since player A transferring some investment from w4 (j4)
to these nodes would not change its utility. Let Q 4 be the
set of these nodes. The argument for player B is analogous
(with Pp and @) defined accordingly). So the condition:
x; +y; = 1,Vi € (I4 U Ip) changes to the two conditions:

xi +y; = 1,Vie (PaU Pp),
z;+yi <1,Vi € (QaU@p).

With these modified conditions in Lemma 5, Proposi-
tion 2 can be used to determine the worst PSNE by solving
the linear program (our greedy algorithm cannot be used).
Similarly, Proposition 3 would give the best PSNE. For
a, 8 > —1, Proposition 4 still holds (the price of stability
is 1), since it does not require the unique ordering assump-
tion; so this best PSNE is the socially optimal profile. For
the cases when o < —1 or 5 < —1 or both, the correspond-
ing socially optimal profiles are on same lines as those under
strict preference orderings. Since we know the socially op-
timal profile, the worst PSNE, and the best PSNE, we can
compute the price of anarchy and the price of stability.

A Paradox

In Example 1, we found a PSNE which results in the sum of
players’ utilities to be 2. However, if we reduce the budget
of one of the players (say B) by an infinitesimal amount
e > 0, the common contiguous set would be empty, thus
leading to a unique PSNE, which would be same as the IOS
(from Proposition 1). The sum of players’ utilities in this
new PSNE is (M 4+ M — Me), which would be significantly
higher than 2, for large values of M. So reducing the budget
may lead to a better ‘worst PSNE’. In fact, with k4 = kp =
1, the set of PSNE’s can be characterized by allocation x;
yj = p,xj = y; = 1 — p, where p € [0,1]. The sum of
players’ utilities would thus be 2M p + 2(1 — p), which for
almost all values of p, would be lesser than 2M — M e (which
is the sum of utilities in the unique PSNE when B’s budget is
reduced). Further, both players would individually gain with
this reduced budget with respect to almost all values of p.
Though we used a particular example to show that lower-
ing the budget may lead to a better outcome, the underlying
reasoning is general. If the IOS is such that reducing play-
ers’ budgets by relatively small amounts, leads to a break



in the contiguity and hence contraction of the common con-
tiguous set, the resulting IOS may satisfy the conditions in
Proposition 1. This would lead to a unique PSNE, the I0S
itself, which is desirable both individually and socially. On
the other hand, the original higher budgets would have been
such that they led to either the violation of the uniqueness
conditions owing to excessive contiguity, or a conflicting
IOS. This would result in uncountable number of PSNE’s,
of which a significant fraction may be starkly undesirable.

Conclusion

We considered a resource allocation game with linear util-
ity function and a bound on resources that can be allocated
to any node by the two players combined; these resulted in
linear common coupled constraints and hence a resource al-
location polytope game. We showed that, assuming players
have strict preference orderings over nodes, the game has a
unique PSNE if and only if the independent optimal strategy
profile (IOS) is non-conflicting and either (a) the common
contiguous set consists of at most one node, or (b) all the
nodes in the common contiguous set are invested on by only
one player in the IOS. Also, if the game has a unique PSNE,
it is same as the 10S, else the number of PSNE’s is uncount-
able. We also derived a socially optimal strategy profile. For
obtaining the price of anarchy and the price of stability, we
provided a characterization of PSNE, developed a linear pro-
gram, and proposed an efficient greedy algorithm. Under
reasonable conditions, we showed that the price of stability
is 1. We concluded by presenting an interesting paradox in
this game, that higher budgets may lead to worse outcomes.

A possible future direction is to consider more general
utility functions and complex common coupled constraints.
It would be interesting to study this game with more than
two players to see if the results are fundamentally different.
The paradox encountered in this game, has a potential of a
detailed study. It may be interesting to measure contiguity or
conflict in IOS that would lead to such a paradox.
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