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Abstract

Passive surveillance systems (PSS) are used to detect and
track various targets by processing the electromagnetic sig-
nals they release. The study and design of the resource man-
agement algorithm for these systems revealed several phe-
nomena and combinatorial problems with crucial theoretical
properties. In this article, we first prove the completeness of
the newly introduced algorithm used to generate receiver set-
tings that determine which frequency bands the PSS moni-
tors. Next, we formulate a new optimization problem called
multiple-interval coverage (MIC), which is used to determine
how often each of the generated settings must be used by
the PSS. We show that the MIC problem is closely related
to the multicover problem, which is an extension of the well-
known set cover problem. The uniqueness of MIC stems from
the fact that both covered elements and covers are multiple-
intervals. We propose a notation to distinguish between dif-
ferent variants of the problem and prove that some of them
can be solved in polynomial time. Finally, we prove that the
MIC problem is NP-hard even when restricted to 2-interval
covers.

1 Introduction

A passive surveillance system (PSS) is a complex electronic
support measure that is used to detect, track, and identify
various targets hundreds of kilometers away. The system ac-
complishes this by intercepting the electromagnetic signals
emitted by the targets. In order to intercept these signals, the
system has multiple receivers that observe the frequencies at
which the targets’ emitters broadcast. This is in contrast to
radars that emit the signals they intercept.

In order for the PSS to properly accomplish all of the re-
quired tasks, it is essential to correctly manage its receivers.
The field of study concerned with this is called PSS resource
management (PSSRM) (Hashmi et al. 2023). We studied the
problem of determining which frequency bands the PSS re-
ceivers should observe in order to cover all frequency bands
of interest where the emitters of tracked targets broadcast.
While developing a two-step algorithm to solve this prob-
lem, which is explained in Section 3, we discovered sev-
eral phenomena that may be relevant to other disciplines and
whose theoretical properties have never been studied.
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This article first focuses on the newly introduced algo-
rithm, called left-right, which is used to construct the fre-
quency bands to be observed by the receivers, called cov-
ers. We prove that the cover construction using this algo-
rithm is sufficient and that no additional covers are neces-
sary. Then, we formulate a variant of the multicover problem
(Hochbaum 1997) called multiple-interval coverage (MIC),
in which the covers and frequency bands of targets are
multiple-intervals. This problem is used to determine how
often each constructed cover should be used by the sys-
tem. To easily differentiate between different types of MIC
problems, we introduce a new notation. Next, we prove that
single-interval MIC problems can be solved in polynomial
time when the targets are not nested. We also prove that the
same holds for the covers. In the final section of the paper,
we demonstrate that all MIC problems whose covers can in-
clude 2-intervals are NP-hard.

2 Preliminaries

The interval defined as s = [p,q] = {v e R | p < v < ¢},
where p, ¢ € Rand p < g, will be called single-interval. The
leftmost point p of the single-interval s will be indicated as
I(s). Similarly, the rightmost point ¢ will be written as 7(s).
The size of the single-interval is equal to ¢ — p.

The union of £ € Ny pairwise disjoint single-intervals
st ..., s" is called the k-interval. The set of all k-intervals
is written as Tj.. Similarly, [ J{_, T; is denoted by <.

Multiple-interval is an arbitrary k-interval. The set of all
multiple-intervals is symbolized as I. Consider a multiple-
interval z; the set of single-intervals it consists of is de-
noted by S(z). The shape of a multiple-interval is an
odd-length vector of positive real numbers that describes
the sizes of its constituent single-intervals and the spaces
between them, from left to right. For example, consider
multiple-interval z = [—3,2] U [4, 5] U [8, 12], then S(z) =
{[-3,2],[4,5],[8,12]} and its shape is (5,2,1,3,4). Fur-
thermore, we say that the multiple-interval z; is covered by
multiple-interval zo or that 29 covers z1 if 21 C z5.

3 Problem Statement

We consider a PSS with a single receiver that is used to mon-
itor the frequency bands of interest. The frequency bands
monitored by the receiver at a given time can be described
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Figure 1: The four covers, ¢, co, c3, ¢4, generated by LRA
for emitter e; = [500, 600] and shape 6 = (150, 75, 200).

by a multiple-interval called a cover. The possible shapes of
this cover depend on the construction characteristics of the
PSS and are stored in set of shapes A C |J;°, R?%™*. For
the PSS to function properly, each cover must have a usage
value that determines how often it must be used. Depend-
ing on the properties of the PSS, the usage must be either
continuous or discrete.

We assume that the PSS is tracking m € Nyq tar-
gets ty,...,tn. Each target ¢; is represented by a multiple-
interval and therefore ¢; € I. Each single-interval of this
target s € S(t;) represents a frequency band in which one
of the target’s emitters is broadcasting. The target also has
demand d; € Q>( that describes how often the target must
be measured. We say that target ¢; is measured at a given
time if the receiver has cover ¢ such that 3s € S(t;) : s C ¢,
i.e., at least one of the target’s emitters is covered by c.

The goal of the PSSRM algorithm is to construct covers
and determine their usage, while ensuring that all targets are
sufficiently measured w.r.t. d;. In practice, this must be made
quickly because situations can change rapidly. Existing tar-
gets may disappear suddenly, while new ones may appear.

This problem can be solved in many ways. Inspiration can
come from existing solutions to related problems, such as
those presented in Section 4. Another possible approach is
to break the problem down into two steps. In the first step,
we construct promising covers using the left-right algorithm
(LRA). Then we compute the usage of the constructed cov-
ers. Now, we will explain both steps in more detail.

1. Cover construction using LRA. LRA uses the set of all
emitters £ = U;n:;[ S(t;) and the set of cover shapes A
as input to construct covers. For each shape 6 € A and
for each single-interval € € &, the algorithm constructs
all §-shaped covers such that the leftmost point of one
of its single intervals is equal to I(¢). The same is done
for the rightmost points and r(¢). In this way, LRA con-
structs n covers, ¢y, ..., C,. An example can be seen in
Figure 1.

Cover usage computation using MIC. During this step,
we compute how often each of the constructed covers
should be used by the receiver so that all targets are suffi-
ciently measured. This computation is equivalent to solv-
ing the following MIC problem.

The MIC problem consists of m targets and n covers.
Each cover c¢; also has weight w; and usage x;. The
weights enable MIC to express a wider range of possi-
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Figure 2: An instance of MIC consisting of four targets (or-
ange rectangles) and six covers (blue rectangles). The us-
age domain is N. Usage z = (0,0,4,3,0,0) is a feasible
solution with the objective equal to 14. The optimal solu-
tion has an objective value of 11, and is given by z* =
(2,0,1,0,0,1).

ble problems. For example, they can be used to represent
the cost of using different covers. The demand of target
t; is satisfied if the sum of the usages of the covers that
measure the target is greater than or equal to d;. The task
is to determine the usage of each cover such that the de-
mand of all targets is satisfied and the weighted cover
usage is minimized. This can be formulated as

minZwixi (D
i=1
subject to:
> w>d; Yie{l,...,m} ()
i€{1,...,n}:
(FseS(t;): sCei)
z, €X Vie{l,...,n}, 3)

where X is the domain of cover usage. Figure 2 shows
an instance of the MIC problem.

4 Related Work

The multicover problem (MC) is a well-known extension
of the set cover problem where each element must be cov-
ered by at least a given number of sets. This problem is
known to be NP-hard (Hochbaum 1997). Hua et al. (2010)
created multiple exact exponential-time algorithms to solve
the problem optimally. Chekuri, Clarkson, and Har-Peled
(2012) studied MC in geometric settings. They improved the
approximation bounds for problems where the elements are
points and the covers are sets of bounded VC-dimension,
half-spaces in three dimensions, unit cubes, or so-called
well-behaved shapes. Raman and Ray (2022) present an ap-
proximation algorithm for a similar problem involving non-
piercing regions in the plane. These regions can be, for ex-
ample, disks, pseudodiscs, or squares. In recent years, re-
searchers have studied a variant of MC called partial set



MC (PSMC), in which only a fraction of the elements must
be covered (Shi et al. 2019; Ran et al. 2020a,b). Ran et al.
(2022) focused on PSMC in a geometric context. More pre-
cisely, their study involved points on the plane with unit
squares as covers. The PSMC problem was also applied to
optimize a wireless sensor network used for target tracking
(Ran et al. 2021).

Hochbaum and Levin (2006) formulate the task of Ila-
bor scheduling as MC. In this problem, the elements cor-
respond to time periods, and the covers represent different
work shifts. These shifts can be represented by binary vec-
tors. The authors prove that when these vectors have the con-
secutive ones property, the problem can be solved in poly-
nomial time. On the other hand, when the vectors consist
of more than one consecutive block of ones, the problem
is NP-hard. Ding, Fu, and Zhu (2011), motivated by the
use in DNA sequencing, study a variant of MC where ele-
ments correspond to a sequence of numbers without repe-
tition, the covers are multiple-intervals, and the demand is
always equal to one. They provide an approximation algo-
rithm, prove that the problem is NP-complete when the cov-
ers are 2-intervals, and show that for k-intervals, k& > 3,
the problem is APX-hard. Van Bevern et al. (2015) consider
the same problem and manage to improve the approxima-
tion results. The papers mentioned in this paragraph address
problems similar to the newly proposed MIC problem, but
they are not equivalent. This is because the covered elements
are numbers, not multiple-intervals. Nevertheless, thanks to
this similarity, we show that some of the results proven by
Hochbaum and Levin (2006) can be applied to MIC.

Another closely related topic is the study of PSSRM.
However, there is very little existing literature focusing on
this topic. An exception is the series of three articles (Kul-
mon, Suja, and Benko 2023; Suja and Kulmon 2024; Suja,
Kulmon, and Benko 2025) that all address similar PSSRM
problems. Their goal was to jointly optimize both the tar-
get search and tracking by determining which predetermined
frequency bands to observe and when. The authors for-
mulated this task as an optimization problem with simple
constraints and a multi-criteria objective function. Kulmon,
Suja, and Benko (2023) solve the problem directly using
the Non-dominated Sorting Genetic Algorithm IT (NSGA-II)
(Deb et al. 2002). Suja and Kulmon (2024) focus on trans-
forming the problem using goal programming and then solv-
ing it using genetic algorithm (GA). Finally, Suja, Kulmon,
and Benko (2025) further studied and improved the individ-
ual objective functions and their interaction, resulting in a
parameterless problem formulation. Jiang et al. (2018) stud-
ied PSSRM with a focus on target tracking. They formu-
lated the problem as one with an extensive objective function
that balances multiple aspects, such as tracking accuracy, re-
source utilization, and track priority, and solved it using GA.

Due to the similarity of radars and PSSs, radar resource
management (RRM) is closely connected to PSSRM. Bri-
heche et al. (2018a) studied the optimization of radar search
patterns. They approximated the patterns as rectangles,
which transformed the problem into a grid cover problem,
a special case of a geometric set cover problem. Briheche
et al. (2018b) also studied the theoretical complexity of this
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problem. The authors showed that the line and circle cover
problem can be solved in polynomial time. In contrast, the
rectangular grid cover problem was proved to be NP-hard.

Many recent RRM articles (Sun et al. 2022; Zhang, Liu,
and Yang 2023; Shi et al. 2020, 2022, 2024) consider the
task of radar-to-target assignment in multi-radar systems.
They described this task using various objective functions
that predict future tracking accuracy, which they typically
optimized using multistage algorithms. Task scheduling also
plays an important role in RRM. Due to the ever-changing
situational conditions, the used algorithms must be fast.
Consequently, most existing methods rely on hand-crafted
heuristics and basic algorithms, such as list scheduling,
earliest deadline first (EDF), and earliest start time (EST)
(Hashmi et al. 2023; Qu, Ding, and Moo 2019, 2020),
while others use machine learning techniques (Shaghaghi
and Adve 2017, 2018; Shaghaghi, Adve, and Ding 2019;
Gaafar et al. 2019). Unlike our approach, none of the pre-
sented PSSRM or RRM methods optimize the observed fre-
quency bands to improve resource management.

S Completeness of Left-Right Algorithm

Now, we will focus on the first step of the algorithm de-
scribed in Section 3. This step uses LRA to construct the
covers. The following theorem proves that the cover con-
struction using LRA is sufficient and that no additional cov-
ers are necessary. In other words, LRA constructs covers in
such a way that all possible emitter combinations are cov-
ered by at least one of them. We call this property the com-
pleteness of LRA.

Theorem 1 (Completeness of LRA). For any set of m
single-interval emitters € and vector § € Riko_l, k € Ny,
if there exists cover c¢* with shape § such that it covers all
emitters, LRA constructs cover ¢ with shape § that also cov-
ers all emitters.

Proof. Since the shape’s length is 2k — 1, cover ¢* must
be k-interval. The proof can disregard any single-interval
s € S(c*) that does not cover an emitter, since they will
not play any role in the proof. We denote this newly cre-
ated cover as c**. Similarly, when two emitters, €; and eo,
are covered by single-interval s € S(c¢**), the two emit-
ters can be combined into single-interval emitter €; o =
[min{l(e1),(e2)}, max{r(e1), r(e2)}]. This is possible be-
cause when emitter €; o is covered, both €; and €, are also
covered. Figure 3 shows both of these simplifications in the
upper part. Therefore, we can only consider cases in which
m = k and each emitter is covered by a different single-
interval belonging to c¢**.

We can move c** to the left as long as each emitter re-
mains covered by its corresponding single-interval from c¢**.
Inevitably, we must stop the movement when some of the
rightmost points of cover’s single-intervals reach the right-
most point of its emitter. The cover made by this movement
is denoted as ¢!. The same happens when we move ¢** to
the right, creating a cover called ¢". The lower part of Fig-
ure 3 shows these movements and the covers they created.
The red circles highlight the points, [(e3 4) and r(e5), that
prevent the covers from moving further.
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Figure 3: The removal of redundant single-intervals from
cover c*, the unification of emitters covered by the same
single-interval from S(c**), and the construction of ¢! and
c" through the movement of c**. Orange rectangles repre-
sent the targets, while blue rectangles represent the covers.

Note that both ¢! and ¢" will always be among the covers
constructed by applying LRA to emitter set £ and shape 6.
Therefore, the theorem has been proven. O

6 Multiple-Interval Coverage

The rest of this paper focuses on the MIC problem, as de-
fined by Equations (1)-(3) in the second step of the algo-
rithm presented in Section 3. Studying the MIC problem in
its entirety would be difficult, so we focus on specific vari-
ants of the problem. These can be created, for example, by
restricting the multiple-intervals of targets and covers, or by
changing the domain of weights, demands, or usages. It is
reasonable to study these variants since they can represent
different types of PSSs and targets. For example, the receiver
of some PSS may be limited to monitoring frequencies that
can only be described by 2-intervals. Similarly, it might be
known that the tracked targets have at most four emitters
The weights can be used to describe the varying energy con-
sumption needed for different types of covers.

To be able to effectively distinguish between different
variants of MIC, we introduce the following problem nota-
tion, which was inspired by the notation used in scheduling
proposed by Graham et al. (1979):

T,D|IC,W|X. “)

In this notation, 7 is the target domain, D is the domain of
targets’ demands, C is the cover domain, WV is the domain of
covers’ weights, and the meaning of X’ remains as defined
before, i.e., it is the cover usage domain. An instance of the
problem described by Equation (4) is tuple (¢, d, ¢, w) such
thatVj € {1,...,m} :t; € T,Vj e {l,...,m} :d; € D,
Vie{l,...,n} :¢ € C,and Vi € {1,...,n} : w; €
W. For example, problem (I<2,Q>¢ | I<3,N | N) con-
tains all instances where targets are single-intervals or 2-
intervals, demands are non-negative rational numbers, cov-

37137

ers are single-intervals, 2-intervals, or 3-intervals, weights
and usages are natural numbers. Figure 2 shows an in-
stance of this problem. We sometimes enclose our nota-
tion in parentheses to make it easier to read. Furthermore,
it is obvious that some problems can be subsets of an-
other problem. For example, (I<2,N | I;,{0,1} | N) C
(I<2, Q>0 | I<3, N [ N).

The problem notation can be further extended by adding
optional information or constraints. One such constraint,
which is used in the following proofs, is called “proper set”.
It can be used in conjunction with targets, meaning that
no target can be a proper subset of another, i.e., fig,h €
{1,...,m} : t, C tp. This is denoted by

T,D,proper set | C, W | X. 5)
Or it can be used with covers with the same meaning, i.e., no
cover can be a proper subset of another; g, h € {1,...,n}:
cg C cp. This is denoted by

T,D | C,W,proper set | X. 6)

6.1 Continuous MIC

This problem is motivated by PSSs with continuous us-
age, as described in Section 3. Therefore, it is prac-
tical to consider an MIC problem with the cover us-
age domain equal to the non-negative rational numbers,
(L,Qso0 | I,Q>0, | @>0). By substituting X with Q¢ in
Equations (1)-(3), it is evident that the continuous MIC can
be formulated as a linear program (LP) and thus solved in
polynomial time.

6.2 Discrete MIC

We study MIC with a usage domain equal to N,
(I,Q>0 | ,Q>0 | N), because of PSSs with discrete us-
age. We mentioned at the beginning of this section that it
would be pointless to study the MIC problem in its entirety.
To support this claim, we prove that discrete MIC is in terms
of complexity equivalent to MC and thus NP-hard.

Theorem 2. In terms of complexity, discrete MIC with de-
mands and weights from N, (I, N | I, N | N), is equivalent to
the MC problem.

Proof. Hochbaum and Levin (2006) defines the MC prob-
lem as the optimal solution of the following optimization

problem:
n
min Yy )
i=1
subject to:
Z ajiz; >b; Vje{l,...,m} 8)
i€{l,...,n}
x; €N Vie{l,...,n}, 9)
where a is a given binary matrix, Vi € {1,...,n} :v; € N,

andVj e {l,...,m}:b; e N.
Consider an instance of (I, N | I, N | N). Clearly, by set-
tingVi € {1,...,n} v, =w;,Vje{l,...,m} : b; =d;
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Figure 4: Example of a polynomial reduction from MC to
(LN |I,N|N).

and aj; = 1if 3s € S(¢;) : s C ¢; and a;; = 0 otherwise,
we get an instance of MC with the same optimal solution.
Conversely, consider an instance of MC. We build an
equivalent instance of MIC by creating V5 € {1,...,m} :
target t; = [j, j+1] with demand d; = b;. We then construct
Vi € {1,...,n} : cover ¢; je{ke(1,...m} | aps=1} bi
with weight w; = ;. Obviously, cover ¢; measures any tar-
get t; such that a;; = 1 and only these targets. Therefore,
the optimal solution of the MIC instance gives an optimal
solution of the MC instance. O

.....

Corollary 3. Discrete MIC, (I,Q>¢ | I,Q>¢ | N), is NP-
hard.

Proof. This follows immediately from Theorem 2, and
NP-hardness of MC (Hochbaum and Levin 2006), since
(LN|LN|N)C(I,Q>0 | I,Q>0 | N) O

Next, we will prove that some discrete MIC problems,
comprising of single-intervals, can be solved optimally in
polynomial time. To accomplish this, we first prove the fol-
lowing lemma, which shows that problems with demands
and weights from Q> are equivalent to those involving de-
mands and weights from N.

Lemma 4. Problem (I,Q>o | I,Q>¢ | N) can be trans-
formed in polynomial time into problem (N | LN | N)
without loss of generality.

Proof. Let us consider an instance A (t,d,c,w) of
(I,Qso0 | I,Q>0 | N) and the associated problem formu-
lated by Equations (1)—(3). Once we assume that the vari-
ables x; are integers, we can, without loss of generality, sub-
stitute d; by d; = [d;] in Equation (2).
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Since w; € Q>, it can be expressed as a ratio of two in-
teger values, w; = p L. We can achieve an equivalent objec-
tive function by multlplymg every w; by the least common
multiple @ = lem(qy, . .., gn), resulting in integer weights
w; = aw;. The optimal value of the modified integer in-
stance A’ = (t,d’, c,w’) is the optimal value of instance A
multiplied by a. The optimal solution z* is the same in both
cases. O

Now, we will turn our attention to discrete single-interval
MIC problems involving targets with the ”proper set” prop-
erty. We will prove that these problems can be solved in
polynomial time.

Lemma 5. For a set of m single-interval targets t with
“proper set” property and arbitrary single-interval cover
co, when set t is ordered into a sequence such that the tar-
gets’ right endpoints are non-decreasing, the targets covered
by cq form a consecutive subsequence.

Proof. Assume that the targets from ¢ are sorted so that their
right endpoints are non-decreasing. This forms a sequence
(t1,t2,...,tm) where:

Vg,he{l,...,m}g <h:r(ty) <r(t). (10)

Assume that the target at index ¢ is the left-most one which
is covered by cg. If no such target exists, no targets are cov-
ered by cg, and thus the consecutive subsequence is empty
and the statement is true. When such target exists, either all
of the following targets are covered by ¢y and form a con-
secutive subsequence (;, .. .,t,,) or there exists a target at
index j which is covered by ¢y while the target at index 7+ 1
is not covered by cq. Because ¢;; is not covered by ¢y we
have that either r(co) < 7(tj41) or I(tj41) < l(co). Let us
consider that the second inequality is true. Due to Equation
(10) we have r(t;) < r(t;41), while {(co) < I(t;) holds
because t; is covered by cy. The last three mentloned in-
equalities can be combined:

l(tj_H) < Z(CO) < l(tj) < T‘(tj) < T(tj+1). (11
Equation (11) would imply that ¢; is a subset of ¢; 1, which
cannot be true because of the theorem’s assumption that the
targets do not contain each other. Therefore, I(cy) < I(t;)
cannot be true, and consequently r(co) < 7(t;4+1) must al-
ways hold. Then for any ¢, where 7 + 1 < k we have
r(co) < 7(tj+1) < r(tg), as a result of the cover or-
dering, hence ¢; cannot be covered by cg. Consequently,
(ti,...,t;) is a consecutive subsequence of all targets cov-
ered by cg. O

Theorem 6. Problem (Iy,N, proper set | 1;,Q>o | N) is
solvable in polynomial time.

Proof. We describe the problem in matrix form by trans-
forming the general formulation of the MIC problem de-
scribed by Equations (1)-(3):

T

min w' x (12)

subject to:
Ax >d (13)
T € L3, (14)



where w € Q%, d € N, and A is an m x n binary matrix
whose entry A; ; is one if cover ¢; covers target ¢; and zero
otherwise. The order in which targets appear in matrix A is
arbitrary. Following Lemma 5, the targets can be sorted by
their right endpoints so that the matrix A consists of columns
with the consecutive-ones property. Therefore, matrix A is
totally unimodular (TU). This, combined with the fact that
d consists of integers, means that the LP relaxation of this
problem has an integer optimum and thus the problem can
be solved in polynomial time. O

Corollary 7. Problem (11, Q>g,proper set | 1;,Q>¢ | N)
can be solved in polynomial time.

Proof. This follows from Lemma 4, which proves that the
target demands can be rounded, and Theorem 6. O

The “’proper set” condition may seem quite abstract and
unlikely to occur in real life. Therefore, we will show that
it is equivalent to a problem in which all targets have the
same demand. This could occur, for example, when all tar-
gets have the same priority.

Lemma 8. Problem (I, {v} | I1,Q>0 | N), in which the
demands are all equal to v € Q>¢, can be transformed into
problem (L1, {v}, proper set | 11,Q>o | N) without loss of
generality.

Proof. The transformation algorithm takes instance of the
original problem A = (¢, (v)}L;, ¢, w) and removes targets
that are covered by any other target:

t={t;|je{l,...,m},(Pk € {1,....,m})[t; C ts]},
, (15)
producing instance B = (t/, (v)ljt:‘l, c,w).

First, we show that any feasible solution to instance .4,
denoted as x4, is also a feasible solution to instance B. To
prove this, we must show that all targets in ¢’ are satisfied
by 2A. We know that all targets in t are satisfied by z,
because it is a feasible solution to instance A. Furthermore,
by the definition of ¢’ described by Equation (15), it holds
thit t'" C t. Therefore, every target from ¢’ is satisfied by
T

Next, we show that any feasible solution to instance 5,
denoted as x5, is also a feasible solution to instance A. To
prove this, we have to show that every target in ¢ is satisfied
by 2B. We know that all targets from ¢’ are satisfied by x5,
because it is a feasible solution of instance . The remaining
targets are those that were removed during the transforma-
tion, we will denote them by ¢ = (¢ \ ¢'). From Equation
(15) it follows that every target '/ from ¢" is a subset of some
other target t; from ¢’, which is, as already mentioned, sat-
isfied by 2. Since we assume that all targets have the same
demand and ¢; C ¢, t; must also be satisfied by xB. Conse-
quently, every target from ¢” is satisfied by 2. Hence, any
feasible solution to problem 5 is also a feasible solution to
problem A.

Since every feasible solution of one instance is also a fea-
sible solution of the other instance and the weights of the
covers are the same for both instances, the optimal solutions
must also be the same. O
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Corollary 9. Problem (I1,{v} | I1,Q>¢ | N) can be solved
in polynomial time.

Proof. This follows from Lemma 4, Lemma 8, and Theo-
rem 6. O

This corollary concludes our study of the discrete single-
interval MIC problem with a focus on targets. We will now
prove similar properties concerning the covers. Unfortu-
nately, the existing proofs cannot be reused because of the
difference between the concepts of “being covered” and
“covering others.”

Lemma 10. For a set of n single-interval covers c with
“proper set” property and arbitrary single-interval target
to, when set c is ordered into a sequence such that the cov-
ers’ right endpoints are non-decreasing, the covers from c
covering tg form a consecutive subsequence.

Proof. Assume that the covers from c are sorted so that
their right endpoints are non-decreasing. This forms a se-
quence (cq, g, . . ., ¢, ) With the same property as described
in Equation (10). Assume that the cover at index ¢ is the
left-most one that covers ty. If no such cover exists, then
no cover covers tg, so the consecutive subsequence is empty
and the statement is true. When such a cover exists, either
all of the following covers cover tg and form a consecu-
tive subsequence (c;, ..., c,) or there exists a cover at in-
dex j, which covers t(, while the cover at index j + 1 does
not cover tg. Since ¢; 1 does not cover to, we have either
l(to) < l(cj41) or m(cj+1) < r(to). The second option is
not possible. Due to the ordering, we have r(c;) < r(cj41).
By joining the last two mentioned inequalities, we get:

r(cj) < r(ej1) < r(to). (16)

This cannot be true because it implies that ¢ is not covered
by c;, which is a contradiction. Consequently,

l(to) < Z(Cj+1) a7

must be true. Then for any ¢, where 7 + 1 < k we have
either [(cx) < l(cjy1) or l(cj41) < l(ck). The first inequal-
ity cannot be true because when combined with the interval
order, we get:

Uew) < Uejr) <rlej1) < rlew), (18)

implying that ¢; is a subset of ¢, which is in contradiction
with our initial statement. Therefore, the second inequality
holds and can be combined with Equation (17), resulting in
I(t) < U(cj+1) < l(ck); hence c¢j cannot cover ty. Con-
sequently, (c;,...,c;) is a consecutive subsequence of all
covers from c containing %. O

Theorem 11. Problem (I, N | I;, Q>¢, proper set | N) can
be solved in polynomial time.

Proof. The proof of this theorem is almost identical to the
proof of Theorem 6. We can formulate the problem in a ma-
trix form and then, as stated in Lemma 10, we can sort the
covers by their right endpoints so that the matrix A consists
of rows with the consecutive-ones property. Therefore, A is
TU and, according to our definition of the problem, demand



vector d is integral. These facts mean the LP relaxation of
the problem has an integral optimum, and it can be solved in
polynomial time. O

Corollary 12. Problem (I1,Qx>¢ | I1, Q>0, proper set | N)
can be solved in polynomial time.

Proof. This follows from Lemma 4, which proves that the
target demands can be rounded, and Theorem 11. O

Now, we will show that the problem with “proper set”
covers is equivalent the the problem in which all covers have
the same weight.

Lemma 13. Problem (I1,Q>¢ | I, {v} | N), in which the
weights are all equal to v € Qx¢, can be transformed into
problem (I1,Q>¢ | I1, {v}, proper set | N) without loss of
generality.

Proof. The transformation algorithm takes instance of the
original problem (¢,d,c, (v)?_;) and removes covers that
are covered by any other cover:

d={clie{l,...,n}, Bk e{l,....n})e; Cci]},

, (19)
producing instance (¢,d, ¢, (v)‘;‘l)

First, we will show that feasible solution z** of instance
A can be transformed into feasible solution 8 of instance
B. We can construct 28 as follows. First, initialize 25 by
assigning the same usages as in 2 to the covers that are in
. Tt is important to note that, according to Equation (19),
for each cover ¢/ not in ¢/, there is cover ¢, from ¢’ that
covers at least the same targets as c;’ , if not more. Therefore,
¢} can be substituted with ¢}, which is done by increasing
:cf by the value of x;“. If we repeat this substitution for all
covers not in ¢, the resulting 2B will be a feasible solution
of instance B.

Now, we will show that feasible solution 28 of instance
B can be transformed into a feasible solution of instance A.
We know that due to the feasibility of 2B, it satisfies all the
targets t. We also have ¢’ C ¢, because of the definition of ¢/
described in Equation (19). Therefore, we can build feasible
solution z# of instance A by assigning zeros to the covers
that are not in ¢’ and assigning the same usages as in z% to
the covers that are in ¢’.

Since every feasible solution for one instance can be
transformed into a feasible solution for the other instance
without changing the total cover usage and the weights of
the covers are the same, the optimal solutions must also be
the same.

O

Corollary 14. Problem (I;,Q>o | Iy,{v} | N) can be
solved in polynomial time.

Proof. This follows from Lemma 4, Lemma 13, and Theo-
rem 11. O

We have shown that some single-interval MIC problems
can be solved in polynomial time. Unfortunately, the MIC
problem can easily become NP-hard. This occurs simply by
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Problem Complexity
(I,Q>0 | I,Q50 | Q>0) Polynomial
(I, Q>0, proper set | I1,Q>¢ | N) Polynomial
(I1,{v} | I1,Q50 | N), v € Q¢ Polynomial
(I, Q>0 | I1, @>0, proper set | N) Polynomial
(I1,Q>0 | I1, {v} | N), v € Q>0 Polynomial
(I, {1} | I<2,{1,2} | N) NP-hard

(I,Q>0 | I,Qx0 | N) NP-hard

Table 1: The summary of key complexity results for MIC.

extending the cover domain to include 2-intervals, as proven
by the following theorem.

Theorem 15. Problem (I1,{1} | I<2,{1,2} | N) is NP-
hard.

Proof. Hochbaum and Levin (2006) proved that the MC
problem, as defined in Theorem 2, in which each column
of the matrix a has at most two blocks of consecutive ones
is NP-hard. Moreover, they prove this by a reduction that
takes a variant of the SAT problem and constructs an in-
stance of MC such that Vi € {1,...,n} : v € {1,2} and
Vi € {1,...,m} : b; = 1. We denote these instances of
MC as 2MC.

We can use the same reduction as in Theorem 2 on any
2MC instance. This will result in an MIC instance com-
prising single-interval targets with unit demands and at
most 2-interval covers with costs from {1, 2}. Consequently,
(I,{1} | I<2, {1, 2} | N) is NP-hard.

Corollary 16. For an arbitrary k € {1,2,...} and | €
{2, 3,.. } the problem (Hgk,(@zo | Hgl, QZU | N) is NP-
hard.

Proof. This follows from Theorem 15, because Vk €
{L,2,...},Vl € {2,3...} : (I1,{1} | I<2,{1,2} | N) C
(I<k, Q>0 | I<;, Q>0 | N). 0

7 Conclusion

In this paper, we investigated the theoretical properties of
tasks that are connected to PSSRM. We proved the com-
pleteness of LRA, meaning LRA constructs covers that
cover all possible emitter combinations, and no additional
covers are necessary. Then, we defined the MIC problem
and introduced a notation system to distinguish between its
variants. We showed that some of the discrete single-interval
MIC problems can be solved in polynomial time. Addition-
ally, we proved that any discrete MIC problem with a cover
domain that includes 2-intervals is NP-hard. A summary of
these complexity results can be found in Table 1. In the
future, it would be interesting to study the complexity of
discrete single-interval MIC without the “’proper set” con-
straint, as well as MIC problems with multiple-interval tar-
gets and single-interval covers.
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