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Abstract

Evolutionary algorithms are widely used for multi-objective
optimization, with NSGA-III being particularly effective for
problems with more than three objectives, unlike NSGA-II.
Despite its empirical success, its theoretical understanding re-
mains limited, especially regarding runtime analysis. A cen-
tral open problem concerns its population dynamics, which
involve controlling the maximum number of individuals shar-
ing the same fitness value during the exploration process. In
this paper, we make a significant step towards such an under-
standing by proving tight runtime bounds for NSGA-III on
the bi-objective OneMinMax (2-OMM) problem. We show
that, for population sizes n + 1 < p = O(log(n)°(n + 1))
where ¢ < 1 is a constant, NSGA-III requires Q(n? log n/ )
generations in expectation for covering the Pareto front, pro-
viding one of the first lower bounds for NSGA-III on a clas-
sical benchmark. Complementing this, we also improve the
best known upper bound for NSGA-III on the m-objective
OneMinMax problem (m-OMM) of O(nlog(n)) genera-
tions by a factor of ;/(2n/m + 1)™/2 for constant m and
(2n/m + 1)™'? < € O(vIogn(2n/m + 1)™/2). This
yields tight runtime bounds for m = 2, and the surprising re-
sult that NSGA-III outperforms NSGA-II by a factor of u/n
in the expected runtime.

Introduction

Decision making is a fundamental aspect of many areas in
artificial intelligence, where it is often important to explore
trade-offs and compromises between different options be-
fore reaching a conclusion (Luukkonen et al. 2023). Such
situations are often formulated as multi-objective optimiza-
tion problems, which are typically tackled using evolution-
ary multi-objective algorithms (Stewart, Palmer, and DuPont
2021). They apply principles of nature to optimize functions
with conflicting objectives, aiming to find a diverse Pareto-
optimal set of solutions. This offers decision makers a range
of trade-off solutions, enabling them to select the one that
best aligns with their preferences (Tamssaouet et al. 2022).
It is therefore not surprising that such algorithms have be-
come essential tools, widely applied across various prac-
tical domains. These include artificial intelligence (Koziel,
Pietrenko-Dabrowska, and Szczepanski 2025), often in com-
bination with bioinformatics (Handl, Kell, and Knowles
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2007; Mukhopadhyay et al. 2024), as well as constraint op-
timization (Garcia et al. 2021), machine learning (Qu et al.
2021; Schneider, Bischl, and Thomas 2023), and engineer-
ing (Andersson 2003; Amamou and Jebari 2023). In par-
ticular, many of such real-world applications involve opti-
mization problems with many objectives. However, a huge
challenge is that, as the number of objectives increases, the
Pareto front expands exponentially, making the problems in-
creasingly complex. Additionally, identifying dependencies
between individual objectives becomes more difficult. There
are already differences between two and more objectives. In
the case of two objectives, sorting non-dominated individ-
uals according to the first objective naturally leads to a re-
verse sorting with respect to the second, making the crowd-
ing distance, which measures the proximity of search points
based on their sorting across objectives, a reliable indicator
of their relative closeness. However, this relationship breaks
down for problems with three or more objectives, as a solu-
tion can have a crowding distance of zero even when it is not
close to other solutions (see, for example (Zheng and Doerr
2024a)). As a result, NSGA-II (Deb et al. 2002), the most
cited EMOA (~ 56000 citations) which uses the crowding
distance as a tie-breaker, succeeds in solving bi-objective
problems (see for example (Zheng, Liu, and Doerr 2022) for
arigorous analysis or (Deb et al. 2002) for empirical results),
but fails in optimizing many problems where the number of
objectives is large (compare with (Zheng and Doerr 2024a)
for large differences already between two and three objec-
tives or for empirical studies (Khare, Yao, and Deb 2003)).
To overcome this problem, Deb and Jain (2014) designed
the NSGA-III algorithm. It uses a set of predefined refer-
ence points instead of the crowding distance. A major advan-
tage is that these reference points can be predefined by users
based on their specific needs. Hence, this algorithm has a
huge practical impact (~6000 citations) and it is empirically
shown that it can efficiently solve problems with at least four
objectives (Deb and Jain 2014; Mkaouer et al. 2015; Yadav,
Ramu, and Deb 2023). However, theoretical understanding
of its success lags far behind its practical impact and the
first papers addressing rigorous runtime analyses of this al-
gorithm appeared only recently (see for example (Wietheger
and Doerr 2023; Opris et al. 2024) for breakthroughs). Sur-
prisingly, even in simple settings, Opris (2025a) showed that
NSGA-III exhibits population dynamics that differ signifi-



cantly from those of NSGA-II: NSGA-III successively iter-
ates through all reference points, always choosing a point as-
sociated to a reference point with the fewest chosen individ-
uals so far for the next generation, while NSGA-II treats all
points with zero crowding distance equally. Hence, NSGA-
IIT tends to spread solutions very evenly across the Pareto
front (compare also with (Chaudhari et al. 2022) for empir-
ical results). Indeed, for appropriate population sizes, it was
shown in (Opris 2025a) that NSGA-III outperforms NSGA-
IT on the pseudo-Boolean bi-objective multimodal function
ONEJUMPZEROJUMP (OJZJ for short) for appropriate pop-
ulation sizes. However, they showed how NSGA-III spreads
solutions evenly across the Pareto front after converging to
local optima. How this distribution evolves during explo-
ration, particularly before reaching a local optimum or when
no local optima exist at all, as in m-OMM, remains unclear.
It is still unknown when and why NSGA-III performs well,
or how quickly it spreads solutions across the Pareto front.
As a first step toward understanding its limitations on many-
objective problems, we focus on the bi-objective case, which
already exhibits complex population dynamics.

Our contribution: We significantly increase the under-
standing of the population dynamics of the NSGA-III on
the pseudo-Boolean 2-OMM by investigating the maximum
cover number [3, defined as the maximum number of indi-
viduals in the population sharing the same fitness vector,
which is non-increasing as shown in (Opris 2025a). Our first
two results are about the time to firstly cover a subset A of
the Pareto front of a given cardinality  (Lemma 3), and then
spread all solutions evenly on that set (Lemma 4). With high
probability, this time is O(«). On the other hand, for a given
maximum cover number (3, we analyze the population’s ex-
ploration towards the extreme point 1”. Specifically, for two
constants 0 < a < b < 3/4, we provide a lower bound on
the time required to reduce the minimum Hamming distance
of an individual from the population to 1" from at least n® to
at most n®. With high probability, this time is Q(nlnn/3)
(Lemmas 5 and 6). This bound increases asymptotically
with 1/, which is unsurprising, since a smaller S reduces
the probability of selecting individuals already close to 17,
and further decreasing its distance to 1™ through mutation.
Then, together with Lemmas 3 and 4, the cover number
can be further reduced by first covering and then spreading
the population over a set of larger cardinality Q(nlnn/p3).
This again results, by Lemmas 5 and 6, in a larger lower
bound of Q(nlnn/B). By repeating this process a finite
number of times, one can finally reduce /3 to a value of
O(p/n) before creating a search point z whose Hamming
distance to 1" is at most n'/16. Notably, this is the small-
est possible value for S up to a multiplicative constant, and
leads to a lower bound of Q(n?1In(n)/u) expected gener-
ations for NSGA-III to optimize 2-OMM (Theorem 7). Fi-
nally, we improve the upper bound from (Opris et al. 2024)
for any constant number m of objectives, where (2n/m +

™2 < u € O(y/In(n)(2n/m + 1)™/2), by a factor
of O((2n/m + 1)"™/? /u1). In particular, we show that m-
OMM can be optimized in O (nln(n)(2n/m + 1)™/2/p)
generations in expectation (Theorem 8). This aligns with
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the earlier lower bound for m = 2 and shows the some-
what surprising result that NSGA-III outperforms NSGA-II,
the state of the art algorithm for two objectives and widely
used in practice (approximately 60,000 citations), by a fac-
tor of u/n (see (Doerr and Qu 2023a) for a lower bound
of Q(nlnn) generations for NSGA-II to optimize 2-OMM,
assuming 4(n + 1) < p < o(n”)(n+ 1) forv < 1).

Related work: The mathematical runtime analysis of
modern practical MOEAs has begun only recently. Zheng,
Liu, and Doerr (2022) conducted the first runtime analy-
sis of NSGA-II on classical benchmark functions, which
inspired numerous follow-up studies on bi-objective opti-
mization (Doerr and Qu 2022; Dang et al. 2023; Dang,
Opris, and Sudholt 2025a, 2024a,b; Doerr and Qu 2023b;
Zheng and Doerr 2022; Bian et al. 2023; Dang, Opris,
and Sudholt 2025b), including extensions to combinatorial
problems such as minimum spanning trees or subset se-
lection (Cerf et al. 2023; Deng et al. 2024). Variants of
NSGA-II have also been proposed to address its limitations
on many-objective problems using tie-breaking rules (Do-
err, Ivan, and Krejca 2025) or alternative crowding dis-
tance measures (Zheng, Gao, and Doerr 2024). Among
the most prominent many-objective algorithms are SPEA2,
SMS-EMOA, and NSGA-III, which have been successfully
analyzed (Wietheger and Doerr 2023; Zheng and Doerr
2024b; Opris et al. 2024; Wietheger and Doerr 2024; Opris
2025c¢,a). Until (Opris 2025a; Doerr and Qu 2023a), there
were no tight runtime bounds for NSGA-II or NSGA-III on
classical benchmarks, despite extensive research on EMOA
limitations and population dynamics. For instance, Opris
(2025b) analyzed PAES-25 with one-bit mutation on the m-
objective LEADINGONESTRAILINGZEROS problem, prov-
ing tight runtimes of ©(n3) for m = 2, ©(n®lnn) for
m = 4, and O(n(2n/m)™?In(n/m)) for m > 4. Ad-
ditional tight bounds for GSEMO on several classical bi-
objective benchmarks like OMM, OJZJ, and COUNTIN-
GONESCOUNTINGZEROS are given in (Doerr, Krejca, and
Opris 2025). To our knowledge, no results exist on the pop-
ulation dynamics of NSGA-III apart from investigations on
0JZJ in (Opris 2025a).

Preliminaries

Given two random variables X and Y on Ny, we say that Y
stochastically dominates X if Pr(Y < ¢) < Pr(X < ¢) for
all ¢ > 0. The number of ones in a bit string x is denoted by
|z|1 and the number of zeros by |z|o, respectively. For any
finite set A, we write | A| to denote its cardinality. For n € N
let [n] := {1,...,n}, denote by In the natural logarithm
(i.e. to base e) and let poly(n) be a placeholder for some
polynomial in n.

This paper is about many-objective optimization, specif-
ically the maximization of a discrete m-objective function
f(x) = (f(x),..., fm(x)) for m € N where each f; :
{0,1}" — Ny fori € {1,...,m}. When m = 2, the func-
tion is also called bi-objective. For a bit string x let x :
(z',...,2™/?) where all 27 are of equal length 2n,/m. For
asubset N C {0,1}", we define f(N) := {f(x) | x € N}.
Given two search points =,y € {0, 1}", x weakly dominates



Algorithm 1: NSGA-III ((Deb and Jain 2014)) with
population size i on an m-objective function f

1 Initialize Py ~ Unif(({0,1}™)")

2for ¢t :=0toocodo

3 | Initialize Q; := 0

4 fori=11to yudo

5 Sample s from P; uniformly at random

6 Create r by standard bit mutation on s with

mutation probability 1/n

7 Update @y := Q+ U {r}

8 SethZZPtUQt

9 | Partition Ry into layers F}, F2, ..., FF of
non-dominated solutiong

10 | Find ¢* > 1 such that Zl 1 "|F] < pand
Zi=1|FtZ‘ ZH

u | ComputeY; = J'_;" F}

12 | Choose F/" C F}" such that |Y; U F}"| = p with
Algorithm 2

13 Create the next population P, :=Y; U Fg

y, denoted by x > y, if fi(x) > fi(y) for all i € [m)]
and x (strictly) dominates y, denoted by x > y, if one in-
equality is strict; if neither z > y nor y > x then x and
y are incomparable. A set S C {0,1}™ is a set of mutu-
ally incomparable solutions with respect to f if all search
points in S are incomparable. Each solution not dominated
by any other in {0, 1}" is called Pareto-optimal. A mutually
incomparable set of these solutions that covers all possible
non-dominated fitness values is called a Pareto(-optimal) set
of f. For a population P; C {0,1}" and v € Nj}* denote by
ct(v) = |{x € P | f(z) = v}| the cover number of v, i.e.
the number of individuals from P; with fitness vector v. We
say that v is covered if ¢;(v) > 1.

The NSGA-III algorithm, originated in (Deb and Jain
2014) is shown in Algorithm 1. Initially, a population of
size p is created by choosing p individuals from {0, 1}"
uniformly at random. Then in each iteration ¢, a multiset
Q¢ of u new offspring is created by p times choosing an
individual s € P; uniformly at random and applying stan-
dard bit mutation on s, i.e. each bit is flipped independently
with probability 1/n. During the survival selection, the par-
ent and offspring populations P, and (); are merged into
R,. Then R, is partitioned into layers F}', , FZ |,... us-
ing the non-dominated sorting algorithm (Deb et al. 2002)
where F! ;| consists of all non-dominated individuals, and

F} 1 for i > 1 of individuals only dominated by those from

Fl,.. FZHl Then the critical rank ¢* with Z |Fz| <

w and Zi:l |F¢| > w is determined. All 1nd1v1duals with a
lower rank than ¢* are included in P, ;, while the remain-
ing individuals are selected from Ft"* using Algorithm 2.
Hereby, a normalized objective function f™ is computed
and then each individual with rank at most ¢* is associated
with reference points. For the first, we use the normaliza-
tion procedure from (Wietheger and Doerr 2023) which can
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Algorithm 2: Selection procedure utilizing a set
‘R, of reference points to maximize an m-objective
function f

1 Compute the normalisation f™ of f

2 Associate each x € Y; U F}~ with its reference point
rp(z) such that the distance between f™(z) and the
line through the origin and rp(x) is minimized

3Foreachr € R, set p, := {z € Y; | rp(z) = r}|

4 Initialize F}" = P and R’ := R,

5 while true do

6 | Determine i, € R’ such that p, . is minimal
(where ties are broken randomly)

7 | Determine z,, € F/ \ F{" which is associated
with 7,;, and minimizes the distance between
the vectors f™(x,, . ) and ryi, (Where ties are
broken randomly)

8 | ifz, ,, exists then

9 F' =F" U{z,,.}

10 Prmin = Prmin T

1 if |Y;| + |F}"| = u then

12 | return

13 | else R = R'\ {rmin};

be also used for maximization problems as shown in (Opris
et al. 2024). We omit detailed explanations as they are
not needed for our purposes. For an m-objective function
f:{0,1}™ — Nf, the normalized fitness vector f"(z) :=

(f1(x),..., f(x)) of a search point x is computed as
n fi(@) =y
fj ($> —  ,nad min
Yio =Y
for each j € [m] where y™4 := (y§2d, ... y"dd) and y™in ;=
(yipin . yminy from the objective space are called nadir

and ideal points, respectively. Computing the nadir point is
not trivial and we have y;.‘ad > £pad, and y;-“i“ < y?ad <y
for every j € [m] where g,,4 is a positive threshold set by
the user (see (Blank, Deb, and Roy 2019) or (Wietheger
and Doerr 2023) for the details). Further, ymax and ymm
are the maximum and minimum value in objectlve J from
all search points seen so far (i.e. from Py, Qq, ..., P, Q¢).
After computing the normalisation, each individual T is as-
sociated with the reference point rp(z) such that the distance
between f™(z) and the line through the origin and rp(z) is
minimal. We use the same set of reference points R, as pro-
posed in (Deb and Jain 2014), originated in (Das and Dennis
1998). The points R, are defined as

a m
{(?1,..., )‘(al,...,am)ENBn,Zai:p}
i=1

where p € N is a parameter one can choose accord-
ing to the fitness function f. These are uniformly dis-
tributed on the simplex determined by the unit vectors
(1,0,...,0)7,(0,1,...,0)7,...,(0,0,...,1)T. We chose

a m

p



this approach because the objective vectors of OMM are
evenly distributed in the objective space, ensuring a well-
spread set of solutions. Then, one iterates through all ref-
erence points choosing the one with the fewest already se-
lected individuals for the next generation P;y; is chosen. A
reference point is omitted if it only has associated individu-
als already selected for P, and ties are broken uniformly
at random. From the unselected individuals associated with
the chosen reference point, the one closest to it is added to
Py, with ties again broken uniformly at random. Selection
ends once the required number of individuals is reached (i.e.
if Vel + |EY | = .

Our analysis relies on the fact that NSGA-III pre-
serves Pareto-optimal solutions: if the population exceeds
the number of mutually incomparable solutions, and p >
2m3/2 fmax, a covered vector on the Pareto-front remains
covered in future iterations, as individuals with different ob-
jective vectors are associated to different reference points
(see Lemma 2 in (Opris et al. 2024) for the details). The
next lemma combines this observation with Lemma 3.4
from (Opris 2025a), which provides a general statement
about the cover number of a vector on the Pareto front.

Lemma 1. Consider NSGA-III on an m-objective function
f with €paa > fmax and a set R, of reference points for
p € Nwith p > 2m3/2 fo,ax. Denote by P, the current pop-
ulation and by F' the Pareto front of f. Let S be a max-
imum set of mutually incomparable solutions and suppose
that i > |S|. Then the following properties hold.

(1) If p > |S| then for each x € F} thereisany € Py
weakly dominating x.

(2) Letv € Fand 0 < a < p/|S|. If ¢;(v) > « then also
cir1(v) > a

(3) Let v € F and suppose that c¢;41(v) < c¢(v). Then
crr1(w) < ¢ (v) for every w € F.

(4) Suppose that every x € P, is Pareto-optimal. Then d; :
max{c,(v) | v € F} does not increase.

The m-OMM benchmark, originated in (Zheng and Doerr
2024a), is defined as follows.

Definition 2. Let m be divisible by 2 and let the problem
size be a multiple of m/2. Then the m-objective function
m-OMM is defined by m-OMM : {0,1}" — N[* as

m-OMM(z) = (fi(z), ..., fm(2))
with
f@(l’) — Zz:;m Titn(L—1)/m> lff is odd,
Zi:lm(l - Ii+n(€—2)/m)7 else,

forallx = (xq,...,2,) € {0,1}™

In m-OMM, the bit string is divided into m/2 blocks,
where fo;_1 and fo; correspond to block j. Specifically,
f2j—1 counts the number of ones, and f»; counts the number
of zeros in block j. Every search point is Pareto-optimal, as
the total sum of objectives of any bit string is n. A Pareto-
optimal set thus, which is also a maximum set of mutu-
ally incomparable solutions, has cardinality (2n/m+1)"/2,
since for each block j € [m/2] there are at most 2n/m + 1
many fitness values (fa;_1, fa;)-
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Bounding the Maximum Cover Number: First, we estab-
lish a general upper bound on the time required to cover a
subset of the Pareto front of a given cardinality with high
probability. Then, we provide an additional bound on the
time needed to evenly distribute solutions across that subset.

Lemma 3. Consider NSGA-IIl on f := 2-OMM under
the same conditions as in Lemma 1. (i.e. p > 4v/2n since
fmax = nmand p > n + 1). Then for a given natural
a < 3n/8 there is A C F with cardinality o which is cov-
ered in 64« generations with probability at least 1 — e~ @),

Proof. By a classical Chernoff bound the probability is at
least 1 — e=*(") that there is an individual z initialized
with f;(x) € [3n/8,5n/8]. Suppose that this happens and
fix such an individual zo. Let A == {v € F | v; €
[fi(zo) — /2, fi(xo) + /2] forall i € {1,2}} C [3n/8 —
a/2,5n/8 + a/2]. Then we see that |A| > «. Fix a cov-
ered v € A and another uncovered w € A. We show with
probability at least 1 — e~*%(®) the vector w is covered af-
ter 64« generations. Let B; == {z € P, | f(z) € A} and
dy == mingep, |fi(x) —wi|. Note that 0 < d; < a. Further,
we see that w is covered if d; = 0 since if f1(z) = w; then
also fo(xz) = wy due to f1(z) + fo(x) = wy + wy = n. By
Lemma 1(1), d; cannot increase, but it can be decreased in
one single trial by choosing x € P, with | f1(z) — w1| = d;
as parent (probability at least 1/u) and then flipping a one
bit to zero and not changing any other bit if f1(z) —w; > 0.
On the other hand, if fi(x) — w; < 0, flip a zero bit to
one. Both happen with probability at least (3n/8 — «/2)/n -
(1—1/n)""1 > (3n/8 — 3n/16)/(en) > 3/(16¢). Then
in one generation, d; decreases with probability at least
1—(1- 1638#)“ > % > 3% =: p where the first in-
equality is due to Lemma 10 in (Badkobeh, Lehre, and Sud-
holt 2015). Note that p = (1) and for each i € [a], define
the random variable X; as the number of generations such
that d; = 4. Then the time until d; = 0is X = > 7 | X,
the latter stochastically dominated by the independent sum
Y = Z?:l Y, of geometrically distributed random vari-
ables with success probability p, = p = €(1). Note that
E[Y] = a/p and we obtain by Theorem 1 in (Witt 2014)
for s := >, 1/p? = 1024ae? /9 and X > 0 the inequality
Pr(Y > E[Y]+)) < exp(—3 min{’\;, Ap}).For A = a/p
we obtain Pr(X > 64a) < Pr(X > 64ea/3) = Pr(X >
2a/p) < Pr(Y > 2a/p) = Pr(Y > E[Y] + a/p) <
e~ By a union bound on all w € A we see that A is

covered in 64 generations with probability 1 —e~%() [

Now we give the following upper bound on the time such
that, with high probability, the solutions are evenly spread
on a set A with cardinality « or, in other words, the cover
number of each v € A is bounded by [/« from above.

Lemma 4. Consider NSGA-III on f := 2-OMM and sup-
pose that all conditions of Lemma 1 are satisfied. Suppose
that ;v = poly(n). Let o < 3n/8 be a natural number and
let ~ min{[n/In(n)], [u/a]}. Then after 84a + 46y
generations, each v € N' has cover number at most [/ o]



with probability 1—o(1). Hence, if « > n/In(n) theny < «
and therefore, 130a generations suffice. The expected num-
ber of generations is O(a + 7).

Proof. By Lemma 3 there is a set A C P with cardinality
o which is covered after 64a generations with probability
at least 1 — e~ (@) Suppose that this happens. Denote the
decrease of the cover number ¢;(v) of a vector v € F as a
success, if c;(v) < [p/a]. If a success occurs, we see that
crr1(w) < ¢i(v) < [/ of all other Pareto-optimal vec-
tors w by Lemma 1(3) and it cannot increase by Lemma 1(4)
(since every solution is Pareto-optimal), implying the state-
ment of the lemma. We show with probability 1 — o(1) that
all v € Ahave a cover number of at least [1/a] or a success
occurred after further 46y + 20« generations. In the former
case [pu/a] = p/a, all other v € F'\ A have cover number
0, and hence, the cover number of all v € F’ is also bounded
by [u/a]. Depending on the value of v, we consider two
cases where F' denotes the Pareto front of 2-OMM.

Case 1: Let [p/a] < [n/ln(n)] G.e. v = [u/a]). Fix
v € F, denote by ¢, its cover number and for j € [y — 1]
let X; be a random variable that counts the number of gen-
erations with ¢; = j. Then the number of generations until
a success occurs or the cover number of v is at least ~ is
at most X = Z;’;ll X;. Note that ¢; can be increased by

choosing an individual y with f(z) = f(y) as parent and
flipping no bits (prob. 1/p - (1 —1/n)™ > 1/(4p) = o).
Hence, the probability of increasing c; in one generation is

1/4 1
at least 1 — (1 — o))" > li’;‘zﬂ = %1/4 = £. Hence,

X is stochastically dominated by an independent sum Z =
Z;;ll Z; of geometrically distributed random variables Z;
with parameter p 1/5. Then E[X] < E[Z] < by
and hence, by Theorem 1 in (Witt 2014), we obtain for
5= 27;11 1/p? < 25v, and A > 0 the inequality Pr(Z >
E[Z]+)) < exp(— 2 min{2, Ap}) and for X = 40~ +20c
we obtain Pr(X > (5440)y+20a) = Pr(X > 5y+(40v+
20a)) < Pr(Z > E[Z]+407+20a) < e~?7~ By aunion
bound on |A| = « different Pareto-optimal vectors, we see
that with probability at most v - e=27=% = o(1) a success
occurred or the cover number of all v € A is at least [/« |
after further 45 4 20« generations.

Case 2: Suppose that [p/a] > [n/ln(n)] Ge. v
[n/In(n)]). Fix v € F, and let Y; denote the number of
individuals = such that f(xz) = wv at generation ¢. Then
with probability 1 — e=27Y~< after further 45y + 20c gen-
erations by Case 1, a success occurred or the cover num-
ber of v is at least n In(n). Suppose the latter (otherwise the
statement of the lemma holds) and let Z; be the number of
newly created individuals with fitness vector v in generation
t.Wehave E [Z;] > Y;/4 > n/(41n(n)): A generation con-
sists of p independent trials and in each trial, with proba-
bility at least n/(In(n)u), an individual = with f(z) = v
is selected as the parent, and during mutation, no bit is
flipped with probability at least (1 — 1/n)™ > 1/4. Hence,
by a classical Chernoff bound, Pr(Z; < 3/5- E[Z])
Pr(Z, < (1-2/5) -E[Z]) < e ¥EZ]) = ¢=2n/In(n)),
Hence, with probability at least 1 — e %(n/In(n)
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we have Yiy1 > min{Y;+3/5-E[Z],[p/a]}
min {Y; + 3Y;/20, [p/a]} = min {23Y;/20, [n/«]}. In
other words, Y; increases by a factor of at least 23 /20, unless
the value [p1/a] has already been reached. Note that for n
large enough [n/1n(n)] such generations in succession are
sufficient to reach a cover number of v of at least [u/a] or
a success occured, since n/ In(n) - (23/20)™ (") = ().
Moreover, such a sequence of generations occurs with prob-
ability at least 1 —e—2("/1n(")) by a union bound on all these
generations. By a further union bound on all v € A, we see
that after [n/In(n)] = 7 generations, a success occurred or
the cover number of each v € F is at least [u/a] with prob-
ability 1 — o(1). This also leading to the desired 46y 4+ 20«
generations in this case.

Hence, in any case we see that with probability 1 — o(1),
after k := 64a+ 46+ 20a = 84+ 46+ generations, each
v € F has cover number at most [ p/a] with probability 1 —
o(1). If this does not happen, we repeat the arguments from
either Case 1 or Case 2 for another period of x generations,
including the preceding phase from Lemma 3 to cover A
if necessary. The expected number of periods is 1 + o(1),
concluding the proof. O

Controlling the Exploration of Search Points: First, we
bound the spread of solutions in O(n/In(n)) generations.

Lemma 5. Consider NSGA-III on 2-OMM under the same
conditions as in Lemma 1. Suppose that ;. = poly(n) and let
¢ > 0 be a constant. Then, after cn/ In(n) generations, there
isnoy € Py with |y|1 > 3n/4 with probability 1 — o(1).

Proof. Let d; = min{max{3n/4 — |y|1,0} | y € P:}.
By a classical Chernoff bound each individual x satisfies
3n/8 < |x|1 < 5n/8 with probability 1 — pe= " =
1 —o(1) after initialization. Suppose that this happens. Then
dp > n/8 and therefore, in order to create an individual y
with |y|1 > 3n/4 within [c¢n/In(n)] < 2¢n/In(n) genera-
tions, it is necessary that d; reaches 0, particularly decreases
by at least In(n)/(16¢) in one such iteration. This requires
that at least ¢ := [In(n)/(16¢)] many zero bits are flipped
simultaneously in one individual. The latter happens with
1)f:£|(n! < 1 < €

e
n n—0)nf = @ =

probability at most (TZ) (

n 2
e~w0) = e~w(n(n)) jn one single trial where the last in-
equality is due to Stirling’s formula. By a union bound on
at most p[en/In(n)| mutation steps after en/In(n) gen-
erations, we see that the probability is o(1) to decrease d;
by at least £ one time within [¢n/In(n)] generations (since
p = poly(n)), concluding the proof.

Second, we bound the time required for the maximum
number of ones among individuals in P; to increase from
n —nb ton —n?, for constants 0 < a < b < 3/4.

Lemma 6. Consider NSGA-III on 2-OMM under the same
conditions as in Lemma 1. Let 0 < a < b < 3/4 be two con-
stants. Assume that the maximum cover number is at most
B = o(n'="). Suppose every x € P, satisfies |x|; <n —nP.
Then with probability 1 — o(1) NSGA-III requires more than
(b — a)nln(n)/(32eB) generations to create an individual
x with |x|; > n — n® Hence, the expected number of gen-

erations is at least Q(nln(n)/f).



Proof. Consider Y; = max{max{|z|;,n — [n*]} | = €
P,}. If all individuals z satisfy |z|; < n — [n®] (which is
the case at the beginning) then Y; = n — [n’]. We cre-
ated an z with |z[; > n—n*if Y; > n — [n%]. At
first we bound the probability p* to increase Y; by at least
8 in one generation from above as follows. In one single
trial, for each ¢ € {0,...,Y;}, one can choose an = € P;
with |z|q Y: — i (ie. |z|o n — Yy + i) (prob. at
most ($/u) and then flip ¢ + 8 zero bits (prob. at most

("_Z.}:’;“i) - 1/n**%). By a union bound on all i, we obtain
that Y} increases by at least 8 in a single trial with probability

at most 8 ZZ 0 (ni‘YtH) : Z (rnb]H) :

i+8 nit8 = 48 n“rs —
b b b

() s, G < (121 e
we used [nb] +4 < 2nand 3%, (ng < 1). Hence, by
a union bound on y single trials, we obtain the inequality
B - ([n*]/n)® < 2568/n? (since b < 3/4 as well as
[r] < 2rforall r > 1 is satisfied). Again by a union bound,
Y: changed by at least 8 after (b — a)nIn(n)/(32a3) gener-
ations with probability o(1). So we assume that Y; is never
changed by at least 8 and for Y; € [n— [n®],...,n— [n?]]
and natural 1 < ¢ < ([n*] — [n%])/8 let X, be the ran-
dom variable which counts the number of generations with
Y, € {n—[n®1+8(¢—-1),...,n—[n’] +8¢—1}. Now, for
k := k(n,£) ;= [n®] —8(¢—1) we justify that X, stochasti-
cally dominates a geometrically distributed random variable

Z, with success probability p, = 1.5¢8k/n:
A necessary condition that Y; leaves {n — k,...,n —
[n’] + 8¢ — 1} is that Y; increases by one in a

generation which happens with probability at most
1 k+iy 1

Y:
=0

ﬁ Z)/t (n_zfl'i"t) i+1 g EZYt (i+1) i+1 S
LOPHR ktzl(l+(1])€+l) < 156[31‘ (by choosing a par-

ent x w1th )1 = Y, — i and then flipping ¢ + 1 zero
bits for ¢ € {0,...,Y;}). For the last inequality we used
kE+i<(1+In(1. 5))n forall ¢ € {0,...,Y:} and n suffi-
(14In(1.5))° (1+1n(1 5)F

(z+1)' Z
eltn(15) — 1 5e. Then apply a union bound on /i trials to
finish the justification.
b )
This implies that for 6 := §(a,b,n) := U"]T%J the
number T of generations until Y; > n — [n®| (which is

ciently large, and Z

at least Zg:l Xy) stochastically dominates the independent

Zgzl Z, of geometrically distributed random
n) <3 1/i <In(n)+1

sum Z =
variables Z,. Note also that In(

and therefore > ;1/i — >7 ;1/i > In(n) — (In(q) +
1) = In(n/q) — 1 for ¢ € |[n]. Therefore, for k =
: 5
[[n"]/8] we obtain E[Z] = 3,_, E[Z/] = Zz 1 pg =
g n _ n 5—1
Yol TR STy T 6B ko TIFE 2

0—1 1 k—1 1 k—1 1
T365 20=0 =i = T3¢B ( (=0 77 ~ 2t=s m) >
K 1 k—0 1 3
122,3 (22:1 7T 2u=1 Z) 2 127(Leﬁ (ln (nia) - 1) 2
[n®]/8+1 48
1263 (ln(tnaj/awz) - 1) 2 T2eB (ln (nZJriﬁ) - 1) =
%ﬁlﬁn(") for n sufficiently large. Then, under the

condition that Y; never changes by at least 8 within
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(b — a)nln(n)/(32eB) generations, we see by Theo-
rem | in (Witt 2014) that for A E[Z]/2 and

S <

= Ze 1/ = Zj 12 2562B2([77L’L:]78(571))2
S T 2562/32 > < o 582ﬁ2 (due to Y0, 1/i* = 72 /6)
the inequality Pr(7" < =2y < Pr(z < E[Z] /2) =
Pr(Z <E[Z]-E[Z]/2) < exp(—A?/(2s)) = o(1) holds.
This proves the lemma with the law of total probability. [

A Lower Runtime Bound

In this section, we establish the desired lower bound on the
runtime of NSGA-III on the 2-OMM problem by putting to-
gether the results from the previous section. The core of the
lower bound argument relies on an iterative process that re-
peatedly applies Lemmas 4 and 6 to reduce the maximum
cover number (3 as the population approaches the Pareto
front’s extremes.

Theorem 7. Consider NSGA-III on 2-OMM under the same
conditions as in Lemma 1. Further suppose thatn+1 < p €
O(In(n)°n) for a constant 0 < ¢ < 1. Then the expected

number of generations to cover the whole Pareto front is at
least Q(n?In(n)/u).

Proof. Fix a constant x > 0 such that g < xIn(n)°n
for n sufficiently large. At first we see by Lemma 5 that
with probability 1 — o(1) there is no individual y in P;
with |y|1 > 3n/4 within 130|n/In(n)]| generations. Fur-
ther, by Lemma 4 on « = [n/In(n)|, we obtain that, after
130« generations, the maximum cover number is at most

w/ol < oy +1 < i‘illrrll((z)) < 4y In(n)t*e with
probability 1 — o(1). Suppose that this happens. We now ap-
ply Lemma 6 with b = 3/4 and a = 1/2 to obtain with
probability 1 — o(1), that after further (b — a)nIn(n)/(32e -
4y In(n)t*¢) = n/(512xeln(n)¢) = don/In(n)° gener-
ations for dj 1/(512xe), no solution x with |z|; >
n — n'/? is created. Also apply Lemma 4 on that number
of generations for & = |don/(1301In(n)¢)] to obtain for
ey = 260y/dy that with probability 1 — o(1) the maxi-
mum cover number is at most [p/a] < [xIn(n)°n/a] <
eo In(n)?¢ = max{eg In(n)?¢, 16y/(3n)} for n sufficiently
large (the latter equality holds due to eq In(n)?¢ € w(u/n)).

Suppose that these two happen. In the following, we
iteratively reduce the maximum cover number as the
population approaches the extreme solution 1™. To this
end, let ¢ [(2c+1)/(1=¢)] € O(1) and sup-
pose that for j € {0,...,¢ — 1} there are constants
0 < b < 1/2 and dj,e; > 0 such that after
djnIn(n)?/In(n)2+7=1¢ generations, no solution x with
|z > n — nb% is created, that (In(n))Z+s)e=J
w(p/n) and the maximum cover number is at most 5 =
e;(n(n)) )1 = maxe,(In(n)) e, 161/(3n)}
(where the case j = 0 already occurred). Now fix a fur-
ther constant b;4q with 1/8 < bj41 < b;. Then again
by Lemma 6 we see that with probability 1 — o(1) in

s bui)n i) (b —byg1)n () danin(n)’ !
32e-B 32¢-¢; (In(n))@+ie—i In(n)@Fi)e

. —b
generations for d;j11 = L4 no solution x with |z|; >

bj—
3%¢




n — nb+1 is created. After this time, by Lemma 4 on
1 J+1 .
%J, |3n/8]}, the maximum cover

} <

a = min{|
260y In(n)(2+9)¢ 16p
djt1inln(n)i+t 7 3n
ejr1In(n)Bre 16y

number is at most [u/a] < max{
260xn In(n) CT° 16,

max{ 4y 1nIn(n)iF1 s 3o} = max{ Tn(n)J¥1 e}
for e;11 = 260x/d;41 with probability 1 — o(1). If
In(n)B+)e=G+D = ((u/n), we increase j by one and

repeat this argument. We stop when In(n)3+7)e=0+1) —
O(p/n). Since (3 + £)c — (£ + 1) < 0, we have at most
¢ = O(1) such repetitions. After the last repetition we
have that « = (n). Hence, by applying a union bound on
all repetitions, we conclude that with probability 1 — o(1),
there exists a generation ¢4 such that no individual x
with |z|; < n — n'/% is created and the maximum cover
number is at most egpreadft/n for a constant egpreaa > 0.
Suppose this event occurs, and apply Lemma 6 once more
with b = 1/8 and a 1/16. This yields that, after
Q(nin(n)/(esgpreaapt/n)) = Q(n?In(n)/u) generations in
expectation (from time tsPread onward), a search point & with
|z|1 1/16 is created, concluding the proof. O

>n—n

An Improved Upper Runtime Bound

To complement our analysis, we establish an improved up-
per bound on the expected runtime of NSGA-III on m-
OMM for a constant number of objectives m. Our approach
closely follows the methodology provided by (Opris et al.
2024), with the added consideration of the cover number.

Theorem 8. Consider NSGA-III on m-OMM for a constant
number m of objectives under the same conditions as in
Lemma 1 with population size S,, = (2n/m + 1)™/? <
u < In(n)S,,. Then a Pareto-optimal set of m-OMM is
found in expected O(Sy,nlnn/p + nu/S,,) generations
or, in other words, in expected O(S,,nInn + nu?/S,,) fit-
ness evaluations. If p > 1n(n)S,,, a Pareto set is found
in expected O(nln(n)) generations (which is Theorem 5.2
in (Opris et al. 2024)).

Proof. Suppose that S,,, < u < In(n)S,,. Fix a vector v on
the Pareto front. We estimate the probability not to cover v
after 6S,enln(n)/p + 10n[pu/ Sy ] generations. For each

generation ¢ let d; := mingep, Z;n:/f | foj—1(z) — vaj—1].
Note that 0 < d; < n and that we have covered v if d; = 0.
Further, by Lemma 1(1), d; cannot increase. Let y € P, be
with Z;n:/f | foj—1(y) — v2j—1] = d¢. We first increase the
cover number of f(y) to [11/Sy,| (which, by Lemma 1(2),
can only decrease if it exceeds |1/ Sy, ], and even then not
below this value), and then proceed to decrease d;. The
latter then happens with probability at least |u/S,,|/p -
i/n-(1—1/n)""1 > i/(2Sen) in one single trial and
hence, with probability at least 1 — (1 — i/(2S,en))* >

ipn/(2S,,en) I . .
/(25 en+1 = Pi inone generation. Hence, the time 7’

until d; = 0 is stochastically dominated by an independent
sum of geometrically distributed random variables Y; , Z;
(te{l,...,n}andj € {1,...,v} forv :=n-|u/Sn])
with success probability p; and p = 1/5 respectively (com-
pare also with the proof of Lemma 4 for the latter). Let
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=", Y and Z : Z;’Zl Z;. We have E[Y]

Z?:l 1/pi = E?:l(l +Smen/(ip)) < n+Spen(In(n) +
1)/ < 2S5,,enln(n)/p for n sufficiently large and E [Z] =
5n- |/ Sm . By Theorem 1 in (Witt 2014) we obtain for s =

Z?:l 1/p22 = 27:1(1—&-25’,”671/(2#))2,]7 = minie[n] Di
p1 > pu/(4Sen), and A = 8mS,,enln(n)/u that Pr(Y >
E[Y]+ ) < exp (—7m1n{§,)\p})

\/s = Q(n®*(n)) and A\p > 2mIn(n). Further, we see
for § = 250, and A\ = E[Z] that Pr(Z > E[Z] + \) <
exp(—3 min{*;j\p‘}) = e ") These two inequalities
imply Pr(T > E[Y] +E[Z] + A+ )\) < Pr(Y + Z >
E[Y]+E[Z] + A+ )\ <Pr(Y > E[Y]+\) + Pr(Z >
E[Z]+)) < n~2™ 4 ¢~2(") By a union bound on all pos-
sible v, the probability that there is a fitness vector v such
that P; does not contain a Pareto-optimal solution x with
f(z) =vafter E[Y]+E[Z]+ A4+ < 10S,,enIn(n)/u+
10n|p/Sm] = O(SmnlIn(n)/p+pun/Sy,) generations is at
most (2n/m+1)"™/2. (n=2™ 4 ¢=2")) = o(1). If this does
not happen we repeat all the above arguments. Note that in

< n72™ gince

expectation, 1 + o(1) such periods are sufficient. O
This result improves the corresponding upper
bound from (Opris et al. 2024) by a factor of

min{S,,/u, 1/ (Sm In(n))} both in terms of genera-
tions and fitness evaluations if S, < p = O(Sp, In(n)).
Along with Theorem 7, we see in the case m = 2 that for
n+1<p<(n+1)ln(n)® for aconstant 0 < ¢ < 1/2
the full Pareto front is covered in expected ©(n? In(n)/p)
generations, which is a tight runtime bound.

Conclusions

In this paper, we analyzed the widely used NSGA-III algo-
rithm on the simple m-OMM problem and established lower
runtime bounds for m = 2, as well as improved upper run-
time bounds for a constant number m of objectives for a
carefully chosen population size p. For m = 2, this leads to
a tight runtime bound, where NSGA-III outperforms NSGA-
II, distributing solutions more evenly across the Pareto front.
This is very surprising, since the latter is the state of the art
algorithm for bi-objective problems (with around 60000 ci-
tations). Unlike previous work (Opris 2025a), where NSGA-
III’s dynamics were analyzed on m-OJZJ by first exploring
the local optima, and then spreading the solutions evenly
on the Pareto front, our analysis focused on the spread
during exploration. Future research directions may include
bounding the maximum cover number on benchmark prob-
lems, where it is necessary to reach the Pareto front at first
glance, like the classic COUNTINGONESCOUNTINGZEROS
(COCZ), or practical scheduling and graph problems. We
hope that these insights provide a deeper understanding of
the strengths and limitations of NSGA-III and may serve as
a foundation for analyzing its behavior on more complex fit-
ness landscapes. Ultimately, this understanding can aid prac-
titioners in developing enhanced versions of the algorithm
with improved performance for efficiently optimizing prob-
lems with complex and rugged fitness landscapes.
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