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Abstract

Many sequential decision-making problems can be formu-
lated as shortest-path problems, where the objective is to
reach a goal state from a given starting state. Heuristic search
is a standard approach for solving such problems, relying on
a heuristic function to estimate the cost to the goal from any
given state. Recent approaches leverage reinforcement learn-
ing to learn heuristics by applying deep approximate value
iteration. These methods typically rely on single-step Bell-
man updates, where the heuristic of a state is updated based
on its best neighbor and the corresponding edge cost. This
work proposes a generalized approach that enhances both
state sampling and heuristic updates by performing limited-
horizon searches and updating each state’s heuristic based
on the shortest path to the search frontier, incorporating both
edge costs and the heuristic values of frontier states.

Code — https://github.com/SPL-BGU/limited-horizon-
bellman-learning

Extended version — https://arxiv.org/abs/2511.10264

Introduction

Search algorithms have been fundamental to artificial intel-
ligence (Al), playing a central role in problem-solving and
decision-making (Hart, Nilsson, and Raphael 1968; Bonet
and Geffner 2001a). Heuristic search, guided by a heuristic
function to estimate the cost from a given state to a goal, has
been particularly influential. It enables efficient navigation
of vast solution spaces in domains such as route planning,
hardware verification, theorem proving, robotics, and com-
putational biology (Edelkamp and Schrédl 2012), many of
which are often posed as reinforcement learning problems.
The effectiveness of heuristic search hinges on the accu-
racy of the heuristic function. While domain-specific heuris-
tics can be highly effective, they often require expert knowl-
edge. To address this limitation, domain-independent meth-
ods such as pattern databases (Culberson and Schaeffer
1998) have been developed. However, these approaches in-
volve trade-offs between computational cost and heuris-
tic accuracy, especially as problem complexity increases
(Agostinelli et al. 2019; Muppasani et al. 2023).
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Recent advancements leverage deep neural networks
(DNNs) (Schmidhuber 2015) and reinforcement learning
(RL) (Sutton and Barto 2018) to learn heuristics directly
from data. Although these methods lack theoretical guar-
antees, they offer scalable, domain-specific heuristics that
have demonstrated success in solving problems such as the
Rubik’s Cube (Agostinelli et al. 2019), chemical synthesis
(Chen et al. 2020), quantum algorithm compilation (Zhang
et al. 2020; Bao and Hartnett 2024), and robotics (Tian et al.
2021; Eysenbach, Salakhutdinov, and Levine 2019), often
producing optimal or near-optimal solutions.

A common approach to learning heuristics through RL
is approximate dynamic programming (Bertsekas and Tsit-
siklis 1996). This involves sampling states and applying a
single-step Bellman update, where a state’s heuristic esti-
mate is refined based on its best successor. DeepCubeA
(Agostinelli et al. 2019) exemplifies this strategy, training
a DNN via approximate value iteration to predict cost-to-go
estimates, which are then used for efficient search.

In this paper, we identify and address key limitations of
single-step Bellman updates. First, sampling random states
in isolation neglects the inherent structure of search pro-
cesses. In practice, states are not explored randomly, but in-
stead form correlated local regions within the search space.
Single-step updates fail to capture these dependencies. Sec-
ond, single-step updates rely on the transition cost of a sin-
gle edge (to the best successor) while primarily depending
on potentially inaccurate heuristic estimates of successors.

To address these challenges, we introduce Limited-
Horizon Bellman-based Learning (LHBL), a method that
performs limited-horizon searches from sampled states,
leveraging the broader search context to generate training
labels. Each state’s heuristic is updated based on the best de-
scendant on the frontier, combining the full path cost to the
descendant and its heuristic for more informative labels than
single-step updates. Additionally, since training states come
from search, not random sampling, they better reflect those
seen during actual search. This results in improved training
efficiency and faster, more reliable search across multiple
domains, as demonstrated in our empirical evaluation.

Background and Related Work

Pathfinding is a fundamental concept in Al with diverse
applications (Hart, Nilsson, and Raphael 1968; Bonet and



Geffner 2001a). A pathfinding problem instance, [
(G, ¢, start, goal), where G = (V, E) is a graph with states
(vertices) V and transitions (edges) £ C V x V. The cost
function ¢ : £ — R™ assigns a non-negative cost to each
edge. The instance specifies a start state (start) and either
a goal state (goal) or a goal predicate. The objective is to
find a path from start to goal with minimal cumulative cost,
determined by the sum of the costs of its edges, although
in large or time-sensitive domains, quickly finding a high-
quality (not necessarily optimal) path may be preferred.

Heuristic search extends pathfinding by incorporating a
heuristic function A : V' — RT, which estimates the cost
of the shortest path from a state s to the nearest goal state,
commonly referred to as the cost-fo-go. The problem in-
stance is then defined as I = (G, ¢, start, goal, h). Heuris-
tics can be domain-specific, like Manhattan distance in grid
navigation, or derived automatically using techniques like
pattern databases (PDBs) (Culberson and Schaeffer 1998),
state-space transformations (Mostow and Prieditis 1989),
and delete relaxations (Bonet and Geffner 2001b).

Batch Weighted A*

A* (Hart, Nilsson, and Raphael 1968) is a widely used
and foundational search algorithm that maintains a priority
queue, OPEN, of nodes discovered during the search, with
each node containing state n.s, g(n), the accumulated path
cost from the start state to n, and cost f(n) = g(n)+h(n.s),
where h(n.s) is the heuristic estimate of the remaining cost
to a goal from state n.s. A* iteratively removes and expands
the node with the lowest cost (f-value), until selecting a
node associated with a goal state for expansion.

When A* uses a learned heuristic function (e.g., a deep
neural network), heuristic computation can become a bot-
tleneck. To mitigate this, GPUs can be leveraged to expand
the B lowest-cost nodes in parallel, computing their heuris-
tic values simultaneously. Still, A* can still be time- and
memory-intensive. Weighted A* search (Pohl 1970) miti-
gates this by adjusting the cost function:

f(n) = Ag(n) + h(n.s), (1

where A\ € [0, 1] balances path cost and heuristic guidance.
Lower A values bias toward heuristic-driven exploration,
trading optimality for efficiency. Notably, the extreme case
of A = 0 yields Greedy Best-first Search (GBFS), which
abandons optimality to prioritize speed.

Combining parallel expansion and weighting yields
batch-weighted A* search (BWAS), a generalization of
A* where standard A* is recovered by setting B = 1 and
A = 1. A* guarantees optimal solutions given an admis-
sible heuristic, that is, a heuristic that never overestimates
the cost of the shortest path: h(s) < h*(s) for all s, where
h*(s) is the cost of a shortest path to a closest goal state
from s (Dechter and Pearl 1985). Similarly, weighted A*
and BWAS guarantee bounded suboptimality under the same
condition (Agostinelli et al. 2021; Li et al. 2022). Although
neural network-based heuristics are not necessarily admissi-
ble, research continues on developing admissible heuristics
via deep learning (Ernandes and Gori 2004; Agostinelli et al.
2021; Li et al. 2022).
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Learning Heuristic Functions

Research on learning heuristic functions has explored meth-
ods to enhance heuristic-based algorithms for over three
decades. One approach is imitation learning, where cost-to-
go values, often derived from domain knowledge or solvers,
are used to train heuristics via supervised learning. Samadi
et al. (2008) reduced memory usage by training neural net-
works to approximate Pattern Database (PDB) heuristics.
Other studies have designed architectures for heuristic learn-
ing in planning problems (Chrestien et al. 2021; Takahashi
et al. 2019; Shen, Trevizan, and Thiébaux 2020; Ferber,
Helmert, and Hoffmann 2020; Toyer et al. 2020), proposing
alternative loss functions to improve search efficiency (Gar-
rett, Kaelbling, and Lozano-Pérez 2016; Bhardwaj, Choud-
hury, and Scherer 2017; Groshev et al. 2018; Chrestien et al.
2023). These approaches are constrained by their reliance
on pre-existing solvers or expert solutions, which are often
unavailable for many real-world problems.

Another approach uses reinforcement learning (RL) to
learn the heuristic function from the costs of paths found us-
ing heuristic search. Bramanti-Gregor and Davis (1993) iter-
atively refined heuristics with A* and trained new heuristics
via linear regression. Fink (2007) learned a weighted sum of
admissible heuristics, while Arfaee, Zilles, and Holte (2011)
used neural networks and random walks to generate easier
instances when no problems were solved. Orseau and Lelis
(2021) extended this by learning both a policy and a heuris-
tic. A major limitation of these methods is their inability to
learn from expanded nodes that do not contribute to a solu-
tion, leading to poor sample efficiency.

A recent trend in heuristic function learning involves
leveraging large language models (LLMs) for generating
heuristics. For instance, Ling et al. (2025) proposes an au-
tomated heuristic discovery method that uses LLMs to de-
rive heuristic functions for planning tasks. Similarly, Corréa,
Pereira, and Seipp (2025) demonstrates that heuristics gen-
erated by LLMs can rival established classical planning
heuristics; however, their approach still relies on encoding
domain-specific details within prompts, thereby maintaining
a dependence on domain knowledge. Moreover, the practical
effectiveness and scalability of these approaches in diverse
planning problems remain, so far, limited.

A notable alternative method separates the learning from
the search process, using approximate dynamic program-
ming (Bellman 1957; Bertsekas and Tsitsiklis 1996) via
single-step Bellman (SSB) updates (Bellman 1957). This
technique iteratively refines heuristic estimates by randomly
sampling a state s € V (either directly or by taking random
moves from goal) and updating the estimate based on the
minimum transition cost plus the estimated cost-to-go for its
neighbors, following the second pathmax rule (Méro 1984):

min

h = ! h(s' 2
SSB(S) s'EV st (s,s’)EEC(S’ s ) + (S ) @)

Iterative Bellman updates are effective for approximating
the true cost-to-go (Bertsekas and Tsitsiklis 1996). Thayer,
Dionne, and Ruml (2011) applied them during search, using
hg(s) as the ground truth to improve the heuristic.
DeepCubeA (Agostinelli et al. 2019) applies iterative
Bellman updates to train a deep neural network (DNN)



heuristic, denoted hgy, where 6 are the DNN parameters, to
minimize Bellman error across domains. For each state s,
the updated heuristic is computed as:

L (s) {O, if s = goal,
ssB(S) = i ! ho— (s therwise.
pey D (c(s,s") + hg—(s")), otherwise

3)

Here, 6~ denotes the parameters of a farget network (Mnih
et al. 2013)—a slower-updating copy of the main network
used to compute stable target values and reduce oscilla-
tions during training. The DNN is trained by minimizing
the mean squared error (MSE) between the updated and pre-
dicted heuristic estimates:

N

L) = 32 (hssnls) —ha(s:)* . @

To solve problems, the learned heuristic is used within
BWAS. DeepCubeA is the first DNN approach to reliably
solve various puzzles (e.g., Rubik’s Cube, 35-puzzle, and
LightsOut) without human guidance. Its success has inspired
methods for challenges in quantum computing (Zhang et al.
2020; Bao and Hartnett 2024), cryptography (Jin and Kim
2020), and chemical synthesis (Chen et al. 2020).

Limited-Horizon Heuristic Update

Single-step Bellman-based learning (SSBL) has empow-
ered search algorithms to solve previously intractable
problems—an especially remarkable achievement consider-
ing it requires no domain knowledge or example solutions.
However, SSBL has two key limitations. First, in SSBL,
training examples are generated by sampling from the en-
vironment, either by directly modifying state variables or by
taking random backward moves from the goal. The motiva-
tion behind this approach is to learn heuristic estimates from
states distributed uniformly across the entire state space,
allowing generalization across different problem instances
with varying start states. However, while a problem instance
can start from any state in the state space, the distribution of
states encountered during search is far from uniform. Nodes
are expanded in order based on the priority function (Eq. 1),
which ranks them by their cost of the path from start and
their heuristic estimate. Although the distance from the start
state ensures that states are sampled across the space in ex-
pectation, the heuristic function introduces a non-uniform
bias that varies between problem instances and states.

Specifically, the search process favors nodes with lower
heuristic values, leading to a significant overrepresentation
of states with lower heuristic estimates across all problem
instances. This effect is even more pronounced for smaller
values of A\, which place greater emphasis on heuristic val-
ues over path costs—peaking at the extreme case of Greedy
Best-First Search (GBFS), which considers only heuristic
estimates. This difference in state distribution during train-
ing and deployment can lead to heuristics that suffer from
large depression regions, where the heuristic function sig-
nificantly under- estimates the true cost-to-go.

The second limitation of SSBL is its limited use of known,
accurate information in each update step. As formalized in
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Figure 1: Graph examples for comparing hy g and hgsp.

Equation 3, each heuristic update for a state s estimates the
distance to the goal by considering the edge cost ¢(s, s’) plus
the heuristic estimate from s’ to the goal, for each neighbor-
ing state s’. The final heuristic update takes the minimum of
these values. Notably, only the edge costs are exact, while
the heuristic of s’ remains an approximation. As a result,
each heuristic update, which aims to estimate a complete
path cost from s, incorporates only a single known edge cost,
with the rest of the path cost being estimated.

In the tabular setting, where each state’s heuristic is stored
independently and updated exactly, this process is guaran-
teed to converge to the optimal cost-to-go, albeit potentially
requiring many iterations. In contrast, when using function
approximators (e.g., neural networks), relying heavily on
uncertain estimates can degrade performance. Leveraging
more accurate information in each update—beyond a single
edge—could lead to more reliable and efficient learning.

To address these limitations, we introduce Limited-
Horizon Bellman-based Learning (LHBL), a method for
state sampling and updating based on limited-horizon
search. LHBL consists of two phases: search and update.
In the search phase, an initial state s is sampled from the en-
vironment, similar to SSBL. However, rather than immedi-
ately performing a Bellman update and sampling a new state,
LHBL conducts a search from s for a fixed number of expan-
sions N. This search can be performed using any algorithm
(e.g., A*, GBFS), providing flexibility in exploration. The
heuristic guiding the search is derived from the target net-
work. The search phase of LHBL ensures that the distribu-
tion of states encountered during training aligns with those
encountered when deploying the heuristic to solve problems.

Beyond improving the distribution of sampled states,
incorporating search during training enables more accu-
rate heuristic estimation. Given a partially expanded search
graph G, and a node n € G, any path from n.s to the goal
must pass through one of its descendant leaf nodes. Thus,
the optimal path must also pass through one of them.

Rather than relying solely on immediate successors—
i.e., a single edge cost and estimated heuristic values—we
leverage the full subtree rooted at n, using complete path
costs and descendant heuristics for more informed updates.
This idea parallels multi-step lookahead in RL—e.g., n-step
SARSA (De Asis et al. 2018), which generalizes one-step
TD learning by bootstrapping value estimates after n steps
along the trajectory taken by the agent to accelerate conver-
gence and reduce variance. These RL methods can accel-



erate convergence and reduce variance. We extend this ap-
proach by performing updates over entire descendant trees.

Formally, we define the set of descendants of a node n in
the search graph G as:

D(n) = {¢ € G| s reachable from n in G, ¢ # n}.
The subset of descendant nodes that are leaves is given by
L(n) = {€ € D(n) | £ has no children in G}.

For each leaf ¢ € L(n), let P(n,¢) denote the shortest path
from n to ¢, represented as a sequence of states

P(n,t) = Sk),
The accumulated path cost to £ is then given by

(0,81, -, where sqg = n.s and s, = £.s.

k
C(n,0) =

[

C(Si, 5i+1)-

s
Il
=

Instead of using a single-step Bellman update, the heuris-
tic estimate is updated as

0,

in (C(n,€) + ho- (L.
z?ﬁ{ln)( (n,€) + ho-(L.5)),

if s = goal,
otherwise.

(5)

where LH B stands for Limited-Horizon Bellman. This

approach ensures that the heuristic considers a more in-

formed estimate by incorporating the cost along the best

reachable path within the limited-horizon search, rather than
relying mostly on the heuristic estimations.

Figure 1 illustrates two examples highlighting the advan-
tage of LHBL (Eq. 5) over SSBL (Eq. 3). In these examples,
white circles represent states expanded during the limited-
horizon search, the search frontier is shown in blue, and the
goal state, GG, is depicted in green. Each node contains its
prior heuristic estimate, and all edge costs are set to 1. The
leftmost figure demonstrates a scenario where hggp overes-
timates the cost-to-go, while hr g correctly learns an ac-
curate estimate in a single update. Consider state S in this
example. SSBL evaluates the heuristic estimates of its im-
mediate successors A, B, and C, selecting the minimum es-
timate plus the edge cost. Since A yields the lowest value,
the update results in hgsp(S) = 6. In contrast, LHB con-
siders all leaf nodes in the search frontier (blue and green
nodes). The node yielding the minimum value under Eq. 5
is G, leading to hy gy 5(S) = 3, which accounts for the path
cost from S to GG and the heuristic value of G (which is
zero). The right graph in Figure 1 presents a different sce-
nario, where hggsp underestimates the cost-to-go, whereas
hrm B produces a more accurate estimation.

hrup(s) = {

Computing Limited-Horizon Bellman Updates

Computing hygg(n.s) requires finding the frontier node
¢ that minimizes the total cost pathcost(s, ) + h(¢). While
a simple recursive single-step Bellman update might seem
natural, this approach can fail because the partially expanded
graph G may contain cycles. We therefore reduce the com-
putation of hyyp for each state to a single-source shortest
path (SSSP) problem, which robustly handles cyclic graphs.
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Figure 2: [llustration of graph transformation for computing
hrmp. The blue nodes are the frontier of the search graph,
with their corresponding heuristic values; the red state z is
the auxiliary state.

Algorithm 1: Limited-Horizon Bellman-based Learning

Require: State s, expansion steps budget [V, heuristic h
Ensure: Updated heuristic values hyzp
1: Step 1: Construct Search Graph

2: Run a search algorithm (e.g., A*, GBFS) with s as the
start node for IV steps to obtain search graph G(V, E).

3: Step 2: Add auxiliary Node -

4: Introduce an auxiliary node z and define: V' < V' U{z},
E <+ FE.

5: for all € G such that £ is a leaf node do

6: Addedge E < FEU{ (¢, z)} with cost c(¢, z) = h(¢).

7: Step 3: Reverse Graph Edges

8: E + {(v,u)|(u,v) € E}

9: Step 4: Compute Heuristic Values ~ o
10: Run Dijkstra’s algorithm from z on graph G = (V, E).
11: forallv € V do
12:  Assign heuristic value hy g (v) as the shortest path

distance in G from z to v.

To compute hyyp via SSSP, we first construct a modified
graph G by introducing an auxiliary sink node z, as illus-
trated in Figure 2. In this graph, we add a directed edge from
every frontier node ¢ fo z, setting the edge cost (¢, z) to the
heuristic value h(¢). Based on this construction, the shortest
path from any node n to z in G is equivalent to hygg(n.s).
To efficiently compute the shortest path from all nodes to z,
we reverse the direction of all edges in G to create a new
graph, GT. In G7, z is now the source node. We then solve
the SSSP problem from z in GT using Dijkstra’s algorithm
(Dijkstra 1959). This transformation ensures an efficient and
cycle-aware computation of hyyp. The entire process of gen-
erating training examples in LHBL, based on a given (ran-
domly sampled) state s is summarized in Algorithm 1.

Since the computation of hyyp relies on the learned
heuristic hy (see Eq. 5), which may be inaccurate during
training, we aim to reduce the risk of overestimation. Thus,
we configure the search algorithm in line 2 to be BWAS with
A = 1.0 (i.e., A*), and use a batch size of b = 10,000. In-
creasing either A or the batch size generally improves the ac-
curacy of the resulting cost estimates (McAleer et al. 2019).

Notably, our limited-horizon mechanism is conceptu-
ally similar to real-time search methods like LSS-LRTA*
(Koenig and Sun 2009), as both use local search to inform
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Figure 3: Problems solved throughout the training: 35-Tile Puzzle, LightsOut, and Rubik’s Cube.

heuristic updates rather than single-step backups. The con-
texts, however, are distinct: LSS-LRTA* is an online, tab-
ular method for real-time action, whereas LHBL is an of-
fline procedure for generating labels to train a DNN. Fur-
thermore, LSS-LRTA* assumes consistent h-values, result-
ing well-behaved, monotonic online update. We make no
such assumption, as our DNN heuristic hg_ is not guaran-
teed to be consistent. Therefore, we require the more gen-
eral SSSP formulation to ensure a cycle-aware computation
of the h g target label.

Empirical Evaluation

This section presents an empirical evaluation comparing
LHBL to SSBL. Our goal is to analyze the two key con-
tributions of LHBL.: (1) leveraging search to obtain a more
representative distribution of training examples and (2) us-
ing LHB (Eq. 5) to compute improved heuristic estimates.

Evaluation Settings

To implement our approach, we extended the DeepCubeA
framework (Agostinelli et al. 2020) with LHBL. We eval-
uated the approach on three puzzle domains: Rubik’s Cube,
35 Sliding Tile Puzzle (STP-35), and 7 x 7 Lights Out, which
are described in Appendix A (in the extended version).

We ran seven different algorithms on each domain. The
first algorithm, SSBL, generates each training example by
sampling a state from the environment and applying the
single-step Bellman update (Eq. 3). The second algorithm,
LHBLg, uses limited-horizon search for generating training
examples while retaining the standard single-step Bellman
update (Eq. 3) for assigning labels. This variant allows us
to isolate and empirically examine the impact of modifying
the training sample distribution independently of the update
method. We evaluated three search horizons, 10, 50, and
100, resulting in LHBLs (10), LHBLg (50), and LHBLg
(100). Finally, we ran the full LHBL algorithm, combining
limited-horizon search for training sample generation and
LHB (Eq. 5) for computing training labels. We evaluated
search horizons of 10, 50, and 100, resulting in LHBL (10),
LHBL (50), and LHBL (100).

To reduce experimental noise and ensure a focused and
fair comparison of the update methods, all experiments
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were performed using the same neural network architec-
ture and hyperparameters described in the DeepCubeA pa-
per (Agostinelli et al. 2019). Consistency across all methods
was further maintained by employing identical sequences
of randomly sampled states during both training and testing
phases. The Rubik’s Cube and STP-35 domains were trained
on approximately 10 billion generated samples, whereas the
LightsOut domain was trained on approximately 1 billion
samples. For the testing phase, we used the first 200 in-
stances from the test set of problem instances used in the
DeepCubeA paper (Agostinelli et al. 2019). Each instance
in the test set was generated with a varying number of ran-
dom steps from the goal state to assess different levels of in-
stance difficulty. To account for stochastic variability, each
experimental setup was independently repeated three times
with different random seeds, and the results are reported as
the mean and standard deviation calculated over these runs.

Training was conducted on an Nvidia RTX 4090 GPU
with 60GB of RAM, while experiments were performed on
an RTX 3090 GPU with 50GB of RAM. Training times var-
ied by domain: for the LightsOut domain, each algorithm
and seed required approximately 3—4 days; for the STP-35,
training took 67 days; and for the Rubik’s Cube domain,
training ranged from 10 to 12 days.

Results on Training Progress

In this experiment, we stored checkpoints of the learned
heuristics at different stages of training and evaluated them
by using the heuristic as part of BWAS in an attempt to solve
all testing instances. A 10-minute time limit was set for each
problem instance. To ensure consistency with DeepCubeA,
we adopted its original test configuration, using domain-
specific batch sizes and weight (\) values: a batch size of
20,000 and weight of 0.8 for the STP-35, 10,000 and 0.6 for
the Rubik’s Cube, and 1,000 and 0.2 for LightsOut.

Figure 3 reports the training progress of each method.
In each plot, the y-axis depicts the percentage of problems
solved, whereas the x-axis shows the percentage of training
progress. Solid lines represent the mean, and the shaded ar-
eas represent the standard deviation between the three seeds.

The results on STP-35 indicate that SSBL exhibits the
slowest training among all approaches, gradually improv-
ing but never reaching a 100% success rate, even by the
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Figure 5: Example of STP-35 representative state inside a
depression region. Most tiles are in the correct place, but
the state is still many steps away from being solved.

end of training. In contrast, all other approaches successfully
solve all problem instances after completing at most 80%
of the training. Furthermore, the LHBL variant consistently
outperforms the LHBLg variants, with each LHBL variant
dominating its corresponding LHBL g variant throughout the
entire training process. Additionally, in this domain, LHBL
benefits slightly more from a search horizon of 10 compared
to 100, whereas the opposite trend is observed for LHBL .
In the LightsOut domain, LHBL (100) and LHBL (50)
solved the most problem instances, showing steady improve-
ment throughout the search. In contrast, SSBL, LHBL (10),
and LHBLg (10) performed significantly worse, with lit-
tle improvement over the course of training. However, as
we will see next, the fully trained heuristics obtained by
LHBL (10) and LHBL¢ (10) significantly outperform those
of SSBL. Notably, across all configurations, LHBL variants
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outperform their corresponding LHBL g variants.

The results on the Rubik’s Cube domain show that the
early stages of training are quite noisy, even when averaging
over three random seeds, making it difficult to draw clear
conclusions. Nevertheless, all algorithms converged to solv-
ing all problem instances by 70% of the training process.
Notably, LHBL (100) consistently solved all instances much
earlier—by just 20% of the training.

Overall, most LHBL and LHBLg variants require fewer
states to be sampled from the environment to solve a high
percentage of problem instances, indicating faster conver-
gence through improved sample efficiency.

For Rubik’s Cube, we conducted an additional comple-
mentary analysis of the heuristic accuracy across all stored
model checkpoints. In this experiment, we evaluated the
cost-to-go estimate of the initial state for each test problem
at every checkpoint and compared it to the true cost-to-go.
The results, presented in Appendix B, show that the LHBL
heuristic is more accurate than both SSBL and LHBL g, the
latter of which tends to overestimate the heuristic.

Results on the Fully-trained Heuristics

In this experiment, we focus on the fully trained heuristics
obtained by each algorithm. For each heuristic, we ran all
test problems using BWAS with A\ = 0.6, and batch sizes
of 1, 100, 1,000, and 10,000. We maintain a 10-minute time
limit per problem instance, consistent with our previous ex-
periment. The results are presented as heatmaps, illustrating
the performance of each method across different batch sizes,
metrics, and domains. Each cell in the heatmap contains the
average value for a given configuration, with the standard
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Figure 6: Depression region examples, many expansions with relatively low heuristic

values indicate the algorithm is in a

depression region. LHBL and LHBL g mitigate these depression regions.

deviation (computed across seeds) shown in parentheses.
Figure 4 shows the results for the percentage of problems
solved and the average number of node generations. We also
compared runtime, but because the architectures are identi-
cal, runtime is essentially captured by node generations. The
complete results are provided in Appendix B.

On STP-35, all algorithms solved all instances except one;
SSBL failed this instance, while LHBLg (100) and LHBLg
(10) struggled with it on some seeds. Examining node gener-
ation reveals several trends. First, node generations increase
with batch size because larger batches expand more nodes
before updating the frontier, slowing search. Second, the
performance gap between algorithms narrows as the batch
size increases. This occurs because heuristic quality has less
impact at larger batch sizes, causing the search to degenerate
towards a breadth-first search. Finally, at a batch size of 1,
where heuristic impact is maximal, SSBL generates substan-
tially more nodes than search-based training approaches.

In Rubik’s Cube, all algorithms solved all instances with
batch sizes B > 1. For B = 1, LHBLg (100), LHBL (100),
LHBL (50), and SSBL did not solve all instances; SSBL
performed worst, solving only 68.8%. At B = 1, SSBL’s
node generation and runtime were 100 x higher than LHBL g
variants, and this performance gap persisted across all batch
sizes. Notably, LHBLg variants consistently outperformed
LHBL variants across all configurations.

In the LightsOut domain, SSBL consistently underper-
forms relative to the other approaches, solving only 4.7% to
13.2% of the instances across all batch sizes. Across all con-
figurations, the LHBL variants outperformed the LHBLg
variants, with the sole exception of LHBL g (10).

We conducted an additional analysis using experiments
with a fixed batch size of 100 and varying A ranges. These
experiments, presented in Appendix B, are consistent with
the results reported in the main text.

Examples of Depression Regions

As previously shown, SSBL expands more nodes and solves
fewer problems—particularly at batch size 1. This is likely
due to heuristic depression regions (Aine et al. 2016), where
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the heuristic significantly underestimates the true cost-to-
go. These regions can lead to inefficient search and, if large
enough, exhaust available memory. Learned heuristics are
especially prone to this issue, as such regions often occupy
small, hard-to-sample parts of the state space.

Figure 6 shows search progress on a representative in-
stance from each domain, plotting heuristic values (y-axis)
against the number of states expanded (x-axis) for all al-
gorithms. Across all domains, the results clearly demon-
strate that SSBL encounters large depression regions during
search, whereas the limited-horizon search significantly mit-
igates these regions, improving search efficiency.

To better understand states in depression regions, we sam-
pled several such states. These states appear close to the
goal in state-variable values but require many more steps to
reach it. A representative example from the STP-35 domain
is shown in Figure 5, where most tiles are correctly placed,
and misplaced tiles have a low Manhattan distance to their
target positions. However, due to movement constraints—
where tiles can only be shifted into the blank space—many
moves are still needed. LHBL’s heuristic more accurately re-
flects the difficulty of these states, while SSBL misestimates
them as close to the goal, leading to inefficient search.

Summary and Conclusion

In this work, we introduced LHBL, a reinforcement-learning
method that improves heuristic learning by replacing single-
step Bellman updates with limited-horizon search. LHBL
enriches the training state distribution and refines heuristic
estimates by considering full paths to the search frontier.
By casting the update step as a single-source shortest-path
problem, it efficiently incorporates longer-term dependen-
cies while reducing the impact of depression regions.

Empiricallyy, LHBL generally outperforms standard
single-step Bellman learning (SSBL): it is more sample-
efficient, converges faster, and produces stronger heuristics
for search. Larger training horizons further improve heuris-
tic quality through deeper lookahead, though excessively
large horizons may introduce approximation errors or overfit
to specific deep paths.



Acknowledgements

The work of Shahaf Shperberg was supported by the Is-
rael Science Foundation (ISF) grant #909/23, by Israel’s
Ministry of Innovation, Science and Technology (MOST)
grant #1001706842, in collaboration with Israel National
Road Safety Authority and Netivei Israel, awarded to Sha-
haf Shperberg, by BSF grant #2024614 awarded to Shahaf
Shperberg, as part of a joint NSF-BSF grant with Forest
Agostinelli. This material is based upon work supported by
the National Science Foundation under Award No. 2426622.

References

Agostinelli, F.; McAleer, S.; Shmakov, A.; and Baldi, P.
2019. Solving the Rubik’s cube with deep reinforcement
learning and search. Nat. Mach. Intell., 1(8): 356-363.

Agostinelli, F.; McAleer, S.; Shmakov, A.; and Baldi, P.
2020. https://github.com/forestagostinelli/DeepCubeA.

Agostinelli, F.; McAleer, S.; Shmakov, A.; Fox, R.; Valtorta,
M.; Srivastava, B.; and Baldi, P. 2021. Obtaining Approxi-
mately Admissible Heuristic Functions through Deep Rein-
forcement Learning and A* Search. In International Con-
ference on Automated Planning and Scheduling - Bridging
the Gap Between Al Planning and Reinforcement Learning
Workshop.

Aine, S.; Swaminathan, S.; Narayanan, V.; Hwang, V.; and
Likhachev, M. 2016. Multi-heuristic A*. The International
Journal of Robotics Research, 35(1-3): 224-243.

Arfaee, S. J.; Zilles, S.; and Holte, R. C. 2011. Learn-
ing heuristic functions for large state spaces. Artif. Intell.,
175(16-17): 2075-2098.

Bao, N.; and Hartnett, G. S. 2024. Twisty-puzzle-inspired
approach to Clifford synthesis. Physical Review A, 109(3):
032409.

Bellman, R. 1957. Dynamic Programming. Princeton Uni-
versity Press.

Bertsekas, D. P.; and Tsitsiklis, J. N. 1996. Neuro-dynamic
programming. Athena Scientific. ISBN 1-886529-10-8.
Bhardwaj, M.; Choudhury, S.; and Scherer, S. A. 2017.
Learning Heuristic Search via Imitation. In CoRL, vol-
ume 78 of PMLR, 271-280. PMLR.

Bonet, B.; and Geffner, H. 2001a. Planning as heuristic
search. Artificial Intelligence, 129(1-2): 5-33.

Bonet, B.; and Geffner, H. 2001b. Planning as heuristic
search. Artif. Intell., 129(1-2): 5-33.

Bramanti-Gregor, A.; and Davis, H. W. 1993. The Statistical
Learning of Accurate Heuristics. In IJCAI, 1079-1087.
Chen, B.; Li, C.; Dai, H.; and Song, L. 2020. Retro*: learn-
ing retrosynthetic planning with neural guided A* search. In
ICML, 1608-1616. PMLR.

Chrestien, L.; Pevny, T.; Edelkamp, S.; and Komenda, A.
2023. Optimize Planning Heuristics to Rank, not to Estimate
Cost-to-Goal. CoRR, abs/2310.19463.

Chrestien, L.; Pevny, T.; Komenda, A.; and Edelkamp, S.
2021. Heuristic Search Planning with Deep Neural Net-
works using Imitation, Attention and Curriculum Learning.
CoRR, abs/2112.01918.

36962

Corréa, A. B.; Pereira, A. G.; and Seipp, J. 2025. Clas-
sical Planning with LLM-Generated Heuristics: Challeng-
ing the State of the Art with Python Code. arXiv preprint
arXiv:2503.18809.

Culberson, J. C.; and Schaeffer, J. 1998. Pattern databases.
Computational Intelligence, 14(3): 318-334.

De Asis, K.; Hernandez-Garcia, J.; Holland, G.; and Sutton,
R. 2018. Multi-step reinforcement learning: A unifying al-
gorithm. In Proceedings of the AAAI conference on artificial
intelligence, volume 32.

Dechter, R.; and Pearl, J. 1985. Generalized best-first search
strategies and the optimality of A. Journal of the ACM
(JACM), 32(3): 505-536.

Dijkstra, E. W. 1959. A note on two problems in connexion
with graphs. Numerische mathematik, 1(1): 269-271.
Edelkamp, S.; and Schrodl, S. 2012. Heuristic Search - The-
ory and Applications. Academic Press.

Ernandes, M.; and Gori, M. 2004. Likely-admissible and
sub-symbolic heuristics. In Proceedings of the 16th Euro-
pean Conference on Artificial Intelligence, 613-617. Cite-
seer.

Eysenbach, B.; Salakhutdinov, R. R.; and Levine, S. 2019.
Search on the replay buffer: Bridging planning and rein-
forcement learning. NIPS, 32.

Ferber, P.; Helmert, M.; and Hoffmann, J. 2020. Neural Net-
work Heuristics for Classical Planning: A Study of Hyper-
parameter Space. In ECAI, volume 325, 2346-2353.

Fink, M. 2007. Online Learning of Search Heuristics. In
AISTATS, volume 2 of JMLR Proceedings, 114—122.

Garrett, C. R.; Kaelbling, L. P.; and Lozano-Pérez, T. 2016.
Learning to Rank for Synthesizing Planning Heuristics. In
1JCAI, 3089-3095. IICAI/AAAI Press.

Groshev, E.; Goldstein, M.; Tamar, A.; Srivastava, S.; and
Abbeel, P. 2018. Learning Generalized Reactive Policies
Using Deep Neural Networks. In ICAPS, 408—416.

Hart, P. E.; Nilsson, N. J.; and Raphael, B. 1968. A For-
mal Basis for the Heuristic Determination of Minimum Cost
Paths. IEEE Trans. Syst. Sci. Cybern., 4(2): 100-107.

Jin, J.; and Kim, K. 2020. 3D CUBE Algorithm for the
Key Generation Method: Applying Deep Neural Network
Learning-Based. IEEE Access, 8: 33689-33702.

Koenig, S.; and Sun, X. 2009. Comparing real-time and in-
cremental heuristic search for real-time situated agents. Au-
tonomous Agents and Multi-Agent Systems, 18(3): 313-341.
Li, T.; Chen, R.; Mavrin, B.; Sturtevant, N. R.; Nadav, D.;
and Felner, A. 2022. Optimal Search with Neural Networks:
Challenges and Approaches. In Proceedings of the Inter-
national Symposium on Combinatorial Search, volume 15,
109-117.

Ling, H.; Parashar, S.; Khurana, S.; Olson, B.; Basu, A.;
Sinha, G.; Tu, Z.; Caverlee, J.; and Ji, S. 2025. Complex
LLM planning via automated heuristics discovery. arXiv
preprint arXiv:2502.19295.

McAleer, S.; Agostinelli, F.; Shmakov, A.; and Baldi, P.
2019. Solving the Rubik’s Cube with Approximate Policy
Iteration. In ICLR.



Méro, L. 1984. A Heuristic Search Algorithm with Modifi-
able Estimate. Artif. Intell., 23(1): 13-27.

Mnih, V.; Kavukcuoglu, K.; Silver, D.; Graves, A.;
Antonoglou, I.; Wierstra, D.; and Riedmiller, M. A. 2013.
Playing Atari with Deep Reinforcement Learning. CoRR,
abs/1312.5602.

Mostow, J.; and Prieditis, A. 1989. Discovering Admissible
Search Heuristics by Abstracting and Optimizing. In ML,
240-240. Morgan Kaufmann.

Muppasani, B.; Pallagani, V.; Srivastava, B.; and
Agostinelli, F. 2023. On Solving the Rubik’s Cube
with Domain-Independent Planners Using Standard
Representations. arXiv preprint arXiv:2307.13552.

Orseau, L.; and Lelis, L. H. S. 2021. Policy-Guided Heuris-
tic Search with Guarantees. In AAAI, 12382—12390.

Pohl, I. 1970. Heuristic search viewed as path finding in a
graph. Artificial intelligence, 1(3-4): 193-204.

Samadi, M.; Siabani, M.; Felner, A.; and Holte, R. 2008.
Compressing pattern databases with learning. In ECAL
Schmidhuber, J. 2015. Deep learning in neural networks:
An overview. Neural networks, 61: 85-117.

Shen, W.; Trevizan, F. W.; and Thiébaux, S. 2020. Learning
Domain-Independent Planning Heuristics with Hypergraph
Networks. In ICAPS, 574-584. AAAI Press.

Sutton, R. S.; and Barto, A. G. 2018. Reinforcement learn-
ing: An introduction. MIT press.

Takahashi, T.; Sun, H.; Tian, D.; and Wang, Y. 2019. Learn-
ing Heuristic Functions for Mobile Robot Path Planning Us-
ing Deep Neural Networks. In ICAPS, 764-772.

Thayer, J. T.; Dionne, A. J.; and Ruml, W. 2011. Learning
Inadmissible Heuristics During Search. In ICAPS.

Tian, S.; Nair, S.; Ebert, F.; Dasari, S.; Eysenbach, B.; Finn,
C.; and Levine, S. 2021. Model-Based Visual Planning with
Self-Supervised Functional Distances. In ICLR.

Toyer, S.; Thiébaux, S.; Trevizan, F. W.; and Xie, L. 2020.
ASNets: Deep Learning for Generalised Planning. J. Artif.
Intell. Res., 68: 1-68

Zhang, Y.-H.; Zheng, P-L.; Zhang, Y.; and Deng, D.-L.
2020. Topological Quantum Compiling with Reinforcement
Learning. Physical Review Letters, 125(17): 170501.

36963



