The Fortieth AAAI Conference on Artificial Intelligence (AAAI-26)

Improved Runtime Guarantees for the SPEA2 Multi-Objective Optimizer

Benjamin Doerr!, Martin S. Krejca', Milan Stankovi¢?

"Laboratoire d’Informatique (LIX), CNRS, Ecole Polytechnique, Institut Polytechnique de Paris
Ecole Polytechnique, Institut Polytechnique de Paris
{first-name.last-name } @polytechnique.edu

Abstract

Together with the NSGA-II, the SPEA?2 is one of the most
widely used domination-based multi-objective evolutionary
algorithms. For both algorithms, the known runtime guaran-
tees are linear in the population size; for the NSGA-II, match-
ing lower bounds exist. With a careful study of the more com-
plex selection mechanism of the SPEA2, we show that it has
very different population dynamics. From these, we prove
runtime guarantees for the ONEMINMAX, LEADINGONES-
TRAILINGZEROS, and ONEJUMPZEROJUMP benchmarks
that depend less on the population size. For example, we show
that the SPEA?2 with parent population size 1 > n — 2k + 3
and offspring population size A computes the Pareto front of
the ONEJUMPZEROJUMP benchmark with gap size k in an
expected number of O((\ + p)n + n"1) function evalua-
tions. This shows that the best runtime guarantee of O(n**1)
is not only achieved for y = ©(n) and A = O(n) but for ar-
bitrary i, A\ = O(n*). Thus, choosing suitable parameters —
a key challenge in using heuristic algorithms — is much easier
for the SPEA2 than the NSGA-II.

Introduction

Many real-world problems are faced with optimizing several
conflicting objectives at the same time. This commonly re-
sults in a plethora of incomparable optimal trade-offs (the
Pareto optima), collectively known as the Pareto front. Ow-
ing to the incomparable nature of the Pareto optima, it is de-
sirable to have optimization algorithms propose as many of
them as possible — ideally the entire front — in as little time as
possible. Multi-objective evolutionary algorithms (MOEAs)
lend themselves naturally to this kind of task, as they iter-
atively maintain a set of best-so-far solutions, and they are
known to be among the best and most popular approaches
for solving multi-objective optimization problems (Coello,
Lamont, and van Veldhuizen 2007; Zhou et al. 2011).

Over the last years, the strong performance of modern
MOEAs in applications has been steadily complemented by
theoretical results, see, e.g., (Li et al. 2016; Zheng, Liu, and
Doerr 2022; Do et al. 2023; Wietheger and Doerr 2023;
Bian et al. 2023; Zheng and Doerr 2024b; Dang, Opris, and
Sudholt 2024; Opris 2025). These works provide rigorous
bounds on the expected runtime of MOEAs until they find
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the entire Pareto front for the first time. Both the results and
the arguments used in their proofs provide deeper insights
into the working principles — see (Doerr and Qu 2023b) for
an analysis of the population dynamics of the NSGA-II —,
allow to understand their different advantages and shortcom-
ings — see (Alghouass et al. 2025) for a comparison of the ap-
proximation ability of NSGA-II and SPEA2 —, and can help
design superior algorithm variants, e.g., (Bian et al. 2023).
In this work, we continue the mathematical study of
the strength Pareto evolutionary algorithm 2 (SPEA2)
(Zitzler, Laumanns, and Thiele 2001). Together with the
NSGA-II (Deb et al. 2002), NSGA-III (Deb and Jain 2014),
and SMS-EMOA (Beume, Naujoks, and Emmerich 2007),
it is one of the widely used domination-based MOEAs. Due
to its complex selection mechanism, it is the one least un-
derstood from the theoretical perspective. In the first run-
time analysis of the SPEA2, Ren et al. (2024a) show that
with parent population size pu at least the size of the Pareto
front and offspring population size A at most O(u), the
SPEA2 computes the Pareto front of the (bi-objective) ONE-
MINMAX, LEADINGONESTRAILINGZEROS, and ONE-
JUMPZEROJUMP benchmarks in an expected number of
O(unlogn), O(un?), and O(un*) function evaluation, re-
spectively. These bounds essentially agree with the runtime
guarantees given earlier for the NSGA-II (Zheng and Doerr
2023; Doerr and Qu 2023a) and SMS-EMOA (Bian et al.
2023; Zheng and Doerr 2024b).! The only other runtime
analysis of the SPEA2 (Alghouass et al. 2025) compares the
NSGA-II and SPEA2 in terms of their approximation ability,
that is, how well they compute approximations to the Pareto
front when the population size smaller than the size of the
Pareto front (and only approximations can be computed).
Our contribution: We take a closer look at the more
complex selection mechanisms of the SPEA2, which — dif-
ferent from the NSGA-II — takes into account the distances
to all other individuals on the Pareto front rather than only
the two closest ones in each objective. We show that this
leads to substantially different population dynamics. While
in the NSGA-II, large populations have a tendency to con-
centrate in the middle of the Pareto front (Doerr and Qu

"We note that Ren et al. (2024a) actually showed bounds for
arbitrary numbers m of objectives. These were slightly improved in
(Wietheger and Doerr 2024) when m is large. Since we only regard
the bi-objective case, we do not discuss these results in detail.



2023b), the selection of the SPEA2 distributes multiple ob-
jective values evenly on the Pareto front (Lemma 1) for ar-
bitrary multi-objective optimization problems.

This selection property combined with the fact that the
SPEA?2 creates copies of individuals with moderate proba-
bility allows us to prove that in relatively short time, a given
objective value is present in the population with the fair mul-
tiplicity (Lemma 3). We prove this result for binary repre-
sentations and bit-wise mutation, but it is clear that compa-
rable results hold for other setting as long as copies of in-
dividuals are created sufficiently easily, and that our results
also hold when the SPEA2 applies crossover in each itera-
tion with an at most constant probability different from 1.

Knowing that the multiplicities of objective values in the
population are evenly distributed, we prove runtime guar-
antees that suffer less from larger population sizes. Recall
from above that previous results for the SPEA2 (and the
same holds for all known results of the standard NSGA-II
and SMS-EMOA) depend linearly on the population size.
Hence, the best performance guarantee for the SPEA2 is ob-
tained from a population size equal to the size of the Pareto
front; any increase of the population size increases (that is,
weakens) the performance guarantee in a linear fashion. In
the bounds we prove in this work, this linear increase kicks
in only for larger population sizes. This suggest that in a
practical application where the size of the Pareto front is not
known in advance, the choice of the population size of the
SPEAZ2 is less critical than of the NSGA-IT or SMS-EMOA?2.

We note that the selection problem of the NSGA-II was
recently (Doerr, Ivan, and Krejca 2025) overcome by adding
a third selection criterion (after non-dominated sorting and
crowding distance). This led to runtime guarantees compa-
rable to the ones we prove here. Given that it is a purely the-
oretical work, there is no information yet on how the modifi-
cation proposed in (Doerr, Ivan, and Krejca 2025) influences
the performance of the NSGA-II in practice. As observed in
(Doerr, Ivan, and Krejca 2025), it led to a moderate increase
of the time to execute one iteration of the algorithm. In this
perspective, it is interesting that our results shows that the
standard SPEA2 performs a balanced selection (leading to
improved runtime guarantees) without any modification.

Our runtime results. We regard the three common bench-
marks ONEMINMAX, LEADINGONESTRAILINGZEROS,
and ONEJUMPZEROJUMP of problem size n. Our target is
that the population witnesses the Pareto front. Consequently,
we always assume that p is at least the size of the Pareto
front, which is at most n + 1 for our benchmarks. Different
from (Ren et al. 2024b), we allow arbitrary offspring popu-
lation sizes A, that is, we omit their assumption A = O(u).
For ONEMINMAX, one of the easiest benchmarks, we
prove that after an expected number of O((u + A\)n +
n?logn) function evaluations, the population witnesses the
Pareto front (Theorem 4). Compared to the previous best
bound O(unlogn) (for A = O(u) only), we observe an
asymptotic runtime gain as soon as u does not have the
smallest possible value ¢ = O(n). As ONEMINMAX has

There are no lower bounds for the SMS-EMOA, but we expect
behavior similar to the NSGA-II (Doerr and Qu 2023b).
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a Pareto front of size n + 1, this result shows that the SPEA2
foralln +1 < pu= O(nlogn) and all A = O(nlogn) dis-
plays an expected runtime of O(n?logn), which is the one
observed with most standard MOEAs. Moreover, this bound
is strictly better than the expected runtime of ©(unlogn)
known for the NSGA-II (Zheng and Doerr 2023; Doerr and
Qu 2023b) once 1 = w(n).

For LEADINGONESTRAILINGZEROS, we prove an ex-
pected runtime of O((u + A)nlog 45 + n® + An) func-
tion evaluations (Theorem 12), again when p is at least the
size n + 1 of the Pareto front. This is O(n?), the typi-
cal runtime of standard MOEAs on this benchmark, for all
n+1<pu=0(n?) and all A = O(n?).

For ONEJUMPZEROJUMP problems with gap size k €
(2, 5] N Z, the improvement is even more drastic. We prove

an expected runtime of O((z+ A\)n +n**1) function evalu-
ations (Theorem 7), for y > n — 2k + 3. That is, the typical
runtime of O(n**1) is achieved for the large range of all
n—2k+3 < p=0(") andall A\ = O(n*).

In summary, our results show that the SPEA2 attains
the runtime which many known MOEAs achieve only with
asymptotically optimal parameter values for much larger
ranges of values. While naturally the precise bounds we
prove depend on the optimization problem, they key argu-
ments leading to these bounds, the balanced selection of the
SPEA2 and the multiplicative growth of the number of in-
dividuals having a certain objective value, hold under very
general assumptions. For this reason, it appears justified to
claim that the SPEA?2 is much more robust to changes of its
parameters than the main other domination-based MOEAs.

Full version. The full version of this paper is available on
arXiv (Doerr, Krejca, and Stankovi¢ 2025).

Preliminaries
We denote by Z the set of integers. For m,n € Z, m < n,
we define [m..n] := [m,n] N Z.

For n € Z>; and a bit string © = (4);ep..n) € {0,1}7,
we define |z|; := Y ., @; as the number of ones of z, and
|z|o = n — |z|; as the number of zeros of xz. We define
1™ == (1);e[1..n as the bit string containing only ones, and
0™ := (0);e[1..n] as the bit string containing only zeros.

Multi-Objective Optimization
Let 2 be some set, and let m € Z>5. Consider a function
f: Q— Rmax = (fl(x)v . afm(x))
We consider maximizing f with respect to the dominance
partial order, defined as follows. Let z,y € Q. If for all
i € [1..m] we have f;(x) > f;(y), then we say = weakly
dominates y and write x > y. Furthermore, if z > y and
f(x) # f(y), then we say x strictly dominates y and write
x > y. In all other cases, we say x and y are incomparable.
If a point € € is not strictly dominated by any other
point in €, then x is Pareto-optimal. The set S* = {x €
Q| x is Pareto-optimal } of Pareto-optimal points is called
the Pareto set, and the set of their objective values, F™*
{f(z) | x € S*}, is called the Pareto front. We aim at find-
ing a subset of the Pareto set that covers the Pareto front, that
is, finding a set A C S* such that { f(z) | x € A} = F*.



The SPEA2

Algorithm 1 shows the generic SPEA2 maximizing a multi-
objective function f: 2 — R™, similar to the pseudocode
provided by (Wietheger and Doerr 2024), who use updated
notation (Table 1).

We focus on the case where € is the set of bit strings
of length n € Z>q, ie., Q@ = {0,1}", known as pseudo-
Boolean maximization. We call the sets P; and Q); in Algo-
rithm 1 the parent and the offspring population, respectively.
We emphasize that these are multi-sets, i.e, repetitions of
elements are allowed. The set operations U and \ are the
multi-set union and the multi-set difference. We also call the
multi-set Ry = P; U @4, i.e., the combined parent and off-
spring population, the total population in iteration t € Zx.

In case 2 = {0,1}", the mutate function applies the
standard bit mutation to a given bit string. That is, for all
x € {0,1}", a call to mutate(x) flips each bit of a copy of
the bit string « independently with probability %, and returns
the resulting bit string.

The function eliminate removes one individual from the
given multi-set, according to a concept called o-criterion.
The o-criterion favors individuals that are further away from
their neighbors, in the objective space. Formally, let A be a
multi-set of elements from 2, and let f(A) be the multi-
set {f(x) | © € A}. Forxz € Aand k € [1..]4| —
1], we define o (x) as the distance between f(z) and its
k-th nearest neighbor in f(A). That is, we sort the list
(IIf(z) = f(¥)lly)yea\iz) in increasing order, and define
or(z) as the k-th member of the sorted list. Furthermore,
we define the relation <; as the lexicographic order over
{(ok(2))kefr..|a|—1) }zea- Hence, for all z,y € A, we have
2 <q y if and only if one of the following holds.

(i) Forall k € [1..|A| — 1], we have o (z) = ok (y).

(ii) There exists a k € [1..]A| — 1] such that o4 (z) < o (y),
and, for all £ € [1..k — 1], we have o¢(z) = 04(y).

A call to eliminate(A) removes an element = from A which
is minimal with respect to <4. If there are multiple such
elements, we break the tie uniformly at random.

We note that the o-criterion initially requires O(u?) com-
putations of shortest distances among all pairs of individu-
als, and it requires O(u) shortest-distance computations af-
terward for each individual added or removed. This can be
expensive when compared to selection criterions from other
MOEAs, such as the NSGA-II. However, when considering
that a population does not change by that much from one
iteration to the next and by keeping track of the number of
copies of objective values (which eliminates the need to re-
compute all known shortest distances), the overall cost of
this operation can be reduced. Since we focus on the num-
ber of function evaluations, for which a single evaluation is
usually already very costly, the exact cost of the o-criterion
is not relevant to our analysis but remains an important as-
pect to keep in mind when interpreting our results.

The add_dominated function returns an element from a
given set according to some assignment of objective values.
If, in iteration ¢, the number of non-dominated individuals
in the total population R; is less than the parent population
size u, the algorithm uses this function to select dominated
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Algorithm 1: The strength Pareto evolutionary al-
gorithm 2 (Zitzler, Laumanns, and Thiele 2001)
(SPEA2) with parent population size 1 € Zx>1 and
offspring population size A € Z>1, using standard
bit mutation, maximizing an m-objective function
f:Q—=R™

1 Py <+ population of p individuals sampled

independently, uniformly at random from 2;

2 fort € Z>( do

3 if termination criterion is met then

4 L return non-dominated individuals from F%;

5 Qr +— 0;

6 | foriec[l.)\]do

7 Select x from P; uniformly at random;

8 Q¢ < Q¢ U {mutate(z)};

9 Rt — P, T @] Qta

10 S + non-dominated individuals from Ry;

1 while |S;| > p do

12 | eliminate(S;);

13 while |S;| < p do

14 | Si + S; U {add_dominated(R; \ St)};

15 | Py < Sp;
Original SPEA2  Our SPEA2 formulation
archive P; parent population P,

archive size N
population P,
population size N

parent population size p
offspring population Q¢
offspring population size A

Table 1: Comparison of the original notation in (Zitzler, Lau-
manns, and Thiele 2001) and our notation.

individuals from the total population R; and include them
in the new parent population P, 1. Note that the multi-set
R\ Pyy1, which the add_dominated function is applied to,
contains only the individuals that are dominated by another
individual from R;. However, in our analysis, we mainly fo-
cus on the process of generating new non-dominated indi-
viduals from the existing non-dominated individuals. Hence,
the exact formulation of the add_dominated function is not
essential for the analysis. We refer the reader to the origi-
nal SPEA?2 paper for a detailed description of this method
(Zitzler, Laumanns, and Thiele 2001).

Original SPEA2 Although Algorithm 1 may seem dif-
ferent from the original SPEA2 by Zitzler, Laumanns, and
Thiele (2001), the two algorithms are in fact almost equiv-
alent. The terms archive and population from the original
algorithm correspond respectively to the parent population
and the offspring population in our formulation, which uses
a more standard terminology for the field of runtime analy-
sis. Table 1 (Wietheger and Doerr 2024, Table II) summa-
rizes the different notation used in the two formulations.



Using our notation, we compare the two algorithms. The
original SPEA?2 starts with an empty parent population and
a random offspring population, whereas for our variant, it
is vice versa. Furthermore, within one iteration of the orig-
inal SPEA2, the selection for survival is performed before
offspring generation, which is not a common order for evo-
lutionary algorithms. Our formulation takes the more com-
mon order, that is, offspring generation is performed first.
In the original SPEA2, when selection for survival is per-
formed for the first time, there are A individuals to choose
from (empty parent population and random offspring popu-
lation), meaning that the algorithm is not properly defined
for A < p. In our variant, there are always 1 + A individuals
to choose from when selecting for survival, hence it is well
defined for all values A and p. The last difference between
these two algorithms is in the way parents are selected for
offspring generation. The original SPEA?2 uses binary tour-
naments, whereas our formulation selects parents uniformly
at random. We let the reader check that, apart from the differ-
ences mentioned above, the two algorithms are equivalent.

Benchmarks

We analyze the runtime of SPEA2 for the ONE-
MINMAX, ONEJUMPZEROJUMP, and LEADINGONES-
TRAILINGZEROS benchmark functions. These three bench-
marks are among the most established ones for theoretical
runtime analysis of MOEAs, featured in almost all MOEA
theory results. All functions are defined on the set of bit
strings of length n € Z>;.

The ONEMINMAX (OMM) benchmark, proposed in
(Giel and Lehre 2010), is a bi-objective function that returns
the number of Os and 1s in a bit string. Formally, we have

OMM: {0,1}" — R? =+ (|z|o, |2]1).

In this setting, every individual is Pareto-optimal, and the
Pareto frontis {(k,n — k) | k € [0..n]}.

The ONEJUMPZEROJUMP (OJZJ) benchmark (Doerr
and Zheng 2021) is similar to OMM in a way that both func-
tions depend only on the total number of ones in a bit string.
ONEJUMPZEROJUMP, however, has an additional parame-
ter k € [2..|n/2]], called gap size. Only the individuals that
have between k£ and n — k ones, and the individuals 1™ and
0™ are Pareto-optimal, and they dominate all other individ-
uals. Formally, for n € Zso, k € [2..n], the ONEJUMP-
ZEROJUMP benchmark with gap size k (OJZJ) is defined
as

0JZJi: {0,1}" - R% 2 (f1(z), fo(z)),

where, for i € {0, 1}, we have

{

The Pareto front is F'* {i;n + 2k —14) | © €
[2k..m) U {k,n + k}}, and the Pareto set is S* = {x €
{0,1}" | |z|; € [k..n—k]U{0,n}} (Doerr and Zheng 2021,
Theorem 5). We define F; == {(i,n+2k—1) | i € [2k..n|}
as the inner region of the Pareto front, and S} = {z €
{0,1}™ | |z|1 € [k..n — K]} as the inner region of the Pareto

k+ |z

B if |z, <n—korl|z|; =n,

filz) =

otherwise.
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set. Last, the largest set of pairwise incomparable solutions
has a cardinality of at most n — 2k + 3 (Doerr and Zheng
2021, Corollary 6).

The LEADINGONESTRAILINGZEROS (LOTZ) (Lau-
manns, Thiele, and Zitzler 2004) is a bi-objective function

f: {Oal}n — R27x = (fl(x)va(x))’

where f7 returns the length of the longest prefix of 1s, and f5
returns the longest suffix of 0s. Formally,

filz) = Z H:rj and fo(z) = Z 1:[(1 — Tp_j).
i=1j=1 i=1j=0

The Pareto front is {(k,n — k) | k € [0..n]}, which is
also the largest set of incomparable values. The Pareto set is
{1*0"=* | k € [0..n]}. Contrary to OMM and OJZJ}, in
LOTZ, we have a 1-to-1 correspondence between the Pareto
set and the Pareto front. Hence, covering the Pareto front is
equivalent to finding all Pareto-optimal individuals.

Population Dynamics of the SPEA2

The main reason for the superior runtimes we prove for the
SPEA?2 in this work are its different population dynamics.
As we will show in the following analysis, the selection
mechanism of the SPEA2, different from the one of the clas-
sic NSGA-II, removes from the set of non-dominated solu-
tions always an individual with objective value most present
in this set. This results in different objective values being
present in an as balanced manner as possible. In particu-
lar, there is a tendency to increase the number of individu-
als with a recently found solution value, which in turn aides
finding an unseen solution value from these.

The following lemma makes our finding on the more bal-
anced selection of the SPEA?2 precise.

Lemma 1. Consider the SPEA2 with 11, X\ € Z>1 optimizing
some multi-objective problem f: Q0 — R™, and consider
an arbitrary iteration t € Z>o. As in Algorithm 1, let S;
be the multi-set of non-dominated individuals from the total
population Ry. Let Fy = {f(z) | * € S} be the set of
distinct objective values of individuals from Sy. Let u € R™,
and let A, = {x € St | f(x) = u} be the multi-set of non-
dominated individuals with objective value u.

Then at least min{|A,|, Lﬁj} individuals from A,, sur-
vive to the next iteration.

In particular, if M is the maximum size of an incompa-
rable set of solutions of f, then at least min{|A,|, |+ |}
individuals from A, survive to the next iteration.

Proof. There is nothing to show if A, = (), so let us as-
sume that Sy contains individuals with objective value u. If
|S¢| < w, all non-dominated individuals survive, and the re-
sult again follows trivially. Hence, we assume that |S;| > f.

In iteration ¢, the algorithm eliminates |.S;| — p individu-
als from S, one by one, according to the oy, criterion. Let

3Clearly, A, is empty if there is no individual with objective
value w, or if such individuals are strictly dominated by others. It is
nevertheless convenient to have also these trivial cases covered.



i € [0..|S¢| — p] and assume that ¢ individuals have already
been removed. Denote by S} and A?, the multi-sets of the re-
maining individuals from S; and A,,, respectively. Note that
AY = A,, and AlSel=n represents the individuals from A,
that survive to iteration ¢ + 1.

Our goal is to show that, if ¢ < S| — ¢ — 1 and |A;| <
| & I |J then we do not remove an 1nd1v1dual from A¢, i.e, we

have AY, = A1, With an elementary induction, this implies
that A7 17 > min{|4,|, LITMAJ }, and the result follows.
Assume that i < |S;| — p — 1 and |[A] < L 7] Since

{Ai},cF, is a partition of S} and |Si| = |S¢| —i > p,
by the plgeonhole principle, there exists v € F; such that
AL > | ] > AL

Now, we show that no element y € A’ is eliminated. Let
x € Al and y € A!. Then, since |Al| > |A%| + 1, for
all k € [1.|A%L| — 1], we have o1(z) = ox(y) = 0, but
a14i|(z) = 0 < 0)4i |(y). Thus, we have y £, x, meaning
that y is not minimal with respect to <. Therefore, y is
not removed. Since this holds for any y € A!, the set A?,
remains unchanged. This proves the main claim.

The last claim follows immediately from the fact |F;| <
M. So see the latter, take any collection S of individuals
such that S contains exactly one individual for each objec-
tive value in F;. Then S is an incomparable set and hence
|Fy] =S| < M. O

In the remainder, we restrict ourselves to the common
case of bit string spaces, that is, Q@ = {0,1}"™. We note that
comparable results could be shown for other search spaces.

We now build on the balanced selection property and
show that the number of individuals with a given objec-
tive values exhibits a multiplicative growth behavior. In this
analysis, we use the following bound on the expected hit-
ting time of a stochastic process that exhibits a certain kind
of stochastic multiplicative growth. We note that the non-
intuitive constant 0.29 stems from the fact that we use an
estimate on binomial distributions from (Doerr 2018).

Lemma 2. Let k € Z>1 andr € (0,1) such that kr > 0.29.
Consider two sequences of integer-valued random variables
(Xt)tezso and (Yi)iez., suchthat, for allt € Z>o, we have

Xo =1,
Yit1 = Bin(k, min{rX;, 1}), and
Xiy1 = Xy + Y.

Let Be [1,1/r]and T = inf{t > 0 | X; > B}. Then
E[T] S 4|—10g1+kr BW

We now conduct the promised analysis of how the number
of individuals with a given objective value grows.

Lemma 3. Consider an iteration ty € Zx>q of the SPEA2
optimizing a function f: {0,1}" — R™, where n > 3.
Let M be the size of the largest set of pairwise incompa-
rable objective values of f, and assume that the parent pop-
ulation size is u > M. Let Ry and F be as in Lemma 1.
Consider a non-dominated objective value v € Fi, . For
t € Zso, define X; = |{x € Ryyq+ | f(z) = v}|. Let
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B¢
Xt o
E[T] = O(
Proof. Our goal is to apply Lemma 2 to the process
(Xt)iez-, in order to obtain a bound on E[T]. Thus, we
carefully analyze the behavior of (X;)sez- -

Since v € Fy,, there exists x € Ry, such that f(z) =,
hence X > 1. Lett € [0..T — 1]. Note that, since all values
in F} 4 are non-dominated, they are also pairwise incompa-
rable. Thus, we have |}, 14| < M,and X; < B < | 4] <

‘J Since ¢ < T, all individuals 2 € Rto+t with

|
B

|], and let T be the smallest integer t such that

v is strictly dominated by a w € Fy,1+. Then
£1log B).

:\\t

(1.
>
] =

—\\

oo
f (:c) v are non-dominated. Therefore, by Lemma 1, at
least min{ B, X;} = X, of them are present in Py, 4¢+1. All
these individuals are also kept in Ry, 1¢+1. Thus, (X;)ez-,
is non-decreasing.

We now estimate X;; — X;. In every iteration, the off-
spring population is generated by A times choosing a parent
uniformly at random and applying standard bit mutation. Re-
call that there are at least X individuals  with f(z) = v
in the parent population P; 4:11. Hence, when generating
offspring in iteration ¢ty +t+1, the probability of choosing a
parent with f(x) = v is at least Xt. Thus, the probability of
choosing such a parent and generatmg a copy of it as an off-
spring is at least %(1 — )" Let § = 0.29. Since (1 — L)"
is increasing in n and, by assumption, n > 3, we have
=Dy 0=z
Thus, we have X; 11 — X; = Bin(\, 5%)

We observe that (X;);ez., exhibits multiplicative
growth, similar to the one required by Lemma 2. However,
we cannot apply the lemma because we cannot guarantee
that o % > 0.29. It is the factor of % in the previous inequal-
ity that is problematic. Thus, we consider the progress that
(Xt)tez, makes in [§] iterations, that is, we study the sub-
sequence (Xt(gﬂtezm of (Xt)tez,-

Lett € [0..[T/[§]]—1]. We estimate X ;4 1yru)—Xypug
using similar arguments as before. Let s € [t[£]..(t +
1)[&] — 1]. The number of individuals = with f(z) = v
in the parent population Py, 111 is at least Xy > Xiruy.
Hence, in iteration tg + s + 1, the probability of choos-
ing a parent z with f(xz) = v and generating a copy of
it as an offspring is at least Lr;m (1—4)m > RITTESE L,
Since A offspring are generated per iteration, the total num-
ber of offspring generated in iterations [t[£]..(¢t + 1) (51—

1] is A[£]. Therefore, we have X(t+1)( 1 — Xipuy =

. Xiip
Bm()\(ﬁj%).

Let 7' be the smallest ¢ € Z>q such that Xiey =2 B
or v is strictly dominated by some u € Fi 7z We
apply Lemma 2 to the sequence (X;fx)iez., to bound

E[T]. Note that the sequence (Xi[uq)tezs, exhibits mul-
tiplicative growth required by Lemma 2 before it reaches
the bound B or a value strictly better than v is found. That
is, for t € [OT — 2] we have X(t-‘rl)(%] — Xﬂ%] -

Bin(A[£7], 5%) For t > T — 1 we are not concerned



by the distribution of X(tﬂ)[%] — Xt[%w because either
X(t+1)re7 already reaches the bound B, or Fy, i (141)r47
contains a value strictly better than v. We Verlgy the other as-
sumptions of Lemma 2. First, we have A\[£]2 > § = 0.29.
Second, since M > 1 > §, we also have B < L J <k

Thus, by Lemma 2, we have E[T] < 4[log1+)\(ﬂ% B].

> B or Ft +T[”

value strictly better than v, we have T < T/ X]. There-
fore, E[T] < E[T][u/A] = O([p/A] log B). O

Runtime Analysis

Moreover, since X+ contains a
’ TTp/X]

We now conduct our mathematical runtime analyses of the
SPEA?2 on the ONEMINMAX, ONEJUMPZEROJUMP, and
LOTZ benchmarks. The main work for this has been done
in the previous section. However, we still need a couple of
new arguments compared to the existing runtime analyses of
other MOEAs on these benchmarks.

Runtime Analysis for OneMinMax

For the OMM problem, we prove in Theorem 4 that when
the parent population size of the SPEA2 satisfies © > n+1,
the expected runtime is O(5* +n + "72 log n) iterations, or
O(un + An +n?logn) function evaluations. Consequently,
when the total population size A + p is O(n logn), the algo-
rithm takes O(n? log n) function evaluations in expectation
with no further influence on the population sizes.

Theorem 4. The expected runtime of the SPEA2 with parent
population size 1 > n + 1 and offspring populatwn size A
optimizing the OMM benchmark is O(5* +n+ usl i-logn)
iterations, or O((p + A\)n + n?logn) function evaluattons

Our analysis uses an approach similar to the one of Doerr,
Ivan, and Krejca (2025) for the balanced NSGA-II, but with
two key differences. First, we do not use the multiplicative
up-drift theorem (Doerr and Ko6tzing 2021, Theorem 2.1), as
it is not applicable here, but instead use Lemma 2. Second,
we extend the bound to potentially different parent and off-
spring population sizes, which are common for the SPEA2
but not for the (balanced) NSGA-II.

The broad outline of our proof of Theorem 4 is to add up
the waiting times for finding a new objective value on the
Pareto front from a neighboring value. These times are esti-
mated in Lemma 5, using Lemma 3 to analyze the time until
a suitable number of individuals with the neighboring objec-
tive value are in the population and then estimating the time
it takes to generate from one of these parents a new objective
value. To obtain the best estimate for the runtime, the num-
ber of these parents we wait for depends on the difficulty of
the mutation generating the desired offspring.

Lemma 5. Let n > 3. Consider the SPEA2 with parent
population size . > n + 1 and offspring population size ),
optimizing the OMM benchmark. Let v € [l..n] and i €
{0, 1}. Assume that in some iteration ty € Zx> there exists
an individual xo € Py, such that |zo|; = v. Denote by T}
the number of iterations needed to generate an individual y
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with |y|; = v — 1. Then
BT = O[] 108 2] + 4 + 2 +1).

Our main results now follows from adding up the waiting
times from the previous lemma in a suitable order, a standard
argument in the analysis of OMM, and simplifying this sum.
As it will be profitable in the analysis of ONEJUMPZERO-
JUMP, we show a more general result, discussing the time to
cover a subinterval of the Pareto front.

Theorem 6. Consider the SPEA2 with parent population
size p > n + 1 and offspring population size )\, optimizing
the OMM benchmark. Let o € [0..| 2 |], and let N, denote
the number of iterations it takes to cover the subset {(v,n —
V) }oela..n—a] Of the Pareto front, that is, N, = inf{t €
Z>o | [a.n — o] C {|z]1 | ® € P;}}. Assume there exists
an individual xo € Py such that x|y € [a..n — «]. Then,
E[No] = O(& +n + 5

Applying Theorem 6 W1th a = 0 (for this we note that,
trivially, the random initial population contains individuals

on the Pareto front) we obtain the claimed runtime bound
for the SPEA?2 applied to OMM (Theorem 4).

log n).

Runtime Analysis for ONEJUMPZEROJUMP

We move on to the ONEJUMPZEROJUMP benchmark and
show in Theorem 7 that for all gap sizes k € [2..|n/2]], the
SPEA2 computes the Pareto front in an expected runtime
of O(Z~ ) iterations, or O(n*+1 + un + An)

functlon evaluatlons when the parent population size is at
least the size of the Pareto front, that is, © > n — 2k + 3.
Consequently, unless a population size exceeds the asymp-
totic order of n*, the runtime bound in function evaluations
is (asymptotically) independent of the population sizes.

Until the end of the section, we consider the SPEA2 with
general population sizes p and A, optimizing the OJZJ with
gap size k € [2..|n/2]]. Note that this implies n > 4.
Theorem 7. The expected runtime of the SPEA2 with parent
population size p > n — 2k + 3 and offspring population
size X on the OJZJ;, problem with gap size k € [2..|n/2]]
is O(L)\l + &n + n) iterations, or O(n**! + un + An)
function evaluations.

In our analysis, we use several times the following ele-
mentary estimate to translate success probabilities of single
mutations into runtime estimates.

Lemma 8. Let A € Z>,. Consider a sequence of indepen-
dent random Bernoulli trials, each with success probability

€ (0,1]. We call \ non-overlapping consecutive trials an
iteration. Let T" denote the first iteration containing a suc-
cess. Then E[T] <1+ q%\

As in (Doerr and Qu 2023a), we decompose the optimiza-
tion process into three stages, which we analyze separately.
The first stage estimates the time to find any solution on the
inner part of the Pareto front. To this end, we do not require
yet the main machinery of this work.

Lemma 9. Let Ty be the number of iterations needed to find
the first inner Pareto optimum, that is Ty = inf{t € Z>¢ |
P,NS; #0}. Then B[T1] < $kF + 1.



From now on, we assume that the Parent population size
is at least > n — 2k + 3.

The next stage is to find the whole inner Pareto front. This
process is essentially identical to the one of finding a corre-
sponding segment of the Pareto front of the OMM problem.
With foresight, we have proven in Theorem 4 in the OMM
analysis a time bound for covering a subinterval of the Pareto
front. Taking o = k and using exactly the same arguments,
we obtain the following lemma.

Lemma 10. Let Ty be the number of iterations it takes to
find the inner Pareto front once an inner Pareto optimum is
in the population, that is,

Ty =inf{t € Z>o | Ff C f(P)} — T1.

Then E[Ts] = O(5* +n + ”; logn).

It remains to find the two extremal points of the Pareto
front. This analysis again builds heavily on our understand-
ing of the population dynamics.

Lemma 11. Let T3 be the number of iterations the algorithm
takes to find the two extremal Pareto optima once the inner
part of the Pareto front is found, that is,

nginf{tEZZo | F* C f(Pt)}—TQ—Tl.

nkt+l
A

Then, E[T5] = O(1 + + [5 1108 7=bi3)-

By adding up the runtime estimates for each stage (and a
not very interesting technical argument needed to simplify
the runtime expression), we obtain the main result of this
subsection.

Runtime Analysis for
LEADINGONESTRAILINGZEROS

We finally analyze in Theorem 12 how the SPEA?2 optimizes
the LOTZ benchmark, the third very popular benchmark
in the field. We prove a runtime guarantee of an expected
number of O((% + 1)nlog b5 + ”; + n) iterations, or
O((u+ Mnlog i + n® + An) function evaluations, pro-
vided that the parent population size y is at least the size of
the Pareto front n + 1.

Theorem 12. The expected runtime of the SPEA2 with par-
ent population size pu > n + 1 and offspring population size

A, optimizing the LOTZ benchmark is O((5+1)n log i5+
3
&= + n) iterations, or O((u+ Nnlog -bg +n® + An)

function evaluations.

We follow the usual and natural approach of analyzing
separately the times to first reach the Pareto front and then
to spread out there until the full Pareto front is covered (Lau-
manns, Thiele, and Zitzler 2004). We cannot use the techni-
cally easier appearing variant of (Doerr, Ivan, and Krejca
2025) that first regards the growth of the number of lead-
ing ones in the population and then reuses this analysis for
the number of trailing zeros. The reason is that an objective
value corresponding to a certain number of leading ones may
be dominated by another one with same number of leading
ones, resetting the multiplicative growth process that is the
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heart of all of our results. We therefore regard how the max-
imum sum of objective values in the population grows. This
avoids the problem since now a domination implies an ac-
tual increase of this progress measure. The time to increase
the sum of objectives is estimated in the following lemma.

Lemma 13. For a set of individuals P, let v(P)
max{fi(z) + f2(z) | x € P}. Consider the SPEA2 with
u > n+ 1 optimizing the LOTZ benchmark withn > 3. As-
sume that in some iteration ty € Z>o we have v(Py,) < n.

Let T = inf{t € Z~y, | v(P;) > v(Py,)}. Then

B[T — to] = O([§ 1 log 75 + % +1).

The second ingredient to our main proof is a statement on
how long it takes to generate a neighboring Pareto-optimal
objective value from an existing one. The arguments for this
are essentially the same as in the previous lemma, even eas-
ier, since now we go from a fixed value v to a fixed value w
and we know that v cannot be lost as it is Pareto-optimal.

Lemma 14. Consider the SPEA2 with u > n + 1 op-
timizing the LOTZ benchmark with n > 3. Assume that
in some iteration ty € Zxo, the population Py, contains
an individual with Pareto-optimal objective value v. Let
w be a neighboring Pareto-optimal solution value, that is,
w= (v +1,v9 — 1) or w = (v — 1,v9 + 1) provided this
lies in [0..n)>.
LetT = inf{t € Z>y, | w € f(P)}. Then

E[T — to] = O([4]log 745 + % +1).

Using the two lemmas above, we obtain Theorem 12 sim-
ply by adding up suitable waiting times.

Conclusion

We conducted a rigorous runtime analysis of the SPEA2
on the three main benchmarks used in the runtime analysis
community. Our results show that, in particular in compari-
son with the well-studied NSGA-II, the performance of the
standard SPEA?2 is less sensitive to the choice of its popula-
tion size. Combined with our more general main arguments,
these findings suggest that the SPEA?2 can serve as a robust
choice in practical applications where an optimal population
size is unknown.

We note that the selection in the SPEA?2 based on the o-
criterion is computationally more costly than the crowding
distance employed by the NSGA-II. However, the crowd-
ing distance (with uniform tie-breaking) can fail already for
easy problems with at least three objectives (Zheng and Do-
err 2024a), and the alternative proposed by Doerr, Ivan, and
Krejca (2025) adds complexity. A theoretical comparison of
such added costs is an interesting step for future work.

Last, in the case of a population size smaller than the
Pareto front size, our results do not apply. However, Al-
ghouass et al. (2025) proved that the SPEA2 converges
within reasonable time to a uniform spread across the
Pareto front on the ONEMINMAX benchmark, whereas the
NSGA-II does not. An interesting next step is to see whether
our analysis of the population dynamics also results in im-
proved convergence times for the SPEA2 in this setting.
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