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Abstract

We study non-smooth stochastic decentralized optimization
problems over time-varying networks, where objective func-
tions are distributed across nodes and network connections
may intermittently appear or break. Specifically, we con-
sider two settings: (i) stochastic non-smooth (strongly) con-
vex optimization, and (ii) stochastic non-smooth (strongly)
convex—(strongly) concave saddle point optimization. Con-
vex problems of this type commonly arise in deep neural net-
work training, while saddle point problems are central to ma-
chine learning tasks such as the training of generative adver-
sarial networks (GANS). Prior works have primarily focused
on the smooth setting, or time-invariant network scenarios.
We extend the existing theory to the more general non-smooth
and stochastic setting over time-varying networks and sad-
dle point problems. Our analysis establishes upper bounds on
both the number of stochastic oracle calls and communication
rounds, matching lower bounds for both convex and saddle
point optimization problems.

Extended version with supplementary material —
https://arxiv.org/abs/2508.09029

1 Introduction

Distributed optimization is an important area in modern op-
timization. It has many applications in power control (Gan,
Topcu, and Low 2013), vehicle control (Wang and Hu 2010),
resource allocation (Beck et al. 2014), cooperative optimiza-
tion (Nedi¢ and Ozdaglar 2009), and, most notably, machine
learning (Rabbat and Nowak 2004; Forero, Cano, and Gian-
nakis 2010; Galakatos, Crotty, and Kraska 2018). The rapid
growth in the number of model parameters created a de-
mand for running algorithms on several nodes. Another di-
rection is machine learning with privacy constraints (Ram,
Veeravalli, and Nedi¢ 2009), which require separating data
between servers. We study the decentralized setting of dis-
tributed optimization. In this scenario, all the nodes are
equal and do not differ from each other. Another property of
decentralized optimization is that communication between
nodes may not be precisely scheduled.

Decentralized optimization consists in optimizing a func-
tion f, which can be represented as a sum of functions:
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f =i, fi, where each function f; is stored in a distinct
node. In the decentralized time-varying setting, connections
between nodes may appear or break in the process of op-
timization. The time-static optimization case is covered ex-
tensively in recent works (Gorbunov et al. 2022; Dvinskikh
and Gasnikov 2021; Scaman et al. 2017, 2018), however the
development of time-varying optimization started in the re-
cent years. This setting poses more complex communication
scheme than time-static one due to instability in connections.

In this research, we focus on the non-smooth stochas-
tic formulation of convex minimization and convex-concave
saddle point problems. Algorithms for saddle point prob-
lems are motivated by different modern machine learning
approaches like GANs (Goodfellow et al. 2014; Gidel et al.
2020) and reinforcement learning (Jin and Sidford 2020;
Omidshafiei et al. 2017; Wai et al. 2019). Other applica-
tions are optimal transport (Jambulapati, Sidford, and Tian
2019) and economics (Facchinei and Pang 2007). Most re-
cent research on distributed optimization, including saddle
point problems assume smoothness of the considered func-
tions (Rogozin et al. 2024; Metelev et al. 2022). In this pa-
per, we do not assume this restriction since without smooth-
ness we can solve larger scope of problems.

The non-smooth setting of convex deterministic decen-
tralized optimization over time-varying graphs was stud-
ied in (Kovalev et al. 2024). In this paper, we extend their
algorithm to handle arbitrary stochastic monotone opera-
tors. Thus, our contributions include establishing the first
optimal convergence rates for stochastic decentralized non-
smooth convex problems, as well as for both deterministic
and stochastic decentralized non-smooth saddle point prob-
lems over time-varying graphs. The contributions are sum-
marized in Table 1.

Problem Deterministic Stochastic
Convex (Kovalev et al. 2024) Theprems 2,3
(this paper)
Corollary of
Saddle Point Theorems 2,3 T(l:ﬁ;)srer;seif
(this paper) pap

Table 1: Summary of contributions.



2 Problem Statement

We consider the following two stochastic decentralized op-
timization problems.

Stochastic decentralized (strongly) convex non-smooth
optimization:

min
z€R4

[p@c) =3 R+ W] W
i=1

Stochastic decentralized (strongly) convex-(strongly) con-
cave non-smooth optimization:

. 1 — r 5 T 2
ol o [P(& O = 5 L6+ el = 51l ] .
2)

Throughout the paper, we define the solution space H as
follows: H = R for problem (1) and H = R%*dc for
problem (2). We denote by ||-|| the standard Euclidean norm
in H, and by (-, -) the standard inner product in H.

For both problems (1) and (2), we assume r > 0. When
r > 0, the problem is referred to as strongly monotone; when

r = 0, it is referred to as monotone.

Remark 1. We also study strongly convex-strongly concave
problems with different constants of strong convexity and
strong concavity:

PED == S FE0+ E el - . )
=1

We obtain results for this case as a corollary of the symmet-
ric case.

To ensure well-posedness of the considered problems and
to enable convergence analysis, we impose standard con-
vexity and convexity-concavity conditions on the objective
functions:

Assumption 1 (Convexity for the problem (1)). Each func-
tion

fi(z) : RT - R
is convex in x.

Assumption 2 (Convexity-concavity for the problem (2)).
Each function

fi6,¢) 'R xR% = R

is convex in & for each fixed ¢, and concave in ( for each
fixed €.

Remark 2. Any strongly convex or strongly convex-concave
problem can be brought into the form of problems (1) and
(3), respectively, by appropriately choosing the regulariza-
tion parameters. In particular, any p—strongly convex func-
tion f can be rewritten as

(7@ = Slal?) + & llall*.

A similar transformation applies to strongly convex—strongly
concave functions.

We further assume the existence of a solution for both
problems.
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Assumption 3 (Existence of solution). For problems (1),
(2) there exists a solution x* such that, for some distance
R>0,
27| < R. ©)

This assumption is crucial for non-strongly monotone
problems, where a solution may not exist in general. In the
case of strongly monotone problems, the solution always ex-
ists and is unique. We also require this constant R for our
convergence analysis.

To unify the analysis of both problems, we define opera-
tors associated with each problem.
Definition 1. Let x € H be arbitrary. For problem (1), de-
fine the associated operator as

For problem (2), define it as

where x = (&, ().
We use the notation
T(z) = (T1(x),...,Tn(x)).

This definition allows us to treat both optimization and
saddle point problems within a unified analysis. In the con-
vex minimization case (1), each operator T'; coincides with
the subdifferential mapping of the corresponding convex
function f;, which is a set-valued monotone operator. For
the saddle point problem (2), the operator T'; collects the
partial subdifferentials with respect to the primal variable &
and the negative dual variable (, capturing the first-order sta-
tionarity condition. Further, we assume that these operators
are bounded, which is equivalent to the Lipschitz continuity
of the underlying functions.

Assumption 4. Let x be arbitrary, and let g; € T;(x),
where 'T; is defined in Definition 1. Then, for all © €

{1,...,n},
llgill < M. Q)
To estimate the convergence rate for these problems, we
introduce gap functions for each problem. These gap func-
tions measure how close our result to the solution x*, which
exists due to the Assumption 3.

Definition 2 (Gap function for the problem (1)).

Gevx(2o) = p(2o) — p(z*). ®)
Definition 3 (Gap function for the problem (2)).
GSPP(xo) =p(§mC*) _p(f*vgo)v 9

where x, = (€5, (o), x = (&, Q).

It is well known that problem (1) is a special case of a
problem (2). With introduced gap functions, lower bound for
convex optimization will also be the lower bound for sad-
dle point optimization. The upper bound for the saddle point
optimization will also be the upper bound for convex opti-
mization. Thus, if both bounds coincide, we can conclude
that these gaps are optimal and cannot be improved.

In our convergence rate analysis, we determine the num-
ber of communications and oracle calls required to ensure
that the expected gap function is bounded by . Due to the
stochastic nature of the problem, we analyze the expectation
of the gap function, meaning the convergence rate guaran-
tees E [Govx(2,)] < e orE [Gspp(x,)] < e.



3 Stochastic Decentralized Setting

The design of deterministic decentralized algorithms for
time-static networks is provided in (Scaman et al. 2017)
for smooth problems and in (Scaman et al. 2018) for non-
smooth problems. However, their algorithms rely on a dual
oracle, which may be inaccessible in practical implemen-
tations. In contrast, (Kovalev, Salim, and Richtarik 2020)
proposed a reformulation of the decentralized problem as
a Forward-Backward algorithm, achieving the optimal con-
vergence rate in the time-static scenario while using only a
primal oracle.

This idea was later extended to time-varying graphs, at-
taining optimal convergence rates with a deterministic pri-
mal oracle for both smooth (Kovalev et al. 2021) and non-
smooth (Kovalev et al. 2024) settings.

In our paper, we follow this reformulation, extending the
analysis to stochastic primal settings and saddle-point prob-
lems.

We start by formalizing the time-varying optimization
setting. At a fixed moment of time, a communication net-
work may be represented as a graph G(V,E), where V =
{1,...,n}isasetof nodes and £ C V x Vis a set of edges
between these nodes. In our scenario, the connections may
change over time. Therefore, we represent the time-varying
communication network as a function of a continuous time
parameter 7 > 0 as a function G(7) = (V,&(7)), where
E(7) : Ry — 2VXV denotes the time-varying set of edges.

Next, we formalize the mechanism of node interaction,
which is commonly modeled through gossip matrix mul-
tiplication. In the time-static setting, the gossip matrix re-
mains constant throughout the execution of the algorithm
and corresponds to the fixed structure of the underlying com-
munication network. In contrast, the time-varying setting
poses additional challenges, as the network topology evolves
over time, making it inappropriate to associate a single fixed
matrix with the entire process.

We represent the gossip matrix as a matrix-valued func-
tion

W(r): Ry = R™™

which satisfies Assumption 5. See Figure 1 for the example
of a time-varying graph.

G(m0) G(m) G(m)

\ 4

1 1 1

1 1 1
L ' | "I | P |
I 1 "1 L

1 1 1
0 ) V71 | T2

\/ \4 \4
W(ro) W(r) W(r2)

Figure 1: Illustration of a time-varying communication
graph. At each moment in time, the associated gossip ma-
trix reflects the current network configuration.
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Assumption 5. For all 7 > 0, the gossip matrix W (1) €
R™ "™ gssociated with the time-varying communication net-
work G(V, E(T)) satisfies the following properties:

1. W(r)i; = 0ifi # j and (ji) ¢ £(7),
2. W(r)1, =0and W(7) "1, = 0.

The first condition encodes the structure of the network.
The second implies that the gossip step converges to the av-
erage over the whole network. A common choice for the gos-
sip matrix is a Laplacian matrix of a graph G(7). This def-
inition allows us to design communication step of the form
Pl = gk — nW(7)2*, which is consistent with standard
decentralized optimization algorithms.

For the convergence analysis, we also introduce a condi-
tion number X for the time-varying network as follows.

Assumption 6. There exists a constant x > 1 such that the
following inequality holds for all T > 0:
} . (10)

The constant x > 1 quantifies the connectivity of the
time-varying network. A larger value of x indicates poorer
connectivity and results in more iterations required for the
algorithm to converge.

Next, we define the stochastic decentralized oracle. In the
deterministic setting, this coincides with the standard defini-
tion of a decentralized first-order oracle. Stochasticity arises
from allowing some deviation from the true operator value.
We define a first-order oracle for both problems simultane-
ously by treating it as an oracle that returns a stochastic ap-
proximation of the corresponding operator.

(Wi =l < (12

xER":Xn:xizO

=1

forall x € {

Definition 4 (Stochastic decentralized oracle). For arbitrary
z, let 'T; be defined as in Definition 1 for the problems (1)
and (2). A random vector g;(x) : H — H is called a
stochastic operator oracle associated with operator T;(x)
if there exists o > 0 such that for any x € H the following
holds:

E[gi(z)] = gi € Ty;
E ||gi(z) — gil3| < o>

(1)
12)

Here, T;(x) is the true subdifferential, g;(x) is the subgra-
dient and g;(x) is a stochastic subgradient.

4 Decentralized Reformulation and the
Algorithm

A reformulation of the convex problem in the deterministic
setting was presented in (Kovalev et al. 2024). In this paper,
we follow a similar approach but generalize the algorithm to
arbitrary monotone operators. Specifically, we extend the al-
gorithm to handle any stochastic monotone operator instead
of relying on subgradients of convex functions. Unlike men-
tioned paper, which is based on a saddle point reformulation
of the convex minimization problem, we bypass this step by



Algorithm 1

Linput: 20 =271 =30 e H", ' =g e H™, 20 =20 e £+, m0 e H

2: parameters: K.T' € {1,2,...},
3: {(@k75k77k70k,Ak, wanmanlpnf?e’;)}k 0 CR}"‘O

4: forkfo,l,...,K—ldo
5: gk = apy® + (1 — ak)yk, 2P =apF 4+ (1 — ay)z"
6: =V G( 2F), ¢f=v.Ga gk,zk)
7: g% (W( YR Ig)gk, §F = (W(r) @ 1) (g% + m*) > Decentralized communication
8: y =y (gy + 2%, 2= Z’“ —n2gL, 56’““ = ¥ 4 (2 — 2 1)
9: ?’” =y ta(ytt =yt F =R - 0kgh, mME = (gl (m 4 gk — g
10: R0 = gk
11: fort=0,1,...,T—1do
12: ght = (g1 (21, ... gn (1)) > Stochastic oracle call
13: I e L))
14: end for
150 aftl = opah T 4 (1 —gp)@htt, F = LT okt 7 = @t 4 (1 - ag)TE
16: end for X«
17: (25952 K) (Zk L AR) T (T )
18: output: X = L3 2K e, where (2, ... 2F ) =aK enn
d.irectly reformulating both problems as a monotone inclu- and 1y, 7y, > 0 satisfy r, + -
sion problems. Tyz
First, we perform a standard distributed reformulation. N )
Specifically, denote the consensus space Let E=H" x H™ x L~ be an Euclidean space.
n Consider the operators
L=A(z1,...,2n) EH" 121 = ... =2} (13)
. . T(z) —
In the analysis we will also need the fact that Alu) = VyGO(y, )| B) = (:C; y] 7
N n PV.G(y,z) 0
L7 ={(z1,...,zn) €H" Y z;=0}.  (14)
ZZ:‘: where
_ _ T
Hence, the problem (1) is equivalent to the following P =L - (1/n)l.1,) e L
problem: for the problem (1) and
P = (I’ﬂ - (1/77“)1”1711—) ® Id5+dg

min
zeH

1 n

l Z filzs) + = ||$||21 subjectto x € L. (15)
n = 2n

The problem (2) is equivalent to the following problem:

1 < r 9 r 9
[n;fi(fi’@)‘F%HfH —2n|C|1 (16)

subject to (£,{) =z € L.

min max
£eR¥ ceR%

Now, we incorporate consensus via communication into the
optimization problem. Let T'; be defined as in Definition 1.
Define

T (1)
T(z) = : + ezt H™ — (27" 17
Ty (2n)
Gly,z) = §|\y+z||2:7{" x H” — H, (18)
where,
xr = (Il,...7l'n) GHn,

36850

for the problem (2). P is the orthogonal projection matrix
onto £=+. Then, operator A is a monotone operator and cor-
responds to the gradient of a smooth convex function. Oper-
ator B is a monotone set-valued operator.

Consider the following monotone inclusion problem:

B(u). (19)

This problem can be solved using the Forward-Backward
Algorithm with Nesterov acceleration (see (Kovalev, Salim,
and Richtarik 2020) for a similar approach). The accelera-
tion relies on the fact that the operator A is a gradient of a
smooth function. Since the operator T is not a gradient of
a smooth function we have to place it into the operator B.
This reformulation is a key to the presented algorithm. The
following theorem establishes the equivalence of this refor-
mulation.

find u € E such that 0 € A(u) +

Theorem 1. Problem (19) is equivalent to problems (1) and
(2) with the corresponding definitions of 'T; for each of the
problems.



The proof of this theorem is provided in the Supplemen-
tary Materials.

Multiplication by the matrix P corresponds to project-
ing onto the consensus space. This, in turn, means averag-
ing values across the entire network, which is challenging
in the time-varying setting due to changing connectivity. To
address this, the algorithm replaces global averaging via P
with local averaging using a matrix W, where each multi-
plication by this matrix corresponds to averaging over the
immediate neighbors of each node in the network graph.

As mentioned earlier, a similar reformulation was intro-
duced in (Kovalev et al. 2021). However, in their setting,
the functions were smooth, and thus the operator T corre-
sponded to the gradient of a smooth function. When incorpo-
rated into the operator A, convergence could be accelerated
using Nesterov’s acceleration. Based on this, they proposed
the ADOM algorithm, which achieves the optimal conver-
gence rate for their setting.

In our case, the operator T is incorporated into B, while
iterations over operator A are accelerated using Nesterov’s
method. The iterations involving operator B cannot be fur-
ther accelerated, either for convex or saddle-point prob-
lems. This aligns with classical results in non-smooth, non-
distributed optimization.

With this setup, we show that Algorithm 1 converges to
the desired solution. The algorithm introduces an additional
input variable m, corresponding to the error-feedback mech-
anism. The y and z updates are accelerated using Nesterov’s
acceleration.

The inner loop over T corresponds to gradient descent
for problem (1), and to gradient descent—ascent for prob-
lem (2). The algorithm requires K decentralized communi-
cation rounds and K x T stochastic oracle calls.

5 Optimal Convergence Rate

In this section we assume that Assumptions 3 to 6 hold. For
the problem (1) Assumption 1 holds, for the problem (2)
Assumption 2 holds.

In (Kovalev et al. 2024), the authors provide a lower
bound for the deterministic non-smooth decentralized con-
vex minimization problem over time-varying networks. By
using their analysis and combining it with the classical
lower bound for non-smooth convex optimization in the non-
distributed setting (Bubeck 2015), we obtain the following
lower bounds.

For concise formulation, we denote the optimality gap G
as

o-|

Proposition 1 (Lower bound for problems (1) and (2) in the
strongly monotone case). Let r > 0. Then, for arbitrary € >
0 there exists an optimization problem and a time-varying
network such that Algorithm I requires at least

°(

for the convex minimization problem (1),
for the saddle-point problem (2).

Govx,
Gspp,

xM

Jre

) decentralized communications
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and

Q <(M +0)?
re
to achieve E [G(zk)] <e.

Proposition 2 (Lower bound for problems (1) and (2) in the
monotone case). Let r = 0. Then, for arbitrary € > QO there
exists an optimization problem and a time-varying network
such that Algorithm I requires at least

(

) oracle calls

xMR
€

°(

to achieve E [G(zK)] < e.

These lower bounds match the corresponding lower
bounds for the non-distributed setting as well as for deter-
ministic decentralized non-smooth convex optimization.

We now present the following theorems on the conver-
gence rate of Algorithm 1.

) decentralized communications

and

(M + 0)?R?

5 ) oracle calls
€

Theorem 2 (Upper bound for problems (1) and (2) in the
strongly monotone case). Let v > 0. Then, for arbitrary
€ > 0 Algorithm 1, requires

°f

xM

NG

°f

to achieve E [G(zk)] <e.

Theorem 3 (Upper bound for problems (1) and (2) in the
monotone case). Let r = 0. Then, for arbitrary ¢ > 0 Algo-
rithm 1, requires

0 (xMR

) decentralized communications

and

(M +0)?

) oracle calls
re

€

o

to achieve E [G(zk)] <e.

The proofs of these theorems are provided in the Supple-
mentary Materials.

These upper bounds match the corresponding lower
bounds in Propositions 1 and 2, thus establishing the opti-
mality of these convergence rates.

In the case of saddle-point problems, the strong convex-
ity and strong concavity constants may differ. The following
result addresses this asymmetric setting.

) decentralized communications

and

(M + 0)%R?

= ) oracle calls



Corollary 1 (Complexity for saddle point problems with dif-
ferent constants of strong convexity and strong concavity).
Consider the problem of type (3). Let r¢ > 0, ¢ > 0. Then,
for arbitrary € > 0, Algorithm I requires

M 1 1
@) Xz = + — | decentralized communications
Ve \lre  re
and
M 271 1
O ((—’—U) ( )) oracle calls,
1> 7“5 TC

to achieve E [Gspp (xf)] <e.

The proof of this corollary is provided in the Supplemen-
tary Materials.

6 Experiments

We conduct experiments on synthetic random graphs con-
structed using the Erd6s—Rényi model. We consider both
time-static and time-varying settings. Our evaluation focuses
on two metrics: the Euclidean distance to the objective,

K
o ="
and the saddle point residual,
K K
f(go 7C*) - f(f*’go )

We begin with the random graph setup. In the time-
static scenario, the graph remains fixed throughout the al-
gorithm’s execution. In contrast, the time-varying scenario

involves randomly removing and adding edges at each itera-
tion. Starting graph is shown in Figure 2.

Figure 2: Example of a random graph with 15 nodes.

We test our method on a simple non-smooth saddle-point
problem of the form:

n

> i, + gllell = 5 lcll

i=1

min max p(¢,¢) =
£eR% CeR%

where r = 102 and

fl(&a C) = ||€ —C¢i

with ¢¢ ; and c¢ ; some fixed constants.

1= 1€ = ecillrs
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These functions are convex in & and concave in (. The
subgradients with respect to £ and ( are computed sepa-
rately.

Subgradient with respect to &:

Ocfi(§,¢) = Ol1§ — ceillr

{sign(&; — ceig) s
§i # ceig
[_13 1]7

& =cei

v e R%

v; €

Subgradient with respect to (:

¢ fi(€,¢) = —0|I¢ —c¢,i

|1

{sign(¢; — c¢.ij)}s
G # g

[_17 1]7

G =i

—veR%

v; €

Then, we can write operator 'T'; from the Definition 1 of

fi(€,€) as a pair:

We evaluate the performance for K € {1,...,30}, with
a fixed parameter T' = 10.

Figure 3 presents the performance of the method under the
time-varying graph setting. As observed, the randomness in
the graph structure introduces some fluctuations in both per-
formance metrics. Conversely, Figure 4 illustrates the results
under the time-static setting, where the graph remains fixed.
In this case, we observe a more stable and monotonic de-
crease in error across iterations.

7 Conclusion

In this paper, we investigate non-smooth stochastic decen-
tralized optimization over time-varying networks, address-
ing both convex minimization and convex-concave saddle
point problems. Our research extends previous work that fo-
cused primarily on smooth settings or time-static networks;
thus we provide a more general result. We study both mono-
tone and strongly monotone scenarios. We consider both
monotone (weakly convex/concave) and strongly monotone
problems, as well as the asymmetric case where the strong
convexity and strong concavity parameters differ.

We generalize the deterministic algorithm from (Kovalev
et al. 2024) to handle arbitrary stochastic monotone oper-
ators, making it applicable to a broader class of real-world
problems. Our main theorems establish optimal convergence
rates (matching theoretical lower bounds) for both convex
minimization and saddle point problems. Moreover, these
rates are optimal for the deterministic case and the non-
distributed case as well.

A possible future direction may be studying the case of
asymmetric oracle cost. In saddle point problems, the com-
putational cost of querying the convex (primal) and concave
(dual) oracles may differ (e.g., in GANs). Extending our
analysis could result in a better convergence rate with this
assumption.
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