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Abstract

Robust causal discovery from observational data under im-
perfect prior knowledge remains a significant and largely un-
resolved challenge. Existing methods typically presuppose
perfect priors or can only handle specific, pre-identified er-
ror types. And their performance degrades substantially when
confronted with flawed constraints of unknown location and
type. This decline arises because most of them rely on inflex-
ible and biased thresholding strategies that may conflict with
the data distribution. To overcome these limitations, we pro-
pose to harmonizes knowledge and data through prior align-
ment and conflict resolution. First, we assess the credibility
of imperfect structural constraints through a surrogate model,
which then guides a sparse penalization term measuring the
loss between the learned and constrained adjacency matri-
ces. We theoretically prove that, under ideal assumption, the
knowledge-driven objective aligns with the data-driven ob-
jective. Furthermore, to resolve conflicts when this assump-
tion is violated, we introduce a multi-task learning framework
optimized via multi-gradient descent, jointly minimizing both
objectives. Our proposed method is robust to both linear and
nonlinear settings. Extensive experiments, conducted under
diverse noise conditions and structural equation model types,
demonstrate the effectiveness and efficiency of our method
under imperfect structural constraints.

Code — https://github.com/wzd2502/RoaDs
Extended version — https://arxiv.org/abs/2511.06790

Introduction

Causal discovery from observational data is a cornerstone
of artificial intelligence and scientific inquiry (Spirtes, Gly-
mour, and Scheines 2000; Pearl 2009). By revealing the un-
derlying causal mechanism and representing as a directed
acyclic graph (DAG), it provides the fundamental struc-
ture required for downstream tasks such as causal inference
(Hernan and Robins 2010; Peters, Janzing, and Scholkopf
2017), and causal representation learning (Scholkopf et al.
2021; Brehmer et al. 2022). A central topic in causal discov-
ery is identifiability (Vowels, Camgoz, and Bowden 2023).
Under the causal sufficiency and faithfulness assumptions
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Figure 1: Robustness to imperfect constraints. A single-
objective baseline assigns equal weight and is misled by the
flawed prior (red arrow in G5), whereas ours identifies the
conflict and discovers DAG on the Pareto set.

(Koller and Friedman 2009), traditional combinatorial opti-
mization methods can identify the structure up to its Markov
Equivalence Class (MEC), which is also known as Bayesian
network structure learning (Glymour, Zhang, and Spirtes
2019; Kitson et al. 2023). This full DAG-level identifiability
can be achieved either by using interventional data or by im-
posing stricter assumptions on the data-generating process,
such as non-Gaussian noise or nonlinear structural equa-
tion models (SEMs) (Vowels, Camgo6z, and Bowden 2023).
These stronger assumptions often enable the problem to be
cast as a continuous optimization problem, making it solv-
able by zero-order (Shimizu et al. 2011), first-order (Zheng
et al. 2018; Ng, Ghassami, and Zhang 2020), or second-
order optimization methods (Rolland et al. 2022).

However, in numerous real-world applications, such as
rare disease diagnosis or industrial fault analysis, high-
quality observational data are often scarce and difficult to
obtain. These domains typically possess a wealth of ex-
pert prior knowledge (e.g., positive or negative edge con-
straints) (Constantinou, Guo, and Kitson 2023; Brouillard
et al. 2024). Consequently, how to effectively integrate such
prior knowledge with data-driven methods has become an
important yet challenging research direction.

Most existing methods are designed for perfect priors
(no errors in constraints): combinatorial-based approaches
typically treat priors as hard constraints, such as initializ-
ing the search or populating a tabu list (de Campos and



Castellano 2007; Chen et al. 2025b; Wang, Gao, and Zhang
2025); continuous-based approaches incorporate priors as
soft penalty terms or as hard optimization goals (Sun et al.
2023; Chen et al. 2025a). In practice, however, expert
knowledge is often imperfect, potentially containing over-
looked true causal edges or erroneously introduced spurious
ones. When faced with such imperfect priors, the perfor-
mance of existing methods degrades sharply. We explicate
this issue from a multi-objective optimization perspective in
Figure 1. Previous works typically use weighted sum scalar-
ization to combine the data-driven and knowledge-driven
objectives, which restricts the solution to a single, predeter-
mined point on the Pareto front. Furthermore, these methods
can neither adaptively correct erroneous priors nor adjust the
weight of the knowledge-based objective to reflect its cred-
ibility. When priors are unreliable, a fixed, high weight in-
evitably forces the model to overfit to this incorrect DAG,
such as Gs in Pareto set.

To tackle this dilemma, we build upon continuous opti-
mization methods to develop a robust framework capable
of handling imperfect structural constraints. Our approach
achieves this through two components: Prior Alignment,
which employs a surrogate model dynamically modulating
the weights of imperfect constraints based on the observa-
tional data; Conflict Resolution, which leverages multi-task
learning (MTL) to explicitly manage the trade-off between
the data-driven and knowledge-driven objectives. We named
it as Robust Causal Discovery under Imperfect structural
constraints (RoaDs). Our main contributions are as follows:

* We introduce a consistent constraint assumption and use
a surrogate model to learn continuous weights for priors.

We design the knowledge-based optimization goal based
on consistent constraints, and theoretically prove the
asymptotic consistency of it.

We employ Multi Gradient Descent Algorithm (MGDA),
enhanced with gradient normalization, to efficiently find
a balanced Pareto stationary point for MTL problem.

In experimental evaluation, we demonstrate the supe-
rior robustness and effectiveness of RoaDs against SOTA
methods across diverse and challenging settings.

Related Works

Causal discovery under structural constraints For
combinatorial-based methods, integrating edge constraints
is relatively straightforward, typically by restricting the
search space (de Campos and Castellano 2007; Colombo
and Maathuis 2014; Constantinou, Guo, and Kitson 2023).
However, path constraints, which are weaker and non-
decomposable, need the graphical search space or special-
ized data structures to entail (Chen et al. 2016; Wang et al.
2021, 2025). A key limitation of these approaches is their
reliance on the assumption that all provided constraints are
perfect and error-free. For continuous-based approaches,
perfect edge constraints are often handled in two ways: ei-
ther enforced as hard constraints that are optimized simul-
taneously with the acyclicity constraint (Hasan and Gani
2022; Sun et al. 2023; Wang et al. 2024), or by directly
modifying the gradients of the adjacency matrix to steer
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the search (Bello, Aragam, and Ravikumar 2022). Imper-
fect priors are typically handled via soft penalties, where
constraints are formulated as differentiable terms, such as
a cross-entropy loss measuring constraint violation (Li et al.
2024; Chen et al. 2025a). To handle path constraints, this
paradigm involves employing partial order-based optimiza-
tion strategies (Ban et al. 2025¢).

More recently, a nascent line of work has explored using
Large Language Models (LLMs) as a proxy for domain ex-
perts (Kiciman et al. 2024). LLMs have been used to gener-
ate initial graphs (Ban et al. 2025b), suggest post-hoc adjust-
ments (Khatibi et al. 2024), or fuse structural priors from text
(Zhou et al. 2024; Ban et al. 2025a). For a broader survey of
general causal discovery, we refer the reader to Appendix A.

Multi-task Learning MTL is quite a hot topic in the ma-
chine learning community (Zhang and Yang 2022). It im-
proves the generalization and reduce the cost of learned
models (Zhao and Gordon 2022). Key research in MTL in-
volves designing shared architectures and managing con-
flicting task objectives (Lin and Zhang 2023). Our work con-
centrates on the latter, employing multi-objective optimiza-
tion (MOO) to mitigate the conflict between data-driven and
knowledge-driven objectives for causal discovery.

MOO solvers can be broadly categorized into two fami-
lies (Zhang et al. 2024). The first, aggregation-based meth-
ods, transforms the multi-objective problem into a single-
objective one by aggregating individual loss functions, such
as Linear scalarization (Miettinen 1998), the Tchebycheff
method (Zhang and Li 2007), Smooth TCH (Lin et al. 2024).
The second family, gradient-manipulation-based methods,
operates directly on the gradients of each task to find a de-
scent direction that improves all objectives. Prominent ex-
amples include the MGDA (Sener and Koltun 2018), its
preference-based extensions (Lin et al. 2019), and normal-
ization version (Chen et al. 2018).

Preliminary
Causal discovery

A causal structure can be represented by a DAG G
(V,E), where V. = {X;,..., X, } is a set of variables
and F is the set of edges. An edge X; — X implies that
X is a direct cause (parent) of X; (Koller and Friedman
2009), denoted as X; € ng». We consider the Additive Noise
Model (ANM) (Hoyer et al. 2008), where each variable is
generated by a function of its parents plus an independent
noise term X; = f;(II¥) + ¢;. Here, f; is a causal mech-
anism, and the noise terms € = {ey,...,€,, } are assumed
to be mutually independent with zero mean (E[e;] = 0) and
covariance matrix diag(oy, ..., op,, ). Given an i.i.d. dataset
X = [x1]...]|Xn,] € R™*" the goal of causal discov-
ery is to find the optimal DAG G by solving a continuous
optimization problem:

min 357, £, £5(X))
s.t. G(f) is acyclic,

(D

where £(-) is a least squares loss or negative log-likelihood
loss, and G(f) is the DAG induced by the functional depen-



dencies in f = {fi,..., fn,}. Each f; can be parameter-
ized using a Multilayer Perceptron: f;(X) = MLP(X;¥6;),

where 6 = {0:,...,0,,}.0; = {Agk)}};’il are the param-

eters for the j-th MLP, and Ag-k) € R¥-1%dk denotes the
weights of the k-th layer (Lachapelle et al. 2020; Zheng et al.
2020). Under such condition, the weighted adjacency matrix
can be approximately expressed as W (0) € R™ *™ . The
entry [JW(0)];; quantifies the causal influence from X; to X;

and is defined as [W(0)];; = || [A(‘l)];yi |l2, Consequently, the
optimization problem from Eq. (I7 ) is reformulated as:
min

i 2o 370 (1% — MLP(X;60) [ + M W)
s.t. h(W(0)) = tr(eV(©WO)) _p —0.

n4

2
Problem (2) can be transformed into unconstrained op-
timization form using Augmented Lagrangian Method
(ALM) (Zheng et al. 2018). For brevity, we will henceforth
denote the original objective function as Fx (@), respec-

tively, and the constrained objective function as H (17 (0))
H(W(8)) = ph(W(0)) + §Ih(W ()7, (3
where ¢ and p are parameters in ALM.

Multi-task learning

A MTL problem can be formulated as a multi-objective opti-
mization problem, where the goal is to simultaneously min-
imize a vector of loss functions corresponding to different
tasks (Caruana 1993; Miettinen 1998):

gleigL(e) = (£1(0),...,Ln, (0)7, “)

A solution 6, is said to dominate 6y, denoted as L(6,) <
L(gb), if Ek(Oa) < ['k(gb) holds Vk € {1, . ,Tlp}, and
there exists at least one index j for which £;(0,) < £;(65).
Definition 1. (Pareto Optimality) A solution 8* € O is
Pareto optimal if no other solution 8 € © dominates it, i.e.,
there is no 6 such that L(0) < L(0%).

For MTL with conflicting objectives, there not exists a
single solution that minimizes all task losses simultaneously.
Instead, a set of trade-off solutions exists. The set of all
Pareto optimal solutions is called the Pareto set, and its im-
age in the objective space is the Pareto front.

Framework

This paper focuses on causal discovery where the available
prior knowledge may conflict with the ground-truth graph.
And such knowledge can be formally defined as follow.
Definition 2. (Imperfect constraints.) Let the constraints be
encoded in a matrix B¢ € {0,1, =1}"*", where Bj; =
1,—1,0 signifies positive constraint (X; — X;), negative
constraint (X; /# X, ), and no constraint. Let B* be the ad-
Jjacency matrix of the ground-truth graph. B¢ is considered
imperfect if there exist entries (i, j) such that Bf; = 1 but
B}, =0 0rBf; = -1but B}, = 1.

The propose RoaDs refines the imperfect constraints by
aligning them with the observational data to against the ter-
rible influence from flawed priors, and resolves the remain
conflict between the data-driven and knowledge-driven ob-
jectives using a MOO solver, as illustrated in Figure 2.
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Learned DAG

MTL Model

Figure 2: Pipeline. RoaDs constructs a data-driven objec-
tive from a continuous score and a knowledge-driven objec-
tive using a surrogate model to align imperfect constraints
(Red arrows in figure). These are formulated as a MTL prob-
lem, which is then solved via the MGDA to recover the final
causal graph.

Prior alignment

The reliability of the prior alignment is fundamentally com-
promised by the highly non-convex optimization landscape
of continuous-based methods. We therefore lay the founda-
tion for RoaDs by first defining a theoretical criterion that
acts as the tool for overriding flawed priors and simultane-
ously establishes the bounds of its valid application. Note
that the subsequent analysis still holds under causal faithful-
ness and sufficiency assumption.

Tool for alignment. To enable a uniform re-evaluation
of all priors, the negative constraints are firstly converted
into positive constraints. Then, a surrogate model M =
(M M)} is employed to test the credibility of
different constraints under the dataset X. For arbitrary X,
M) solves E[ X |II7*] to find the weights of edges point to
X, which is defined as

W.; = MY ([B.j] ). ®)
Thus, when ny — oo, the ground-truth DAG satisfies
W, = MP (B l0) = MP,). ©

For linear case, the surrogate model can be achieved by the
consistent parametric regressor, where W;; can be repre-
sented by the regression coefficients from x; to x;. In non-
linear settings, the consistent non-parametric regressor (e,g,
random forest) is feasible, and W;; can be represented by
permutation importance (Hastie, Tibshirani, and Friedman
2009).

Bounds of alignment. We introduce a strict assumption
about the dependency relations in constraints matrix, that
determines whether flawed prior can be aligned.

Assumption 1. (Consistent constraints.) For the ground-
truth DAG B*, constraints matrix B€ is consistent if it sat-
isfies VX; € V"0 X; AL X,V and VX; € Vi X, €
VL X AL Xy, where VP = (X, | By, =
B}, o, B €{0,1}

*
a,Bj;



Theorem 1. If B¢ is consistent, there always exists T > 0
such that the probability limit of W€ from Eq. (5) satisfies:
1. VX; € V;"°, then plim,,, , W¢; < T.
2. VX, € le’l, then plim Wi, >

The detailed proof is provided in Appendix B. Theorem 1
demonstrates that if the constraint matrix B¢ is consistent,
the surrogate model M successfully recovers true edges
while simultaneously rejecting the false positive edges that
were incorrectly specified in the B€. The resulting weight
matrix W€ from prior alignment will accurately reflect the
partial ground-truth structure B*. And the following discuss
in this section is all based on consistent B€.

ng—roQ

Nng—roo

Knowledge-driven optimization objective. After prior
alignment, W¢ = Mx([B¢]0) can serve for the model-
ing of knowledge-driven optimization objective. This objec-
tive aims to promote the non-parametric weighted adjacency
matrix W (@) towards to the refined DAG encoded in W¢.
Intuitively, this purpose can be achieved by minimizing the
/1 norm of the difference between their binarized structures,
an objective that exclusively evaluates discrepancies at the
locations specified by the original constraint mask B¢

min [[[[(W(0) 5 > 0) = (W =7 > 0)] o B, . (7)

I(-) denotes the Heaviside step function, which maps its
input to {0,1} based on the specified thresholds s and 7.
The oB€ localizes the penalty to the constrained entries.
However, the discontinuous nature of I(-) renders this ob-
jective non-differentiable and thus unamenable to standard
gradient-based optimization methods.

To facilitate tractable optimization, we introduce a sub-
differentiable form of Eq. (7) by substituting the I(-) with
a continuous sigmoid function o(+), which acts as a smooth
approximation. This yields the following objective

min [[[o(W(8) — s) —o(W* = 7)] o B|;, (8
and we denote it as C(W(0), W¢). For the linear case,
Eq. (8) reduces to a more concise form where s = 7 and
the sigmoid function o (-) is omitted in favor of a parametric
regressor. We can theoretically show that this formulation
achieves a lower error bound than fixed thresholding meth-
ods, more detailed is provided in Appendix C.

Asymptotic consistency. The following theorem estab-
lishes that under a single optimization architecture, which
integrates the data-driven optimization objective Fx (0) +
A2 H(W(0)), and our knowledge-regularization term C, is
asymptotically consistent.

Theorem 2. Consider the continuous optimization problem
defined as:

min Fx (8) + AaH(W(8)) + AaC(W (8), We).  (9)

Let 6 be the optimal solution to the above problem. As the
number of samples ng — oo, the graph structure induced by

W (0) converges in probability to the ground-truth DAG B*
I(W(8) > s) & B*. (10)
The detailed proof is provided in Appendix B.
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Dilemma under non-consistent constraints. According
to Theorem 2, if the imperfect constraints B¢ are consistent,
the knowledge-driven objective aligns with the data-driven
objective in large-sample settings. However, a significant
gap exists between this asymptotic ideal and practical appli-
cation. First, verifying the consistency of given constraints
is often intractable, as it would require a relatively accurate
understanding of the ground-truth structure B*. Second, the
introduction of prior knowledge is to improve the learning
accuracy under small sample size, where theoretical guaran-
tees are weakest.

Consequently, the data-driven term Fx (0)+ Ao H (W ()
and the knowledge-regularization term C(W(0), W¢) of-
ten remain in conflict, further contributing to a highly non-
convex optimization landscape (Reisach, Seiler, and Weich-
wald 2021; Ng, Huang, and Zhang 2024). This inherent ten-
sion necessitates a more sophisticated mechanism to mediate
between data and imperfect constraints.

Conflict resolution

We propose a MTL framework designed to balance these
two conflicting objectives. Formally, the two optimization
tasks are defined as

{ min Fx (8) + A2 H(W(6))

ngn C(W(0),W¢°).
Here we assign the equal preference to both tasks, thus, the
parameter A3 for the second task is omitted.

(11

Solve the MTL problem. We employ the MGDA to solve
MOQO problem in Eq. (11) (Sener and Koltun 2018), as it
efficiently identifies a single Pareto-stationary point, instead
of the entire Pareto front, which is not friendly to decision-
makers. Another advantage is that it can adaptively adjust
the weights of the two optimization goals, which is crucial
for navigating the conflict between data-driven evidence and
imperfect constraints. 6 is updated according to

Or1 = 6, + ndy, 12)

where 7 is the learning rate, and d; is defined from

(dus ) = axgmin s + 33
d,x
s.t. 040y, X) = V[Fx(6;) + AaH(W(6,))]TdV <k
p(0;, W) = VC(W(8;), W) Td? < g,

(13)
where d®) denotes the gradient direction of k-th task, and
k € R is a scalar that indicates the convergence sta-
tus across all tasks. Furthermore, the following proposition
holds (Fliege and Svaiter 2000)

Corollary 1. If 0, is Pareto optimal, then it is a stationary
point where d; = 0 and k; = 0. If 8, is not Pareto opti-
mal, then d; is a valid descent direction, and k. is strictly
negative, satisfying

ke < —3llde]|3 <0

P, (04, X) < Ky, P30, W) < Ky (14)



Corollary 1 clarifies that when d; = 0, the data-driven
and knowledge-driven objectives cannot be improved simul-
taneously. Conversely, if 6 is not optimal, non-zero d; guar-
antees that a direction exists to concurrently improve both
objectives. According to KKT condition, it satisfies

di = 2P0 (0, X) — AgDps(0;, W)

st. Ag+Ag=1. (1%
The dual problem of Eq. (15) is
min —4 [ Aa®a(8:, X) + (1= Aa) @4 (6, W) 3. (16)

The quadratic program (QP) presented in Eq. (16) is equiv-
alent to find the minimum-norm vector in the convex hull of
the task gradients. And its solution satisfies (for notational
simplicity, we omit the variables in ®(-))(Lin et al. 2019):

1 T Dy > 0D,
A — 0 (I)I(I)B > (I)gq)g (17)
“ (25—Pa) g herwi
m otherwise.

Normalization method. Data-driven and knowledge-
driven objectives have disparate scales, and the latter re-
quires only sparse parameter modifications and is thus eas-
ier to optimize. This imbalance biases QP solution towards
neglecting the data-driven task A\, ~ 0. To ensure both ob-
jectives contribute meaningfully, we normalize the gradients
in the following ways

o = D - [(Fx(8r) + Ao H(W(6:)) - | allz] ™
Dy =Dy - [C(W(0:), WE) - [[Ppll2] -
(18)
We discuss other normalization methods in Appendix D.

Overall algorithm. Alg. 1 details the RoaDs. It performs
a warm-up stage (lines 2-4), using only the data-driven ob-
jective for ¢, iterations to find an initial solution. Consis-
tent with the mainstream continuous optimization for causal
discovery (Yu et al. 2019; Fang et al. 2024), the main loop
uses the Adam optimizer and adjusts the parameters of the
acyclicity constraint to accelerate convergence (lines 9-11).
We analyze time complexity of Alg. 1 in Appendix E.

Experiment
Experimental settings

Graphs and datasets. We generate synthetic graphs us-
ing Erd6s—Rényi (ER) and Scale-Free (SF). Each graph con-
sists of n, nodes and kn, edges, denoted as ER-k or SF-k.
ng data is then generated based on SEM defined on these
graphs. For linear conditions, the weighted adjacency matrix
is sampled randomly from (—2.0, —0.5] U[0.5, 2.0). Exoge-
nous noise variables are drawn from Gaussian, Exponential,
Gumbel, and Uniform, with settings for both equal variance
(EV) and non-equal variance (NV) (Ng, Huang, and Zhang
2024). For nonlinear settings, we generate data using either
MLP or Gaussian Processes (GP).
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Algorithm 1: RoaDs

Input: Dataset X, Imperfect priors B€.

Output: Optimal weighted matrix W.
1: Align the priors as W¢ = Mx ([B]z), set 6§y = 0
2: whilet < ¢, do

3: 0t+1 = 0t + 77(@0,(0,‘7 X))

4: end while

5: while t > t; and h(W(6;)) # 0 do

6:  Normalize ®,(0;,X), 25(0,, W°)

7:  Compute )\, and d; according to Eq. (15) and (17)
8: 0t+1 = 9,5 + T]dt

9:  ifA(W(6;)) > c-h(W(0;—1)) then
10 Update the parameters in H (W (6;))
11:  endif
12: end while .
13: return the weighted matrix W = W (6).

Imperfect constraints usage. We sample p, - kn, true
edges from the ground-truth graph as positive constraints
and p. - pq - kn, non-existent edges as negative constraints.
Then, we randomly select a fraction p;, of sampled edges
and flip their values to simulate imperfect constraints (i.e., a
positive constraint is changed to negative, and vice versa).

Baselines and metrics. We compare RoaDs against base-
lines from both continuous and combinatorial methods. The
former is founded on GOLEM (linear) and NOTEARS-MLP
(nonlinear) (Zheng et al. 2020; Ng, Ghassami, and Zhang
2020). We compare with their extensions under priors, in-
cluding NTS-B (a type of algorithms incorporating the pri-
ors as hard constraints, (Sun et al. 2023; Wang et al. 2024))
and ECA (Chen et al. 2025a). The latter includes PC-stable
and LINGAM (Kalisch and Biihlman 2007; Shimizu et al.
2011). Performance is evaluated using the F1-score and the
Structural Hamming Distance (SHD) against the ground-
truth DAGs (Zhang et al. 2021).

Implementation details. We set s = 0.3 and 7 = 0.01 in
Eq. (8), and the other parameters are default in GOLEM and
NOTEARS-MLP. Each experiment was repeated ten times.
More details about experimental implementation and code
link can be referred in Appendix F.

Results and analysis

Linear SEM (EV). As demonstrated in Table 1, imper-
fect constraints severely mislead the causal discovery, and
LiNGAM introduces too many spurious edges to satisfy
them. The performance of PC is hampered by the small
sample size, which causes less reliable conditional indepen-
dence tests. The strong performance of continuous optimiza-
tion methods (ECA, NTS-B, and RoaDs) is attributed to the
less non-convex optimization landscape of the linear EV set-
ting (Reisach, Seiler, and Weichwald 2021). However, NTS-
B and ECA rigidly adhere to potentially flawed priors, but
RoaDs can harness the benefits of correct priors while re-
sisting misleading ones via prior alignment, resulting in an
average F1-score improvement of approximately 4.4% and
17.0% decrease in SHD compared to GOLEM-EV.



Method Gauss (ER) Exp (ER) Gauss (SF) Exp (SF)
etho
F1(1) SHD{) FI(T) SHD{) FI(t) SHD() FI(t) SHD()

PC-stable 0.397 29.5 0.381 30.2 0.374 30.8 0.403 29.3
LINGAM 0.220 47.1 0.267 46.3 0.204 50.9 0.272 47.7
NTS-B 0.787 13.2 0.745 16.6 0.734 159 0.681 19.7
ECA 0.661 24.0 0.638 254 0.608 26.6 0.569 29.1
RoaDs (Ours) 0.821 114 0.777 14.6 0.750 15.2 0.734 14.1
GOLEM-EV  0.807 12.1 0.728 17.4 0.701 18.2 0.672 20.0

Table 1: Comparison under EV noise (gauss and exp) for linear SEM on the ER-2 and SF-2 (n,, = 20, ng = 2n,, Pa, Pb, Pe

0.3,0.3, 1) (1: higher is better, bold indicates the best performance) .

Method Gauss (ER) Exp (ER) Gauss (SF) Exp (SF)
etho
F1(t) SHD{) FI(t) SHD{) FI(t) SHD{) FI(t) SHD()

PC-stable 0.397 29.5 0.381 30.2 0.374 30.8 0.403 29.3
LiNGAM 0.142 51.0 0.185 48.4 0.124 52.9 0.161 49.1
NTS-B 0.300 36.6 0.360 329 0.318 33.6 0.300 354
ECA 0.362 384 0.391 36.4 0.330 39.2 0.365 36.8
RoaDs (Ours) 0.384 327 0.434 30.0 0.402 30.2 0.370 33.2
GOLEM-NV  0.301 354 0.336 339 0.281 35.0 0.371 36.3

Table 2: Comparison under NV noise for linear SEM on the ER-2 and SF-2 (n,, = 20, ng = 2n,, pa, Db, pc = 0.3,0.3,1).

Linear SEM (NV). As shown in Table 2, the linear NV
setting introduces a highly non-convex optimization land-
scape (Ng, Huang, and Zhang 2024), causing a sharp per-
formance decline for most continuous optimization meth-
ods. In contrast, PC remains robust as it is less sensitive to
noise variances. Notably, our RoaDs maintains performance
competitive with PC, demonstrating its superior resilience in
navigating this challenging scenario.

Nonlinear SEM. Under nonlinear conditions (Table 3),
PC remains robust due to its non-parametric nature, whereas
LiNGAM fails as linearity assumption is violated. NTS-
B and ECA, exhibit a significant decline in SHD. They
are forced to incorporate an excessive number of edges
(over 100) to minimize the least-squares loss while simul-
taneously adhering to flawed constraints. In this challeng-
ing environment, RoaDs achieves remarkable performance,
with its Fl-score surpassing ECA by an average of 14.5%
and NTS-B by 15.4%. Furthermore, RoaDs demonstrates
its resilience in settings with GP noise, while NOTEARS-
MLP achieves a F1-score below 0.1, which indicates a near-
complete failure to identify the correct causal edges.
Further comparisons are provided in Appendix G, cover-
ing different noise types (Gumbel and Normal), numbers of
variables (n,,), numbers of edges (k), and sample sizes (n4).

Influence of constraints. Figure 3 and 4 investigate the in-
fluence of both the quantity and quality of prior knowledge
on continuous optimization methods. When p, increases,
as more imperfect constraints is introduced, ECA exhibits
overfitting to the flawed priors. NTS-B performs comparably
to GOLEM-EV. In stark contrast, RoaDs demonstrates the
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Figure 3: Influence of positive constraints rate p, for contin-
uous methods (n, = 20,ng = 214, pp, pc = 0.3, 1).

ability to effectively filter this information, as its SHD de-
creases substantially with a higher p,. When increasing the
error rate p;, within the constraints, ECA proves highly sen-
sitive, with its SHD increasing dramatically. NTS-B shows
a more gradual performance decline. Our proposed RoaDs
distinguishes itself by maintaining a stable and low SHD
even at high error rates. This superior robustness stems from
its prior alignment mechanism, which mitigates the impact
of priors that are inconsistent with the observation data.

More detailed comparison is provided in Appendix H, in-
cluding results under other settings and sensitivity for p,.



Method MLP (ER) GP (ER) MLP (SF) GP (SF)
etno

FI(T) SHD()) FI(T) SHD()) FI(T) SHD() FI(T) SHD()
PC-stable 0343 314 0323 337 0370 327 0303 359
LiNGAM 0.172 396 0065 372 0171 386 0079 370
NTS-B 0321 1132 0277 1187 0324 1101 0264 1199
ECA 0344 1074 0272 1190 0335 1067 0271 1180
RoaDs (Ours) 0578 259 0358 324 0520 281 0347 329
NOTEARS-MLP 0489 319 0057 359 0445 303  0.054 357

Table 3: Comparison under nonlinear SEM on the ER-2 and SF-2 (n,, = 20, ng = 2n4, pa, Pb, e = 0.3,0.3,1).
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Figure 4: Influence of imperfect constraints rate p; for con-
tinuous methods (n, = 20,ng = 2n4, Pa, pe = 0.3, 1).

Ablation study. Figure 5 presents our ablation study on
the contributions of Prior Alignment (PA) and Multi-Task
Learning (MTL). In the linear case, MTL is more critical: its
removal reduces the F1-score by 14.8%, whereas removing
PA causes only a 4.9% drop. This suggests that in relatively
convex landscapes, effective optimization strategy is more
important than the objective’s formulation. Conversely, in
the highly non-convex nonlinear case, PA becomes domi-
nant. Its removal leads to a 21.1% F1-score decrease, com-
pared to just 3.8% for MTL. This indicates that in such
complex landscapes, establishing a well-formed optimiza-
tion objective is more fundamental than the subsequent op-
timization strategy.

Further evaluation on other components, including differ-
ent normalization methods, various surrogate models, and
running time comparison, is provided in Appendix L.

Case study. We evaluated our method on the Sachs dataset
(Sachs et al. 2005), a widely-used benchmark for causal dis-
covery from human protein-signaling networks. For our ex-
periments, we used its 853 sample observational data (11
variables) and simulated imperfect domain knowledge with
parameters pg,pp, pe = 0.3,0.3,1. As summarized in ta-
ble 4 (for a threshold of 0.1), RoaDs significantly outper-
forms all competing approaches by achieving the highest

0.8

— 0.5_
F

0.2 4

0.0 -
linear

nonlinear
[ RoaDs EEE w/o MTL [ w/o PA

Figure 5: Ablation study on ER-2 (n, = 20, ng =
2M0,Pa, Pbs Pe = 0.3,0.3, 1, PA indicates prior alignment).

Method F1 SHD Precison Recall
PC_stable 0.333 14.0 0.384 0.291
LiNGAM - - - -
NTS-B 0.384 14.0 0.500 0.235
ECA 0414 17.0 0.500 0.353
RoaDs 0480 12.0 0.750 0.353
No Priors 0.364 13.0 0.800 0.235

Table 4: Comparison under Saches dataset (thres = 0.1).

F1-score and lowest SHD. Detailed DAG visualizations and
results for other thresholds are provided in Appendix J.

Conclusion

We proposed RoaDs, a novel framework that utilizes the
dataset to align priors and employs MTL to resolve the con-
flict between data-driven and knowledge-driven optimiza-
tion goals under imperfect structural constraints. Empiri-
cal evaluation demonstrates the robustness of RoaDs across
both linear (EV and NV) and nonlinear SEMs, as well as its
effectiveness under various noise types and constraint rates.

However, this work use MGDA to randomly identify the
solution on Pareto front, which may not align with decision-
maker’s specific preferences. Therefore, future work could
focus on developing a Pareto set learning model to generate
DAGs adaptable to arbitrary preferences (Navon et al. 2021),
or extending RoaDs to incorporate interventional data.
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