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Abstract

In this paper, we study the bias and high-order error bounds of
the Linear Stochastic Approximation (LSA) algorithm with
Polyak-Ruppert (PR) averaging under Markovian noise. We
focus on the version of the algorithm with constant step size
and propose a novel decomposition of the bias via a lineariza-
tion technique. We analyze the structure of the bias and show
that the leading-order term is linear in the step size and can-
not be eliminated by PR averaging. To address this, we ap-
ply the Richardson-Romberg (RR) extrapolation procedure,
which effectively cancels the leading bias term. We derive
high-order moment bounds for the RR iterates and show that
the leading error term aligns with the asymptotically optimal
covariance matrix of the vanilla averaged LSA iterates. We
validate applicability of our findings for the temporal differ-
ence algorithm in reinforcement learning.

Extended version — https://arxiv.org/abs/2508.05570

1 Introduction
Stochastic approximation (SA) algorithms (Robbins and
Monro 1951) play a foundational role in modern machine
learning due to their various applications in reinforcement
learning (Sutton and Barto 2018) and empirical risk mini-
mization. In this paper, we consider the simplified setting of
linear SA (LSA) algorithms, which estimate a solution of
the linear system Āωω = b̄. For a sequence of step sizes
{εk}k→N, a burn-in period n0 → N, and an initialization
ω0 → Rd, we consider the sequences of estimates {ωk}k→N
and {ω̄n}n↑n0+1 given by

ωk = ωk↓1 ↑ εk{A(Zk)ωk↓1 ↑ b(Zk)} , k ↓ 1,

ω̄n = (n↑ n0)
↓1

n↓1∑

k=n0

ωk , n ↓ n0 + 1 .
(1)

Here, ω̄n corresponds to the Polyak-Ruppert averaged esti-
mator (Ruppert 1988; Polyak and Juditsky 1992), a popu-
lar instrument for accelerating the convergence of stochastic
approximation algorithms. In (1), {Zk}k→N is a sequence of
random variables taking values in some measurable space
(Z,Z), andA(Zk) and b(Zk) are stochastic estimates of Ā

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

and b̄, respectively. In this paper, we focus on the setting
where {Zk}k→N is a Markov chain.

One of the key questions related to the recurrence (1)
is the choice of step sizes {εk}k→N. While the classical
SA schemes (Robbins and Monro 1951; Polyak and Ju-
ditsky 1992) correspond to the setting of decreasing step
sizes, a lot of recent contributions (Huo et al. 2024; Lauand
and Meyn 2022) focus on the setting of constant step sizes
εk = ε > 0. This setting is of particular interest be-
cause it enables geometrically fast forgetting of the initial-
ization (Dieuleveut, Durmus, and Bach 2020) and is often
easier to use in practice. At the same time, the solution of
the SA problem obtained with a constant step size suffers
from an inevitable bias, which arises in non-linear problems
(Dieuleveut, Durmus, and Bach 2020) or even in linear SA
(1) when the sequence of noise variables {Zk}k→N forms a
Markov chain, see e.g., (Lauand and Meyn 2022; Durmus
et al. 2025; Huo, Chen, and Xie 2023a). This problem can
be partially mitigated using the Richardson-Romberg (RR)
extrapolation method. To formally define this method, we
denote the LSA iterations (1) with a constant step size ε and
define the corresponding Polyak-Ruppert averaged iterates
as

ω(ε)
k

= ω(ε)
k↓1 ↑ ε{A(Zk)ω

(ε)
k↓1 ↑ b(Zk)} , (2)

ω̄(ε)
n

= (n↑ n0)
↓1

n↓1∑

k=n0

ω(ε)
k

.

The next steps of the Richardson-Romberg (RR) procedure
rely on the fact that the bias of ω̄(ε)n is linear in ε and is of or-
der O(ε), see e.g., (Huo, Chen, and Xie 2023a). To proceed
further, a learner considers two sequences {ω(ε)

k
, k → N}

and {ω(2ε)
k

, k → N} with the same noise sequence {Zk}k→N.
Then for any n ↓ n0 + 1, one can set

ω̄(ε,RR)
n

= 2ω̄(ε)
n

↑ ω̄(2ε)
n

.

The non-asymptotic analysis of Richardson-Romberg ex-
trapolation has recently attracted a lot of contributions in the
context of linear SA (Huo, Chen, and Xie 2023a), stochas-
tic gradient descent (SGD) (Durmus et al. 2016; Dieuleveut,
Durmus, and Bach 2020), and non-linear SA problems (Huo
et al. 2024; Allmeier and Gast 2024). At the same time, a
large and relatively unexplored gap is related to the question
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of the optimality of the leading term of the error bounds for
ω̄(ε,RR)n ↑ ωω. To properly define what ”optimality” means
in this context, note that in the context of linear SA prob-
lems with a decreasing step size (1), the sequence {ω̄n}n→N
is asymptotically normal under appropriate conditions on
{εk}k→N, that is

↔
n(ω̄n ↑ ωω)

d↑↗ N (0,!↔), n ↗ ↘ .

The covariance matrix !↔ here is known to be asymp-
totically optimal both in a sense of the Rao-Cramer lower
bound and in a sense that it corresponds to the last iterate
of the modified process ω̃k, which uses the optimal precon-
ditioner matrix (Ā↓1 in the context of linear SA). Details
can be found in the papers (Polyak and Juditsky 1992; Fort,
Gersende 2015). A precise expression for !↔ is given later
in the current paper, see (7). It is known for SGD methods
with i.i.d. noise and averaging that the Richardson-Romberg
estimator achieves mean-squared error bounds (MSE) with
the leading term, which aligns with !↔; that is,

E1/2[≃ω̄(ε,RR)
n

↑ ωω≃2] ⇐
↔
Tr!↔↔

n
+O

(
1

n1/2+ϑ

)
,

for some ϑ > 0. This result is due to (Sheshukova et al.
2025). To the best of our knowledge, there is no result of
this kind available for the setting of Markovian SA. In this
paper, we aim to close this gap for the setting of linear SA,
yet we expect that the developed method can be useful for
a more general setting. The main contributions of this paper
are as follows:
• We propose a novel technique to quantify the asymptotic
bias of ω(ε)n . Our approach considers the limiting distri-
bution ”ε of the joint Markov chain {(ω(ε)

k
, Zk+1)}k→N

and analyzes the bias ”ε(ω0) ↑ ωω. Then, we apply the
linearization method for ω(ε)

k
from (Aguech, Moulines,

and Priouret 2000). This allows us to study the limiting
distribution of the components, whose average values are
shown to be ordered by powers of ε.

• We establish high-order moment error bounds for the
Richardson-Romberg method, where the leading term
aligns with the asymptotically optimal covariance !↔.
We analyze its dependence on the number of steps n, step
size ε, and the mixing time tmix.

2 Related Work
The stochastic approximation scheme is widely studied
for reinforcement learning (RL) (Sutton 1988; Sutton and
Barto 2018). The well-known Temporal-Difference (TD)
algorithm with linear function approximation (Bertsekas
and Tsitsiklis 1996) can be represented as the LSA prob-
lem. Originally, this method was proposed in (Robbins and
Monro 1951) with a diminishing step size. While asymp-
totic convergence results were first studied, non-asymptotic
analysis later became of particular interest. For general SA,
non-asymptotic bounds were investigated in (Moulines and
Bach 2011; Gadat and Panloup 2023). For LSA with a con-
stant step size, finite-time analysis was presented in (Mou
et al. 2020, 2024; Durmus et al. 2025).

The bias and MSE for non-linear problems with i.i.d.
noise have been studied for SGD in (Dieuleveut, Durmus,
and Bach 2020; Yu et al. 2021; Sheshukova et al. 2025), and,
recently, with both i.i.d. and Markovian noise in (Zhang and
Xie 2024; Zhang et al. 2024; Huo et al. 2024; Allmeier and
Gast 2024). Another source of bias arises under Markovian
noise and cannot be eliminated using averaging, as shown in
(Lauand andMeyn 2022, 2023). MSE bounds for Markovian
LSA have been studied in several works, including (Srikant
and Ying 2019; Mou et al. 2024; Durmus et al. 2025). In
(Mou et al. 2024) and (Durmus et al. 2025), the authors de-
rive the leading term, which aligns with the optimal covari-
ance !↔, but they do not eliminate the effect of the asymp-
totic bias.
Further, when studying Markovian LSA, in (Lauand and

Meyn 2022) the authors address the problem of bias, which
can’t be eliminated using PR averaging. In the work (Lauand
and Meyn 2023), the authors establish weak convergence
of the Markov chain (ωn, Zn+1) and also provide a decom-
position for the limiting covariance of the iterations. In our
work, we establish a similar result in Theorem 1. The work
(Lauand andMeyn 2024) extends results on bias and conver-
gence of Polyak-Ruppert iterations to diminishing step sizes
εk = ε0k↓ϖ with ϖ → (0, 1/2).
The non-asymptotic analysis of Richardson-Romberg has

been carried out in (Durmus et al. 2016; Huo et al. 2024;
Sheshukova et al. 2025; Allmeier and Gast 2024) for general
SA, with particular applications to SGD. Further, in (Huo,
Chen, and Xie 2023a) and (Huo, Chen, and Xie 2023b), the
authors derive bounds for the LSA problem. In the work
(Huo et al. 2024), the authors establish a bias decomposition
for general SA up to the linear term in the step size ε and de-
rive MSE bounds dependent on ε and the mixing time. For
LSA, (Huo, Chen, and Xie 2023a) extends this analysis by
deriving a bias decomposition via an infinite series expan-
sion in ε and examining the MSE under the RR procedure,
which eliminates arbitrary leading-order terms. Both works
demonstrate that the RR technique accelerates convergence
and maintains the proper scaling with the mixing time. How-
ever, neither work explicitly identifies the leading-term coef-
ficient, and their results primarily address the improvement
of higher-order terms in ε. Additionally, (Huo, Chen, and
Xie 2023a) imposes a restrictive reversibility assumption on
the underlying Markov chain, limiting its applicability. Sep-
arately, (Huo, Chen, and Xie 2023b) explores the role of the
RR procedure in statistical inference, particularly in con-
structing confidence intervals. Further, in (Zhang and Xie
2024; Kwon et al. 2025) authors consider the application of
the RR procedure for Q-learning and two-timescale SA. A
comparison of the bias decompositions known in the litera-
ture with our approach can be found in Section 4.

3 Notations
Consider a Polish space Z and a Markov kernel Q on
(Z,Z) endowed with its Borel ϱ-field denoted by Z and let
(ZN,Z↗N) be the corresponding canonical space. Consider
a Markov kernel Q on Z ⇒ Z and denote by Pϱ and Eϱ the
corresponding probability distribution and expectation with
initial distribution ς. Without loss of generality, assume that
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(Zk)k→N is the associated canonical process. By construc-
tion, for any A → Z , Pϱ (Zk → A |Zk↓1) = Q(Zk↓1,A),
Pϱ-a.s. In the case ς = ωz , z → Z, Pϱ and Eϱ are denoted
by Pz and Ez . Also, for any measurable space (X,G) with
the signed measure µ, we define the total variation norm
≃µ≃TV = |µ|(X).

Let (X,G) be a complete separable metric space equipped
with its Borel ϱ-algebra G. We call c : X ⇒ X ↗ R+

a distance-like function, if it is symmetric, lower semi-
continuous and c(x, y) = 0 if and only if x = y, and there
exists q → N such that d(x, y)q ⇐ c(x, y). We denote by
H(ς, ς↘) the set of couplings of probability measures ς and
ς↘, that is, a set of probability measures on (X ⇒ X,G ⇑ G),
such that for any # → H(ς, ς↘) and any A → G it holds
#(X ⇒ A) = ς↘(A) and #(A ⇒ X) = ς(A). We define the
Wasserstein semimetric associated to the distance-like func-
titon cp(·, ·), as

Wc,p(ς, ς
↘) = inf

!→H(ϱ,ϱ→)

∫

X≃X
cp(x, x↘)#(dx, dx↘) . (3)

We also denote Wc(ς, ς↘) := Wc,1(ς, ς↘).

4 Bias of the LSA Iterates
In this section we aim to study the properties of the sequence
ω(ε)
k

given by (2) based on theory of Markov chains. Using
the definition (2) and some elementary algebra, we obtain

ω(ε)
k

↑ ωω = (I↑ εA(Zk))(ω
(ε)
k↓1 ↑ ωω)↑ εφ(Zk) , (4)

where we have set

φ(z) = Ã(z)ωω ↑ b̃(z) , Ã(z) = A(z)↑ Ā , (5)

b̃(z) = b(z)↑ b̄ .

We consider the following assumptions on the noise vari-
ables {Zk}:
UGE1. {Zk}k→N is a Markov chain with the Markov kernel
Q taking values in complete separable metric space (Z,Z).
Moreover, Q admits ↼ as an invariant distribution and is
uniformly geometrically ergodic, that is, there exists tmix →
N⇐ such that for all k → N⇐,

!(Qk) ⇐ (1/4)⇒k/tmix⇑ , (6)

where !(Qk) is Dobrushin coefficient defined as

!(Qk) = sup
z,z→→Z

(1/2)≃Qk(z, ·)↑Qk(z↘, ·)≃TV .

Equivalently, there exist constants ↽ > 0 and ϖ → (0, 1) such
that for all k ↓ 1,

sup
z→Z

≃Qk(z, ·)↑ ↼≃TV ⇐ ↽ϖk .

Here, tmix is the mixing time of Q. UGE 1 implies, in
particular, that ↼ is the unique invariant distribution of Q.
We also define the noise covariance matrix

!(M)
ς

= Eφ[φ(Z0)φ(Z0)
T ] + 2

↔∑

↼=1

Eφ[φ(Z0)φ(Z↼)
T ] .

This covariance is limiting for the sum n↓1/2
∑

n↓1
t=0 φ(Zt),

see (Douc et al. 2018)[Theorem 21.2.10]. Due to (Fort,
Gersende 2015), the asymptotically optimal covariance ma-
trix !↔ is defined as

!↔ = (Ā)↓1!(M)
ς

(Ā)↓T . (7)
In the considered setting when {Zk}k→N is a Markov chain,
the sequence {ω(ε)

k
} given by (4), considered separately

from {Zk}k→N, might fail to be a Markov chain. This is not
the case in the setting when Zk are i.i.d. random variables,
see e.g. (Mou et al. 2020; Durmus et al. 2025). That is why,
in the current paper we need to consider the joint process
(ω(ε)

k
, Zk+1), which is a Markov chain with the kernel P̄ε,

specified below. For any measurable and bounded function
f : Rd ⇒ Z ↗ R+, (ω, z) → Rd ⇒ Z, we define P̄ε as

P̄εf(ω, z) =

∫

Z
Q(z, dz↘)f(Fz→(ω), z↘) ,

Fz(ω) = (I↑ εA(z))ω + εb(z) .

Thus, our next aim is to perform a quantitative analysis of
P̄ε. In particular, we show below that under appropriate reg-
ularity conditions, P̄ε admits a unique invariant distribution
”ε. Specifically, we impose the following assumptions:
A1. CA = sup

z→Z ≃A(z)≃ ⇓ sup
z→Z ≃Ã(z)≃ < ↘ and the

matrix ↑Ā is Hurwitz.
In particular, the condition that ↑Ā is Hurwitz implies

that the linear system Āω = b̄ has a unique solution ωω.
We further require the following assumptions on the noise
term φ(z) and the stationary distribution ↼ of the sequence
{Zk}k→N↑ :
A2.

∫
Z A(z)d↼(z) = Ā and

∫
Z b(z)d↼(z) = b̄. Moreover,

≃φ≃↔ = sup
z→Z

≃φ(z)≃ < +↘.

Theorem 1. Assume A1, A2, and UGE 1. Let 2 ⇐ p ⇐ q.
Then, for any ε → (0, (ε(M)

q,↔ ⇔ a↓1)t↓1
mix), the Markov ker-

nel P̄ε admits a unique invariant distribution ”ε, such that
”ε(≃ω0 ↑ ωω≃) < ↘. Here ε(M)

q,↔ is a constant depending
upon q and other problem characteristics, and is defined in
(30).

Proof sketch. We consider two noise sequences, {Zn, n →
N} and {Z̃n, n → N}, with a coupling time T . They evolve
separately before time T and coincide afterwards. See more
details on coupling construction in Appendix B.1. To prove
the statement, we first establish the result on the contraction
of the Wasserstein semimetric (3) with the cost function c0,
defined as

c0((ω, z), (ω
↘, z↘)) = (≃ω ↑ ω↘≃+ 1{z ⇓=z→})

⇒
(
1 + ≃ω ↑ ωω≃ + ≃ω↘ ↑ ωω≃

)
,

where (ω, z), (ω↘, z↘) → Rd ⇒ Z. To do that, we consider
two coupled Markov chains {(ω(ε)

k
, Zk+1), k ↓ 0} and

{(ω̃(ε)
k

, Z̃k+1), k ↓ 0}, starting from (ω, z) and (ω̃, z̃) re-
spectively. For n ↓ 1 and ω, ω̃ → R, we define:
ω(ε)
n

= ω(ε)
n↓1 ↑ ε{A(Zn)ω

(ε)
n↓1 ↑ b(Zn)}, ω0 = ω ,

ω̃(ε)
n

= ω̃(ε)
n↓1 ↑ ε{A(Z̃n)ω̃

(ε)
n↓1 ↑ b(Z̃n)}, ω0 = ω̃ .
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Then, for any z, z↘ → Z, from the result in Proposition 4, we
get:

Ẽz,z̃[c0((ω
(ε)
n

, Zn), (ω̃
(ε)
n

,Z̃n))] (8)

↭ ϖn
ε
c0((z, ω), (z̃, ω̃)) ,

where ϖε = e↓εa/24 and the expectation is taken over the
coupling measure. Finally, the existence and uniqueness of
the invariant measure ”ε follows from the contraction in-
equality (8) in conjunction with (Douc et al. 2018, Theorem
20.3.4). The detailed proof is provided in Appendix B.1.

Our next goal is to quantify the bias

”ε[ω0]↑ ωω .

Towards this aim, we consider the perturbation-expansion
framework of (Aguech, Moulines, and Priouret 2000), see
also (Durmus et al. 2025). We define the product of random
matrices

#(ε)
m:n =

∏
n

i=m
(I↑ εA(Zi)) , m ⇐ n , (9)

with the convention, #(ε)
m:n = I for m > n. Then we con-

sider the decomposition of the error into the transient and
fluctuation terms

ω(ε)
n

↑ ωω = ω̃(tr)
n

+ ω̃(fl)
n

, (10)

where

ω̃(tr)
n

= #(ε)
1:n{ω0 ↑ ωω} , (11)

ω̃(fl)
n

= ↑ε
n∑

j=1

#(ε)
j+1:nφ(Zj) .

Bounding the transient and fluctuation terms To bound
the transient term, we apply the result on exponential sta-
bility of the random matrix product from (Durmus et al.
2025, Proposition 7). For the fluctuation term ω̃(fl)n we use the
perturbation expansion technique formalized in (Aguech,
Moulines, and Priouret 2000) and later applied to obtain the
high-probability bounds in (Durmus et al. 2025). For this
decomposition, we define for any l ↓ 0 the vectors {J (l,ε)

n ,
H(l,ε)

n } which can be computed from the recursion relations

J (0,ε)
n

=
(
I↑ εĀ

)
J (0,ε)
n↓1 ↑ εφ(Zn) , (12)

H(0,ε)
n

= (I↑ εA(Zn))H
(0,ε)
n↓1 ↑ εÃ(Zn)J

(0,ε)
n↓1 , (13)

where J (0,ε)
0 = H(0,ε)

0 = 0. It is easy to check that

ω̃(fl)
n

= J (0,ε)
n

+H(0,ε)
n

.

Moreover, the term H(0,ε)
n can be further decomposed sim-

ilalry to (12) - (13). Precisely, for any L → N⇐ and ⇀ →
{1, . . . , L}, we consider

J (↼,ε)
n

=
(
I↑ εĀ

)
J (↼,ε)
n↓1 ↑ εÃ(Zn)J

(↼↓1,ε)
n↓1 , (14)

and

H(↼,ε)
n

= (I↑ εA(Zn))H
(↼,ε)
n↓1 ↑ εÃ(Zn)J

(↼,ε)
n↓1 , (15)

where we set J (l,ε)
0 = H(l,ε)

0 = 0. It is easy to check that,
in this setting,

H(l,ε)
n

= J (l+1,ε)
n

+H(l+1,ε)
n

,

and

ω̃(fl)
n

=
L∑

↼=0

J (0,ε)
n

+H(L,ε)
n

. (16)

To analyze the bias ”ε[ω0] ↑ ωω, we consider this expan-
sion with L = 2. That is, combining (12), (13) and (14),
we obtain the decomposition which is the cornerstone of our
analysis:

ω(ε)n ↑ωω = ω̃(tr)n +J (0,ε)
n +J (1,ε)

n +J (2,ε)
n +H(2,ε)

n . (17)

Following the arguments in (Durmus et al. 2021), this de-
composition can be used to obtain sharp bounds on the p-th
moment of the final LSA iterate ω(ε)n .

Bias expansion for LSA Similarly to (4), we can not con-
sider the process {J (↼,ε)

k
} separately, as it might fail to be a

Markov chain. Instead, we again consider the joint process

Yt = (Zt+1, J
(0,ε)
t

, J (1,ε)
t

) (18)

with the Markov kernel QJ(1) , which can be defined for-
mally in the similar way as P̄ε. We need to refine our as-
sumptions on the step-size compared to (31). More specifi-
cally, for any 2 ⇐ p < ↘, we set

ε(b)
p,↔

=

(
ε(M)
p(1+log d),↔ ⇔ 1

1 + CA
⇔ 1

ap

)
t↓1
mix , (19)

where ε(M)
↔ is defined in (31). For ease of notation, we set

ε(b)
↔ := ε(b)

2,↔. Note that the established step size suggests to
take smaller step sizes in order to control higher moments.
Proposition 1. Assume A 1, A 2 and UGE 1. Let ε →
(0,ε(b)

↔ ). Then the process {Yt}t→N is a Markov chain with
a unique stationary distribution ”J(1),ε .

Proof sketch. We consider the Markov chain {Yt, t ↓ 0}
with kernel QJ(1) , where Yt = (Zt+1, J

(0,ε)
t

, J (1,ε)
t

).
Our approach involves analyzing the convergence of this
Markov chain using the Wasserstein semimetric, defined in
(3), with a properly chosen cost function. Denoting Y =
(z, J (0), J (1)) and Ỹ = (z̃, J̃ (0), J̃ (1)), where Y, Ỹ → Z ⇒
Rd ⇒ Rd, we define the cost function as:

c(Y, Ỹ ) = ≃J (0) ↑ J̃ (0)≃ + ≃J (1) ↑ J̃ (1)≃ (20)

+ (≃J (0)≃ + ≃J̃ (0)≃
+ ≃J (1)≃ + ≃J̃ (1)≃ +

↔
εa≃φ≃↔)1{z ⇓=z̃} .

Note, the term
↔
εa≃φ≃↔ is introduced to account for the

fluctuations of J (0,ε)
n and J (1,ε)

n , whose magnitudes do not
exceed the order of this term. Now, we introduce the result
on the contraction of the Wasserstein semimetric for two
coupled Markov chains {Yt} and {Ỹt} starting from differ-
ent points. Choosing J (0), J̃ (0), J (1), J̃ (1) → Rd and z, z̃ →
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Z, we denote y = (z, J (0), J (1)) and ỹ = (z̃, J̃ (0), J̃ (1))
such that y ↖= ỹ. Then, by Lemma 3 with p = 1, for any
n ↓ 1, we have
Wc(ϑyQ

n

J(1) , ϑỹQ
n

J(1)) ↭ ϖn1,ε
√
log (1/εa)c(y, ỹ) , (21)

where ϖ1,ε = e↓εa/12. Thus, the existence of invariant
distribution ”J(1),ε directly follows from (21) and (Douc
et al. 2018, Theorem 20.3.4); for more details, see Ap-
pendix B.3.

We denote random variables
(Z↔+1, J

(0,ε)
↔

, J (1,ε)
↔

)

with distribution ”J(1),ε. Under stationary distribution, we
have E[J (0,ε)

↔ ] = 0. Consider now the component that cor-
responds to J (1,ε)

↔ . The following proposition holds:
Proposition 2. Assume A1, A2 and UGE 1. Then for ε →
(0,ε(b)

↔ ), it holds that

lim
n⇔↔

E[J (1,ε)
n

] = E[J (1,ε)
↔

] = ε$+R(ε) ,

where $ → Rd is defined as

$ = Ā↓1
↔∑

k=1

E[Ã(Z↔+k)φ(Z↔)] ,

and R(ε) is a remainder term which can be bounded as
≃R(ε)≃ ⇐ 12≃Ā↓1≃ C2

A t2mixε
2≃φ≃↔ .

Corollary 1. Under the setting of Proposition 2, we get the
following expansion for the asymptotic bias

lim
n⇔↔

E[ωn] = ”ε(ω0) = ωω + ε$+O(ε3/2) . (22)

Proof. From Proposition 8, we deduce that
limn⇔↔ E

[
≃J (2,ε)

n ≃
]
↭ ε3/2 and limn⇔↔ E

[
≃H(2,ε)

n ≃
]
↭

ε3/2. This implies that the term J (1,ε)
n should be the leading

term in the bias decomposition. Together with the analysis
of J (2,ε)

n , this confirms that {J (l+1,ε)
n , l ↓ 0} provides

the proper linearization of the bias in powers of ε, giving
rigorous justification for our decomposition approach. For
the complete proof, we refer to Appendix B.5.

Remark 1. By sequentially analyzing the terms
{J (k,ε)

n , k ↓ 2} in the decomposition of ωn, we can
obtain the bias decomposition as a power series in ε.
Additionally, in Proposition 6, we show that

lim
n⇔↔

E[J (2,ε)
n

] = ε2$2 +R2(ε) ,

where

$2 = ↑
↔∑

k=1

↔∑

i=0

E[Ã(Z↔+k+i+1)Ã(Z↔+i+1)φ(Z↔)]

and ≃R2(ε)≃ ↭ ε5/2. Furthermore, we expect that the re-
mainder term H(2,ε)

n = J (3,ε)
n + H(3,ε)

n in the bias de-
composition (17) is of order O(ε2). To establish this re-
sult, we can use a technique similar to the one used for the
p-th moment of J (2,ε)

n in Proposition 8. This suggests that
E1/p[≃J (3,ε)

n ≃p] ↭ ε2. Therefore, we conclude that the rate
O(ε2) could be achieved in the remainder term of (22).

Discussion Our coefficient $ in the linear term matches
the representation derived in (Lauand and Meyn 2023, The-
orem 2.5), but that work does not analyze MSE with re-
duced bias. To observe the next result, we define an adjoint
kernel Q⇐ such that for the invariant measure ↼, we have
↼ ⇑ Q(A ⇒ B) = ↼ ⇑ Q⇐(B ⇒ A). Additionally, we de-
fine the independent kernel ” such that for any z → Z and
A → Z , ”(z,A) = ↼(A). Under these notations, the au-
thors in (Huo, Chen, and Xie 2023a) considered the bias ex-
pansion arising from the Neumann series for the operator
(I↑Q⇐ +”)↓1(Q⇐ ↑”). Furthermore, adapting the proof
of Proposition 2, our result can be reformulated in terms of
Q⇐. This representation is less desirable because it requires
reversibility of the Markov kernel Q, as discussed in (Huo,
Chen, and Xie 2023a).

5 Analysis of Richardson-Romberg
Procedure

A natural way to reduce the bias in (22) is to use the
Richardson-Romberg extrapolation (Hildebrand 1987)

ω̄(ε,RR)
n

= 2ω̄(ε)
n

↑ ω̄(2ε)
n

. (23)
After this procedure the remainder term in the bias has or-
der O(ε3/2). Before the main theorem of this section, we
establish our key technical results. For that, we consider an-
other Markov chain {Vt}t→N with kernel QJ , where we set
Vt = (Jt, Zt+1). In fact, it is closely related to the one de-
scribed in (18) and also converges geometrically fast to the
unique stationary distribution as stated by Corollary 2.

Corollary 2. Assume A1, A2 and UGE1. Let ε → (0,ε(b)
↔ ).

Then the process {Vt}t→N is a Markov chain with a unique
stationary distribution ”J,ε .

Proof sketch. We define the cost function cJ : Rd ⇒ Z ⇒
Rd ⇒ Z ↗ R+, as:

cJ((J, z), (J̃ , z̃)) = ≃J ↑ J̃≃
+ (≃J≃ + ≃J̃≃ +

↔
εa≃φ≃↔)1{z ⇓=z̃} .

The result on the contraction of the Wasserstein semimetric
with cost function cJ for {Vt}t→N can be also obtained inde-
pendently using the technique from Proposition 1. However,
we derive a weaker result directly from Proposition 1, show-
ing that WcJ ,p(ϑyQ

n

J
, ϑỹQn

J
) ⇐ Wc,p(ϑyQn

J(1) , ϑỹQ
n

J(1)).
Hence, using the similar arguments, we conclude that the
Markov chain {Vt, t ↓ 0} admits invariant distribution
”J,ε. The detailed proof can be found in Appendix C.

Note that the invariant distribution ”J,ε coincides with
the distribution of (J (0,ε)

↔ , Z↔+1). For any J → Rd, z → Z,
we define:

⇁̄(J, z) = ⇁(J, z)↑ EφJ
[⇁0],

⇁̄t = ⇁̄(J (0,ε)
t

, Zt+1) .

The cost functions cJ and cJ(1) are designed such that the
function ⇁(J, z) = Ã(z)J for J → Rd, z → Z is Lipschitz,
specifically:

≃⇁(J, z)↑ ⇁(J̃ , z̃)≃ ⇐ 2CA cJ((J, z), (J̃ , z̃)) .
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This Lipschitz property is necessary for our analysis of
Theorem 2. The following result concerns the magnitude
of

∑
n↓1
t=n0

⇁t, which appears in the decomposition (26). It
has a non-zero bias, and thus, a direct estimation leads to
non-optimal behavior. However, after centering, the result
in Proposition 3 suggests that it can be estimated effectively.
This provides a theoretical justification for the numerical ex-
periments presented in Section 6.
Proposition 3. Assume A1, A2, and UGE 1. Then for any
probability measure ς on Rd ⇒ Z, 2 ⇐ p < ↘ and ε →
(0,ε(b)

p,↔), we get

E1/p
ϱ

[≃
n↓1∑

t=0

⇁̄t≃p] ⇐ c(2)
W,1 p

3/2(εn)1/2

+ c(2)
W,2 p

3ε↓1/2
√
log (1/εa) ,

where the constants c(2)
W,1, c

(2)
W,2 are defined in the supplement

paper, see (68).
Now, we conclude the result on p-th moment for error of

the RR iteration (23).
Theorem 2. Assume A1, A2 and UGE 1. Fix 2 ⇐ p < ↘,
then for any n ↓ tmix, ε → (0,ε(b)

p,↔) and initial probability
measure ς on (Z,Z), we have

E1/p
ϱ

[≃Ā(ω̄(ε,RR)
n

↑ ωω)≃p] (24)

⇐ 2CRm,1{Tr!(M)
ς

}1/2p1/2n↓1/2 +R(fl)
n,p,ε

+R(tr)
n,p,ε

≃ω0 ↑ ωω≃ exp{↑εan/24} ,

whereR(tr)
n,p,ε,R

(fl)
n,p,ε are provided in (25), andCRm,1 = 60e

is obtained from the Rosenthal inequality(see Theorem 3).

The quantities R(tr)
n,p,ε and R(fl)

n,p,ε correspond to the fluc-
tuation and transient terms in the error decomposition. We
set them as follows

R(fl)
n,p,ε

↭ pn↓3/4 (25)

+ (p3/2(εn)↓1/2 + ε1/2)p3/2n↓1/2

+ p7/2ε3/2 log3/2(1/εa) ,

R(tr)
n,p,ε

↭ (εn)↓1 ,

Here↭ stands for the inequality up a constant which doesn’t
depend on p, n and ε. Precise expressions for the terms
R(fl)

n,p,ε and R(tr)
n,p,ε are given in the supplement paper, see

equation (87).

Proof sketch of Theorem 2. Using (1) and the definition of
the noise term φ(·) in (5), we can write the decomposition
for the Richardson-Romberg iterations

Ā(ω̄(ε,RR)
n

↑ ωω) (26)

= {2ε(n↑ n0)}↓1(4ω(ε)
n0

↑ ω(2ε)
n0

↑ (4ω(ε)
n

↑ ω(2ε)
n

))

+ {n↑ n0}↓1
n↓1∑

t=n0

{e(ω(2ε)
t

, Zt+1)↑ 2e(ω(ε)
t

, Zt+1)} .

The leading term can be bounded using the result for the p-
th moment of the last iteration in Lemma 7. The last term
can be further decomposed using

∑
n↓1
t=n0

e
(
ω(ε)
t

, Zt+1

)
= E(tr,ε)

n + E(fl,ε)
n , (27)

where we have set

E(tr,ε)
n

=
∑

n↓1
t=n0

Ã(Zt+1)#
(ε)
1:t {ω0 ↑ ωω} ,

E(fl,ε)
n

=
∑

n↓1
t=n0

φ(Zt+1)

+
2∑

↼=0

n↓1∑

t=n0

Ã(Zt+1)J
(↼,ε)
t

+
n↓1∑

t=n0

Ã(Zt+1)H
(2,ε)
t

.

The first term in E(fl,ε)
n is linear statistics of Markov chain

{Zk, k → N}. Therefore, we can bound it using the ver-
sion of Rosenthal inequality for Markov chains from (Dur-
mus et al. 2023). For the term involving J (0,ε)

t
, we employ

the expansion from (88), yielding a centered random vari-
able component plus a bias term. This decomposition allows
direct application of the inequality in Proposition 3 to the
sum of centered random variables, which yields the bound
O((ε/n)1/2 + ε↓1/2n↓1). Combining this with the result
from Proposition 2, we conclude that the remaining term is
O(ε2).
Then, we apply Proposition 8 to control the statistic∑
n↓1
t=n0

Ã(Zt+1)J
(1,ε)
t

, which we express in terms of J (2,ε)
n

via the expansion in (14). For the analogous term involving
H(2,ε)

n , we establish the required bound in Proposition 9.
The detailed proof can be found in Appendix D.1.

Note that the bound in Proposition 3 motivates the choice
ε = O(n↓1/2), aligning with the rate observed in the
i.i.d case. Optimization over ε gives us the following high-
probability bound. Also, the term with p3 could be slightly
improved to p2 through a more accurate analysis of the
Lemma 5. Additionally, following the discussion in Re-
mark 1, we expect that the remainder term O(ε3/2) in The-
orem 2 could be improved to O(ε2), though this would
require a technically complicated analysis of J (3,ε)

n . Us-
ing Markov’s inequality, we derive the following high-
probability bound.
Corollary 3. Assume A1, A2 and UGE 1. For 2 ⇐ p < ↘
and any n ↓ tmix, we consider the step size

ε(n, d, tmix, p) = ε(b)
p,↔

n↓1/2 . (28)

Substituting (28) into (24) with p = ln (3e/ϑ), it holds with
probability at least 1↑ ϑ, that

≃Ā(ω̄(ε,RR)
n

↑ ωω)≃ ↭
√
Tr!(M)

ς log (1/ϑ)n↓1/2

+ (1 + log3/2 (n) log5/2 (1/ϑ)) log (1/ϑ)n↓3/4

+ n↓1/2 log (1/ϑ)≃ω0 ↑ ωω≃ exp

↑ε(b)

1+log d,↔
n1/2


.

Discussion Our analysis establishes high-order moment
bounds and, as a consequence, high-probability bounds for
RR iterations in Markovian LSA. Moreover, the leading
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(a) (b) (c) (d)

Figure 1: In subfigures (a), (b) and (c), we consider the step size ε = n↓↽ . Subfigure (a): error for RR iterations (23). Subfigure
(b): error for PR iterations (2). Subfigure (c): error for RR, multiplied by a factor n2↓↽ , which corresponds to the leading term
of (25) after substituting ε. Subfigure (d): MSE of Polyak-Ruppert and Richardson-Romberg iterations for different step sizes
ε.

term in (24) scales with {Tr!(M)
ς }1/2, which is known to

be locally asymptotically minimax optimal for the Polyak-
Ruppert iterates (Mou et al. 2024) and aligns with the CLT
covariance matrix!↔(see (7)). In (Dieuleveut, Durmus, and
Bach 2020), the authors study the bias and MSE for SGD
with i.i.d noise, and propose the Richardson-Romberg ex-
trapolation to reduce this bias. However, they only consider
MSE bounds and do not obtain the proper factor for the lead-
ing term. In the Markovian LSA literature, the authors simi-
larly consider only MSE and do not explicitly emphasize the
leading term (Huo et al. 2024; Huo, Chen, and Xie 2023a,b;
Zhang and Xie 2024). The closest result, (Sheshukova et al.
2025), shows high-order bounds with the leading term prop-
erly aligned with the optimal covariance, but in this work,
the authors consider general SA with i.i.d. noise, the analy-
sis of which differs significantly from our case.

6 Experiments
In this section, we aim to demonstrate the effect of reduced
bias achieved through Richardson-Romberg extrapolation
and to validate the accuracy of the bound obtained in Theo-
rem 2. For this purpose, we adopt an example introduced in
(Lauand and Meyn 2024). More precisely, we consider the
Markovian noise {Zk, k ↓ 1} on the space Z = {0, 1} with

transition matrix P =

(
a 1↑ a

1↑ a a

)
and a → (0, 1). For

any z → {0, 1}, we consider the noisy observations
A(z) = z ·A(1) + (1↑ z) ·A(0),

b(z) = z · b(1) + (1↑ z) · b(0) ,
where we set

A(0) = ↑2

(
↑2 0
1 ↑2

)
, b(0) =

(
0
0

)
,

A(1) = ↑2

(
1 0
↑1 1

)
, b(1) = 2

(
1
1

)
.

Hence, we have Ā = I and b̄ = (1/2)b(1). In the following
experiments, we set a = 0.3 and ranNtraj = 400 trajectories
from ω0 = ωω following (2).

Figure 1d illustrates the significant reduction in bias
achieved by the Richardson-Romberg scheme, estimating
E[≃ω̄(ε)n ↑ ωω≃2] and E[≃ω̄(ε,RR)n ↑ ωω≃2]. These results jus-
tify that, after a few iterations, the error of the RR procedure
starts to decrease faster than for PR averaging. Additionally,
in Figure 1, we show that the resulting dependence on ε
and n in the bounds (25) is tight. To achieve this, for differ-
ent sample size n we select different step sizes of the form
ε = n↓↽ for β → [1/2, 1), substitute these into (25), and
compute the scaling of the termR(fl)

n,p,ε w.r.t. n. For β ↓ 1/2,
with mentioned choice of ε, R(fl)

n,p,ε scales as n↽↓2.
To verify numerically this rate, we consider the follow-

ing procedure. We approximate the terms E[≃ω̄(ε)n ↑ ωω +
(1/n)

∑
n

k=1 φ(Zk)≃2] for PR averaging, and

$(RR)
n

= E[≃ω̄(ε,RR)
n

↑ ωω + (1/n)
n∑

k=1

φ(Zk)≃2]

for Richardson-Romberg iterations. The moments of the lat-
ter term should scale with n↽↓2. We verify this effect nu-
merically setting ε = n↓↽ for β → {1/2, 2/3, 3/4, 5/6}
and providing the plots for $(RR)

n and n2↓↽$(RR)
n in Fig-

ure 1a and Figure 1c, respectively. Additionally, in Figure 1a
and Figure 1b, we compare the error for different choices of
stepε. We can see that the stepε = n↓1/2 gives the smallest
error for Richardson-Romberg iterations, while for Polyak-
Ruppert averaging this choice of step introduces a large bias
in the error.

7 Conclusion
We studied the high-order error bounds for Richardson-
Romberg extrapolation in the setting of Markovian linear
stochastic approximation. By applying the novel technique
for bias characterization, we were able to obtain the leading
term which aligns with the asymptotically optimal covari-
ance matrix !↔. For further work, we consider the gener-
alization of the obtained results to the setting of non-linear
Markovian SA and SA with state-dependent noise.
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