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Abstract

Detecting the origin of information or infection spread in
networks is a fundamental challenge with applications in mis-
information tracking, epidemiology, and beyond. We study
the multi-source detection problem: given snapshot observa-
tions of node infection status on a graph, estimate the set of
source nodes that initiated the propagation. Existing methods
either lack statistical guarantees or are limited to specific diffu-
sion models and assumptions. We propose a novel conformal
prediction framework that provides statistically valid recall
guarantees for source set detection, independent of the un-
derlying diffusion process or data distribution. Our approach
introduces principled score functions to quantify the align-
ment between predicted probabilities and true sources, and
leverages a calibration set to construct prediction sets with
user-specified recall and coverage levels. The method is ap-
plicable to both single- and multi-source scenarios, supports
general network diffusion dynamics, and is computationally
efficient for large graphs. Empirical results demonstrate that
our method achieves rigorous coverage with competitive accu-
racy, outperforming existing baselines in both reliability and
scalability.

Code — https://github.com/xcjian/Conformalized-Network-
Source-Detection

Extended version — https://arxiv.org/abs/2511.08867

1 Introduction

Online social networks have experienced substantial expan-
sion over the past few decades, becoming vital platforms for
information dissemination (Bakshy et al. 2011; Mitchell et al.
2013). Their dense connectivity and increasing role in news
distribution allow rumors, often started by multiple users, to
spread quickly across large network segments. When mis-
information causes harm, identifying its original sources is
crucial for investigators, akin to tracing patient zero in epi-
demiological challenges like COVID-19 (Hu et al. 2020) to
inform containment strategies. This source detection problem
(Shah and Zaman 2011; Luo, Tay, and Leng 2013) is the
focus of our study.

The propagation of rumors or diseases on a network can be
modeled as the spread of information, where any node that
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acquires the information is considered infected. The process
typically begins with a finite set of source nodes, denoted by
Y. Each infected node may transmit the information to its
neighbors and, depending on the model, may recover (e.g.,
in rumor spreading, a recovered node stops propagating the
information) and become susceptible again. There are mul-
tiple models such as SIS, SIR, SIRS that describe different
propagation patterns (Shelke and Attar 2019). Given one or
more snapshots of node statuses after the outbreak, the multi-
source detection problem aims to estimate the original set of
source nodes ).

The multi-source detection problem is inherently chal-
lenging because different source sets can produce identical
observed infection patterns, and exhaustively enumerating all
possible source sets is computationally infeasible (Shah and
Zaman 2011). Early research primarily explored centrality-
based methods (Shah and Zaman 2011; Chen, Zhu, and Ying
2014; Zhu and Ying 2014; Wang et al. 2015; Luo, Tay, and
Leng 2017; Tang, Ji, and Tay 2018), which estimate the
sources by maximizing various graph centrality measures as
proxies for the maximum likelihood estimator, relying on
single snapshots and without assuming available simulated
data. However, these approaches offer provable guarantees
only for specific graph structures, such as trees (Shah and
Zaman 2011; Luo, Tay, and Leng 2013), and require heuristic
adaptations for general graphs (Shah and Zaman 2011; Luo,
Tay, and Leng 2017; Ji, Tang, and Tay 2019).

More recently, data-driven machine learning techniques,
particularly those based on Graph Neural Networks (GNNs),
have been applied to multi-source detection by framing it as
a node status pattern recognition problem (Shah et al. 2020;
Yan, Fang, and He 2023), with some leveraging multiple
snapshots (Sha, Al Hasan, and Mohler 2021) and requiring
knowledge about propagation model and parameter ranges
for simulating training data. Despite their empirical success,
these methods also lack statistical performance guarantees.

In this work, we address this gap by developing a con-
formal prediction (CP) framework (Angelopoulos and Bates
2023; Angelopoulos, Barber, and Bates 2025) combined with
a backbone GNN for multi-source detection based on multi-
ple snapshots of node status. Unlike previous similar work
using the data-driven approach, ours provides rigorous per-
formance guarantees. Specifically, our goal is to construct a

prediction set C' of nodes such that its recall rate for identi-



fying the true source nodes exceeds 1 — 3 with probability
at least 1 — «, where v, 8 € [0, 1] are user-specified nominal
levels. The adjustable /3 allows users to balance coverage and
prediction set size. A smaller 5 improves coverage, but also
increases the size of detected node set, raising the subsequent
investigation costs.

To obtain a pre-trained GNN and a calibration dataset for
CP, we assume access to a diffusion path dataset. This dataset
can be derived from real-world diffusion examples, such as
intranet network propagation, or generated through simula-
tions when the propagation models and parameter ranges
are known (Sha, Al Hasan, and Mohler 2021). While this
additional information is considered expert knowledge and
may require external input, it enables more accurate model-
ing compared to centrality-based methods. For compatibility
with the SD-STGCN model (Sha, Al Hasan, and Mohler
2021), we assume multiple snapshots are available as inputs.
However, our CP approach is flexible and can accommodate
various input formats.

CP is a statistical approach that provides confident predic-
tion sets with guaranteed coverage, using any predictor as
backbone (Vovk, Gammerman, and Shafer 2005). It is model-
free and distribution-free, ensuring the statistical coverage
guarantee regardless of the predictor or data distribution.
CP is widely applied in image classification (Bhatnagar et al.
2023; Angelopoulos, Barber, and Bates 2024; Romano, Sesia,
and Candes 2020), text classification (Tyagi and Guo 2023),
time series prediction (Bhatnagar et al. 2023; Gibbs and Can-
des 2024; Angelopoulos, Barber, and Bates 2024), and other
inference tasks.

In single-source detection, traditional CP yields a node
set that contains the true source node with statistical guar-
antee. However, in multi-source detection where there is a
set of source nodes, the traditional CP methods produces a
collection of node sets that contains the target node set with
statistical guarantees (Maltoudoglou et al. 2022; Tyagi and
Guo 2023; Katsios and Papadopoulos 2024). This deviates
from the target of finding a node set to include a proportion
(1 — B) of the true source set with statistical guarantee. Exist-
ing methods like ArbiTree and PGM (Cauchois, Gupta, and
Duchi 2021) addressed the cases when 3 = 0, however, they
are restricted to the special case where the graph is a tree.
ADIT (Dawkins, Li, and Xu 2021) established coverage guar-
antee for network source detection using a hypothesis-testing
approach, applicable only to the single-source case.

Another related line of research studies CP methods
for semi-supervised node classification on graphs (Huang
et al. 2023; H. Zargarbashi, Antonelli, and Bojchevski
2023; Zargarbashi and Bojchevski 2024). However, these ap-
proaches do not address the set inclusion objective required
for source detection. First, while multi-source detection can
be cast as a binary node classification problem, it is not a
semi-supervised setting. Second, these methods provide only
marginal (node-wise) coverage guarantees, rather than guar-
antees on the inclusion of the source set.

To the best of our knowledge, this is the first work to apply
CP to the network source detection problem using multiple
snapshots and with the goal of predicting a multi-source set
while providing rigorous performance guarantees. We estab-
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lish sufficient conditions for the design of non-conformity
scores and the construction of prediction sets to achieve a
user-specified nominal recall rate. Our approach is computa-
tionally efficient, scaling well with the graph size, and does
not rely on restrictive assumptions about the underlying net-
work structure. Importantly, the statistical inclusion guarantee
of our method holds under the minimal assumption of ex-
changeability between the calibration and test data, in line
with standard CP methodology.

In summary, the main contributions of this work are as
follows:

1. We propose non-conformity score designs for set estima-
tion problems, targeting a nominal recall rate with statis-
tical guarantee. These scores yield efficient (i.e., small)
prediction sets.

2. We apply the proposed score to the multi-source detection
problem. Compared to existing methods that only deal
with single-source detection, this approach works under
arbitrary number of sources and propagation models.

3. We numerically validate the advantage of our proposed
method on the multi-source detection problem under real-
world network propagation.

Notation: We use Q(U, a) to denote the sample lower a-
quantile of a set U/. The power set of a set I/ is written as
24, For a positive integer k, we write [k] to denote the set
{1,2,...,k}.

2 Related Work
2.1 CP for Set Estimation

In this subsection, we present a brief review of the literature
on CP for set estimation problems. These works address the
multi-label classification problem, where the target output is
a set of labels, similar to the multi-source detection problem.

In multi-label classification, where the label set contains
N elements, any label subset can be represented as an N-
dimensional binary vector. This allows the set estimation
problem to be reformulated as a point estimation problem.
However, since there are 2"V possible binary vectors, directly
applying traditional CP becomes computationally infeasible
(Maltoudoglou et al. 2022; Tyagi and Guo 2023). To address
this, some works organize the labels into a hierarchical tree
structure and apply multiple hypothesis testing to control the
family-wise error rate (Tyagi and Guo 2023). Additionally,
incorporating the covariance structure between labels using
the Mahalanobis distance, rather than the standard Euclidean
norm, has been shown to improve prediction efficiency (Kat-
sios and Papadopoulos 2024).

In all the aforementioned works that address CP for label
set estimation, the focus is on finding a collection of subsets
that contains the ground truth label subset with probability
guarantee. This approach may not always be appropriate. In
particular, for set estimation tasks such as network multi-
source detection, returning a collection of possible node sub-
sets is often impractical or uninformative. Instead, it is more
desirable to provide a single node set that includes the true
source set )/, or achieves a specified recall rate with high
probability.



Existing methods such as PGM and ArbiTree (Cauchois,
Gupta, and Duchi 2021) address set inclusion problems by

constructing inner and outer sets, Cj, and Cyy, that sat-

isfy Cj, C YV C Cyy with statistical guarantees. These ap-
proaches rely on learning a hierarchical tree structure over the
label set and designing non-conformity scores tailored to this
structure. The prediction sets are then efficiently computed
via message passing on the label tree. However, these meth-
ods have notable limitations: (i) the tree structure learning in
PGM does not scale to large label sets, as it requires solving
O(N?) convex optimization problems without closed-form
solutions; and (ii) both the non-conformity score design and
prediction set construction are restricted to tree-structured
label relationships, making them unsuitable for more general
or arbitrary network structures. Conformal risk control (CRC)
(Angelopoulos et al. 2024) is a CP approach for set estima-
tion. Our approach can be seen as its score-based version
targeting at controlling the recall rate but with different score
designs. We present detailed explanation and comparison in
the extended version of this work (Jian et al. 2025).

2.2 Hypothesis Testing-based Confident Source
Detection

We next briefly review the confident network source detec-
tion method ADiT (Dawkins, Li, and Xu 2021). This method
addresses the single-source detection problem over general
networks under the ST model, providing a prediction set that
contains the true source with statistical guarantees. For each
node, a hypothesis test is formulated: the null hypothesis is
that the node is the source, and the alternative is that it is not.
To construct the test statistic, multiple infection paths are sim-
ulated from each node, and the average fitness of these paths
with respect to the observed infection status is computed. A
higher fitness indicates that the node is more likely to be the
true source. Based on this fitness measure, hypothesis tests
are performed for all nodes, and the prediction set is formed
by including those nodes for which the null hypothesis is not
rejected.

In summary, ADIiT provides assumption-free prediction
sets for the source detection problem with statistical guaran-
tees. Its fitness measure, which incorporates infection order,
often leads to reasonably small prediction sets. However, the
method has notable limitations: (i) it cannot be extended to
multi-source scenarios, as hypothesis testing for all possi-
ble node subsets is computationally infeasible; and (ii) it
cannot be directly applied to more complex models such as
SIR, since the fitness function does not account for recovered
nodes.

3 Preliminaries
3.1 The Source Detection Problem

In this subsection, we introduce the multi-source detection
problem over networks, using a compartmental epidemic
model to describe information spreading. The network is
represented by a graph G = (V, &), where V is the set of
nodes and £ is the set of edges, with |V| = N. While our
approach is not restricted to a particular diffusion model, for
illustration purposes, we focus on the SIR model, which is
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widely used in both epidemiology and information diffusion
studies (Sha, Al Hasan, and Mohler 2021; Shah et al. 2020).
In this propagation model, each node belongs to one of three
compartments: susceptible (), infected (1), or recovered (R).
A susceptible node can become infected through contact (i.e.,
an edge) with an infected neighbor, with a certain probability.
Infected nodes may recover and transition to the recovered
state.

Let 0, (t) € {S, I, R} denote the status of node v at time ¢.
The discrete-time dynamics are given by (Keeling and Rohani
2011; Shah et al. 2020; Yan, Fang, and He 2023):

PO,(t)=1]0,(t—1)=8)=1- ]
uEN (v),
6. (t—l):[

P(0,(t) = R [ 0,(t — 1) = I) = Orec,

(1 — oinf),

where A (v) denotes the neighbors of v, and iy and oyec
are the infection and recovery rates, respectively. The basic
reproduction number is defined as Ry := GinfA1 /0rec, Where
)1 is the largest eigenvalue of the adjacency matrix of G.

The SIR model can be implemented as an independent
cascade process: starting from a set of source (infected) nodes
Y C V, each infected node attempts to infect its neighbors
independently at each time step. The SIR model generalizes
the widely used SI model, which is recovered by setting
orec = 0 (i.e., no recovery).

The multi-source detection problem is the inverse problem
that estimates the set of infection sources, assuming snap-
shots of node status are observed at time points t; < ta <
-+ < tpy. For any prediction set C, its performance can be

ICNY _lcny
O] and recall := >

measured by precision :=

3.2 Conformal Prediction

We briefly review the basic pipeline and theoretical results
of conformal prediction (CP). There are two main variants:
full CP and split CP (Angelopoulos, Barber, and Bates 2025).
Split CP is a computationally efficient special case of full CP
and is widely used in practice. In this work, we focus on split
CP.

Split CP consists of the following components: (i) A point
estimator, such as a pre-trained neural network, which maps
inputs to outputs. Let X and V¥ denote the input and output
spaces, respectively. In classification tasks, WV is the set of
possible labels, and the neural network typically outputs es-
timated probabilities for each label. (ii) A non-conformity
score s : X x W — R, which quantifies how atypical a
given input-output pair is with respect to the model; higher
values indicate less conformity. (iii) A calibration dataset
{(X;,w;) : i € [n]} € X x W. By evaluating the non-
conformity scores on this set, we can empirically estimate
the distribution of prediction errors and thus construct a
prediction set. Given a new test input X, and a user-
specified nominal level «, split CP defines the prediction
setas C(Xy41) :i={w e W : s(X,41,w’) < Go}, where
Jo = Q({s(X4,wi)}"_y, (1 — @) (1 + 1)) is the empirical
(1 — ) quantile of the calibration scores. This construction
yields the following statistical guarantee.



Theorem 1 ((Vovk, Gammerman, and Shafer 2005)). If the
calibration set and the test data are exchangeable, then

IED(wn+1 € é(xn+1)) >1-a. 1)

Among all methods satisfying the coverage guarantee (1),

a smaller prediction set G(XnH) is preferred, as its size
reflects the efficiency of the CP procedure.

3.3 Conformalized Multi-source Detection

We now formulate the conformalized network multi-source
detection problem. Recall that we have N nodes in a graph
G and we observe M snapshots of the node status at M
time instances. The input space is X = {S, I, R}V *M  rep-
resenting the status of each node at each observed time in-
stance. The output space is 2V, i.e., the set of all possible
subsets of nodes. Suppose we have a pre-defined function
f(X) = (F(v))vey € RY, where a larger 7(v) indicates a
higher likelihood of v € Y given X € X'. For instance, f can
be a pre-trained neural network, and 7(v) can be an estimate
of P(v € Y |X). As in standard CP, we assume access to
a calibration set {(X;,);) : i € [n]} C X x 2Y, and de-
note the test data point as (X,,+1, Vn+1). Given the observed
snapshots X, 1 € X, our goal is to construct a prediction

set é(xnﬂ; a, ) such that

Va1 N C(Xnp1; v, B)
|yn+1‘

21=-p)z21-a, (2

where a and § are user-specified nominal levels. In other
words, the prediction set should achieve a recall rate of at
least 1 — 3 with probability at least 1 — c.

4 Conformal Prediction for Set Estimation

In this section, we introduce a principled framework for con-
structing prediction sets that satisfy the recall guarantee in
(2), while also achieving high efficiency in both prediction
accuracy and computational cost.

4.1 Conformal Prediction for Set Inclusion

We first develop CP approaches for the special case where
B = 0, and then extend this to the general case where 3 €
[0, 1]. Note that when 3 = 0, (2) becomes

P(Vur1 € C(Xny1:0,0)) 21— a. 3)

In what follows, we write C(X,41; o, 0) as C(X,11; o) for
simplicity.
We define the following map (see Fig. 1 for illustration):
v X x 2V 2V
(X U) = {v eV : 7 (v) = min7(:)}. @)
zE

Recall that 7(v) is the output of f(X) on the vertex v for
any v € V. The intuition behind + is that, adding those nodes
from V with larger predicted probabilities than min, ¢y 7(2)

to U should yield better conformity and thus worth consider-
ing.
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Figure 1: Illustration of (X, ). Suppose the nodes are
indexed such that w(vy) > ... > 7(vn). When U =
{v1,v2,v4}, Y(X,U) := {v1,v9, 3,04 }.

Let the non-conformity score be a function
s: X x2Y - R
(X, U) = s(X, (X, U)),
i.e., it operates on 2V through the function . We suppose
that it is monotone: if (X, U ) C v(X,Usz),
s(X,v(X,U1)) < s(X, (X, Ua)). 6)
Below we provide two examples:
Spre : (X, U) —m GZ 7(2), (D
zev(X,U)
ZzE'y(X,Z/{) 7(2)
2evT(2)

It can be shown that s, and s, satisfy (5) and (6).

&)

Srec © (X, U)

Remark 1. The score designs (7) and (8) are meaningful
since they represent the non-conformity in terms of precision
and recall rate respectively, under the oracle case where
7(v) = P(v € Ypt1 | Xny1) for all v € V. For any fixed
U C V, the expected precision of the set v(X,U) given
Xy+1 can be calculated as

Iy (X, U) () Vit 1]
E[ (X, 20) X"“]
1
= 0| Z E[1{z € Y1} | Xnt1l,

zey(X,U)

which coincides with (7) under the oracle case up to a mi-
nus sign. Using similar arguments, the recall rate of the set
~(X,U) given X,, 11 can be calculated as

EllyXU) N Vuir [ Xnt1] _ Leerxan T(2)
E[|Vnt1] | Xng1] ZZEV 7(2) ’
which coincides with (8).
Let 3o := Q({s(X;, V3) 1y, (1 — a)(1 + 1)). The pre-
diction set is defined as
CXpir;0) i ={veV : s(Xni1, {v}) <Gn}. )

Next, we prove that C(X,,41; a) satisfies (3). This is the
result of the following key observation.




Proposition 1. Under the conditions (5) and (6), the follow-
ing two events are equivalent:

Yot1 € O(Xpi1; 0); (10)

$(Xnt1,Vn+1) < Ga- an

Proposition 1 yields the inclusion guarantee (3) as follows.
Theorem 2. Assume that {(X;,V;) : i € [n+ 1]} are ex-

changeable. Then C(X,,11; ) (cf. (9)) satisfies the inclusion
guarantee (3).

Furthermore, we show that (9) can also be obtained by
applying our proposed scores within existing CP frameworks
(Jian et al. 2025, Section VII).

4.2 Conformal Prediction with Recall Rate
Guarantee

Theorem 2 establishes the validity of the prediction set con-
struction in (9) for the special case where the nominal recall
rate is 1 (i.e., 5 = 0in (2)). We now generalize this approach
to handle arbitrary recall levels 8 € [0, 1]. Our strategy con-
sists of two steps: first, we define a map that shrinks the
ground truth set ) by retaining only a (1 — /3) fraction of its
elements; second, we apply the prediction set construction
from (9) to ensure inclusion of this shrunken set.

To shrink sets, we define the map v : X x 2V — 2V such
that

v(X,U) CU (12)
(X, U)| = (1-B)U|. (13)

for any &/ C V. Then replacing ); by the shrunken sets
v(X;, ;) for all i € [n + 1] and formulating the prediction

set via (9), we obtain a set C(X,,41; o, 3) such that
P(v(Xns1, Vo) € CXpaion ) 2 1—a. (14)
Note that v(X 41, Vnt1) C G(Xnﬂ; a, 3) implies

Vn+1 ﬂé(xnﬂ;%ﬁ)’

|y n+1 |
Combining this with (14) we obtain the following result.

>1- 3.

Theorem 3. Suppose the map v satisfies (12) and (13). Let

~ n 1
i = QX (X YNy (1= )1+ 1))
and define the prediction set as

CXnyia,8) i={v eV : s(Xnp1, {v}) <Gu}. (15)
Then, this set satisfies the recall rate guarantee (2).

In the above argument, the only requirements on the shrink-
ing map v are (12) and (13), i.e., v(X,U) should be a subset
of U while maintaining at least (1 — ) proportion of ele-
ments. One natural construction of such a map is to retain
the (1 — ) proportion of elements with the largest predicted
probability (cf. Fig. 2), i.e.,

V(X7L+17 yn+1)

= {0 € Vuy1 : 7(v) 2 —QU-F() }oeynin, 1 — B)}-

(16)
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Finally, we note that this shrinking strategy can be com-
bined with any existing CP approach that achieves the inclu-
sion guarantee in (3), such as ArbiTree (Cauchois, Gupta, and
Duchi 2021). By applying the same reasoning, the resulting
method also satisfies the recall rate guarantee in (2).

Hﬂﬂﬂﬁﬁ v

Figure 2: Illustration of v(X,U). Suppose the nodes are
indexed such that w(vy) > ... > 7(vy). When U =
{’Ulav271}4}’ /8 = % V(X_7Z/{) = {vlaUQ}-

5 Experiments

In this section, we present numerical results for conformal-
ized multi-source detection under various propagation pat-
terns on real-world networks. Our objectives are twofold: (i)
to achieve the recall rate guarantee in (2); and (ii) to maximize
efficiency by minimizing prediction set sizes.

We implement our method using two non-conformity score
designs sy and sy (see (7) and (8)), referred to as setCP-
pre and setCP-rec , respectively. For comparison, we include
the following baselines: ADiT (Dawkins, Li, and Xu 2021)
and ArbiTree (Cauchois, Gupta, and Duchi 2021). All meth-
ods except ADIT are based on the conformal prediction (CP)
framework and thus require a pre-trained neural network. We
use the SD-STGCN model (Sha, Al Hasan, and Mohler 2021)
as the backbone, modifying its output to N x 2 channels and
adapting the loss function for binary node classification in
the multi-source detection setting.

We evaluate the proposed and baseline methods across
a range of nominal levels («, 3) to assess their ability to
achieve the desired recall guarantees. In addition, we sys-
tematically investigate performance under various practical
scenarios, including: (i) varying the number of sources; (ii)
different diffusion models (e.g., SI and SIR); (iii) a range
of propagation speeds; and (iv) multiple real-world network
topologies.

Datasets. We simulate SIR and SI propagation processes
over three social networks: highSchool, bkFratB, and sthh,
which are obtained by aggregating contact records (Sha,
Al Hasan, and Mohler 2021) within groups of people.

Experimental setup. For all experiments, we use a cali-
bration set of size n = 7600 and a test set of size 400. The
pre-trained model is trained on a separate set of 20, 000 sam-
ples. Each experiment is repeated over 50 random splits of
the calibration and test sets to ensure robustness of the results.



Inclusion Rates

Prediction Set Size

Method B a=0.05 a=0.10 a=0.15 a=0.05 a=0.10 a=0.15
0.1 1.000 £ 0.000 1.000 £ 0.000 1.000 £ 0.000 774.000 &+ 0.000 774.000 £ 0.000  774.000 £ 0.000
setCP-rec 0.3 1.000 £0.000 0.897 +0.012 0.845 £ 0.016 774.000 & 0.000  16.246 + 0.479 15.017 + 0.434
0.5 0.950£0.010 0.899 +£0.013 0.847 £0.015 11.856 + 0.338 9.874 + 0.279 8.912 + 0.248
0.7 0947 £0.010 0.898 +0.014 0.848 £0.016  8.949 + 0.273 6.570 £ 0.186 5.307 £ 0.148
0.1 0.951=£0.011 0.899 £0.016 0.852+0.016 25.069 £0.566  22.576 + 0.511 20.640 £ 0.463
setCP-pre 0.3 0.951£0.012 0.899 +0.016 0.850 £ 0.018 21.333 =0.486  18.622 4 0.429 16.599 + 0.391
P 0.5 0.949 £0.009 0.898 +£0.015 0.847 £0.017 16.493 £0.384  13.670 &+ 0.327 11.719 £ 0.291
0.7 0948 £0.009 0.899 +0.014 0.849 +£0.016 13.056 & 0.307 9.669 + 0.283 7.860 + 0.273
0.1 0.993 £0.005 0.980+0.008 0.961 £0.010 771.022 +1.054 764.048 £4.216 750.241 £ 10.979
ArbiTree 0.3 0.992 £0.005 0.973 +£0.009 0.941 £0.014 763.480 +3.888 741.736 £7.911 709.067 £ 10.800
0.5 0983 £0.007 0948 £0.013 0.910 £ 0.014 748.169 + 6.251 710.206 &+ 10.059 669.028 £ 11.733
0.7 0.969 £0.008 0.928 £0.012 0.881 £ 0.014 727.488 +9.241 681.732 £ 10.512 637.896 + 12.525

Table 1: Inclusion rates and prediction set sizes under the SIR model with random parameters (|| € [15], Ry € [1,15],
Orec € [0.1,0.4]) over the highSchool network (N = 774) for methods setCP-pre, setCP-rec, and ArbiTree. The best and the
second-best results under each («, 3) configuration are boldfaced and underlined, respectively.

Inclusion Rates

Prediction Set Size

Model Method V| =1 V| =7 V| =10 V=1 V=7 Y| =10
setCP-rec  0.901 +0.015 0.903 +0.016 0.899 +0.014 23.315+0.626  29.053 + 0.288  40.309 - 0.437

s1 setCP-pre  0.902 +0.013 0.900 +0.014 0.904 +0.015 25.691 +0.324  37.438 0372  52.139 + 0513
ADIT 0.988 =+ 0.005 - - 24.432 + 0.698 - -
ArbiTree  0.896 +0.014 1.000 +0.001 1.000 £ 0.001 624442 + 14.545 770.490 & 1.087 770.933 & 0.774
Method V=1 y|=7 1V|=10 V=1 V|=7 1V|=10

SIR  setCP-rec  0.901 +0.015 0.903 +0.017 0903 +0.015 23.045-+0.607 27.996 +0.308 37.732 + 0.311
setCP-pre  0.900 &+ 0.015 0.902 +0.017 0.901 +0.015 23.551 +0.366  34.451 & 0.287  49.255 = 0.502
ArbiTree  0.902 +0.016 1.000 + 0.000 1.000 + 0.000 607.128 + 13.636 768.980 + 0.863 769.771 + 1.178

Table 2: Inclusion rates and prediction set sizes under the SI model (oj,r = 0.25) and SIR model (ojys = 0.25, 0pec = 0.15) over
the highSchool network (N = 774) with different number of sources (denoted by |Y|). When || > 1, nominal levels are set as
a=0.1,8=0.3. When |Y|=1,5=0.

Inclusion Rates

Prediction Set Size

Method Ry highSchool bkFratB sthh highSchool bkFratB sfhh
1,15] 0.897 £0.012 0.902 £0.016 0.901 +0.014 16.246 = 0.479 13.415 £ 0.426 14.740 + 0.485
setCP-rec  [11,25] 0.894 £0.018 0.902 £ 0.015 0.902 +0.016 26.340 £ 0.783 19.425 + 0.569 22.862 £ 0.859
21,35] 0.897 £0.015 0.895+£0.017 0.901 £0.017 37.055+1.270 23.763 + 0.547 30.245 £ 0.965
1,15] 0.899 £0.016 0.896 £ 0.014 0.899 £ 0.013 18.622 £ 0.429 16.256 + 0.478 16.107 4 0.441
setCP-pre [11,25] 0.898 £0.018 0.900 £ 0.016 0.900 +0.015 31.705 £ 0.902 24.867 +0.778 25.854 £ 0.651
21,35] 0904 +0.016 0.895+£0.015 0.901 £0.013 47.044 + 1.553 31.433 +0.842 36.330 & 0.941
1,15] 0.973 £0.009 0.988 £0.010 0.973 £0.013 741.736 = 7.911 56.618 £ 0.683 384.167 £+ 4.975
ArbiTree 11,25]  0.992 4+ 0.004 0.996 4+ 0.005 0.980 +0.008 761.811 £3.511 57.528 £ 0.398 390.277 =+ 3.583
21,35]  0.990 £ 0.006 0.998 £ 0.004 0.987 £ 0.006 762.320 £4.470 57.816 £ 0.264 394.993 £ 2.315

Table 3: Inclusion rates and prediction set sizes under the SIR model with random parameters (|)| € [15], oec € [0.1,0.4]) over
the highSchool, bkFratB, and sfhh networks (N = 774, 58, 403, respectively). R are drawn from different ranges to represent
different propagation speed. Nominal levels are set as « = 0.1, 8 = 0.3.
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All performance differences are significant in terms of a level
0.95 Wilcoxon signed-rank test.

Further details regarding the dataset and experimental set-
tings are included in the extended version (Jian et al. 2025).

5.1 Conformalized Detection under Different
Nominal Levels

We evaluate the quality of prediction sets derived by different
methods under different combinations of nominal levels o
and (. According to (2), it is expected that the prediction
sets cover at least (1 — ) proportion of the source set with
probability at least (1 — «). Besides, the size of the predic-
tion sets should be as small as possible. We implement the
methods under SIR models with parameters inf, Orec, o ran-
domly drawn from uniform distributions over certain ranges.
Since ADiT cannot be applied under multi-source detection
problem, it is not included in this comparison.

In Table 1, we report the empirical results for different
combinations of (a, 8). Across all settings, each method
achieves the desired recall rate (1 — 3) with probability at
least (1 — «) (up to a standard error). This provides empir-
ical support for Theorem 3, confirming the validity of the
statistical guarantees for our proposed non-conformity scores
and prediction set constructions. Furthermore, these results
demonstrate that the shrinking strategy using the map v (see
(16)) effectively calibrates the recall rate to the user-specified
nominal level, not only for our proposed set construction in
(15), but also for alternative methods such as ArbiTree.

Across most nominal level settings, setCP-rec and setCP-
pre consistently achieve the best or second-best efficiency
in terms of predict set size, producing substantially smaller
prediction sets than ArbiTree. In contrast, ArbiTree yields
prediction sets that are nearly as large as the entire graph
(N = 774), making them impractically large for informative
inference. When the nominal recall rate is high (i.e., 5 is
small), setCP-rec also produces large, uninformative predic-
tion sets. This limitation arises from its score definition in
(8), which does not penalize the size of the prediction set. In
the extreme case where 3 = 0 (requiring all source nodes to
be included), if the GNN assigns zero probability to any true
source node, s;o. Will result in the entire node set ) being
selected. In contrast, sp.., which incorporates set size into its
formulation, yields more efficient prediction sets.

Finally, we remark that, since all methods fulfill the statis-
tical guarantees, in practice, different CP approaches can be
utilized, and the smallest prediction set can be chosen.

5.2 Conformalized Detection under Different
Propagation Models

We next compare the prediction performance of different
methods across various propagation models and network
topologies. The observed inclusion rates further confirm the
statistical guarantees established in Theorem 3, while the
sizes of the prediction sets provide insight into the inherent
difficulty of each scenario.

In Table 2, we present the numerical results for both ST and
SIR models with varying numbers of sources. All methods
achieve the desired recall rate guarantee, while setCP-rec
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setCP-rec setCP-pre ADiIT ArbiTree

1.392 £+ 0.008 1.559 +£ 0.008 792.170 +£ 23.936 79.637 £ 1.208

Table 4: Average time (in seconds) for computing on 400
test samples under the ST model (oi,r = 0.25), || = 1, with
a = 0.05,0.07,0.10,0.15,0.20.

consistently yields the smallest prediction sets. Additionally,
for a fixed number of sources and method, the prediction
sets under the SIR model are always smaller than those un-
der the ST model. This is because the SIR model provides
additional information through the recovery status, making
the inverse problem easier and resulting in more efficient
(smaller) prediction sets.

Table 3 reports results across different social networks.
As before, all methods satisfy the recall rate guarantee, and
setCP-rec consistently achieves the smallest prediction sets.
For a fixed network and method, the prediction set size in-
creases with larger values of Ry. This is expected, as a higher
Ry corresponds to a faster infection rate oj,s, making the
inverse problem more challenging.

The execution time for evaluating each method on the
test data is shown in Table 4. ADiT and ArbiTree are im-
plemented by parallel computing to manage their compu-
tational demands, as using a single thread would result in
excessive time costs. In contrast, setCP-rec and setCP-pre
operate on a single thread without parallel computing. The
results demonstrate that setCP-rec and setCP-pre are sub-
stantially faster than both ADiT and ArbiTree. Although the
computational complexity for evaluating the prediction set
in (15) is O(N log N)—slightly larger than ArbiTree and
ADIT with complexity O(N )—the practical runtimes differ
significantly. This is because ArbiTree requires two recursive
message-passing steps over the label tree, whereas setCP-rec
and setCP-pre only require a single pass to compute scores
for all nodes followed by sorting. In contrast, ADiT performs
a hypothesis test for each node, which involves estimating
the distribution of the test statistic via multiple Monte Carlo
simulations, further increasing its computational cost.

6 Conclusion and Limitations

In this paper, we introduced a systematic CP framework
for network multi-source detection, capable of achieving
user-specified recall rates with rigorous statistical guarantees.
Theoretically, our approach relies only on the minimal as-
sumption of data exchangeability, offering a general solution
to conformalized set estimation problems. Empirically, the
method demonstrates superior efficiency compared to exist-
ing approaches, both in terms of prediction accuracy and
computational performance. One limitation of our approach
is its dependence on having access to a calibration set of
diffusion data. In some applications, this can be syntheti-
cally generated based on prior knowledge of the propagation
model and parameter ranges, which may require external
expert input. Future work involves studying how mismatch in
this prior knowledge affects the performance of our method,
and how to adaptively update our prediction using new data.
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