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Abstract

Predicting the distribution of future states in a stochastic sys-
tem, known as belief propagation, is fundamental to reasoning
under uncertainty. However, nonlinear dynamics often make
analytical belief propagation intractable, requiring approxi-
mate methods. When the system model is unknown and must
be learned from data, a key question arises: can we learn a
model that (i) universally approximates general nonlinear
stochastic dynamics, and (ii) supports analytical belief propa-
gation? This paper establishes the theoretical foundations for
a class of models that satisfy both properties. The proposed
approach combines the expressiveness of normalizing flows
for density estimation with the analytical tractability of Bern-
stein polynomials. Empirical results show the efficacy of our
learned model over state-of-the-art data-driven methods for
belief propagation, especially for highly non-linear systems
with non-additive, non-Gaussian noise.

Code — https:
//github.com/peteramorese/BernsteinFlow/tree/anony-zip

Extended version — https://arxiv.org/abs/2509.15533

1 Introduction

At the heart of intelligent reasoning under uncertainty is
the ability to predict future random outcomes. Prediction
accuracy has profound implications for the safety and ef-
fectiveness of real-world systems. Achieving accurate and
informative predictions requires both a representative model
of the underlying stochastic process and a principled method
for reasoning with that model. When the model is known but
nonlinear (or non-Gaussian), reasoning, specifically predict-
ing the future state distribution, known as belief propagation,
becomes analytically intractable and typically necessitates
approximation. When the underlying dynamics are unknown,
machine learning provides a data-driven means to model
them. However, the choice of learning model should not only
aim for expressive power but also support the type of reason-
ing required. In the case of belief propagation, this leads to a
central question: Can we learn a model that (i) universally
approximates general nonlinear stochastic dynamics, and (ii)
supports analytical belief propagation?
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This work focuses on the above question and lays the theo-
retical groundwork for a class of general nonlinear models
capable of learning complex stochastic systems while sup-
porting analytical belief propagation. The key insight is that,
under a Bayesian (Markov chain) framework, belief propaga-
tion reduces to two fundamental operations, multiplication
and integration, over two functions: the prior and the condi-
tional probability density functions (PDFs). If these functions
are represented as polynomials, these operations remain ex-
act, since polynomials are closed under both multiplication
and integration. This eliminates the need for approximation
during propagation. Building on this observation, we develop
a learning framework in which polynomials are trained to
soundly represent true PDFs, i.e., non-negative functions that
integrate to one over their domain. Specifically, in our ap-
proach, dubbed Bernstein Normalizing Flows (BNFs), the
underlying PDFs are modeled using Bernstein polynomials,
which offer both favorable analytical properties and universal
approximation capabilities. However, polynomials alone are
ill-suited for modeling PDFs over unbounded state spaces.
To overcome this limitation, we leverage insights from nor-
malizing flows (Papamakarios et al. 2021) to enable proper
universal density estimation with polynomials. Hence, by
embedding Bernstein polynomials in the normalizing flow
architecture, we obtain models that can approximate arbitrary
nonlinear stochastic systems while supporting efficient and
exact belief propagation.

To the best of our knowledge, the proposed BNF frame-
work is the first class of general nonlinear Markov chain
models that simultaneously support universal approximation
of stochastic dynamics and exact analytical belief propaga-
tion. Beyond the introduction of BNFs, this work makes three
key contributions: (i) an explicit-constraint-free training pro-
cedure for learning valid PDFs, (ii) a method for enhancing
model expressiveness without increasing the number of pa-
rameters, and (iii) empirical validation demonstrating the
effectiveness of BNFs for belief propagation in comparison
with state-of-the-art data-driven approaches.

Related Work Belief propagation in nonlinear stochastic
systems is a fundamental challenge in probabilistic reasoning
and control. A variety of approximate methods have been
developed to handle this task, particularly in the contexts
of filtering, density estimation, and probabilistic modeling.



These approaches vary in their trade-offs between accuracy,
tractability, and the ability to provide formal guarantees.

Approximate belief propagation has been extensively stud-
ied in the context of nonlinear filtering (Schei 1997; Julier
and Uhlmann 2004). Gaussian Mixture Models (GMMs) are
commonly used to represent multimodal beliefs (Alspach and
Sorenson 2003) while preserving some analytical tractabil-
ity, such as efficient sampling and region-based integration,
features valuable for planning. However, linearization-based
methods like the Extended Kalman Filter (EKF) (Jazwinski
2013) introduce significant error under nonlinear dynam-
ics. Component splitting techniques (Kulik and LeGrand
2024) mitigate this by recursively subdividing GMM com-
ponents, but the resulting exponential growth in components
renders long-horizon prediction intractable. These filtering
approaches also typically assume additive Gaussian noise,
making Gaussian Process (GP) regression a common choice
for learning system dynamics (Deisenroth et al. 2011).

Monte Carlo methods (Djuric et al. 2003) offer a flexible
alternative by representing beliefs with particle sets. Propaga-
tion is straightforward if state transitions can be sampled, but
obtaining a usable PDF requires post-hoc density estimation.
These methods are also prone to inaccuracies in low-sample
regions and lack formal error bounds. In contrast to the ap-
proximate methods, our approach performs analytical belief
propagation. Similar to GP regression with GMM propaga-
tion, our model can evaluate probabilistic future events, and
easily draw samples from the current belief.

Several works have aimed to provide formal error bounds
on belief propagation. For instance, Polymenakos et al. (2020)
derive bounds for GP models, while grid-based techniques
generalize formal GMM propagation to broader nonlinear
systems (Figueiredo et al. 2024), albeit under restrictive as-
sumptions (e.g., diagonal-covariance GMM approximations).
Moment-based propagation methods also exist (Jasour, Wang,
and Williams 2021), but moments alone are often insufficient
to fully recover the underlying distribution (Akhiezer 2020).
Unlike these methods, our approach does not assume a given
model; instead, we focus on learning a model that supports
exact belief propagation, eliminating the need for bounding
the approximation error entirely.

Polynomials have long been used for density estimation
(Yu and Loskot 2023) due to their normalization convenience.
Bernstein polynomials, in particular, have been applied to
smooth approximations of empirical distributions and in non-
parametric settings (Babu, Canty, and Chaubey 2002; Belalia,
Bouezmarni, and Leblanc 2017), though often via kernel-
based methods. Sampling from general multivariate poly-
nomial densities remains a challenge. Our work addresses
this by embedding Bernstein polynomials within a normaliz-
ing flow architecture. Univariate Bernstein polynomials have
been used in normalizing flows in conjunction with neural
networks for robustness and interpretability (Ramasinghe
et al. 2022; Arpogaus et al. 2025). However, due to the neural
network, the modeled density is not a polynomial. In contrast,
our proposed model is entirely polynomial, enabling efficient
sampling, maintaining model sparsity, and supporting exact
belief propagation.
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Notation Throughout the paper, bold symbols denote
vectors, e.g., X = [z1,...,2,] € R", and polynomial
functions are denoted as 7(x). Given a random variable
X, its probability density function (PDF), which we also
refer to as density, is denoted p(x), and the probabil-
ity of x being in region R C R"™ is denoted P(x €
R). Multivariate polynomials (e.g., in the monomial-basis)
m(x) = Z?f:o e Z?::O Cjy o gl - @in are denoted
with multi-indices 7(x) = Z;i:o cjxJ, and the set of corre-
sponding coefficients is denoted in bold as c. The set of all
degree-d polynomials is denoted I14[x]. For a vector-valued
function f(x), the i-th component is denoted f;(x). If f de-
pends only on the first [ < n components of x, we denote
this by writing f(x<;). If f depends only on the i-th compo-
nent of x, we use f(x;). Finally, the image of region R via
mapping f is denoted f(R) := {f(x) | x € R}.

2 Problem Formulation

Consider a discrete-time, non-linear stochastic dynamical
system of the form

Xpt1 = f(Xk, Vi) ()
where x; € X C R” is the state, and v, ~ p(v) is a
stochastic process noise variable. We assume function f is
continuous and differentiable, and the initial state xg ~ p(xg)
is random. This work considers a state space X that is either
unbounded, i.e., X = R", or bounded hyperrectangular, i.e.,
X=X ?:1 I, for some closed intervals I; C R.
The dynamics of System (1) can be equivalently repre-
sented by the state-transition distribution

p(Xk | Xp—1) = f(Xp—1,") (V) (2
where # denotes the push-forward operator. This representa-
tion, which implicitly captures the non-linear dependence of
f on x;, and vy, may be very complex for highly non-linear
systems. For ease of presentation, we denote this distribution
as p(x’ | x). Hence, the stochastic evolution of the system (1)
from the initial distribution p(xg) is captured by a continuous-
state Markov chain My = (X, p(xo), p(x’ | x)).

We consider a scenario where both the dynamics f and the
initial state distribution (belief) p(x¢) are unknown and must
be learned from data. Specifically, we assume data is provided
in the form of state input-output pairs Dy = {(%,%');} ¥,
where X € X is a point and X’ = f (%, v) for a realization of
v, and initial states Dy, = {()E())i}fvz‘)l for N, Ny € N.

We are interested in belief propagation, i.e., representing
the (marginal) state distribution p(x ), also referred to as the
belief of the state at some future time K € N, and probabilis-
tic reachability of a region of interest R C X at time step K,
i.e., P(xx € R), subject to starting at the initial belief p(xo).
Using the Markov chain M, the belief can be propagated
recursively for k = 1,..., K, using:

p(xk) = / P(Xp | Xp—1)P(Xp—1)dXp—1. 3)

Once p(x ) is constructed, then, the probabilistic reachabil-
ity is given by

P(xx € R) = / P(XK)dxk. )
R



We refer to (4) as belief evaluation.

Challenges The analytical feasibility of the integral opera-
tions described by (3) and (4) is critically dependent on the
coupling between the functional form of both distributions
p(xx) and p(x’ | x). In fact, for most known systems that
have non-linear dynamics, or even linear f but non-Gaussian
p(v), propagation via (3) is analytically infeasible, necessi-
tating approximation.

Since both p(xg) and p(x’ | x) are unknown and must be
learned, the following question arises: Is there a functional
Sform for p(xy) and p(xy | Xgp—1) that can model general
non-linear stochastic dynamics such that (3) and (4) become
analytically tractable ? To rigorously differentiate such desire-
able models from linear-Gaussian models, or even non-linear
models that assume additive-Gaussian noise, we define a
universal distribution approximator.

Definition 1 (Universal Distribution Approximator). Let P
be the set of all continuous PDFs supported on a compact
bounded support X C R™, ie., p(x) > O forall p € P,
x € X. Let Py be a family of distributions parameterized
by a set of parameters § where |f| < oo. Then, under any
probability divergence D(:[|-), pp € Pp is said to be universal
if for any p € P and € > 0, if there exists a 6 such that
D(pllpe) <e.

Definition 1 can be easily extended to describe universal
conditional PDF approximators by asserting that pp(x | y) is
universal for all y in a compact bounded region ) .

This work tackles the challenge of choosing a functional
form for learning an arbitrary Markov chain M ¢ subject to:

Cl. py(x0) and py(xy | X—1) are universal,
C2. py(xy) can be computed exactly via (3), and

C3. P(xx € R) can be computed exactly via (4) for any
hyper-rectangle R C X.

Hence, the belief propagation and evaluation problem that
we consider is as follows.

Problem 1. Given datasets Dy, and Dy generated from the
stochastic System (1) and a time horizon K € N, learn a
Markov chain My that adheres to conditions C1-C3, and
compute the distribution p(x ).

Approach Overview Ensuring that all three constraints
hold poses a challenging functional representation problem.
Recall that the recursive operation in (3) involves multipli-
cation and marginalization, while (4) requires definite inte-
gration. Among common function classes, polynomials are
one of the few that are closed under these operations and are
also known for their strong approximation capabilities. We
leverage these properties to address Problem 1.

In the remainder of the paper, all probability densities
po(-) assumed to be parameterized models. For notational
simplicity, we omit the subscript 8. All proofs are provided
in the extended version.

3 Preliminaries

Our approach builds on two existing concepts, normalizing
flows and Bernstein polynomials, which we review here.
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Normalizing Flow Normalizing flows (Papamakarios et al.
2021) are a powerful and expressive parametric form for
distribution modeling. In essence, a normalizing flow consists
of two parts: i) a diffeomorphism (invertible and differential
map) g : X — Z which maps from a “feature” space X
to a “latent” space Z that is homeomorphic to X, and ii)
a simple distribution p,(z) (often the standard Gaussian)
over the latent space Z. In essence, g~ ! transforms p,(z)
into a arbitrary density px(x) in the feature space X, and ¢

“reverses” the transformation, allowing px (x) to be expressed

using the differential change in volume, i.e.,

Px(%) = pa(9(x)) | det(Jy(x))]; Q)

where det(J,) is the determinant of the Jacobian of g-

For densny estimation or generative modeling, g is typi-
cally parameterized with a universal invertible function ap-
proximator. In order to make g invertible and have a tractable
Jacobian determinant, triangular maps are often used, i.e.,

9i(x) = gi(x<;), simplifying (5) to

) = o) | T )

To ensure that the triangular map is invertible, g; must be

monotonic along the i-th dimension, i.e., gq (x<;) > 0 for

Q)

all x<; € R". Importantly, under mild conditions (Papamakar-
ios et al. 2021) , (6) can approximate any arbitrary feature
distribution px as long as g; can approximate any monotonic
function along ;.

Bernstein Polynomials Any multivariate polynomial 7(x)
of degree d can be equivalently expressed in the Bern-
stein basis as m(x) = Z?:o bid§l (x), where ¢fl(x) =
T, (;l )x}i(1 — x;)% 7 are the Bernstein basis polyno-
mials, and b; are the coefficients. A coefficient set in the
Bernstein basis is denoted with b. The Bernstein basis allows
one to easily bound the polynomial using its coefficients. We
take advantage of this property in order to construct valid
polynomial distribution models.

4 Polynomial Distribution Modeling

In this section, we present our modeling framework for p(x)
and p(xy|xx—1). We aim to express both density functions as
multivariate polynomials to preserve the feasibility of (3) and
satisfy conditions C2 and C3. However, polynomials inher-
ently cannot represent PDFs supported over unbounded do-
mains such as R”, since a valid PDF must be a non-negative
function that integrates to one over its domain whereas any
non-negative polynomial 7 (x) yields f]R" x)dx = co. To
address this, we first map the unbounded support R™ to a
bounded domain and then define the polynomial PDF over
this transformed space.

Transforming the State Space Let U" := (0, 1)™ be the n-
dimensional open unit box. To enable the use of polynomial
density functions, we employ a mapping 2 : X — U” to
transform the original state space X into the unit box U". As
long as (2 is a diffeomorphism and diagonal, i.e., ;(x) =



Q;(x;), densities over X can be equivalently expressed over
U™ using (5) as follows.

Px (%) = pu(2(x)) [ det Ja(x)] (7a)

—ra@09) I[ (B2 ()).

K2

i=1

In fact, a valid choice for each component 2; of Q is a
univariate cumulative distribution function (CDF) of a con-
tinuous distribution supported on R, e.g., the Gaussian CDF,
since the CDFs are monotonic and continuous, i.e., they are
diffeomorphisms. The properties of the proposed models do
not depend on the specific choice of {2; however, certain
choices of 2 may allow the model to learn more accurate
representations of the underlying Markov chain (see the ex-
tended version for details on how to choose ().

The properties of {2 preserve the integration property

/ P (X)da; = / pa(w)dus, ®)
I; Q(I;)

i

over any interval I; of an axis of X. By extension, marginal-
izing or integrating py(x) over hyper-rectangular regions
R C X is equivalent to marginalizing or integrating over its
image Q(R) in U™. Note that (R) is guaranteed to also be
hyper-rectangular since €2 is diagonal and monotone.

This allows us to express a polynomial density p,(u) =
m(u), such that marginalizing over u; reduces to simply in-
tegrating the polynomial 7(u) over the interval [0, 1]. Ad-
ditionally, it is easy to verify that the product of any two
U"-polynomial densities of different random variables, e.g.,
p(ug|ug—1)p(ug—_1), as in (3), results in a polynomial and
remains integrable. For the remainder of the paper, we drop
the subscript when denoting densities, e.g., py(u) = p(u).

Since both multiplication and marginalization operations
in (3) (including integration in (4)) become simple polyno-
mial operations of the equivalent U"-polynomial densities,
we can learn the Markov chain M directly in U” without
imposing any restrictions on the generality of the underlying
systems or state distributions. Therefore, all that remains is to
specify the polynomial model parametric form for learning

p(up) and p(ug|ug—1).

Polynomial Density Estimation Density estimation is a
functional optimization problem with two constraints over the
support: i) the integral of the function over the support must
be 1, and ii) the function must be non-negative. Regarding (i),
the class of all polynomials of a fixed degree d that sum to
1 over U™, can be easily characterized as a linear constraint
over coefficients (Yu and Loskot 2023).

Enforcing constraint (ii), however, is more challenging
since even checking if a polynomial is non-negative over U"
is known to be NP-hard (Murty and Kabadi 1985). To ad-
dress this, we employ the Bernstein polynomial basis, which
provides a relaxation, i.e., a sufficient (but not necessary)
condition for bounding a polynomial (and its derivatives)
over U". We embed this relaxation within a normalizing flow
architecture to ensure the necessary invertibility conditions
for synthesizing valid polynomial densities.
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Bernstein Normalizing Flow

We propose the Bernstein Normalizing Flow (BNF) for
density estimation, particularly for learning p(ug). Recall,
triangular-map normalizing flows are an expressive paramet-
ric form for universal density estimation, which can be easily
extended to universal conditional density estimation.

We aim to formulate a polynomial distribution over U”
via the diffeomorphism g : U® — U™ where the latent
space is also the unit box. In order to ensure that g is a
diffeomorphism, it suffices to show that g; is monotonic in u;
and spans the full range, i.e., for all u = (uq, ..., u,) € U",
gi(u) =0ifu; =0, and g;(u) = Lifu; = 1.

Suppose each component g; is a multivariate Bernstein
polynomial g;(u) = w;(uﬁ) of degree d. By making the
latent density uniform over U”, the normalizing flow density
(5) simplifies to

n o,

1 8U1;

p(u) = (u<i), ©

which is simply a product of multivariate polynomials.

Hence, the two invertibility conditions of g, i.e., mono-
tonicity and coverage of the full range, can be expressed in
differential form as

0g;
81 (u<) >0 (10a)

! 9gi
0 8Ui

(ug;)du; = 1 (10b)

for all u<; € U". To enforce these conditions on the Bern-
stein polynomial 7r; (u<;), we can directly parameterize the
partial derivative 7, (u<;) = (97, /Ou;)(u<;) and enforce
constraints (10) on the coefficients via the following lemmas:
Lemma 1 (Bernstein Relaxation (Lorentz 2012)). A Bern-
stein polynomial w(w) with coefficients bj is bounded on U™
by the extrema of its coefficients, i.e., m(u) > min; b; and
m(u) < max; b; for all u € U™

Lemma 2. Ler w(u) be a Bernstein polynomial of degree

d = (di,...,d,) with coefficients by = (bj,,...,bjn).
Then,
1 di
/ rwdui =1 < > by=d;+1 Vji. (1)
0 Ji=0

Let b’ be the coefficients of Wg @ which has degree di =
(di,...,d; — 1,...d,). Then, condition (10a) can be easily
enforced by constraining b;ﬁ > 0forall0 < j < d and

condition (10b) can be enforced by ensuring that all b; sum
to d; along the i-th axis. With both constraints, polynomials
W; correctly parameterize a diffeomorphism, and therefore
p(u) is a valid density.

Remark 1. 7o achieve more expressivity, multiple diffeomor-
phism “layers” g can be composed. Doing so, however, raises
the degree multiplicatively of the fully-expanded polynomial
(which is necessary for belief propagation and evaluation).



Conditional Density Estimation

To parameterize a conditional distribution p(u | w) for w €
U™, we can construct a flow function A : U" x U™ — U",
such that given any w, h(u, w) is a diffeomorphism in u.
The differential constraints (10a) and (10b) can be modi-
fied accordingly by adding w as a parameter. Making each
component h; of h a polynomial h;(u, w) = 7} (u<;, w) of
degree D = (dy,...,dn,ds,...,dy,), yields a polynomial
conditional distribution of the form

plu | w) = Hau uci,w (12)

By ensuring that the coefficients of each 7} are all non-
negative, and sum to d; — 1 along the ¢-th axes, (12) is a
valid conditional distribution.

Theorem 1. The conditional Bernstein normalizing flow is a
universal conditional distribution approximator.

Belief Propagation

By modeling p(up) as a BNF and p(u’ | u) as a conditional
BNF, the operations in (3) and (4) can be carried out exactly
using tensor operations on the coefficients of each model.
Additionally, both multiplication and integration operations
can be carried out in the Bernstein basis, improving the nu-
merical stability of each prediction (Farouki and Rajan 1987).
Since belief propagation is exact with respect to the model,
all prediction error can be attributed to modeling/learning
error (and floating-point numerical inaccuracies).

The following theorem states another crucial consequence
of using BNF to model M ; for belief propagation.

Theorem 2. Given a state-transition conditional-BNF p(u’ |
u) that is of degree d’ in W, starting from any valid polyno-
mial belief p(ug), p(uy,) € 119 [u] for every k € N.

Theorem 2 has computational implications for long-
horizon prediction. Namely, in each propagation recursion
(3), the amount of memory needed to store each belief p(uy,)
does not grow in time, unlike methods such as GMM-splitting
(Kulik and LeGrand 2024). Additionally, the computation
needed for p(uy) is O(k). Note that number of parameters
in BNF scales with the number of coefficients in a degree-d
2n-variate (for u and u’) Bernstein polynomial, i.e. O(d?"),
which is memory intensive for large n. For scalability pur-
poses, we recognize sparse models as valuable future work.

The proposed BNF methods are not limited to just belief
propagation and can be trivially extended to other applica-
tions as discussed in the following remark.

Remark 2 (Bayesian Belief Update Analog). The proposed
methods can be employed for exact Bayesian belief updating
with learned likelihood and prior models, i.e., p(a | B) =
po(B | a)pg(a)/p(B). Computing the normalization con-
stant p(B) needed to calculate the posterior belief p(a | 3)
often results in an infeasible integral for complex likelihood
models. Nonetheless, the multiplication-normalization oper-
ation sequence closely parallels the propagation operation
described in (3), and thus the models presented in this paper
can be readily applied to exact Bayesian Belief updating.
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Remark 3. The normalizing flow structure allows one to
easily sample from both of the learned distributions. A latent
state 7 is sampled uniformly over U", then mapped through
the inverse of g or h, i.e., 0 = g~ 1(2) or i = g~ (z; w).

5 Training Procedure

In this section, we outline the procedure for training each
piece of the Markov chain. Specifically, we show how the
Bernstein relaxation constraints described in Sec. 4 can be
enforced during training. Additionally, we describe a proce-
dure that can be implemented during training to tighten the
relaxations and increase the expressivity of the the model
without increasing the number of parameters.

Constrained Log-Likelihood Optimization

Maximum Likelihood Estimation (MLE) is a well established
objective for density estimation (Pan and Fang 2002). We aim
to maximize the likelihood BNF given state space data Dy
and Dy,. MLE of a x-density with x-data is equivalent to
MLE of a u-density against the data mapped to U" via €2. The
constrained MLE optimization problem over the parameters
of each BNF model for learning p(uy) is:

argmax By, p«(ug) [logp(uo)] (13a)
beB
subject to b' >0 (13b)
di—1
Y bl=d; Vi<i<n (13¢)

Ji=0

where p*(-) denotes the true distribution, and B > b de-
notes the parameter space. Expectations with respect to p*
are empirically evaluated over the data in Dy, . A similar opti-
mization problem can be formulated for training the transition
distribution by using the empirical expectation of log p(u’|u)
over the data u’, u ~ p*(u’, u) where p*(u’, u) denotes the
true joint distribution that generated Dy.. Note that, even
though the constraints (13b) and (13c) are linear, the objec-
tive (13a) is non-linear and non-convex. Thus, we leverage
stochastic gradient descent (SGD) for optimization.

In order to avoid explicitly constraining the parameter
space, we can define a differentiable function ¥ : © — By,
where © represents an “unconstrained” parameter space, and
Bieas C Bis the set of feasible parameters, i.e., the set of all b
that satisfy (13b) and (13c). With ¥, SGD can be performed
in © instead of B, enforcing the constraints implicitly. We
can define W for a given coefficient tensor b’ as the composi-
tion of two operations: 1) map each vector to be positive, and
2) normalize the coefficients to sum to d; along dimension <.
Formally, we can construct ¥ as b’ = ¥;(8") = (5 06)(0"),
where 0 is a positive-range element-wise function (e.g., soft-
plus) and o is the normalizing function

di —1
=0,/ > 0. (14)
Ji=0
Each operation is differentiable; thus, models parameterized
by Oy, ..., 04 _1 can be trained with standard SGD are guar-
anteed to satisfy the constraints.



Tightening the Relaxation

We have thus far ignored an important aspect inherent to the
BNF that can significantly affect the models’ expressiveness:
the tightness of the Bernstein relaxation in Lemma 1. Con-
straining coefficients b > 0 is only a sufficient (but not neces-
sary) condition for wg g > 0. Thus, By, inner-approximates
the set of all degree-d polynomial diffeomorphisms, and lim-
its the expressiveness of the model. Increasing the degree of
each 7'('; improves the expressiveness, at the cost of adding
many more parameters to the model. We propose an alter-
native method to tighten the relaxation during the training
procedure without adding any parameters to the model.

The proposed procedure lifts a given Bernstein polyno-
mial to a higher degree to reason over feasibility. Any Bern-
stein polynomial of degree d can be equivalently expressed
in a Bernstein basis of a higher degree d™ > d (Lorentz
2012). For simplicity of presentation, we describe the fol-
lowing assuming a one-dimensional Bernstein polynomial;
however, all operations readily extend to the multivariate
case. A Bernstein basis polynomial ¢;1(33) can be written as
a linear combination of higher-degree basis polynomials:

o
o) = Lot ) +

J+1

@) as)

One can apply (15) recursively d* — d times to build a linear
transformation of the original coefficients, in the form b™ =

be where b7 is the degree-d™ coefficient vector of the

same polynomial represented by b, and Mf isa(dt+1)x
(d + 1) tall matrix.

Theorem 3 ((Garloff 1985)). Given a Bernstein polynomial
m(u) of degree d, let 1 = infycyn m(u) and b = min; b.
Then, ford™ >d, b < < b+ O(d') and b converges to
T monotonically.

Theorem 3 illustrates the convergence of the Bernstein relax-
ation as the raised-degree is increased.

Constraining degree-d polynomials by the degree d™ rep-
resentation inherently captures more non-negative degree-d
polynomials, and as d* — oo, the raised degree constraint
captures all non-negative polynomials. In other words, there
may exist a non-negative degree-d polynomial with coeffi-
cients b that minimizes (13a), but violates constraint (13b)
due to the conservatism of the relaxation.

Employing degree-raising during training is not as straight-
forward as using implicit constraints, as discussed in the
previous section. To illustrate the challenge, consider the fol-
lowing sequence of operations within a single SGD iteration:
1) Raise the degree of the current (unconstrained) parameters

viabt = be. 2) Replace all negative entries with zero.
3) Project the rectified parameters back down to the degree-d
representation. 4) Normalize the parameters using (14). Un-
fortunately, even though the rectified b™ > 0 after step 2, the
projection does not necessarily preserve this property.

To address this issue, we train the model with a soft-
constraint violation penalty. Then, using an iterative pro-
jection, the parameters are moved into the feasible region.
The constraint violation penalty loss can be formulated as
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>_; max(0, b™), which is easily calculated with matrix mul-
tiplication. Then, to apply a hard constraint to the resulting
parameters b, we iteratively repeat the projection steps 1-3
until b™ > 0. This training procedure avoids cumbersome
feasible-set projections during optimization, while still yield-
ing a feasible solution.

6 Evaluations

This section evaluates the efficacy of learned BNF Markov
chain models for uncertainty propagation and the effect of the
choice of degree on the models’ expressiveness. Full details
on system parameters, experimental setup, and additional
visualizations are provided in the extended version.

Comparison Methods We compare BNF to three uncer-
tainty propagation methods based on GMM belief repre-
sentations: (i) first-order linearization around component
means (EKF-style) (Jazwinski 2013), (ii) Whitened Spher-
ical Average Second-Order Stretching (WSASOS) (Kulik
and LeGrand 2024), and (iii) a grid-based approach from
(Figueiredo et al. 2024). EKF and WSASOS assume nonlin-
ear dynamics with additive Gaussian noise. The grid-based
method assumes a diagonal-covariance GMM for p(x'|x),
but lacks a procedure for constructing a formal GMM ap-
proximation from general nonlinear models, so we evaluate
it assuming a single-component GMM.

All three methods rely on Gaussian assumptions, so we
used GP regression to learn p(x’ | x) and expectation maxi-
mization on a GMM to learn p(xg). EKF serves as a widely
used baseline, WSASOS as a state-of-the-art component-
splitting method, and the grid-based approach as a formal
method with guaranteed error bounds.

Experimental Setup Experiments were performed on two
highly non-linear latent stochastic systems: Van der Pol with
additive Gaussian noise and a stable oscillator with multi-
plicative non-Gaussian noise. The latent initial state distribu-
tion is a Gaussian distribution. For each GMM method, p(xg)
is learned with 10 mixture components to avoid overfitting to
the initial state data. The resolution of the grid method is 20-
by-20. Each comparison uses a Multitask Gaussian Process
Regression with a radial basis function kernel. For BNF, we
used Bernstein polynomials with degrees 10, 20, and 30 for
each component g;. Each method is trained with 1K initial
state data points 10K state-transition data points. Prediction
accuracy is evaluated using average log-likelihood (13a) on
a distinct large test data set, consisting of Monte-Carlo sam-
ples from the true system. Each experiment was performed
10 times with random training seeds, and all log-likelihood
results were found to have a variance below 1073,

Fig. 1 shows a visual comparison of the computed beliefs
at time step £ = 9 for the Van der Pol system (Fig. 1a—d) and
the stable oscillator (Fig. 1e-h). Figs. 2-3 present the average
log-likelihood results. Overall, we observe that BNF performs
comparably to the grid-based method in the additive Gaussian
case and significantly outperforms all baselines under non-
Gaussian noise. Additionally, performance improves with
increasing polynomial degree.



A

(a) Monte Carlo (b) EKF (¢) GridGMM (d) BNF

(e) Monte Carlo

(h) BNF

(f) EKF (2) GridGMM

Figure 1: Visual Comparison for the final belief propagated & = 9 timesteps into the future for the (a)-(d) Van der Pol and (e)-(h)

stable oscillator systems.
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Additive Gaussian Noise System As can be seen in Fig. 2,
BNF generates a more accurate prediction than EKF, how-
ever, the grid method performs the best. Since the system
is additive Gaussian, GP regression learns a very accurate
model. The grid method produces the least propagation error
among the GMM methods, and is able to achieve a very ac-
curate prediction. WSASOS (learned) times out after 6 time
steps since the number of components in the GMM explodes
exponentially.

To isolate propagation error from learning error, we com-
pared BNF to baseline methods using the true underlying
system dynamics, effectively isolating only the error accumu-
lated via propagation. Alternatively, since BNF propagation
is exact, the induced error is only learning error. As can be
seen, BNF performs comparably despite starting from a more
inaccurate initial distribution.

In BNF, the effect of the degree of the polynomial is most
notably observed the estimate of the initial distribution. The
initial distribution has relatively small covariance, thus, the
polynomial must be able to attain a steep transition, which
requires polynomials of higher degree.

Multiplicative Non-Gaussian Noise System Fig. 3 illus-
trates the universal modeling capability of BNFs. Since the
true underlying system has highly non-linear non-Gaussian
noise, the GP regression models become unable to truly cap-
ture the stochastic nature of the system, despite having ample
data. Consequently, unlike the additive-Gaussian case, the
GMM methods now incur significant propagation and learn-
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ing error. Conversely, BNF is able to more accurately capture
the complex stochasticity in the true system (visually seen
in Fig. 1 (f-g)). In particular, the inaccuracy in the stochas-
tic model for GP-based collapses the belief over the stable
points of the system, whereas BNF maintains a better (more
uncertain) representation of the belief. BNF exhibits a con-
sistent trend with the previous experiment when varying the
degree. This experiment demonstrates the power of shifting
all prediction error to only learning error: prediction accuracy
is solely a function of the representational capability of the
model and the methods used for training.

These experiments illustrate the power of BNF in learning
and propagating PDFs of complex, realistic systems. Unlike
baseline methods, BNF maintains high predictive fidelity
even under non-Gaussian noise. Given BNF’s exact propaga-
tion property, its sole error is rooted in learning, which can
be mitigated using higher polynomial degrees.

7 Conclusion

In this work, we introduced a Bernstein Normalizing Flows
(BNFs), a novel model class that enables universal PDF ap-
proximation and exact belief propagation by combining Bern-
stein polynomials with normalizing flows. BNFs eliminate
approximation error while supporting efficient sampling and
evaluation. We provided the theoretical foundations for this
approach and empirically demonstrate that BNFs are partic-
ularly effective in nonlinear, non-Gaussian settings, where
state-of-the-art methods suffer.
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