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Abstract

We study the common generalization of Markov decision pro-
cesses (MDPs) with sets of transition probabilities, known
as robust MDPs (RMDPs). A standard goal in RMDPs is to
compute a policy that maximizes the expected return under an
adversarial choice of the transition probabilities. If the uncer-
tainty in the probabilities is independent between the states,
known as s-rectangularity, such optimal robust policies can
be computed efficiently using robust value iteration. However,
there might still be multiple optimal robust policies, which,
while equivalent with respect to the worst-case, reflect dif-
ferent expected returns under non-adversarial choices of the
transition probabilities. Hence, we propose a refined policy
selection criterion for RMDPs, drawing inspiration from the
notions of dominance and best-effort in game theory. Instead
of seeking a policy that only maximizes the worst-case ex-
pected return, we additionally require the policy to achieve a
maximal expected return under different (i.e., not fully adver-
sarial) transition probabilities. We call such a policy an opti-
mal robust best-effort (ORBE) policy. We prove that ORBE
policies always exist, characterize their structure, and present
an algorithm to compute them with a manageable overhead
compared to standard robust value iteration. ORBE policies
offer a principled tie-breaker among optimal robust policies.
Numerical experiments show the feasibility of our approach.

Code — https://github.com/tbadings/best-effort-rmdps
Extended version — https://arxiv.org/abs/2508.07790

1 Introduction

Markov decision processes (MDPs) are the standard model
for sequential decision making in stochastic environments
and are ubiquitous in artificial intelligence (AI) (Russell
and Norvig 2010), operations research (Davis 2018), control
theory (Astrém 2012), and robotics (Hanheide et al. 2017).
Within A, MDPs are at the core of many model-based rein-
forcement learning methods (Moerland et al. 2023). Solving
an MDP amounts to computing a policy (or strategy) for
the agent, i.e., a mapping from states to actions, that maxi-
mizes a particular performance value, such as the expected
(discounted) cumulative reward (Puterman 1994).
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Robust MDPs. A fundamental limitation of MDPs is the
requirement to specify transition probabilities precisely. In
practice, accurately determining these probabilities can be
challenging, especially if parameters are uncertain or if the
model is learned from data (Badings et al. 2023b). Moreover,
optimal policies may be sensitive to small changes in the
transition probabilities (Mannor et al. 2004). To address this
issue, robust MDPs (RMDPs) generalize MDPs by allowing
for sets of transition probabilities (Iyengar 2005; Nilim and
Ghaoui 2005; Wiesemann, Kuhn, and Rustem 2013). That
is, instead of assigning precise probabilities between 0 and 1,
the transitions in an RMDP are described by a set of feasible
probabilities, called the uncertainty set of the RMDP.

The standard objective in an RMDP is to compute an
optimal robust policy, defined as a policy that maximizes
the expected return under the minimizing (i.e., worst-case)
transition probabilities in the uncertainty set. Unfortunately,
computing optimal robust policies under general uncertainty
sets is NP-hard (Wiesemann, Kuhn, and Rustem 2013). To
ensure tractability, uncertainty sets are commonly assumed
to be convex as well as independent between the states and/or
actions of the RMDP, referred to as rectangularity of the
uncertainty set. Under these assumptions, optimal robust
policies can be computed, e.g., using robust value iteration.

The adversarial nature of RMDPs. When computing an
optimal robust policy, the choice of transition probabilities
is inherently adversarial. However, in many scenarios, the
choice of transition probabilities is not actively working
against the agent, making this assumption overly conserva-
tive. Take, for example, an autonomous drone flying through
uncertain wind conditions. Clearly, the wind conditions do
not depend on the drone’s control policy, so reasoning solely
about the worst-case conditions might be too conservative.
Moreover, multiple optimal robust policies may exist, even
though their performance under non-adversarial conditions
may differ. We thus raise the vital question: can we compute
a policy that is optimal in the worst case, but also “is best”
when the environment does not act fully adversarially?

Best-effort policies. To address the limitations of purely
adversarial reasoning in RMDPs, we draw inspiration from
advances in reactive stochastic games (Aminof et al. 2023;
Giacomo, Favorito, and Silo 2024). In this framework, a pol-
icy is deemed winning, dominant, or best-effort if it succeeds



against all, the maximum subset, or a maximal subset of the
environment policies, respectively. Yet, these papers consider
games where only the graph of the model is known and the
probabilities are unconstrained, as opposed to RMDPs, where
the uncertainty is captured by bounded sets of distributions.

In this paper, we leverage the concepts of dominance and
best-effort to define a refined policy selection criterion for
RMDPs, which we term optimal robust best-effort (ORBE).
An ORBE policy satisfies two properties: (1) it achieves an
optimal expected return under the worst-case transition prob-
abilities; and (2) it is not dominated by any other policy, i.e.,
is best-effort. Here, one policy is said to dominate another if it
performs at least as well across the entire uncertainty set and
strictly better in at least one instance of the transition proba-
bilities from the uncertainty set. This best-effort perspective
offers a principled tie-breaker among optimal robust policies,
favoring those achieving a maximal expected return under
non-adversarial transition probabilities. Thus, ORBE poli-
cies preserve robust optimality—unlike approaches that up-
date the uncertainty set—while also improving performance
in non—fully adversarial environments.

Contributions. We introduce the class of optimal robust
best-effort (ORBE) policies for RMDPs. These policies com-
bine the worst-case guarantees of standard robust policies
with the refinement offered by best-effort reasoning, ensuring
strong performance even when the environment is not fully
adversarial. Specifically, our key contributions are as follows:

e We formalize the notions of dominant and best-effort
policies within the context of RMDPs (Sect. 3).

* We present a full characterization of ORBE policies and
an efficient algorithm to compute them with small over-
head to standard robust value iteration (Sects. 4 and 5).

* We empirically demonstrate the feasibility of our tech-
niques as a tie-breaker in robust value iteration (Sect. 6).

We postpone a detailed discussion of related work to Sect. 7.

2 Preliminaries
We write (u,v) == . x u(x)v(x) for the dot product be-
tween the functions u,v: X — R. The cardinality of a set
X is written as | X |. A probability distribution over a set X
is a function p: X — [0, 1] such that ) 0 p(x) = 1. The
set of all probability distributions over X is denoted by A x.

2.1 Markov Decision Processes

We consider Markov decision processes (MDPs) with dis-
counted rewards, defined as follows (Puterman 1994).
Definition 1 (MDP). An MDP is a tuple (S, sy, A, P, R, ),
where S is a finite set of states, s; € Ag is the initial dis-
tribution, A is a finite set of actions, P: S x A — Ag is
a transition function, R: S x A — Rxq is a state-action
reward function, and vy € (0, 1) is a discount factor.

The actions in an MDP are chosen by a (randomized)
policy m: S — A 4. We write IT for the set of all policies and
simplify 7(s)(a) as 7(s, a). The objective in an MDP is to
compute a policy 7 that maximizes the expected return p%:

o= sIEVEE) = (s, VE), ()
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where the value function V5 : S — R is defined as
™ — i t pmw

VE(s) = E {thov R™(s,)

with the transition and rewards functions for 7 given as

P7(s) == ZaeA 7(s,a)P(s,a) € Ag, )
R™(s) == ZaeA 7(s,a)R(s,a) € Rso. 3)

This value function is the fixed point of the Bellman operator
T/ (Puterman 1994), which is defined for all states s € .S as

(TEV)(s) = [R"(s) + (P (s), V)],
whereas the optimal value V7 = max en V3 is the fixed
point of the optimal Bellman operator 7 defined as

(TEV)(s) = max TEV (s).

Thus, the sequences V7, = TZV,T and V', = TSVr
converge to their respective fixed points, i.e., lim,,_,., V[ =
V§ and lim,,, V;; = V3. Subsequently, an optimal policy

can be computed as 7} € argmax,.c; 75 Vp.

S0 = 8, 8411 ~ P”(st)] ,

2.2 Robust Markov Decision Processes

Robust MDPs (RMDPs) extend MDPs with sets of transi-
tion probabilities (Iyengar 2005; Nilim and Ghaoui 2005).
In an RMDP, the transition function is chosen from a set
P C{P: S x A— Ag} of transition functions, called the
uncertainty set (also known as the ambiguity set).

Definition 2 (RMDP). A robust MDP (RMDP) is a tuple
(S,s1, A, P,R,), where S, s;, A, R, and -y are defined as
in an MDP, and where P C {P: S x A — Ag} is a set of
transition functions, called the uncertainty set.

The robust expected return p% for the policy 7 is defined
as the worst-case expected return over the uncertainty set P:

pp = min Pp- “)

The standard objective in an RMDP is to find an optimal
robust policy w7, maximizing the robust expected return p%:

Tp € argmax pp, pPp ‘= Max pp. )
rEIl mell

Unfortunately, solving Egs. (4) and (5) is NP-hard for general
uncertainty sets P, even if they are convex (Wiesemann,
Kuhn, and Rustem 2013). Thus, P is commonly assumed to
be decomposable over states and/or state-action pairs, which
is also known as rectangularity of the uncertainty set.

Definition 3 (Rectangularity). The uncertainty set P is s-
rectangular if it can be decomposed state-wise as P =
X,eg Ps, where Py C {P: Act — Ag}. Moreover, P is
(s, a)-rectangular if it can be decomposed state-action-wise
as P = Xses.ac4 Ps,a where Ps o © Ag.

(s, a)-rectangularity is a special case of s-rectangularity.

Assumption 1. Throughout the paper, the uncertainty set P
of an RMDP is assumed to be s-rectangular.

Under s-rectangularity, optimal policies may need to be
randomized (Wiesemann, Kuhn, and Rustem 2013, Prop. 1).
Our definitions follow the usual semantics that the environ-
ment knows the stochastic policy of the agent but not the
actual actions sampled from this policy, known as the envi-
ronment first (or nature first) semantics (Suilen et al. 2024).



Robust value iteration. Under s-rectangularity, for every
policy 7, there is a robust value function V5 : S — R that sat-
isfies V5 (s) = minpep V5 (s) for all s € S (Wiesemann,
Kuhn, and Rustem 2013). This value function V5 is the fixed
point of the robust Bellman operator 775 for every s € .S:

(TpV)(s) = min [R7(s) + (yP7(s), V)]

Similarly, there exists an optimal robust value function V5 :=
maxXrer V5, which is the fixed point of the optimal robust
Bellman operator 75, defined for all s € S as

(TAV)(s) = max TEV (s).

Robust value iteration leverages these fixed points so that
the sequences V,f o= 7;;{‘/7,“ and VX, | == TZ V¥ converge
to their respective fixed points, i.e., lim, . V,7 = V7 and
lim,,—, V,; = V5. Subsequently, an optimal robust policy

can be computed as 7}, € argmax, TS V3.

3 Best-Effort Policies in RMDPs

The optimal robust policy in Eq. (5) assumes the choice
of transition function from the uncertainty set to be fully
adversarial. Here, we introduce dominance and best-effort as
the basis for a policy selection criterion that also considers
non-adversarial scenarios. These notions have been used in
uncertain stochastic games (Aminof et al. 2023), but, as we
discuss in Sect. 7, these results do not carry over to RMDPs.

3.1 Dominant and Best-Effort Policies

In this section, we tailor the definitions of dominant and best-
effort policies from Aminof et al. (2023) to RMDPs. The first
concept is that of dominance between policies.

Definition 4 (Dominance). Let 7, n’ € II be policies for the
RMDP M. The policy m dominates 7', written # >p 7, if

and only if p5 > p}r,/ forall P € P.

Intuitively, 7 dominates 7’ if = does not perform worse
than 7/ under any transition function P € P. If, in addition,
the policy 7 also attains a strictly higher expected return in
some P € P, then 7 strictly dominates 7'

Definition 5 (Strict dominance). Let w, ' € II be policies
for RMDP M. Policy 7 dominates 7', written T >p w’, if
and only if 7 >p ' and there exists P' € P s.t. plo, > plo.

We say that the policy 7 is (strictly) dominant in the RMDP
M g if it (strictly) dominates every other policy 7/ € II\ {r}.
Next, we say that a policy is best-effort if there is no other
policy that dominates it.

Definition 6 (Best-effort). A policy m € 11 for the RMDP
Mg, is best-effort if there is no «’ € Il such that ©’ >p .
We denote by llgg, C 11 the set of all best-effort policies.

A policy is best-effort if there is no other policy that is
strictly better for some P € P and not worse for all P € P.
In other words, a best-effort policy cannot be improved with-
out also decreasing the expected return under some transition
function. Best-effort policies are incomparable with respect
to the dominance order, i.e., for all w, 7’ € Ilgg, 7™ # 7/, we
have both 7 2p «’ and 7 £p 7'.
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Figure 1: Left: An RMDP with two states, where the policy
is fully defined by the probability 5 := 7(s1, a1) of choosing
ay in s1. The reward function is defined as R(s1,a1) =
R(s1,a2) = 0 and R(s3,a) = 1. Right: The expected return
p? as a function of 3 and € € [0, 0.5]. All policies are optimal
robust, but only the policy with 5 = 0 is best-effort.

3.2 Optimal Robust Does Not Imply Best-Effort

In general, optimal robust policies for RMDPs are not best-
effort, as shown by the two-state RMDP in Fig. 1 with reward
function R(s1,a1) = R(s1,a2) = 0, R(s2,a) = 1. In this
RMDP, the only action choice is between a; and as in state
s1, so the stochastic policy 7 is completely defined by the
probability 5 = 7(s1,a1) € [0,1] of choosing a; in s;.
Similarly, the (s-rectangular) uncertainty set P is fully de-
fined by the parameter £ € = = [0,0.5]. As a result, we may
simplify the notations from the preceding definitions by re-
placing 7 with 3, P with £, and P with =. The value function

Vgﬁ : {51,582} — R depends on /3 and £ and is defined as
Ve (s1) =7 (B[6VE (52) + (1= OV (s1)]
+ (1= A)[26V (52) + (1 =29V (51)]),
VP (s2) = 1+ 7[0.5VF (s1) + 0.5V (s2)].

Solving for the value p? = Vf (s1) with v = 0.9 yields the
surface in the right half of Fig. 1. This surface shows the
expected return pg for all 8 € [0,1] and £ € [0,0.5]. The
worst-case expected return is zero and is attained at £ = 0,
regardless of the value of 3. Thus, all policies in this RMDP
are optimal robust. Nevertheless, only the policy for g = 0
is best-effort, because for all £ > 0, the expected return for
B = 0 s strictly higher than for any S > 0. In other words,
the policy defined as 7(s1,a1) = 0, 7(s1,a2) = 1 strictly
dominates all other policies 7’ # m, that is, 7 >z 7.

3.3 Problem Statement

Above, we have shown that not all optimal robust policies
are also best-effort. This observation motivates the next core
problem, which we shall solve in the remainder of this paper.

Problem 1. For a given RMDP Mg, compute a policy mfy,
that is optimal robust and best-effort, i.e.,

Th € argmax pp such that i’ € I\{r§g}, ™ >p Thp-
mell

We call a policy that satisfies Problem 1 optimal robust
best-effort (ORBE). In RMDPs with multiple optimal robust
policies (as in Fig. 1), the best-effort criterion offers a prin-
cipled tiebreaker, favoring a policy that attains a maximal
performance under non-adversarial transition probabilities.



Remark 1. For clarity and due to space constraints, all
proofs are provided in the appendix of the extended version
of this paper (Abate et al. 2025, Appendix A).

4 Representation of Robust Value Functions

We first introduce a change in perspective to the value func-
tion, which we will use in Sect. 5 to solve Problem 1. Instead
of using shared variables to represent dependencies between
probabilities (such as ¢ in Fig. 1), we label each transition
with its own probability p(s,a)(s’) and encode dependen-
cies in the uncertainty set P. For instance, we can equally
represent the RMDP in Fig. 1 using the uncertainty set

Psy = {(Ps,: A — Ag) : plar)(s1) +plar)(s2) = 1,
p(az)(s1) + plaz)(s2) = 1, p(ar)(s2) = 0.5p(az)(s2)}.

We aim to reason about the expected return when the tran-
sition function is fixed in all but one state. To this end, we
introduce the notion of a partial transition function.

Definition 7 (Partial transition function). Let P be an s-
rectangular uncertainty set and let 5 € S be a state. A

partial transition function P_; for state s is defined as
P_s =X\ (s} s, where Ps € P forall s € S\ {s}.

A partial transition function has the form P_z: (S\{5}) x
Act — Ag. Thus, to complete P_z with P; € Ps for the
missing state 5, we take the product P_z x Ps. Similarly,
we write P_z X Ps for the set of all completions, such that
P_; x P; € P_; x Ps. Using this notation, we define the
following value function in a fixed state 5, when the transition
probabilities are fixed in all states but 3.

Definition 8 (Parametric value function). The value in state s
is a function of the completion Pz € Ps of the partial transi-
tion function P_s and is defined as Z, ((Ps) = V§__, p_(3).

Example 1. Consider again the RMDP from Fig. I with the
policies given by 3 = 0 and 3 = 1. The value functions Z}, |
for these two policies are, respectively, shown in the left and
right halves of Fig. 2. For = 1, the value depends only
of the transition probabilities related to action ay (and for
B = 0 only of those related to as). In both plots, the dashed
line in the bottom plane shows the set of valid distributions
in Ps,, where the marked points coincide with those on the
&-axis in Fig. 1. The green (left) and purple (right) curved
lines show the expected return for the policies with § = 1
and 8 = 0, respectively, as a function of € and coincide with
the lines of the same color in Fig. 1. As in Fig. 1, we observe
that, for any £ > 0, the policy for = 1 strictly dominates
all other policies and is, thus, best-effort.

5 Finding Optimal Robust Best-Effort Policies

We now use the representation of the value function from
Def. 8 to determine whether an optimal robust policy for a
fixed RMDP Mg = (S, s1, A, P, R, ~) is best-effort.

5.1 Existence of ORBE Policies

We first establish in Theorem 1 that, for any s-rectangular
RMDP, the set of ORBE policies is nonempty. Intuitively,
this result holds because the dominance relation imposes a
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Figure 2: The value function ZF, , in state s; for the RMDP
from Fig. 1, shown for the policies with 8 = 1 (left) and
B = 0 (right). The curved lines show the expected return
as the parameter ¢ in Fig. 1 ranges from 0 to 0.5 (the line
markers correspond with those on the ¢-axis in Fig. 1).

partial order over policies, ensuring the existence of maximal
(i.e., best-effort) ones that under an adversarial environment
must also be optimal robust. Furthermore, any optimal robust
policy 7 € II* cannot be dominated by a policy that is not
optimal robust. Thus, an ORBE policy always exists.

Theorem 1 (Existence of ORBE policies). For any RMDP,
the intersection of the sets of optimal robust policies II* and
best-effort policies Ilgg is nonempty.

Note that the existence of best-effort policies in RMDPs
does not directly follow from the results for synthesis in
stochastic environments in Aminof et al. (2023); see Sect. 7.

5.2 Characterizing ORBE policies

In Theorem 2, we provide a sufficient condition for ORBE
policies, used as a foundation in the remainder of the section.

Theorem 2 (ORBE policy). Given an optimal robust policy
7 € II" := argmax, .y pp., if there exists P € ‘P such that

P > p forall w' € TI* \ {n*}, then 7* is ORBE.

Proof. First, m* is optimal robust by definition. Second, to
show that 7* is also best-effort, we must show there is no
other policy 7’/ € II \ {#*} that strictly dominates 7*. By
construction, 77* cannot be dominated by any 7’ € IT*\ {7*}.
For any other policy 7/ € TT \ IT*, we have p% > pgl and,
moreover, as pg = minpep pp (cf. Eq. (4)), it holds thz/i/t
ppr > pp forall P' € P. By letting P’ € argminpep pp ,
we thus obtain p}t > pg > pg/ = ,0}5///, which proves that
7" #p 7*. Thus, the policy 7* is ORBE. O

In the remainder of this section, we use Theorem 2 to
derive conditions under which an optimal robust policy is
also best-effort (and thus ORBE). First of all, if an optimal
robust policy is unique, then this policy is also best-effort.

Corollary 1. Let II* = argmax_ .11 p} be the set of optimal
robust policies. If I1* is a singleton, then * € II* is ORBE.

ORBE via optimistic RVI. The second observation is that,
if an optimal robust policy is not unique but further optimiz-
ing via robust value iteration (RVI) for the optimistic (i.e.,
maximizing) transition function does yield a unique optimum,
then the resulting policy is also best-effort.



Figure 3: The directional derivative V25, for 8 = 0
(shown in the right half) is strictly larger than for any 5 > 0.
Hence, we conclude that the policy for § = 0 is ORBE.

Corollary 2. Let II* = argmax, .y pp and let I =
argmax, . maxpep pp be the set of policies that (within
I1*) maximize the expected return under the maximizing
P e P. IfI1* is a singleton, then 7 € I1* is ORBE.

Example 2. Consider again the RMDP in Fig. 1. Even
though all policies are optimal robust, only the policy for
B = 0 is optimal under the maximizing transition function
(which is attained for & = 0.5). Thus, the policy for = 0,
i.e., always choosing action as, is ORBE.

ORBE via derivatives. Another way to determine if a
policy is best-effort is to reason about the derivative of the

value function. Let V f(z) = v ' - %(;) be the directional
derivative of the function f : R™ — R in the direction
v € R". Recall from Def. 8 that ZF, ; is the value function in
state 5 when the transition function is fixed in all states except
5. The next result states that, if an optimal robust policy 7*
leads, for every state S, to a strictly higher derivative of
4 5(Ps) than all other optimal robust policies, then 7* is
best-effort. This derivative can be taken in any direction such
that the perturbed P; is still within the uncertainty set Ps.

Corollary 3. Let @ € II* = argmax, .y pf be an optimal
robust policy with minimizer P* € argminp.p pp. Define
H(*l) = argmax,cp~ Pp. and pick a policy 7* € Hﬁ)- The
policy 7* is ORBE if, for all states 5, there exists a vector
v € RISl such that 3¢ > 0, PF + ev € Ps and

VoZEe ((PH) > Vo ZE. ((P) Vo' € i) \ {7*}. (6)

Intuitively, the condition that there exists € > 0 such that
P? 4 ev € Ps encodes that the vector v at the minimizing
transition function P* points inside the uncertainty set Ps.

Example 3. Another way to characterize the ORBE pol-
icy of B = 0 in Fig. 1 is to compare the derivatives of
Zp s, at the minimizing transition function { = 0. In this
example, the only feasible direction is v = [—a,al, a >
0, as shown in Fig. 3. Any change in P(si,a1)(s1) and
P(s1,a1)(s2) causes a change twice as big in P(s1,a2)(s1)
and P(s1,az2)(s1), visualized by the longer vectors in Fig. 3.
Thus, the directional derivative for the policy with = 0
(i.e., always choosing action as) is strictly larger than for all
B > 0. Therefore, the policy with 3 = 0 is ORBE.
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Conversely, we can consider the derivative of the value
function under the policies 7* € IT* (as defined in Corol-
lary 2) that are, besides being optimal robust, also optimal
under the maximizing transition function. In this case, if 7
leads to a strictly lower directional derivative V. Z}E;(Pg)
than all other policies 7/ € II* \ {mw*}, then 7* is best-effort.
This result and the proof are analogous to Corollary 3, so we
omit a formal statement due to space limitations.

Completeness. So far, we have shown that an optimal ro-
bust policy 7* is best-effort if either of the following holds:
1. 7* is uniquely optimal (in the minimizing or maximizing
sense with respect to the transition function).
2. 7* yields a uniquely highest (resp. lowest) directional
derivative at the minimizing (resp. maximizing) P* € P.
In this section, we complete the characterization by showing
that any policy that satisfies these conditions up to this unique-
ness is also best-effort. Theorem 3 formalizes this non-trivial
result. For conciseness, we defer the preliminaries needed for
the proof of Theorem 3 to Abate et al. (2025, Appendix A).
Theorem 3 (Computing ORBE policies). Let II* =
argmax, 1y pp be the optimal robust policies. Pick two tran-
sition functions PV, P®) € P such that P # P®) and,
foralls € S, the line gs(\) = )\Pg(l) —|—(1—)\)P§(2) intersects
the relative interior! of Ps, or Ps N {gs(\)} = Ps. Define
IIf;) = argmax pp) ITf,) = argmax ppz) -
mell* melly,,

Choose a policy * € HE‘Q) s.t., forall 5 € S, it holds that
VoZEo J(PY) >V Z5 (PY) il € Iy, (Ta)
VoZb J(PP) <V Z5e (PP) Yo' € Iy, (Tb)

where the vector v € RIS is defined as

v — {P(Z) - pW ifp’,f@) > Pg(m
PM — P otherwise.
Then, the policy 7 is ORBE
In the proof, presented in Abate et al. (2025, Appendix A),
we show that there always exists a policy 7* € Hfz) that
satisfies Egs. (7a) and (7b). As discussed next, a practical

implementation of Theorem 3 is to choose P(1) and P(?) as
worst- and best-case transition functions.

5.3 Algorithm

Theorem 3 leads to Algorithm 1 for computing an ORBE
policy. In particular we iteratively refine II by applying the
criteria presented above to obtain an ORBE policy.

We first use robust value iteration to compute the set of op-
timal robust policies (Line 1), which, if a singletonz, consists

'The relative interior of a convex set X is defined as
relint(X) ={z € X :Vye X, IA>1. e+ (1 - Ny € X}.

2 An optimal policy 7* is unique if, for every state s € S, the ro-
bust value V3 (s) is strictly higher than R(s, a)+ (YP(s,a), VA )
for all other actions a # 7*(s) (Puterman 1994). For randomized
policies, we instead must check for strict concavity of the value
function with respect to the policy, e.g., by deriving the optimal
robust Bellman operator explicitly as in Kumar et al. (2024).



Algorithm 1: Computation of ORBE policy.

Input: s-rectangular RMDP (S, A, P, r,~)
Output: ORBE policy 7* € 15y

I: IT ¢~ argmax, minpep pp

2: if |TI] > 1 then

3: IT < argmax, .y maxpep pp

4 if |II| > 1 then

5: m <+ II

6: PO argminpcp pp

7 P® « argmaxpcp pp

8 Il + argmax, ¢y Py

9: II + argmax ¢ P2
10: v+ P® —pl) vz
11: II = X;eg argmax 5 cn VVZ;;(U’E(Pg(l))
12: if |II| > 1 then
13: IT = Xyeg argming g e VVZI’;<2)7§(P§(2))

14: return any 7* € 11

of an ORBE policy by Corollary 1, thus solving Problem 1.
Otherwise, we analogously compute the set of optimal poli-
cies under the maximizing transition function (Line 3), which,
if a singleton, contains an ORBE policy by Corollary 2.

If this set is still not a singleton, we arbitrarily select a pol-
icy 7 from the remaining updated set II (Line 5) and compute
the minimizing and maximizing transition functions P(*) and
P?) (Lines 6 and 7). We then refine the policy set by keeping
only those that first maximize the expected return for P(!)
and then for P (Lines 8 and 9). For every § € S, we define
v« P2 _pM) 4 per Theorem 3 (Line 10). Next, we refine
the set of policies by, in every state s € S, only selecting
actions that maximize the directional derivative at the mini-
mizer P (Line 11). The Cartesian product IT <= X cg - -
of these actions gives the set of policies that satisfy Eq. (7a).
If II is now a singleton, then it satisfies Corollary 3 and, thus,
m* € I is ORBE. Otherwise, if multiple policies remain, we
perform the analogous refinement—over the set of policies
obtained in Line 11—to minimize the directional derivative
at the maximizing transition function P®) (Line 13).

Any returned policy 7* satisfies at least one of the Corol-
laries 1 to 3 or Theorem 3, thus showing that the algorithm
always returns a ORBE policy.

Remark 2. We can easily amend Algorithm 1 for a pol-
icy that minimizes expected return under the maximizing
probabilities. In this case, we replace all min with max and
vice versa. We shall see such an application in Sect. 6.

Complexity. The computations in Algorithm 1 lead to a
manageable overhead compared to the standard robust value
iteration in Line 2. First, Line 3 amounts to running robust
value iteration again, but over a potentially smaller subset of
actions per state, increasing complexity by a constant smaller
than 2. Next, Lines 6 to 9 compute the minimizer and max-
imizer, and solve the two associated MDPs using standard
value iteration. Finally, maximizing the derivatives (Line 11)
amounts to solving a linear equation system of size |.S| for ev-
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ery state and action (Heck et al. 2022; Badings et al. 2023a).
Solving each equation system has worst-case complexity
O(]S]?), yielding an overall complexity of O(|S|* - | A]) for
Line 11 (and, by symmetry, also for Line 13). Thus, whenever
computing an optimal robust policy is feasible, the additional
overhead of Algorithm 1 is also manageable.

6 Empirical Evaluation

In Sect. 5, we presented an efficient and complete algorithm
for computing ORBE policies. In this section, we experimen-
tally show the applicability of our algorithm within different
implementations of robust value iteration. Our primary objec-
tive is to provide a proof of concept to confirm the theoretical
results from Sect. 5. The experiments ran on an Apple Mac-
Book with an M4 Pro chip and 24GB of RAM. The code is
available on https://github.com/tbadings/best-effort-rmdps.

6.1 Best-Effort Policies for Interval MDPs

We consider robust value iteration within PRISM, a popular
tool for MDPs (Kwiatkowska, Norman, and Parker 2011).
PRISM only supports interval MDPs (IMDPs), i.e., (s, a)-
rectangular RMDPs with interval-valued probabilities. We
consider variants of a slippery gridworld IMDP (see Abate
et al. (2025, Appendix B) for details). The objective is to
minimize the expected number of steps to reach the goal
state. When the agent slips, it remains in the same state. The
agent can move in each direction with two actions: one where
the slipping probability p is fixed, and one where it belongs to
the interval [q, p]. Since the goal is to minimize the number
of steps, the worst-case slipping probability is p, so the robust
value of both action types is the same. However, only a policy
that always picks the interval-valued action is best-effort.
To show that PRISM returns an arbitrary optimal robust
(but not necessarily ORBE) policy, we define the IMDP’s
actions in different orders. Let v € [0, 1] be the fraction
of states in which the best-effort action is defined first. We
consider v = 0 (non-best-effort always defined first), v = 1
(best-effort defined first), and v = 0.5 (a coin-flip decides
which action is defined first). We repeat each experiment over
10 seeds. The results in Table 1 show the percentage of states
where the optimal robust policy returned by PRISM chooses
the best-effort action (i.e., the action with an interval for the
slipping probability). Essentially, the PRISM policy sticks to
the first action it finds to be optimal robust, so the fraction of
best-effort actions is roughly proportional to v. Thus, PRISM
finds optimal robust policies, but not necessarily ORBE ones.
Conversely, for our method, we apply Corollary 2 by again
running robust value iteration with PRISM, but this time over
the optimal robust policies and for the best-case slipping prob-
ability. This second run of value iteration is over a smaller
set of policies and less than doubles the runtime (especially
for |S| = 10%), thus confirming our results from Sect. 5: the
complexity for computing ORBE policies is still dominated
by that of robust value iteration, making the process feasi-
ble whenever robust optimal policies can be computed. The
policy obtained using our approach always chooses actions
with the interval-valued slipping probabilities. Thus, and as
confirmed by the rightmost column of Table 1, the use of
Corollary 2 indeed always leads to ORBE policies.



PRISM + Best-case (Corr. 2)
|S| v Time [s] BE[%] Time [s] BE [%]
100 0.0 2.0 21.9 3.9 100.0

0.5 1.9 59.6 3.8 100.0
1.0 1.9 89.9 3.9 100.0
900 0.0 2.1 23.3 4.0 100.0
0.5 2.1 62.0 4.1 100.0
1.0 2.1 87.4 4.2 100.0
10000 0.0 48.9 21.2 54.4 100.0
0.5 54.9 39.3 61.2 100.0
1.0 51.0 85.4 56.5 100.0

Table 1: Comparison to PRISM on the gridworld IMDPs,
showing the grid sizes, probability v to define the best-effort
action first, runtimes, and percentage of states in which the
resulting optimal policy chooses a best-effort (BE) action.

RVI + Best-case (Corr. 2) + Deriv. (Corr. 3)
|S| v Time [s] BE [%] Time [s] BE [%] Time [s] BE [%]

100 0.0 7.0 0.0 11.7 100.0 7.1 100.0
0.5 7.0 49.2 11.7 100.0 7.1 100.0
1.0 7.6 100.0 12.7 100.0 7.6 100.0

400 0.0  49.5 0.0 83.4 100.0 50.1  100.0
0.5 50.1 48.0 84.4 100.0 50.6  100.0
1.0 484 100.0 81.7 100.0 48.9  100.0

900 0.0 163.6 0.0 2744 100.0 172.0 100.0
0.5 163.4 50.1 273.8 100.0 171.9  100.0
1.0 164.1 100.0 275.0 100.0 172.6 100.0

Table 2: Results on the gridworld RMDPs, for robust value
iteration (RVI), RVI plus optimizing for the best-case proba-
bilities, and RVI plus optimizing for the derivatives.

6.2 Best-Effort Policies for s-Rectangular RMDPs

To show the applicability of our methods beyond IMDPs,
we create a basic implementation of robust value iteration
and the derivative computation for s-rectangular RMDPs
(see Abate et al. (2025, Appendix B) for details). We consider
variants of the same slippery gridworld as in Sect. 6 but now
with an s-rectangular uncertainty set. For this RMDP, either
Corollary 2 or 3 is sufficient to obtain an ORBE policy.
Therefore, instead of implementing Algorithm 1 sequentially,
we test both separately on top of robust value iteration.

The results in Table 2 give the same picture as in Sect. 6: if
multiple optimal robust policies exist, robust value iteration
returns the first optimal actions it finds. By contrast, our
methods provide simple yet effective tie-break rules, either
by returning a policy that is also optimal under the best-case
transition probabilities (RVI + Corollary 2), or by returning a
policy with the highest derivatives (RVI + Corollary 3). The
former less than doubles the total runtime (especially for the
larger models), while computing derivatives is even cheaper,
increasing the total runtime by less than 10%.
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7 Related Work

The notion of best-effort was first introduced in a game the-
oretic context by Faella (2009) as a relaxation of “winning”
policies (or strategies). These ideas have been adapted to re-
active synthesis, where in the absence of a winning strategy,
best-effort policies can be computed at the same cost (Aminof
etal. 2019, 2020; De Giacomo, Parretti, and Zhu 2025). Clos-
est to our work are Aminof et al. (2023) and Giacomo, Fa-
vorito, and Silo (2024), who study best-effort for stochastic
games where each transition probability is only constrained
to lie within the open interval (0, 1). Crucially, Aminof et al.
(2023); Giacomo, Favorito, and Silo (2024) exploit this lack
of probability bounds to construct a three-valued abstrac-
tion of policies (winning, losing, and pending) which is cen-
tral to their characterization of best-effort policies. However,
this does not carry over to RMDPs, where probabilities are
bounded subsets of [0, 1], thus breaking a direct translation
of their characterization to the RMDP setting.

Related are lexicographic orderings over objectives for
MDPs (Wray, Zilberstein, and Mouaddib 2015) and algo-
rithms for stochastic games that progressively prune subopti-
mal actions per objective (Chatterjee et al. 2024). While our
algorithm is conceptually similar, the refinement to best-effort
policies requires different reasoning over the dominance
order over policies. In multi-objective MDPs (MOMDPs),
multiple objectives are combined, leading to Pareto opti-
mality (Delgrange et al. 2020; Etessami et al. 2008). While
MOMDPs require a trade-off between the objectives, our set-
ting uses best-effort as a hard refinement within the optimal
robust policies. Finally, weakly related are partial orders over
states of MDPs (Roux and Pérez 2018) and monotonicity in
parametric Markov chains (Spel, Junges, and Katoen 2019).

While we focus on s-rectangular RMDPs, our definitions
of best-effort and dominance carry over to other models, such
as k- or non-rectangular RMDPs (Mannor et al. 2004; Goyal
and Grand-Clément 2023; Gadot et al. 2024) and parametric
MDPs (Quatmann et al. 2016). However, computing optimal
policies for these models is much harder—up to NP-hard
for general non-rectangular RMDPs (Wiesemann, Kuhn, and
Rustem 2013). Thus, adapting dynamic programming meth-
ods to these models is still an open problem.

8 Conclusion

We presented a principled tie-breaker among optimal ro-
bust policies in RMDPs based on best-effort. Our proposed
ORBE policies maximize the worst-case expected return but
also achieve a maximal expected return under non-adversarial
transition probabilities. We fully characterized ORBE poli-
cies and presented an algorithm for computing them. Our
experiments showed how to use our methods as an effective
and efficient tie-breaker within robust value iteration.
Future work includes generalizing our methods to non-
rectangular RMDPs or parametric MDPs. Moreover, our
methods still rely on first computing a policy under adversar-
ial transition probabilities. A next step is to consider e-close
optimal robust policies and optimize for best-effort within
this broader context. Finally, we aim to study settings with a
Bayesian prior over the uncertainty set (Murphy 2001).
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