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Abstract

The recent success of machine learning models, especially
large-scale classifiers and language models, relies heavily on
training with massive data. These data are often collected from
online sources. This raises serious concerns about the protec-
tion of user data, as individuals may not have given consent
for their data to be used in training. To address this concern,
recent studies introduce the concept of unlearnable examples,
i.e., data instances that appear natural but are intentionally
altered to prevent models from effectively learning from them.
While existing methods demonstrate empirical effectiveness,
they typically rely on heuristic trials and lack formal guar-
antees. Besides, when unlearnable examples are mixed with
clean data, as is often the case in practice, their unlearnability
disappears. In this work, we propose a novel approach to con-
structing unlearnable examples by systematically maximising
the Bayes error, a measurement of irreducible classification
error. We develop an optimisation-based approach and pro-
vide an efficient solution using projected gradient ascent. Our
method provably increases the Bayes error and remains ef-
fective when the unlearning examples are mixed with clean
samples. Experimental results across multiple datasets and
model architectures are consistent with our theoretical analy-
sis and show that our approach can restrict data learnability,
effectively in practice.

1 Introduction
In recent years, machine learning models have demon-
strated remarkable performance across a wide range of tasks,
driven by large-scale datasets and powerful computational
resources (Kaplan et al. 2020; He et al. 2016). However, this
data-centric mechanism also raises serious concerns regard-
ing intellectual property and control over data usage (Yeom
et al. 2018; Huang et al. 2021). Once data is shared or col-
lected, often without users’ full awareness, it becomes ex-
tremely difficult to restrict its subsequent usage or to prevent
it from being exploited by unintended parties. For example,
social media users are happy to share personal photos on
blogs, yet still wish to prevent unauthorised third parties
from leveraging these images for model training.

Motivated by the need for data protection at the source,
recent studies have introduced the concept of unlearnable
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examples, a proactive defence mechanism that applies imper-
ceptible perturbations to clean data, rendering it unlearnable
by machine learning models (Huang et al. 2021). Return-
ing to the earlier example, a user can apply subtle, human-
imperceptible perturbations to their photos before sharing
them, thereby ensuring that any model trained on these per-
turbed images performs poorly when attempting to recognise
or analyse the individual’s face in unaltered images (Wen
et al. 2023). This technique not only enables data owners to
regain control over their data but also introduces a novel per-
spective in machine learning by designing data that actively
resists learning.

Prior works for creating unlearnable examples take two
main directions. One line of research perturbs data to increase
training loss, aiming to obstruct the model from extracting
useful patterns (Fowl et al. 2021). Another line encourages
overfitting by minimising training error, thereby causing
models to overfit non-generalisable features (Fu et al. 2022).
While existing methods show empirical effectiveness, they
typically require altering the entire training set. In practice,
however, unlearnable examples are mixed with clean data
from diverse sources (Liu, Peng, and Tang 2023; Nakashima
et al. 2022; Seddik and Tamaazousti 2022). In such cases, for
example, training a model on unlearnable examples (CIFAR-
10 (Krizhevsky, Hinton et al. 2009)) may yield 20.50% test
accuracy. But when these unlearnable examples are mixed
with the same number of clean examples for training, the test
accuracy can be boosted to 92.51%. This greatly limits the
effectiveness of existing methods (Huang et al. 2021).

In addition, a formal guarantee is underrated in existing
methods, i.e., these strategies are heuristic instead of from
a systematic derivation of unlearnability. This absence of
theoretical grounding poses risks to interpretability and relia-
bility, especially in safety-critical settings (Wu et al. 2018).
Therefore, there is a pressing need for a clear framework that
not only provides theoretical guarantees for unlearnability
but also remains effective under realistic conditions where
clean and unlearnable data coexist.

In this work, we set out from a statistical learning concept
of Bayes error, which is the classification error rate of the
Maximum A Posterior rule (Fukunaga 1990). Essentially,
Bayes error quantifies the inherent difficulty of classification
with a given data distribution. Here, we leverage Bayes er-
ror as an effective measurement of data unlearnability, i.e.,
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higher Bayes error means more unlearnable. Then, by sys-
tematically increasing the Bayes error through constrained
perturbations, we can consequently ensure that the perturbed
examples become provably harder to learn from, regardless
of the training algorithm. Furthermore, this method remains
effective even when unlearnable examples are mixed with
clean samples.

To increase the Bayes error, we set up an optimisation
problem to maximise the estimated Bayes error under norm-
bounded constraints (to maintain the data quality). When
solving this optimisation problem, we present an efficient
solution with projected gradient ascent (Bertsekas 2003). We
show through a theoretical analysis that the Bayes error is
guaranteed to increase. We then evaluate our method and
implementation through extensive empirical studies. Experi-
ment results demonstrate that our approach consistently leads
to a test accuracy drop. For example, on a CIFAR-10 training
set with 50% clean and 50% unlearnable examples, training
on just the clean half gives 91.16% test accuracy. Adding un-
learnable examples from existing methods increases accuracy
to 92.51%, which defeats the purpose of being unlearnable.
In contrast, using ours drops it to 69.68%. This shows our
method effectively produces unlearnable examples. Our code
is available at https://github.com/cat-claws/unlearnable.

2 Preliminaries and Problem Definition
We first describe the machine learning background, includ-
ing distributions, learning algorithms, and the concept of
unlearnable examples. Then, we define our research problem.

Notations in machine learning Let D denote a joint
probability distribution for random variables x ∈ X and
y ∈ Y, such that for some positive integer n, a sample
from D is captured by {(x1, y1), (x2, y2), . . . , (xn, yn)} or
{(xi, yi)}ni=1 ∼ D, where n is the sample size.

When it comes to machine learning regarding D, we
consider X an input feature space, and consider Y a label
space. Further, we would denote a model (learner) function
h : X→ Y that predicts outputs h(x) ∈ Y based on a (pos-
sibly high-dimensional) input point x ∈ X. The quality of a
model can be measured through Ex,y∼D [ℓ(h,x,y)] with a
problem-dependent loss function ℓ(h, x, y) (Zhang 2004).

Unlearnable examples In this work, we explore a scenario
in which some of the training data needs to be protected
from being learned by the model. A defender can read the
original training dataset {(xi, yi)}ni=1 ∼ D, and can apply
small perturbations ∆xi to these samples. Typically, we have
∥∆xi∥p ≤ ϵ (ϵ > 0 caps the perturbation range within an
Lp-norm) such that the data quality is not affected for hu-
man perception. This results in dataset {(x′

i, yi)}ni=1, where
∀i ∈ 1, . . . , n, x′

i = xi + ∆xi. The goal is that when an
arbitrary model trains on {(x′

i, yi)}ni=1 (and possibly with
additional data other than {(xi, yi)}ni=1), the resultant model
performs badly in testing (or at least worse that a model
trained without the perturbed examples). Formally, let h be
a model selected by arbitrary learning algorithm Γ(·) such
that h = Γ(x1 +∆x1, y1, . . . , xn +∆xn, yn), and this goal

could be expressed as

maxmin
h∈H

Ex,y∼D [ℓ(h,x,y)] ,

s.t. ∀i ∈ 1, 2, . . . , n, ∥∆xi∥p ≤ ϵ
(1)

where H is the space of possible models that can be selected.
Optimisation problem (1) represents a bilevel optimisation
formulation, i.e., the minimisation here trains h, and maximi-
sation manipulates ∆xi to prevent trained h from performing
well in testing.

In practice, instead of solving optimisation problem (1),
two alternative optimisation problems are tackled instead, as
shown in optimisation problem (2) and optimisation prob-
lem (3).

max
∆xi

min
h∈{X→Y }

1

n

n∑
i=1

ℓtrain(h, xi +∆xi, yi) (2)

min
∆xi

min
h∈{X→Y }

1

n

n∑
i=1

ℓtrain(h, xi +∆xi, yi) (3)

The intuition behind optimisation problem (2) is that if the
training loss remains high and the model fails to fit the train-
ing data, then naturally not much information has been trans-
ferred to the model. Conversely, for optimisation problem (3),
the idea is that if the training loss is very low and the model
overfits the training data, then what has been learned may not
generalise well.

Problem definition
Next, we define our problem. Although existing methods are
shown to be relatively effective in some settings, they suffer
from two main shortcomings. First, and most importantly,
they work only if the entire training dataset is are unlearn-
able example, which is hardly practical. Second, these strate-
gies do not come with a formal guarantee for unlearnability
growth. To address the above-mentioned shortcoming, we
thus aim to develop a theoretically grounded method such that
it works even if only a small portion of the data is perturbed
to be unlearnable.

3 Unlearnable Example Construction
We propose a novel approach for constructing unlearnable
examples. We begin by formalising data unlearnability based
on Bayes error, then introduce a differentiable estimate from
samples. We further design a method to provably increase
the Bayes error to hinder learning, and discuss whether such
an approach works in the practical scenario where clean and
unlearnable data coexist.

3.1 Bayes Error as Unlearnability Measurement
We focus on the classification problem in this work. In such
a setting, the Bayes error represents the minimal inevitable
error of any classifier. It is defined as the expected error
probability of the maximum a posteriori rule. Formally, given
a distribution D over X× Y, the Bayes error (rate) of D can
be expressed (Fukunaga 1990; Garber and Djouadi 1988) as:

Ex∼Dx

[
1−max

c
p(y = c|x)

]
(4)
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As shown in the optimisation problem (1), a model at-
tempts to learn from data by minimising the prediction error,
which is the objective that the defender aims to counteract
by increasing this error. Since the Bayes error represents
the minimal inevitable error of any classifier, it provides a
fundamental upper bound on the wild model’s performance.
Therefore, by increasing the Bayes error, the defender effec-
tively lower the upper bound of the model’s performance,
which equivalently increases the unlearnability of the data,
thereby enhancing the unlearnability of the data.

3.2 Increasing Bayes Error Given Finite Samples
While Bayes error computation is straightforward with a
known distribution (Eq. (4)), it is not clear how to compute
Bayes error from samples. To this end, we first present how
to approximate Bayes error from samples, and then propose
a method to systematically increase the Bayes error.

Estimating Bayes error through local posterior averaging
Given only sampled data {(xi, yi)}ni=1 ∼ D, rather than the
distribution D, we do not have access to the true posterior
pD(y | x). The posterior may appear quantifiable through
the following expression.

p̂D(y | x = x) =

∑
j J(xi = x) ∧ (y = yj)K∑

i Jxi = xK
(5)

Eq. (5) measures the frequency of each outcome. Yet, it is
likely that some outcomes are never observed, e.g., when
the X space is continuous, making the Eq. (5) undefined.
To address this issue, we present Algorithm 1 to estimate
Bayes error, where the similarity function s can be defined
according to the joint distribution pattern, e.g., a Gaussian
kernel function

s(x1, x2) = exp(−∥x1 − x2∥2/2σ2). (6)

Algorithm 1: Local posterior averaging

Require: Sampled data {(xi, yi)}ni=1, Y space, similarity
function s : X× X→ R≥0

Ensure: Posterior values {p̂D(y | x = xi)}ni=1
1: for i← 1, 2, . . . , n do
2: for c ∈ Y do
3: p̂D(y = c | x = xi)←

∑n
j=1,j ̸=iJyj=cK·s(xj ,xi)∑n

k=1,k ̸=i s(xk,xi)

4: end for
5: end for

Essentially, Algorithm 1 takes sampled data as input and
for each sampled x, it provides the posterior at that x. This
then provides the sampled posterior values, and therefore
the sampled maximum posteriors. Bayes error can thus be
estimated as

β̂D = 1− 1

n

n∑
i

max
c

p̂D(y = c | x = xi), (7)

which is the fixed-sample form of Eq. (4).
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Figure 1: A joint distribution of two truncated normal dis-
tributions. (Left) The density function of this distribution.
The grey-shaded area represents the Bayes error. (Right) A
sample is drawn from this distribution. Note that the samples
are randomly placed in the vertical direction.

Example 1. Consider a binary classification problem in R
with two truncated normal distributions, as illustrated in the
Figure 1. The Bayes error of such a distribution is 0.1427,
which can be analytically calculated from the probability
density function (PDF) of truncated normal distributions.
Figure 1 (Right) illustrates sampled data drawn from this
distribution. When estimating Bayes error from samples, a
naive estimation like Eq. (5) yields an undefined Bayes er-
ror, because there are no overlapping sampled outcomes. In
contrast, when applying Algorithm 1 and adopting the ra-
dial basis function (Chang et al. 2010) for similarity, we
get 0.1426 as an estimate of Bayes error, which is within a
±0.1% range of the analytic result.

In the following, we establish that the presented Bayes
error estimate through local posterior averaging well approx-
imates the analytic result.

Lemma 3.1. Let s be a symmetric, non-negative similarity
function satisfying the following conditions,

∀x′.

∫
s(x, x′) dx = 1,

∀α > 0.

∫
∥x−x′∥>α

s(x, x′) dx→ 0 as n→∞,

∃κ > 0. ∀x, x′, n. 0 ≤ s(x, x′) ≤ κ.

(8)

The posterior estimate from Algorithm 1 converges to the true
posterior, i.e.,

E[|p̂(y = c | x)− p(y = c | x)|] ≤ C2 · σ2 +
C1√
nσd/2

.

(9)
where C1 and C2 are constants.

Proof for Theorem 3.1, which leverages the bias and vari-
ance derivation for the Nadaraya-Watson estimator (Nadaraya
1964; Watson 1964), is provided in the extended ver-
sion (Zhang et al. 2025).

Theorem 3.2. With the posterior estimate from Algorithm 1,
the Bayes error estimate converges to the true Bayes error at
the rate 2 · C2 · |Y|σ2 + 2·C1·|Y|√

nσd
.

Proof. From Eq. (4), the excess classification error
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∣∣∣β̂D − βD

∣∣∣ can be expressed as

Ex

[
1−max

c
p̂(y = c|x)

]
− Ex

[
1−max

c
p(y = c|x)

]
≤ 2 · Ex

[∑
c

|p(y = c|x)− p̂(y = c|x)|

]
(10)

Now apply the posterior estimation error bound C2σ
2+ C1√

nσd

in Theorem 3.1, where C1 and C2 are constants. Then, we
get
∣∣∣β̂D − βD

∣∣∣ ≤ 2 · C2 · |Y|σ2 + 2·C1·|Y|√
nσd

, still within the
same asymptotic order.

Bayes error maximisation under Lp-norm perturbation
constraint Given sampled data {(xi, yi)}ni=1 ∼ D, we
would like to find a distribution D′ close to D such that
we have β̂D′ > β̂D. Specifically, let {(x′

i, y
′
i)}ni=1 ∼ D′

be sampled data from D′, and an Lp closeness constraint
between D′ and D can be expressed as

∀i ∈ [1, n] ∩ N. (y′i = yi) ∧
(
∥x′

i − xi∥p ≤ ϵ
)

(11)

where ϵ > 0 is the x perturbation range. Since y′i always
equals yi for all i, we use yi whenever y′i is needed. Applying
Eq. (7), we can estimate Bayes error of D′ as

β̂D′ =
1

n

n∑
i=1

(
1−max

c
p̂D′(y = c | x = x′

i)
)
. (12)

We are now ready to define our constrained optimisation
problem of finding D′ as follows. Essentially, we aim to find
x1, . . . , xn that maximise the Bayes error estimate, subject
to an Lp norm constraint.

max
{xi}n

i=1

1

n

n∑
i=1

(
1−max

c

∑n
j=1,j ̸=i Jyi = cK · s(x′

j , x
′
i)∑n

k=1,k ̸=i s(x
′
k, x

′
i)

)
s.t. ∥x′

i − xi∥p ≤ ϵ, ∀i = 1, 2, . . . , n
(13)

Note that the objective function in Eq. (13) is an expanded
form of Eq. (12) using Algorithm 1, and thus fully explicit
given the original data xi, yi and the similarity function s.
This objective function is also computationally tractable and
differentiable almost everywhere.

Next, we present the solution to the optimisation problem
above. Direct gradient ascent is not applicable in constrained
settings, as it does not guarantee that the variable in each
iteration remains within the constrained set. To address this,
we employ projected gradient ascent (PGA), a first-order it-
erative method that enforces feasibility via projection. PGA
operates by performing a standard gradient ascent step fol-
lowed by a projection onto the constrained set. The details of
our approach are shown in Algorithm 2

Essentially, each iteration of the gradient ascent algorithm
requires computing gradients of the objective function (Bayes
error estimate) with respect to all variable inputs x′

i (line
4). Then, we use this gradient to shift the current x′

i to the
direction where the Bayes error grows (line 5). After that, we
project the shift to the Lp constraint to obtain a feasible next-
step x′

i (line 6). Line 6 in Algorithm 2 gives a general form

Algorithm 2: Projected gradient ascent for Bayes error

Require: Sampled data {(xi, yi)}ni=1, Y space, similarity
function s : X × X → R≥0, step size η > 0, Lp con-
straint parameter ϵ, maximum iterations T

Ensure: {(x′(T )
i , yi)}ni=1

1: Initialize x
′(0)
i ← 0, ∀i ∈ 1, 2, . . . , n

2: for t← 0, 1, . . . , T − 1 do
3: for i = 1 ... n do
4: g

(t)
i ← −∇x′

i

(∑n
i=1

maxc p̂D′ (c|x′
i)

n

)∣∣∣
∀j.x′

j=x
′(t)
j

5: δ
(t+1)
i ← x

′(t)
i + η · g(t)

i − xi

6: δ
(t+1)
i ← argminδ′, ∥δ′∥p≤ϵ

∥∥∥δ′ − δ
(t+1)
i

∥∥∥2
2

7: x
′(t+1)
i ← δ

(t+1)
i + xi

8: end for
9: end for

This is a good plot

y = 0 y = 1

Figure 2: Perturbation of two-dimensional points.

expression for projection, and for L∞-norm, a closed-form
projection can be expressed as max(−ϵ,min(δ

(t+1)
i , ϵ)).

Note that gradient computation (Line 4 in Algorithm 2) is
a fundamental step for PGA to work. Eq. (16) below shows
the partial derivative of the objective function in Eq. (13)
with respect to each xi.
Example 2. To illustrate the effect of perturbations, we
present an example in Figure 2. Given sampled data from
Moons (a simple Scikit-learn toy dataset to visualise classifi-
cation (Pedregosa et al. 2011; Chen et al. 2023)), our goal is to
perturb each point within an L∞ norm, e.g., ∥∆xi∥∞ < 0.15
in this example. Next, we apply the PGA procedure described
earlier to obtain perturbations δ∗i for each sample, constrained
by ∥δi∥∞ ≤ ϵ, with ϵ = 0.15. Then, according to Algo-
rithm 2, we obtain the perturbed points. Figure 2 illustrates
the perturbation, as well as the perturbed points. We can then
use Algorithm 1 to find that the new Bayes error value is
0.1832, 28% higher than the original one. Apart from the
Bayes error growth, we can observe that while generally the
movement of each point is towards the other class (increasing
classification uncertainty), the travelled distance does not
necessarily equal the perturbation constraint, i.e., 0.15 here.
This suggests that in some cases, it is not that a larger shift is
more optimal.

In the following, we establish that applying Algorithm 2
can lead to a guaranteed increase in the Bayes error.

Lemma 3.3. Let f : Rd → R be a differentiable function
with a κ-Lipschitz continuous gradient. Let C ⊆ Rd be a
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closed, convex set. Let the PGA update be defined as

x(k+1) = ΠC

(
x(k) + η∇f(x(k))

)
(14)

with x(0) ∈ C, and step size η ∈
(
0, 2

κ

)
, where ΠC finds a

point on C closest to a vector. Then for all k ≥ 0,

f(x(k)) ≥ f(x(0)). (15)

Proof for Theorem 3.3 is in the extended version (Zhang
et al. 2025). Next, we establish that our objective function
satisfies the κ-Lipschitz condition.
Theorem 3.4. There exists a constant κ such that for all
η ∈ (0, 2

κ ), we have that the for any {(x′
i, y

′
i)}ni=1 from Algo-

rithm 2, it is guaranteed that β̂D′ ≥ β̂D.

Proof. We consider the objective function in Eq. (13) as a
function f1 : Xn × Yn → R, and the perturbation range as a
set C ⊆ Xn. First, we show that this objective function is a
differentiable function with a κ-Lipschitz continuous gradi-
ent. Specifically, the partial derivative (of f1) with respect to
each variable can be expressed as Eq. (16).

∇x′
i

(
1

n

n∑
i=1

(
1−max

c

∑n
j=1,j ̸=i Jyi = cK · s(x′

j , x
′
i)∑n

k=1,k ̸=i s(x
′
k, x

′
i)

))

= − 1

n

n∑
j=1,j ̸=i

(
1

(
∑

k s(x
′
i, x

′
k))

2
·max

c

∑
k

(Jyj = cK−

Jyk = cK)s(xi, xk) + max
c

∑
k

(Jyi = cK−

Jyk = cK)
1

(
∑

k s(x
′
j , x

′
k))

2
· s(xj , xk)

)
∇x′

i
s(x′

i, x
′
j)

(16)
Observe that the function s satisfies ∃κ1 > 0. ∀x, x′. 0 ≤
s(x, x′) ≤ κ1. Thus, as long as it is not the case that
∀i, j, s(xi, xj) = 0, then we get that(
∃κ2.

∥∥∇x′
i
s(x′

i, x
′
j)
∥∥ ≤ κ3

)
→
(
∃κ3.

∥∥∇x′
i
f1
∥∥ ≤ κ3

)
.

(17)
That is, if the similarity function is κ2-Lipschitz, then the
objective function of Eq. (16) is κ3-Lipschitz. Next, we show
that the perturbation range C is a closed, convex set (Ver-
shynin 2010). Namely, for all orders greater than 0, Lp norm
is closed, and for all orders greater than or equal to 1, Lp

norm is convex. Therefore, applying Theorem 3.3, we show
that for all k ≥ 0:

f1(x
(k)
1 , . . . x(k)

n , y1, . . .) ≥ f1(x
(0)
1 , . . . x(0)

n , y1, . . .). (18)

Dealing with embedded inputs The previous discussion is
based on a discrete representation of samples whose distance
is easy to measure. As for complicated inputs, e.g., coloured
images, we could first compute their embedding vector and
then solve the Bayes error maximisation problem. Specifi-
cally, let m : Xori → Xemb denote the embedding function
from original input space Xori to the embedding space Xemb.
In this case, their similarity is measured in the embedding

space, and the constraint is still applied to the original input
space, i.e., Eq. (13) becomes Eq. (19) and m needs to be
known.

min
{xi}n

i=1

n∑
i=1

(
max

c

∑n
j=1,j ̸=i Jyi = cK · s(m(x′

j),m(x′
i))∑n

k=1,k ̸=i s(m(x′
k),m(x′

i))

)
s.t. ∥x′

i − xi∥p ≤ ϵ, ∀i = 1, 2, . . . , n
(19)

3.3 Mixing Clean and Unlearnable Examples
In practice, models are unlikely to be trained solely on the
perturbed unlearnable data. To model this situation, we adjust
Eq. (13) by letting some perturbation be 0. That is, for some
(but not all) i in 1, 2, . . . , n, it is restricted that x′

i = xi. Intu-
itively, this could be a case where the adversary could lever-
age publicly available data to augment the training, whereas
the defender cannot modify all the public data. In the fol-
lowing, we show in Theorem 3.5 that Algorithm 2 can still
effectively increase Bayes error.
Corollary 3.5. Given {(xi, yi)}ni=1, let In ⊂ N∩[1, n], In ̸=
be a subset of all indices. Suppose for all indices j in In, it
is restricted that ∆xj = 0. It follows that the remaining
perturbations can increase Bayes error, i.e., the following
condition is satisfied.

(∀j ∈ In. ∆xj = 0)∧(
1− 1

n

n∑
i

max
c

p̂D(y = c | x = x′
i) ≥

1− 1

n

n∑
i

max
c

p̂D(y = c | x = xi)

) (20)

Proof for Theorem 3.5 can be found in the extended ver-
sion (Zhang et al. 2025).

4 Experiments
We conduct experiments to evaluate the empirical effective-
ness of the proposed method, aiming to answer the following
research questions (RQs).

1. How does the proposed perturbation affect Bayes error?
2. Does training on our unlearnable examples lead to reduced

test accuracy? What happens when only a subset of the
training data is made unlearnable?

3. How does our method perform against adaptive attacks
such as adversarial training?

Experimental settings We follow standard experimental
settings as established in previous work (Huang et al. 2021;
Wen et al. 2023), and evaluate our method on three image clas-
sification benchmarks: CIFAR-10, CIFAR-100 (Krizhevsky,
Hinton et al. 2009), and Tiny ImageNet (Le and Yang 2015).
Perturbations are constrained within an L∞-norm bound of
ϵ = 8/255 per image. For feature extraction, we adopt the
commonly used ResNet-18 model (He et al. 2016; Robey
et al. 2022; Zhang et al. 2019; Wang et al. 2020). All mod-
els are trained for 100 epochs using stochastic gradient de-
scent (Robbins and Monro 1951) with a learning rate of 0.1,
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Figure 3: Examples before and after perturbation
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Figure 4: Test accuracy on each setting. “No add-on” means
only training on part of the original training set.

momentum of 0.9, weight decay of 5 × 10−4, and cosine
annealing learning rate scheduling (Loshchilov and Hutter
2017). For our optimisation implementation, we formulate an
auto-differentiable Bayes error objective in PyTorch (Paszke
et al. 2019), enabling gradient computation in the input space
via back propagation. Additional experimental details are
provided in the corresponding subsections.

4.1 RQ1: The change in Bayes error

We empirically study how the Bayes error changes after per-
turbing data inputs using our method. As an intuitive illus-
tration, we first conduct the experiment on Moons (a simple
toy dataset to visualise classification (Pedregosa et al. 2011;
Chen et al. 2023)), which consists of two interleaving half cir-
cles. A sample of 200 points is shown in Figure 3a. We then
apply Algorithm 2 with ϵ = 0.25 to construct unlearnable ex-
amples, resulting in the distribution shown in Figure 3b. The
perturbed examples appear more scattered within each class,
and examples from different classes become closer. This re-
duces inter-class separation, leading to a 24.3% increase in
Bayes error, from 0.1434 (original) to 0.1888 (unlearnable).

Next, we extend our experiment to high-dimensional im-
age data. As shown in Figure 3c, the t-SNE visualization of
the original CIFAR-10 training set exhibits well-separated
class features. After applying Algorithm 2, the resulting un-
learnable dataset (visualized in Figure 3d) shows significant
feature overlap across classes, making the data intuitively less
learnable. Correspondingly, the Bayes error increases signifi-
cantly from 0.0565 to 0.2453, representing more than a 3.3x
increase. These results confirm that our method effectively
increases the Bayes error.

4.2 RQ2: Effectiveness of Unlearnable Examples
To evaluate the effectiveness of our unlearnable examples,
we use them for training and then measure the test accuracy.
Test accuracy is an empirical measurement of unlearnability.
Intuitively, if the test accuracy remains high, the training data
may not be sufficiently unlearnable. As a reference, training
on the full original CIFAR-10 (training) set yields 95.12%
test accuracy.

We first train on our entire unlearnable set and observe a
test accuracy of 28.12% on CIFAR-10, showcasing an over
70% accuracy drop from 95.12%. Then, we explore mixed-
data settings, e.g., replacing half of the original training sam-
ples with unlearnable ones results in 69.68% test accuracy,
with a 27% drop from 95.12%. To further isolate the effect of
unlearnable examples, we train only on the original half set
without any unlearnable data add-on, which achieves 91.16%
accuracy, over 30% higher than 69.68%. This suggests in-
cluding unlearnable examples degrades model performance.

We iteratively adjust the proportion of original/unlearnable
data in the mixture to reflect realistic scenarios where pro-
tected data forms a minority. As shown in Figure 4, we report
test accuracy under varying ratios of kept original samples (#
original / # original and unlearnable) ratios. We include two
representative baseline methods, one by minimising training
loss and the other by maximising training loss. Specifically,
Huang et al. (2021) introduce label-correlated noise to create
shortcut features that hinder meaningful learning. In con-
trast, Wen et al. (2023) identify the embedding centre of each
class and push individual examples away from it, reducing
intra-class coherence.

Compared with baseline methods, our method consistently
induces greater accuracy drops, on average, 8% more than
Huang et al. (2021) and 9% more than Wen et al. (2023).
More importantly, our examples cause a consistent accuracy
decline across all settings. In contrast, previous methods
may occasionally act as extra training data and even improve
accuracy when mixed in (e.g., 50% (Huang et al. 2021)).
These results demonstrate that our unlearnable examples are
not only effective in full training scenarios but also degrade
more when only used as a part.

Effectiveness on complex datasets Figure 5 illustrates ex-
perimental results on more complex datasets, CIFAR-100 and
Tiny ImageNet. Across all mixture ratios, including the case
when fully training on unlearnable examples, our constructed
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Figure 5: Test accuracy for complex datasets

Model architecture clean ours

ResNet-18 95.04 28.12
ResNet-34 95.12 29.86
VGG-19 91.70 18.14

DenseNet-121 95.06 25.89
MobileNet v2 93.30 30.54

Table 1: Test accuracy when unlearnable examples are used
in training with various architectures

examples consistently cause a noticeable drop in test accu-
racy. These results further confirm the general effectiveness
of our method on larger and more challenging datasets.

Transferability to unseen model architectures To trans-
form image data into an embedding space, we use a feature
extractor with ResNet-18 (He et al. 2016) architecture. A
natural question is whether the constructed unlearnable ex-
amples remain effective when a different model architecture
is used for training. To investigate this, we follow Wen et al.
(2023) and evaluate four alternative architectures, with re-
sults summarised in Table 1. Across all architectures, training
on our CIFAR-10 unlearnable examples consistently yields
lower accuracy compared to training on clean data. The av-
erage accuracy drop is 68% (±10%), closely matching the
drop observed with ResNet-18 (28.12%, ±5%), suggesting
that the effectiveness of our examples generalises well across
model architectures.

4.3 RQ3: Resistance to Adversarial Training
Due to their potential public release, once constructed, un-
learnable examples are no longer amendable by the defender.
This may place them at a disadvantage, especially when it is
known that the data has been intentionally perturbed. In such
cases, countermeasures such as adversarial training may be
applied to forcibly extract information from these examples.
To evaluate the effectiveness of our approach in this scenario,
we conduct experiments using PGD-based adversarial train-
ing (Madry et al. 2018; Wen et al. 2023), a commonly adopted
adaptive strategy, on our constructed unlearnable examples.
Figure 6 presents model performance over training iterations.
Compared to standard training on clean data, our unlearn-
able examples consistently lead to reduced accuracy. Notably,
under adversarial training, the model achieves only 74.5%
test accuracy, which is 21.5% lower than training on original
examples. We also include stronger adaptive attack (Yu et al.
2024) and achieves consistently (8.1% on average) higher
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Figure 6: Test accuracy at each iteration

performance than baselines. This substantial drop renders the
resulting model largely unusable in practice.

5 Related Work
Protecting data at the source has gained increasing atten-
tion due to the rising concerns over unauthorised data usage.
Huang et al. (2021) and Ren et al. (2022) introduced the
concept of unlearnable examples, where imperceptible per-
turbations are applied to make data inherently difficult to
learn. Approaches to constructing unlearnable examples have
typically followed two heuristics: (1) maximising the training
loss to prevent models from fitting useful features (Wen et al.
2023; Fowl et al. 2021), and (2) minimising it to encourage
overfitting on non-generalizable patterns (Huang et al. 2021;
Fu et al. 2022). There are also other approaches (Liu, Wang,
and Gao 2024; Liu et al. 2024; Liu, Peng, and Tang 2023; Mu
and Lim 2025), including directly optimising perturbations
for specific model parameters (Lu, Kamath, and Yu 2023).
Such created unlearnable examples have been found to work
ineffectively when mixed with clean data and lack formal
guarantees. This work thus aims to tackle the problem of
ensuring unlearnability even in the mixed data situation.

Estimating the Bayes error of a given data distribution
has long been an interesting topic (Fukunaga and Hostetler
1975). Related methods include estimating its lower or upper
bounds, e.g. the Bhattacharyya distance (Fukunaga 1990) or
the Henze-Penrose divergence (Berisha et al. 2016; Sekeh,
Oselio, and Hero 2020). Alternatively, there are attempts to
estimate the Bayes error using generative models (Kingma
and Dhariwal 2018; Theisen et al. 2021) or real-world human
annotation (Renggli et al. 2021). Indirect Bayes error esti-
mation has also been adopted by quantity substitution, e.g.,
accuracy to robustness (Zhang and Sun 2024a,b). Compared
with these estimates, our Bayes error estimate is easier to
compute, such as to model and improve unlearnability.

6 Conclusion
We propose a formal objective to increase unlearnability by
increasing Bayes error, and a projected gradient ascent strat-
egy to ensure its growth in practice. Experiments confirm our
method consistently reduces test accuracy even if the training
data is a mixture of clean and unlearnable ones. Overall, it
offers an effective approach to user data protection. In the
future, an interesting direction is to extend our framework
to protect data from generative models, such as generative
adversarial networks.
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