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Abstract

Large language models have led to significant progress across
many NLP tasks, although their massive sizes often incur
substantial computational costs. Distillation has become a
common practice to compress these large and highly capable
models into smaller, more efficient ones. Many existing lan-
guage model distillation methods can be viewed as behavior
cloning from the perspective of imitation learning or inverse
reinforcement learning. This viewpoint has inspired subse-
quent studies that leverage (inverse) reinforcement learning
techniques, including variations of behavior cloning and tem-
poral difference learning methods. Rather than proposing yet
another specific temporal difference method, we introduce a
general framework for temporal difference-based distillation
by exploiting the distributional sparsity of the teacher model.
Specifically, it is often observed that language models assign
most probability mass to a small subset of tokens. Motivated
by this observation, we design a temporal difference learning
framework that operates on a reduced action space (a subset
of vocabulary), and demonstrate how practical algorithms can
be derived and the resulting performance improvements.

Introduction
The successes of large language models (LLMs) have brought
transformative advancements across many NLP tasks, al-
beit often at the cost of substantial computational resources
due to their massive size. Model distillation is a widely
adopted approach to compressing these large, high-capacity
models (teachers) into smaller, efficient models (students).
This practice has become standard, ranging from propri-
etary ones (Achiam et al. 2023) to open-source model fami-
lies (Touvron et al. 2023; Grattafiori et al. 2024; Yang et al.
2024).

The seminal work of knowledge distillation (KD) pro-
posed by Hinton, Vinyals, and Dean (2015) established the
foundation for distribution-matching distillation methods,
which were later extended to sequence/auto-regressive mod-
els (Kim and Rush 2016). In distribution-matching meth-
ods, at each time step during text generation, a student
model π : X → ∆(V) seeks to approximate the proba-
bility distribution, over an vocabulary V , produced by the
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teacher π⋆, for example by minimizing a (forward) KL-
divergence (Sanh et al. 2019; Jiao et al. 2019; Wang et al.
2020) minπ KL[π⋆(x≤t)∥π(x≤t)], where x≤t ∈ X is a se-
quence of length t, and ∆(Ω) denotes a probability simplex
over space Ω.

Notably, this sequential distribution matching can be inter-
preted as behavior cloning (BC) (Pomerleau 1991), within
the imitation learning (IL) and inverse reinforcement learn-
ing (IRL) literature (Abbeel and Ng 2004; Ng, Russell et al.
2000; Ziebart et al. 2008; Ho and Ermon 2016). While there
are nuanced differences between IL and IRL, we use them
interchangeably.

An important distinction between IL and distillation lies
in the accessibility of the expert/teacher model π⋆. In IL
settings, π⋆ is typically not available as a white-box model;
instead, it is inferred empirically from expert demonstra-
tions. A common estimate is given by π̂⋆(y | x) ∝
E(s,a)∼ρD [1{(x,y)=(s,a)}], where ρD is the empirical distri-
bution induced from a dataset D. In contrast, it is reasonable
to assume direct access to π⋆ as a white-box for distillation.
This suggests that distillation is an even easier problem to
IL, enabling the application of tools and insights from the
broader IL literature.

Casting distillation as an IL problem is not new per se; in-
deed, many existing distillation works (Kim and Rush 2016;
Agarwal et al. 2024; Gu et al. 2023; Wen et al. 2023) per-
form BC. Before reviewing these works through the lens
of IL, we highlight two key distinctions that help character-
ize the distillation setup: (i) offline vs. online: This refers
to whether distillation is performed on a fixed, pre-collected
dataset (offline) or involves continuously generating new data
during training (online). (ii) off-policy vs. mixed-policy: A
method is considered purely on-policy if it uses only student-
generated data for training; otherwise, it is categorized as
off-policy. However, purely on-policy distillation is rare in
practice—most methods use a mixture of teacher and stu-
dent data. We refer to this setup as mixed-policy, though it is
technically off-policy in the RL literature.

The pioneer work of sequence-level KD (SeqKD) (Kim
and Rush 2016) is an offline off-policy BC. Follow up
BC style works fall into two main categories: (i) online
mixed-policy (Agarwal et al. 2024; Gu et al. 2023; Ko et al.
2024); and (ii) offline mixed-policy (Wen et al. 2023); po-
tentially with different choice of divergence measure - for-
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Figure 1: We average the sorted token probabilities across 20
sequences generated by Qwen-2.5 3B. Top 50 tokens account
for 96% of the total mass, and the top 7 tokens contribute
≥ 90%.

ward/reverse KL (Kim and Rush 2016; Gu et al. 2023),
Jensen-Shannon divergence (Agarwal et al. 2024), and gen-
eral f -divergence (Wen et al. 2023).

However, BC is known to suffer from compounding er-
rors (Ross, Gordon, and Bagnell 2011; Tu et al. 2022), also
referred as exposure bias (Ranzato et al. 2015) in the context
of auto-regressive models. To address these issues, the IL
literature offers a rich toolbox beyond BC, for example gen-
erative adversarial training (Ho and Ermon 2016), occupancy
matching (Syed, Bowling, and Schapire 2008), and more.
We refer readers to Osa et al. (2018) for a comprehensive
review. While not exhaustive, many modern IL methods (Ho
and Ermon 2016; Ziebart et al. 2008) involve modeling an
inverse reward function and then optimizing a policy with re-
spect to it using RL. These RL algorithms are often based on
temporal-difference (TD) learning (Sutton, Barto et al. 1998),
which estimates the long-term impact of an action (or token)
given a state (or sub-sequence) to mitigate the compounding
errors.

Distillation may potentially benefit from the broader IL
toolbox—particularly from TD learning methods. Earlier
work has already demonstrated the potential of such ap-
proaches in smaller auto-regressive models. For instance, Yu
et al. (2017) and Wu, Li, and Yu (2021) can be viewed as early
applications of Ho and Ermon (2016). For modern LLMs, Jia
(2024) explored TD-style IL methods for distillation, through
value moment matching (Abbeel and Ng 2004; Ziebart et al.
2008) in particular. However, applying TD learning to LLMs
is generally challenging due to their vast state-action space
VT (Snell et al. 2022; Yu et al. 2023; Havrilla et al. 2023).

Instead of directly applying a specific TD-learning-based
IL method to distillation, we ask a more fundamental ques-
tion: is there an exploitable structure unique to the distillation
setting? A natural observation is that, for LLMs, the output
distribution over the vocabulary is often sparse—only a small
subset of tokens typically receive significant probability mass.
An illustrative example is shown in Figure 1: For responses

we generated, top 50 tokens account for 96% total mass, and
top 7 tokens contribute 90%. Motivated by this observation,
a natural idea is: during TD learning, it may be sufficient to
consider only a small subset of candidate actions, reducing
the effective action space from V to a much smaller set.

Preliminaries
MDP notations. We define the conventional MDP tu-
ple M = (S,A,P, r, γ) as follows. Let w≤t =
(w1, w2, . . . , wt) ∈ Wt := Vt be a sequence of tokens. We
define a state and an action as st := s0 ◦ w<t ∈ S and
at := wt ∈ A, where ◦ denotes concatenation and s0 is
a prompt (or a query). We will sometimes use x and y as
substitute of s and a whenever required by context, and use
the conventional prime notation s′, a′ to denote st+1, at+1

when only relative temporal index matters. The transition
function P : S ×A → S is defined as simple concatenation
s′ = P(s, a) := s ◦ a; r : S ×A → R is an unknown reward
function; and γ ∈ [0, 1] is a discount factor.

Policy. We denote the student policy as π : S → ∆(A) (or
parameterized πθ) and the teacher model as π⋆ : S → ∆(A),
which may sometimes be referred to as the expert policy
using IL terminology.

Soft value functions. The goal of soft RL is to maxi-
mize the expected return J(π) = E[

∑
t γ

tr̃t | π,M]. The
state-action value function Qπ : S × A → R and the state
value function V π : S → R are essentially recursive defini-
tion of the return J(π). In particular, we consider soft value
functions (entropy-regularized) (Littman 1996; Ziebart et al.
2008) in this work, which are defined as follows:

Qπ(s, a) := E[
∑∞

t=0 γ
tr̃t | π,M, S0 = s,A0=a]

= r(s, a) + γV π(s′), (1)
V π(s) := Ea∼π(s)[Q(s, a)− log π(a | s)] (2)

where s′ = s ◦ a, and r̃(s, a) := r(s, a)− log π(a | s) is the
entropy-regularized reward.

In an operator notation, the soft Bellman operator Bπ
r :

RS×A → RS×A is defined as (Bπ
rQ)(s, a) = r(s, a) +

γV π(s′). Note this soft Bellman (evaluation) operator is a
contractor (Haarnoja et al. 2018), in contrast to the non-
contractive soft Bellman improvement operator (Littman
1996). We will throughout this paper use soft Bellman opera-
tor to denote Bπ

r , the policy evaluation operator.
Remark on Bπ

r . The contractive property of Bπ
r defines

a unique soft Q-function, for a reward function r, as the
fixed point of Q = Bπ

rQ, given the Banach fixed-point the-
orem (Banach 1922). The contraction property of Bπ

r later
helps us to obtain our results in Section .

Occupancy measures. Let x be a state, the occu-
pancy measure induced from a policy π is ρπx(s, a) :=
Eπ[

∑∞
t=τ γ

t−τ1{St=s,At=a} | Sτ = x]. Occupancy mea-
sures are convenient notation for formulating RL problems,
though not a must, we introduce them to make the formula-
tions more succinct. It is convenient as the value function can
be written as V π(s) = E(x,y)∼ρπ

s
[r̃(x, y)].

Max-entropy IRL. With these definitions, we are now
ready to introduce our choice of concrete IRL algorithm,
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IQL (Garg et al. 2021), which is an extension of maximum-
entropy IRL (Ziebart et al. 2008). We start with the Genera-
tive Adversarial IL (GAIL) (Ho and Ermon 2016) objective
function:

min
π

max
r
L(π, r):=Eρ⋆ [r(s, a)]−Eρπ [r(s, a)]−H(π)−ψ(r),

(3)
where H(π) := Eρπ [− log π(a | s)] and ψ : RS×A → R is
a convex reward regularizer.

Inverse soft Q-learning. IQL (Garg et al. 2021) is a re-
cent popular extension of GAIL, which is also the choice of
algorithm of our paper. It’s objective function is defined as:

maxQ minπ J (π,Q) := Eρ⋆ [Q(s, a)− γV π(s′)]

− (1− γ)Es0 [V
π(s0)]− ψ(T πQ),

(4)

⇔ maxQ J ⋆(Q) := Eρ⋆ [ϕ(Q(s, a)− γV Q(s′))]

− (1− γ)Es0 [V
Q(s0)] (5)

where ϕ is a choice of concave regularizer; T π :
RS×A → RS×A is an inverse soft Bellman operator, de-
fined as (T πQ)(s, a) = Q(s, a) − γV π(s′); and V Q :=
log

∑
a expQ(s, a).

The core idea is can be summarized as: (i) The origi-
nal GAIL objective minπ maxr L(π, r) can be equivalently
swapped as maxr minπ L(π, r) by strong duality, given
proper regularization and feasible domains; (ii) For a fixed
policy π, the saddle-point problem maxr minπ L(π, r) for
a fixed π is provably equivalent to maxQ minπ J (π,Q).
This equivalence allows direct optimization in the value-
function space, eliminating the need to explicitly model the
inverse reward r; (iii) For a fixed Q, it is well-known that the
entropy-regularized policy has a closed-form solution given
by πQ = expQ(s, a)/

∑
a expQ(s, a). And Danskin’s the-

orem (Danskin 2012) implies the saddle-point optimization
maxQ minπ J (π,Q) can be casted as a simple maximization
maxQ J ⋆(Q).

Remark on IQL. IQL reparameterizes the saddle-point
formulation of IRL, enabling simpler and more stable opti-
mization, and has thus recently gained popularity. We refer
readers to (Ho and Ermon 2016; Garg et al. 2021; Al-Hafez
et al. 2023), for a detailed derivation, background, and follow-
up works. Throughout this paper, we use the deterministic
form of IQL since the transition function P for LLMs is de-
terministic; the original stochastic formulation can be found
in Garg et al. (2021).

Method
Notation Setup
Defining different sort of backup operators with different
desired properties has been a significant string of works in
the RL literature. We refer to Asadi and Littman (2017) and
Miahi et al. (2024) for detailed discussions. We start with the
example of soft Bellman operator used in IQL

(Bπ
rQ)(s, a)=r(s, a)+γEa′∼π(s′)[Q(s′, a′)−log π(a′|s′)]

(6)
The future term Ea′∼π(s′)[Q(s′, a′)− log π(a′ | s′)] is often
called target. While evaluating the target, the candidate set

of actions is the entire action space A = V , which is often
huge.

Given the sparsity observation we made in Figure 1, a
natural idea is to only use a subset of candidate actions that
have a significant total density mass, say top-p tokens, we
define the top-p candidate set:
Definition 1 (top-p candidate set). Given π⋆ and a state s,
the top-p candidate set is defined as

A⋆
p(s) :=

{ai :
∑

i π
⋆(ai | s)=p; π⋆(ai|s) ≥ π⋆(aj | s) ∀ i, j} ⊆ A.

(7)

where actions are sorted in descending order of probability
density (i.e., π⋆(ai|s) ≥ π⋆(aj |s) for all i < j). Thus, for
state s, the set A⋆

p(s) consists of actions with the largest
probabilities whose cumulative probability equals p, a.k.a.
top-p tokens (Holtzman et al. 2019). Although it’s uncommon
to have a set whose cumulative probability equals exactly p,
we use this notation for brevity, as the intended meaning is
clear from context.

This top-p set filtered out the actions that have low densi-
ties w.r.t. the teacher π⋆. It is intuitive as the teacher model
is a high-capable model and hence the reserved candidate
tokens are high-quality.

Remark on A⋆
p(s). Note that A⋆

p(s) is a state-dependent
set, which creates notational inconvenience for subsequent
analysis. Without loss of generality, we simplify that A⋆

p is
state-independent, it is easy to extend the following results
to state-dependent A⋆

p(s). A simple construction is A⋆
p :=

∪sA⋆
p(s).

Instead proceeding to direct implementation with this top-p
set, lets first define a top-p MDP Mp as a filtered counterpart
of the original MDP M.
Definition 2 (top-p MDP and Q̄). Given a MDP M =
(S,A,P, r, γ) and a teacher policy π⋆, its top-p counter-
part is Mp = (S,A⋆

p,P, r, γ). To make the notation clearer,
we use Q : S × A → R and Q̄ : S × A⋆

p → R to denote
Q-functions live in M and Mp, respectively.

With this definition, we aim to address an important ques-
tion: What’s the performance of the optimal policy, if exist
any, in Mp compared to the optimal policy in M? Do we
preserve proximal optimality when we use a subset of
actions A⋆

p?
Let π⋆ and Q⋆ be the optimal policy and its correspond-

ing soft Q-function in M, and let π⋆
p and Q̄⋆

p denote their
counterpart in Mp. As Mp is also a well-defined MDP, the
existence of π⋆, π⋆

p , Q
⋆, Q̄⋆

p follows directly from the fixed
point theorem (Banach 1922). Note that we use π⋆ to refer
to both optimal policy and the teacher model, as in IRL it is
often assumed that the demonstrator (the teacher) is optimal.
Definition 3 (top-p projection). For any policy π, its top-p
counterpart in the top-p MDP Mp is a state-wise projection
PROJp onto the top-p candidate set A⋆

p, for all state s ∈ S .

PROJp(π)(a | s) :=

{
π(a | s)/

∑
a∈A⋆

p
π(a | s), if a ∈ A⋆

p

0, otherwise
(8)
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Remark on PROJp. PROJp(π
⋆
p) = π⋆

p by definition, and
PROJp(π

⋆) is not necessarily π⋆
p . However, the projected pol-

icy PROJp(π
⋆) is handy for our analysis, see later Proposi-

tion 3 and 4.
With this projection definition, we are now ready to define

a top-p version of soft Bellman operator.
Definition 4 (top-p soft Bellman operator). For any policy
π : S×A → ∆(A) and reward function r, We define a top-p
counterpart Bπ

p : RS×A⋆
p → RS×A⋆

p to the soft Bellman
operator Bπ

r as

(Bπ
p Q̄)(s, a) = r(s, a) + γEa′∼PROJp(π)[Q̄(s′, a′) (9)

− log PROJp(π)(a
′ | s′)]. (10)

The top-p operator Bπ
p is defined by projecting π onto A⋆

p.
To characterize the optimality of Bπ

p , we define the supported
q-norm to measure the magnitude of vectors w.r.t. the action
set of interest A⋆

p:
Definition 5 (supported q-norm). For Φ : S × Y → R, we
define the supported q-norm by,

∥Φ∥q,Y := maxs(
∑

a∈Y |Φ(s, a)|q)1/q. (11)

And slightly abusing notations, for Φ : S × A → R and
Φ̄ : S ×A⋆

p → R, we define

∥Φ− Φ̄∥q,A⋆
p
:= maxs(

∑
a∈A⋆

p
|Φ(s, a)− Φ̄(s, a)|q)1/q.

(12)
Note that the supported q-norm is not exactly a norm be-

cause the definiteness does not hold. However, non-negativity,
homogeneity, and especially the triangle inequality do hold.

Optimality in Mp

Definition 6 (fixed point of Bπ
p ). Q̄ : S ×A⋆

p → R is a fixed
point of Bπ

p iff

Q̄(s, a) = (Bπ
p Q̄)(s, a) for all s ∈ S and a ∈ A⋆

p. (13)

Proposition 1 (contraction). Bπ
p is a contraction in the sup-

ported ∞-norm.

We start with characterizing the gap between Q̄PROJpπ
⋆

and Q⋆, and then the characterization of Q̄⋆
p, the optimal

value function in Mp, will follow directly from the sandwich
condition 3.
Proposition 2. Suppose κ(p) := − γ

1−γ log p and Q̄PROJpπ
⋆

is the fixed point of BPROJpπ
⋆

p , the sub-optimality ∥Q⋆ −
Q̄PROJpπ

⋆∥∞,A⋆
p
≤ κ(p).

Proposition 2 shows that the sub-optimality between
Q̄PROJpπ

⋆

and Q⋆
p is bounded. This suggests that the opti-

mal policy π⋆ in M projected onto A⋆
p, the action set of Mp,

is still a good policy. While projection is trivial in the tabular
case, it is in general difficult to project a parameterized π⋆

onto the action set A⋆
p. Instead, it is natural to implement an

(inverse) RL algorithm in Mp.
However, when implementing conventional IRL algo-

rithms in Mp, these algorithms typically seek to find the

optimal policy π⋆
p in Mp rather than the projected PROJpπ

⋆.
The quantity of interest is the gap ∥Q⋆ − Q̄⋆

p∥∞,A⋆
p
, which

measures how well Mp approximates the original task M
using the action subset A⋆

p. This is intuitive: since π⋆
p is opti-

mal in Mp, it should perform at least as well as any projected
policy, including PROJpπ

⋆.
Formally, we first provide a sandwich condition in Proposi-

tion 3, and the desired gap, as shown in Proposition 4, trivially
follows.
Proposition 3 (sandwich condition). Q̄PROJpπ

⋆

(s, a) ≤
Q̄⋆

p(s, a) ≤ Q⋆(s, a), for all (s, a) ∈ S ×A⋆
p.

Proposition 4 (bounded sub-optimality). Given a MDP M
and its top-p counterpart Mp, letQ⋆ and Q̄⋆

p be their optimal
soft Q-functions, respectively, we have: ∥Q⋆ − Q̄⋆

p∥∞,A⋆
p
≤

κ(p).
The takeaway is: The optimal policy π⋆

p learned in Mp

is provably near-optimal relative to π⋆ (the teacher), as
established by Proposition 4. This guarantee means one
can deploy any IRL algorithm within Mp and (theoretically)
find a policy whose performance closely matches that of π⋆,
even though the action subset A⋆

p (for reasonable choice of
p) is much smaller than the full action space A, i.e. the raw
vocabulary V . This makes TD learning more efficient. In the
next section, we show how to tailor a concrete IRL algorithm
to our top-p MDP M.

Implementation
We’ve demonstrated that: Optimal policy π⋆

p in Mp yields a
bounded sub-optimality 4 compared the optimal policy π⋆ in
the original problem M. Technically, any soft IRL algorithm
could be applied to Mp, by tailoring its backup operator
through top-p projection (definition 3), as the example of
top-p soft Bellman operator (definition 4).

We choose IQL (Garg et al. 2021) as our base IRL algo-
rithm, and show that how to practically implement its top-p
counterpart. Recall that the IQL objective is given by:

maxQ J ⋆(Q) := Eρ⋆ [ϕ(Q(s, a)− γV πQ(s′))]

− (1− γ)Es0 [V
πQ(s0)], V

πQ(s) := log
∑

a expQ(s, a).
(14)

Often in (inverse) RL objectives, there are two functions Q
and π depends on action a. Hence to constraint objective (14)
(or any other objective) to the top-p candidate action set A⋆

p,
one should constraint these two functions to the candidate
set.
Q-function masking. We only need to update Q-values of

interests, i.e. Q(s, a) for a ∈ A⋆
p.

Definition 7 (top-p mask). For any Q : S × A → R, we
define a top-p mask F⋆

p : S ×A → S ×A:

(F⋆
pQ)(s, a) :=

{
Q(s, a), if a ∈ A⋆

p

−∞, otherwise
(15)

Applying F⋆
p leads to: maxQ J ⋆(Q) :=

Eρ⋆ [ϕ((F⋆
pQ)(s, a)− γV πQ(s′))]− (1− γ)Es0 [V

πQ(s0)].
Policy projection. We are also ready to handle the pol-

icy πQ through projection. By definition πQ(a | s) =
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Algorithm 1: Bellman Distill

Input: Teacher model π⋆; Instruction set D =
{X};Student model Qθ; Pre-train dataset DPT .
Data Generation: Generate the teacher dataset D⋆ =
{X,Y ⋆} using π⋆.
for each epoch do

Sample mini-batches D⋆
mini,DPT

mini from datasets.
Compute F⋆

p according to Definition 7 and Q(s, a).
Compute πQ(a | s) and PROJpπQ using Definition 3.
Compute projected value function using V PROJpπQ(s).
Compute J ⋆ in Eq. 17 and JPT for student update.

end for

expQ(s, a)/
∑

a expQ(s, a), as a result its projected coun-
terpart is (PROJpπQ) = expQ(s, a)/

∑
A⋆

p
expQ(s, a) for

a ∈ A⋆
p otherwise 0.

Applying both Q-function masking and policy projection
leads to:

max
Q

J ⋆(Q) := Eρ⋆ [ϕ((F⋆
pQ)(s, a)− γV PROJpπQ(s′))]

− (1− γ)Es0 [V
PROJpπQ(s0)] (16)

Further IQL details. ϕ(·) is a reward regularizer, we fol-
low Garg et al. (2021) to use χ2, corresponding to ϕ(x) =
x − x2/4α for some coefficient α. We use α = 0.1 for
our experiments. In the IQL implementation, the second
term in Eq. (14) is rewritten equivalently to a TD update
through the telescopic identity (Garg et al. 2021). This iden-
tity states: for any π, valid occupancy measure µ, and value
function V π, we have E(s,a)∼µ [V

π(s)− γEs′V
π(s′)] =

(1− γ)Es0 [V
π(s0)].

Let µ = ρ⋆ and ϕ(x) = x − x2/4α, the projected IQL
objective is thereby given by:

max
Q

J ⋆(Q) := Eρ⋆ [ϕ((F⋆
pQ)(s, a)− γV PROJpπQ(s′))]

− Eρ⋆ [V PROJpπQ(s)− γEs′V
PROJpπQ(s′)]

(17)

where V PROJpπQ(s) = EPROJpπQ
[Q(s, a) − log PROJpπQ].

Note this is consistent with Eq. (14), since without projec-
tion we have V πQ(s) = EπQ

[Q(s, a) − log πQ(a | s)] =
log

∑
a expQ(s, a).

Here the expectation w.r.t. ρ⋆ implies that data should be
sampled from the teacher model π⋆.

In practice, we parameterize Qθ with θ, the param-
eters of the student model, the student policy πθ =
expQθ(s, a)/

∑
a∈A expQ(s, a). Therefore, the Qθ values

are effectively the (constant-shifted) logits of student net-
work, hence it is sufficient to have one model to serve as both
Qθ-function and student policy πθ.

Further implementation details. Following Gu et al.
(2023), we maximize a language modeling objective JPT =
E(s,a)∼DPT log πQ(a | s) to retain performance on estab-
lished NLP benchmarks. We refer to Algorithm 1 and Sec-
tion 2.3 of Gu et al. (2023) for further details. We clip the Q
values using a minimum value Qmin = −10 for numerical
stability.

Figure 2: Comparison of win rates against KD, SeqKD, and
MiniLLM baselines. We evaluate using GPT-4o-mini (Ope-
nAI 2024) as the judging oracle, with Qwen-2.5 (3B) as the
teacher model and a smaller (0.5B) model as the student.
Results are based on 500 responses per distilled model, gen-
erated under the Dolly evaluation setting.

Experiments
In this section, we call our method as Bellman Distill (BD)
for brevity.

Experiment Setup
We take instruction-following (Ouyang et al. 2022) as the
conditional text generation task, where models are trained
to generate responses according to the instructions. We fine-
tune a large model on a dataset consisting of instruction-
response pairs as the teacher model. Then, we compare
different KD methods by evaluating the student model’s
instruction-following performance.

Model selections. We conduct experiments using three
model families: the GPT-2 family (Radford et al. 2019), the
OPT family (Zhang et al. 2022), and the Qwen-2.5 family
(Yang et al. 2024). For the GPT-2 family, we use the 1.5B
model as the teacher and the 120M, 340M, and 760M models
as students. In the OPT family, the 6.7B model serves as the
teacher, with the 125M, 350M, and 1.3B models as students.
For the Qwen-2.5 family, we use the 3B model as the teacher
and the 0.5B model as the student.

Training. We build our training dataset using
databricks-dolly-15K (https://github.com/
databrickslabs/dolly/tree/master), which contains 15,000
human-authored instruction-response pairs. To accommodate
model constraints, we remove any samples that exceed the
maximum context length. From the remaining data, we
randomly select 500 examples for validation and 1,000 for
testing, leaving around 12,500 samples for training. For the
pretraining dataset DPT , we adopt OpenWebText (Gokaslan
and Cohen 2019) for models in the GPT-2 and Qwen-2.5
families, and use the RoBERTa training corpus (Liu et al.
2019) for OPT models. Following the MiniLLM setup (Gu
et al. 2023), we select hyperparameters based on Rouge-L
(Lin 2004) scores evaluated on the validation set.

As our approach operates in an offline setting, we begin
by generating responses from a teacher model using queries
from dataset D. Each query may yield multiple responses.

34516



Method GPT-2∗ OPT Qwen-2.5
Dolly SelfInst Vicuna Dolly SelfInst Vicuna Dolly SelfInst Vicuna

Teacher 1.5B 6.7B 3B

27.6 14.3 16.3 27.6 16.4 17.8 28.8 24.1 21.0

Student 120M 125M 0.5B

SFT 23.2 9.9 14.3 23.2 9.9 14.3 24.5 16.5 17.6
KD 22.8 10.8 13.4 21.9 9.7 14.0 24.4 14.7 17.8

SeqKD 22.7 10.1 14.3 22.0 10.1 13.7 24.7 15.3 17.4
MiniLLM 24.6 13.2 16.9 23.8 10.2 15.3 26.7 19.1 20.5
BD (Ours) 24.7 13.3 16.2 25.1 11.4 14.8 27.8 19.5 20.7

Student 340M 350M –

SFT 25.5 13.0 16.0 23.6 10.6 15.5 – – –
KD 25.0 12.0 15.4 22.5 11.1 14.9 – – –

SeqKD 25.3 12.6 16.9 23.1 11.4 14.7 – – –
MiniLLM 25.4 15.6 17.7 24.3 11.5 17.9 – – –
BD (Ours) 25.8 15.4 16.5 26.0 12.1 18.1 – – –

Student 760M 1.3B –

SFT 25.4 12.4 16.1 26.0 11.4 15.6 – – –
KD 25.9 13.4 16.9 25.5 12.0 15.4 – – –

SeqKD 25.6 14.0 15.9 26.0 12.5 16.4 – – –
MiniLLM 26.4 15.9 18.3 26.2 13.7 16.7 – – –
BD (Ours) 26.2 16.1 17.3 27.1 15.1 16.3 – – –

Table 1: Main results: The Rouge-L scores, averaged over five random seeds, of our method and baselines across model families.
Parameter sizes are listed at the top of each block. Best results per block are in bold. ∗: For GPT-2 class, the baseline results are
directly duplicated from Gu et al. (2023).

These query-response pairs are then used to fine-tune the
student models. Additional training details are provided in
Appendix B.

Baselines choices. Following (Gu et al. 2023), we choose
four baselines: (i) SFT directly fine-tunes the student model
on D with golden responses; (ii) KD (Sanh et al. 2019; Song
et al. 2020) fine-tunes the student model on D using the
teacher distribution as supervision at each token step, also
known as word-level KD; (iii) SeqKD (Kim and Rush 2016;
Chiang et al. 2023; Taori et al. 2023; Peng et al. 2023; Zhou
et al. 2023) fine-tunes the student model on the response
sequences generated by the teacher model; (iv) MiniLLM
(Gu et al. 2023) fine-tunes the student model using a policy
gradient approach, where the reward is defined by the reverse
KL divergence between the output distributions of the teacher
and student.

Evaluation. Following (Gu et al. 2023), we evaluate
the trained models on three instruction-following datasets:
(i) DollyEval: The 500-sample test set we split from the
databricks-dolly-15K dataset; (ii) SelfInst: (Wang
et al. 2022a) A user-oriented instruction-following set with
252 samples; (iii) Vicuna: (Chiang et al. 2023) The 80 chal-
lenging questions used in the Vicuna evaluation.

Metrics. Following (Gu et al. 2023), we employ two

complementary evaluation metrics: (i) Rouge-L (Lin 2004)
to assess the precision of generated responses, following
prior work demonstrating its effectiveness for large-scale
instruction-following evaluation (Wang et al. 2022b); (ii)
Win rate of our approach evaluated by a GPT-4o-mini (Ope-
nAI 2024) oracle against baseline methods to measure gener-
ation quality.

A more detailed description on data generation and evalua-
tion can be found in Appendix C.

Experimental Results
We present our experimental results in terms of Rouge-L
scores for the GPT-2, OPT, and Qwen-2.5 model families in
Table 1. We also demonstrate the win rate results in Figure 2.
Our method consistently outperforms the KD and SeqKD
baselines across all settings. While our approach performs
comparably to MiniLLM on the GPT-2 family, it generally
surpasses MiniLLM on the OPT and Qwen-2.5 families. Fur-
thermore, the results highlight the scalability of our method
across different student model sizes within all three families:
as the student model size increases, the Rouge-L score also
improves. This demonstrates the strong scalability and gener-
alization ability of our approach across both model sizes and
architectures.
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Models GPT-2 1.5B → 340M OPT 6.7B → 125M Qwen-2.5 3B → 0.5B
Dolly SelfInst Vicuna Dolly SelfInst Vicuna Dolly SelfInst Vicuna

1.0 24.9 15.2 15.7 23.6 10.5 14.2 26.6 18.1 18.6

0.8 25.8(+0.9) 15.4(+0.2) 16.5(+0.8) 25.1(+1.5) 11.4(+0.9) 14.8(+0.6) 27.8(+1.2) 19.5(+1.4) 20.7(+2.1)
0.5 25.6(+0.7) 15.5(+0.3) 16.1(+0.4) 24.4(+0.8) 11.0(+0.5) 14.7(+0.5) 27.6(+1.0) 19.2(+1.1) 20.2(+1.6)

Table 2: Impact of p: We demonstrate the impact of different choices of p across three models from distinct model families.
Results are reported using the Rouge-L score and averaged over five random seeds. The performance gains relative to the baseline
(p=1.0, without top-p mask) are shown in green. It is evident that our top-p framework achieves consistent improvements.

Models GPT-2 1.5B → 340M OPT 6.7B → 350M Qwen-2.5 3B → 0.5B

MiniLLM 11.2h 12.8h 10.7h
BD (Ours) 1.3h 3.5h 0.8h

Table 3: Training time comparison: Our approach achieves the optimal validation performance in significantly less training time
compared to Gu et al. (2023), thanks to its offline training paradigm.

Models GPT-2 1.5B → 760M Qwen-2.5 3B → 0.5B
Dolly SelfInst Vicuna Dolly SelfInst Vicuna

w χ2 regularization 26.2 16.1 17.3 27.8 19.5 20.7
w/o χ2 regularization 25.9 15.7 17.1 27.4 19.2 20.3

Table 4: χ2 regularization: We demonstrate the effectiveness of incorporating χ2 regularization into the distillation objective.
Results reported are the Rouge-L score, averaged over five random seeds.

Impact of p
In this section, we analyze the impact of the top-p value in
the top-p distillation setting. We conduct the analysis using
GPT-2 340M, OPT 125M, and Qwen-2.5 0.5B models, with
results shown in Table 2 for p = 0.5, 0.8, and 1.0. The table
shows that omitting the top-p mask (i.e., using p = 1.0)
leads to a notable drop in distillation performance. When
p = 0.5, performance on OPT 125M is slightly lower than
with p = 0.8, while the results are comparable for the other
two models. Based on this observation, we adopt p = 0.8
in most experiments reported in Table 1, except when using
OPT 1.3B as the student model, where p = 0.5 yields slightly
better results.

Training Time
Online vs offline training. In general, the choice between on-
line and offline training is a trade-off between computational
cost and performance. While auto-regressive online genera-
tion is computationally expensive, offline training allows for
the reuse of pre-collected datasets, making it more efficient.
However, online training typically yields better final perfor-
mance (Klein, Geist, and Pietquin 2011; Lee, Srinivasan, and
Doshi-Velez 2019; Jarrett, Bica, and van der Schaar 2020;
Garg et al. 2021). In particular, Wen et al. (2023); Ko et al.
(2024) discussed how the offline setting can accelerate dis-
tillation, especially given the high cost of online generation
for LLMs. We choose offline training due to computational
constraints, although the proposed approach is inherently

agnostic to the choice of training setting.
Wall-time comparison. To demonstrate the computational

efficiency of our offline approach, we compare its training
time to reach the optimal validation performance with the on-
line method Gu et al. (2023). All experiments are conducted
on 4×A40 GPUs. Results are shown in Table 3.

Ablation on the χ2 Regularization

We perform an ablation study on the use of χ2 regulariza-
tion, as introduced in the implementation section, to assess
its impact on distillation performance. Our empirical results
show that incorporating χ2 regularization improves the per-
formance of the distilled student model. The study is con-
ducted on two distillation setups: GPT-2 1.5B to 760M and
Qwen-2.5 3B to 0.5B. The results are presented in Table 4.

Conclusion
Our work connects language model distillation to imitation
learning in large discrete action spaces, where prior methods
struggle without action space priors, while distillation bene-
fits from teacher guidance—motivating our top-p TD learning
approach. A key limitation is the shared vocabulary require-
ment between teacher and student for distribution matching.
We propose a plug-and-play top-p TD framework that fo-
cuses on high-probability tokens, demonstrating empirical
gains when integrated with IQL.
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