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Abstract

Process or step-wise supervision has played a crucial role in
advancing complex multi-step reasoning capabilities of Large
Language Models (LLMs). However, efficient, high-quality
automated process annotation remains a significant chal-
lenge. To address this, we introduce Single-Pass Annotation
with Reference-Guided Evaluation (SPARE), a novel struc-
tured framework that enables efficient per-step annotation by
jointly aligning solution steps to reference solutions and de-
termine its accuracy with explicit reasoning in single gen-
eration. We demonstrate SPARE’s effectiveness across four
diverse datasets spanning mathematical reasoning (GSM8K,
MATH), multi-hop question answering (MuSiQue-Ans), and
spatial reasoning (SpaRP), showing consistent improve-
ments in two applications: (1) training Process Reward Mod-
els (PRMs) for ranking and aggregating multiple generations,
and (2) fine-tuning models via offline reinforcement learning
for greedy decoding. On PROCESSBENCH, SPARE demon-
strates data-efficient out-of-distribution generalization, us-
ing only ∼16% of training samples compared to human-
labeled and other synthetically trained baselines. Addition-
ally, it achieves competitive performance with MCTS-based
methods while offering 2.3× speedup in terms of total to-
ken count. Manual analysis reveals complementary precision-
recall characteristics with MCTS approaches, suggesting po-
tential for ensemble methods. These results establish SPARE
as a practical and scalable solution for automatic process su-
pervision in LLM reasoning.

Process Reward Models (SPARE-PRM) —
https://huggingface.co/collections/UKPLab/spare-prm

Code — https://github.com/UKPLab/aaai2026-spare-prm
Extended version with Appendices —

https://www.arxiv.org/abs/2506.15498

1 Introduction
While large language models (LLMs) have demonstrated
strong performance across a broad range of tasks (Brown
et al. 2020; Wei et al. 2022a,b; Chowdhery et al. 2023; Tou-
vron et al. 2023; BigBench-Team 2023), complex multi-step
reasoning still remains a challenge for LLMs even when
they are trained and finetuned with ground-truth chains of
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thoughts (Azerbayev et al. 2024; Yu et al. 2024). Self-
consistency can improve performance by voting over multi-
ple generations, only if the answers are correct in majority of
them. To address this, reward models trained to assess output
correctness have gained popularity. Outcome Reward Mod-
els (ORMs) (Cobbe et al. 2021; Yu, Gao, and Wang 2024)
are trained using outcome supervision relying on the cor-
rectness of the final answer, while Process Reward Models
(PRMs) (Uesato et al. 2022; Lightman et al. 2024) use pro-
cess supervision that relies on the correctness of individual
reasoning steps.

PRMs achieve better performance due to the targeted
step-level feedback but suffer from expensive and complex
annotation requirements. Human-supervision (Uesato et al.
2022; Lightman et al. 2024) is very demanding in terms of
highly skilled human evaluators, motivating efforts toward
automatic process annotation largely driven by Monte Carlo
Tree Search (MCTS)-based methods (Wang et al. 2024a,b;
Luo et al. 2024; Zhang et al. 2024). In MCTS-based ap-
proaches, models are initially trained on ground-truth rea-
soning traces and answers through supervised fine-tuning.
However, during step evaluation, these methods overlook
the valuable step-by-step information already present in the
reference ground-truth rationales. Instead, they rely exclu-
sively on final answer matching across multiple model roll-
outs, resulting in both computational inefficiency and under-
utilization of the data already available at hand.

Parallel efforts aim to leverage valuable signals from ref-
erence reasoning traces, that are either existing ground-truth
or synthetically generated rationales. For instance, Li et al.
(2023); Khalifa et al. (2023) generated step-level annota-
tions by decomposing candidate and reference solutions
into individual steps, performing alignment using dataset-
specific discriminative models, and annotating steps in a
restricted context where a candidate step is matched to a
single reference step. AutoPRM (Chen et al. 2024) de-
composes reference solutions into sub-questions and cor-
responding solutions to enable process supervision. How-
ever, their approach relies on an auxiliary model for data
collection, which is trained using outputs from a more
capable language model. More recently, GenRM (Zhang
et al. 2025a) employed reference-guided grading to train
verifiers using synthetically generated rationales as refer-
ences. However, GenRM is not a process supervision (PRM)
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model and relies on rationales from a more capable model
than the one trained as the reward model. More recently,
ThinkPRM (Khalifa et al. 2025) and R-PRM (She et al.
2025) utilized a more capable model to generate synthetic
verification rationales, which were subsequently filtered
to retain only those whose step annotations aligned with
human-labeled steps in the PRM800K dataset (Lightman
et al. 2024). While these approaches maximize the utility of
available data, they depend on step labels for initialization or
filtering, labels that are the end goal of process supervision
itself and may not exist for other datasets or domains.

To address these gaps, we propose Single-Pass
Annotation with Reference-Guided Evaluation (SPARE),
a general-purpose framework that enables automatic pro-
cess supervision through step-level evaluation of model
responses by leveraging intermediate steps from reference
reasoning traces. SPARE strikes a balance between lever-
aging available data and maintaining broad applicability
across domains, using only a single model throughout the
process. Concretely, it introduces a generic, structured eval-
uation scheme that (i) emphasizes explicit reasoning during
step evaluation, and (ii) supports multi-step alignment
between model outputs and references. It accomplishes this
by encoding instance-agnostic alignment and evaluation
criteria in the system prompt, complemented by in-context
exemplars that illustrate how to apply these guidelines to
specific instances. This design enables single-pass evalua-
tion with additive scaling relative to the token lengths of the
response and reference. In summary, our contributions are:

• We introduce SPARE, a general, single-pass, and struc-
tured reference-guided evaluation framework for process
annotation, which emphasizes explicit reasoning and
multi-step alignment. Notably, SPARE is agnostic to the
source of reference solutions, assuming they are of high
quality. In this work, we reuse existing reference solu-
tions from standard supervised fine-tuning (SFT) datasets
without requiring additional reasoning traces.

• We utilize SPARE annotations to improve LLM reason-
ing via: (i) training Reward Models (RMs) for ranking
and aggregating multiple generations, and (ii) fine-tuning
models in an offline reinforcement learning (RL) setup
for greedy-decoding during inference.

• We evaluate SPARE across four benchmarks—GSM8K,
MATH, MuSiQue-Ans, and SpaRP—demonstrating
consistent improvements over baselines, and out-of-
distribution generalization on PROCESSBENCH with
high data efficiency. It substantially reduces annotation
cost versus tree-search methods, with manual analysis re-
vealing complementary precision-recall characteristics.

2 Related Work
Reasoning abilities of LLMs. Reasoning remains a chal-
lenging area for the Large Language Models (LLMs). Var-
ious prompting techniques, such as chain-of-thought, few-
shot prompting and their variants (Wei et al. 2022b; Kojima
et al. 2022; Yao et al. 2023; Hao et al. 2023) elicited rea-
soning capabilities in LLMs. Importance of individual steps
while prompting (Fu et al. 2023; Zhou et al. 2023) was soon

found to be crucial in successfully solving multi-step reason-
ing problems. While prompt-only techniques show promis-
ing results, their performances are constrained by and sen-
sitive to prompt design and nature of tasks (Ye and Durrett
2022). Consequently, explicitly finetuning with high-quality
reasoning traces for improving LLM reasoning capabilities
has become popular (Yu et al. 2024; Luo et al. 2025).

Outcome and Process Supervision. Supervised finetun-
ing quickly results in saturation, leading to the search for
other advanced techniques and better supervision signals.
Outcome supervision (Cobbe et al. 2021; Yu, Gao, and Wang
2024) relies on signal based on the final answer, and hence,
is easier to obtain. Process supervision offers advantages
in the form of fine-grained feedback from individual rea-
soning steps, however, early work (Uesato et al. 2022; Pan
et al. 2023; Lightman et al. 2024) relied on time-consuming
and costly human annotation. To alleviate this problem, sev-
eral recent approaches have emerged for automating pro-
cess supervision. Monte-Carlo Tree Search (MCTS) based
approaches (Wang et al. 2024a,b; Luo et al. 2024; Zhang
et al. 2024) target obtaining process annotation by several
continuations from intermediate steps whose correctness are
evaluated based on the final step. Parallel work has explored
leveraging reference reasoning traces, either ground-truth
or synthetic, for supervision. Prior approaches decompose
solutions into steps for alignment (Li et al. 2023; Khal-
ifa et al. 2023), often relying on dataset-specific models
with limited generalization. Others, like AutoPRM (Chen
et al. 2024), use sub-question decomposition but depend on
auxiliary models trained with outputs from stronger LLMs.
GenRM (Zhang et al. 2025a), ThinkPRM (Khalifa et al.
2025), and R-PRM (She et al. 2025) use synthetic ratio-
nales from more capable models for training verifiers, but
do not provide a general-purpose, reference-guided process
supervision framework. In contrast to these efforts, our work
proposes a unified, single-pass, and structured evaluation
framework for automatic process annotation, enabling flexi-
ble alignment and multi-step comparison with reference so-
lutions. We further demonstrate its effectiveness across both
fine-tuning and verification settings.

3 Our Approach
3.1 Single-Pass Annotation with

Reference-Guided Evaluation (SPARE)
We propose Single-Pass Annotation with Reference-Guided
Evaluation (SPARE) as a unified LLM-driven framework
for fine-grained evaluation of model-generated reasoning
steps with respect to a given context and reference solution.
SPARE jointly infers with explicit reasoning (i) the align-
ment of each output step with relevant context and reference
steps, and (ii) its correctness label. Concretely, given:

• a reference reasoning path R = {r}mi=1 (with m steps),

• a model-generated output O = {o}ni=1 (with n steps),

• a contextual question C = {c}si=1 (with s sentences), and

• a system prompt S defining evaluation guidelines,

32809



An answer or outcome annotation y ∈ R is a score in-
dicating a measure of correctness of the model’s output.
Most commonly, y = I(on = rm); i.e., the output’s answer
matches with the reference reasoning answer. In contrast, a
process annotation Y = {y | y ∈ R}ni=1 is a sequence of
scalar scores assigned to the corresponding steps oi.

We devise an evaluation sequence E = {ε}ni=1 where each
step oi is annotated with alignment and correctness informa-
tion, such that each εi consists of a structured tuple:

ε = (e, c+, o+, r+, ϵ, yi)

where e is a natural language explanation justifying the
evaluation yi ∈ {−1,+1}, while referring to:

• c+ ⊆ C is the subset of context sentences relevant to oi,
• o+ ⊆ O \ oi contains other output steps related to oi,
• r+ ⊆ R are the reference steps relevant to oi,
• ϵ is a (possibly empty) list of error categories.

Joint Alignment and Evaluation via In-Context Learning
(ICL). The core innovation of SPARE lies in its single-
pass framework that leverages the reasoning and evalua-
tive capabilities of large language models (LLMs) through
In-Context Learning (ICL) to jointly infer, first the step
alignment and then the step correctness, in a single gener-
ation. This approach parallels Natural Language Inference
(NLI) with evidence localization, i.e., not merely determin-
ing whether a hypothesis (or a key fact) is entailed by a
premise (or a document), but also identifying which tex-
tual components support that entailment. Similar strategies
have proven effective in fine-grained summarization evalua-
tion (Song et al. 2024).

We extend this paradigm of localized evidence to multi-
step reasoning evaluation by enabling accurate and context-
sensitive step alignment through:

• Relevancy directives – Terms, concepts or natural lan-
guage descriptions embedded in the system prompt (S),
which guide the LLM in evaluating the relevancy be-
tween two steps, say oi and rj . These directives are
broadly applicable across instances and include criteria
such as semantic overlap, computational or numeric sim-
ilarity, entity or variable consistency, and structural or
format alignment.

• Few-shot exemplars that ground the instance-agnostic
generic alignment criteria to instance-specific alignment
explanation. The exemplars are created highlighting rea-
soning across varying granularity and surface forms, in-
cluding both single- and multi-step alignment scenarios.

Conditioned on these instructions and exemplars, the
LLM is prompted to jointly:

• Reason and identify the aligned step(s) in the reference
solution R, context sentences C, or peer output steps in
O for each generated step oi.

• Reason and explain the correctness label yi of the
aligned step, optionally specifying the error type (e.g.,
NUMERIC, COMPREHENSION) when applicable.

Alignment Scenarios. To accommodate differences in
reasoning granularity (n ̸= m), we incorporate detailed
guidance in the system prompt and design few-shot exem-
plars that capture the following flexible alignment scenarios:

1. One-to-one – Most simple alignment where one output
step aligns directly and completely with at most one step,
making it sufficient for evaluation. The alignment can
take one of the forms: (i) a single reference reasoning
step (oi 7→ rj), (ii) a single context sentence (oi 7→ ck),
(iii) follows directly from or complements another output
step (oi 7→ ol), or (iv) no alignment at all (oi 7→ ∅).

2. One-to-many – An output step requires alignment with
at least two steps for its evaluation. Such an alignment is
necessarily required for:

i) Composite output steps – The model output step
oi omits minor intermediary steps or merges multi-
ple steps into one. Its correctness must be evaluated
against multiple reference steps rj and ck.

ii) Composite reference steps – The model output step oi
is simple while reference steps are composite. Its cor-
rectness must be evaluated in conjunction with at least
one other output step ol and at least one reference step
rj or context sentence ck.

In summary, our SPARE framework defines step cor-
rectness through LLM-mediated joint alignment and eval-
uation, where steps are contextualized within the broader
reasoning structure through explicit reference to supporting
evidence. Combined with structured explanations, SPARE
accommodates surface form variations without penalizing
alternate but valid solution paths, enabling step-level au-
tomatic process supervision. A complete example for the
MATH dataset, including system prompt, LLM output, and
example failure modes are shown in Appendix A. While
LLM-based approaches may inherit model biases and er-
rors, we mitigate these in SPARE through broad relevancy
directives and diverse few-shot exemplars that balance cor-
rectness, reasoning diversity, and topic coverage. We note
that annotation quality depends on reference solution qual-
ity; we therefore evaluate SPARE with existing clean ref-
erences to establish its efficacy. For noisy or synthetically
obtained references, we expect errors to remain localized to
affected steps due to SPARE’s local multi-step alignment,
with robustness further improvable through cross-reference
consistency checks. We leave experimentation under noise,
as well as extensions to multilingual and multimodal con-
texts, for future work.

3.2 Training Approach

SPARE–based Process Reward Model (SPARE–PRM)
We utilize the step-level evaluations yi obtained through
SPARE as direct reward signals to train process reward mod-
els. The SPARE-PRM is trained in a stepwise classification
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Aggregation / Ranking Model Finetuning

Dataset SC ORM ORM SPARE SPARE SFT-1 SFT-2 SFT-1 SFT-1
(BoN) + SC (BoN) + SC + Out. + SPARE

GSM8K 74.9 79.7 79.8 80.0 80.3 70.4 70.4 69.0 69.8
MATH∗ 23.4 20.2 23.8 20.9 24.1 21.2 22.1 23.1 23.4
MuSiQue-Ans 19.7 / 25.2 33.4 / 45.4 34.8 / 44.5 34.9 / 45.5 32.1 / 40.4 23.6 / 32.5 26.3 / 35.1 38.2 / 49.9 38.9 / 50.5
SpaRP-S 25.4 / 34.4 41.7 / 49.8 41.7 / 49.8 43.7 / 50.0 39.6 / 46.9 23.2 / 35.0 39.9 / 47.1 39.2 / 49.8 40.1 / 51.0

Table 1: Llama-3 8B Instruct performance. Bold means best; underline means second-best. Aggregation/Ranking on N=20
generations from Llama-3 8B SFT iteration 1. SC means Self-Consistency, BoN means Best-of-N sampling. Metrics averaged
over 3 independent runs. Finetuning results use greedy decoding. ∗ indicates BoN / SC results reported on MATH-500.

setting, using the following cross-entropy loss:

LPRM = −
n∑

i=1

(
yi log σ(rθ(C, o1:i))+

(1− yi) log (1− σ(rθ(C, o1:i)))
)

(1)

where o1:i is the sub-sequence of output O till the ith step.
Unlike ORMs which predict a single solution score for O,
PRMs generate a probability sequence P = {pi}ni=1 for
each step oi ∈ O. While min and prod aggregation are com-
monly used (Lightman et al. 2024; Wang et al. 2024a), we
adopt the last function to aggregate step-wise probabilities,
following recent findings (Wang et al. 2024b; Zhang et al.
2025b), as it yields superior downstream performance.

SPARE–based Finetuning (SPARE–ORPO) We propose
SPARE-based fine-tuning to enhance model reasoning capa-
bilities. The step-by-step process annotations Y = {yi}ni=1,
derived using the SPARE framework, can be effectively inte-
grated with both online and offline Reinforcement Learning
(RL). For ease of implementation, training stability, and re-
source efficiency, we use Odds Ratio Preference Optimiza-
tion (ORPO) for preference training over chosen and re-
jected pairs (Ow, Ol).

In SPARE-ORPO, we compute mean step annotation ȳ =
1
n

∑
yi as reasoning score and combine it with answer cor-

rectness y to form score tuple (y, ȳ) for preference pairs,
where yw = 1, yl = −1, and ȳw > ȳl. Thus chosen solu-
tions exceed rejected solutions in both reasoning quality and
answer accuracy. Conversely, Outcome-ORPO uses prefer-
ence pairs (Ow, Ol) based solely on answer correctness, i.e.,
yw = 1 and yl = −1.

4 Experiment Results
4.1 Experimental Set-up
Datasets. We conduct extensive experiments over a suite
of reasoning datasets1:

• Mathematical Reasoning. We use two mathematical
datasets, GSM8K (Cobbe et al. 2021), which is a
collection of grade school math word problems, and

1We use 90:10 train/dev splits for GSM8K and MATH, and
80:20 for MuSiQue-Ans, as these lack official dev-sets.

Model SC ORM+SC PRM+SC ∆RM

SPARE-Llama3-8B:
N=20 23.4 23.8 24.1 0.3
N=256 30.5 31.2 32.4 1.2

SPARE-Qwen2.5-3B (N=20):
Qwen2.5-3B Gen. 31.4 33.8 34.6 0.8
Qwen2.5-3B Gen.† 66.6 67.6 68.8 1.2
Qwen2.5-32B Gen. 64.6 65.6 66.0 0.4

MS-Mistral-7B:
SFT Gen. 35.1 38.0 38.3 0.3
Process RL Gen. 42.3 43.1 43.5 0.4

MS-DeepSeek-67B 45.4 47.0 48.1 1.1
R-MCTS∗-Mistral-7B 35.1 38.0 39.0 1.0

Table 2: SPARE performance across setups contextual-
ized against PRMs with comparable training paradigms. N:
generation count; MS: Math-Shepherd; R-MCTS∗: Rest-
MCTS∗. Results for external models from their publications
at N=256 generations. Results with † reported on generation
length of 2048 using pre-trained model.

MATH (Hendrycks et al. 2021), which contains high
school competition-level math problems across seven di-
verse topics. Following standard practice in the verifi-
cation setting, we use the MATH-500 subset (Lightman
et al. 2024) for test-time evaluation involving multiple
generations.

• Question-Answering. We use MuSiQue-Ans
dataset (Trivedi et al. 2022), a challenging multi-hop
question-answering dataset constructed by composing
six diverse reasoning graphs of sub-questions from five
different sources.

• Spatial Reasoning. We use the small SpaRP (Rizvi,
Zhu, and Gurevych 2024), i.e., SpaRP-S dataset, which
comprises four textual spatial reasoning sub-datasets
covering various spatial characterizations. SpaRP re-
quires spatial relation composition to deduce relations
between two objects when their direct relation is not pro-
vided in the context.

Models. We conduct our main experiments across all four
datasets for both reward model training and instruct-model
fine-tuning using the LLama3-8B Instruct model. Due to
computational constraints, we limit additional experiments
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to selected datasets. To assess generalization across differ-
ent experimental setups and out-of-distribution datasets, we
also report results using Qwen2.5 models.

Metrics. We report the accuracy2 for GSM8K and MATH
datasets, accuracy and F1 for the MuSiQue-Ans dataset, and
the accuracy and macro-F1 for the SpaRP dataset.

Parameter Setting. All models are fine-tuned using the
HuggingFace TRL library with QLoRA (α=16, dropout =
0.1, rank r=64). Training is performed with an effective
batch size of 32, learning rate of 1e − 4, a cosine sched-
uler with a warm up ratio of 0.03, and a maximum sequence
length of 512, which is also used at inference unless oth-
erwise specified. Experiments are conducted on 8 NVIDIA
A100 GPUs (40 GB each). The number of training samples
for the reward models are: 40,350 for GSM8K, 40,500 for
MATH, 10K for MuSiQue, and 16K for SpaRP.

Implementation Details and Baselines. We begin with a
single-epoch supervised fine-tuning (SFT) on the training
split. Next, for each problem in the training and dev-set, we
generate N = 20 solutions from the fine-tuned model us-
ing a temperature of 1. These solutions are then annotated
using final answers for outcome supervision and the SPARE
framework for process supervision.

We employ the same pretrained models3 for reference-
guided step annotations using our SPARE framework.
To account for problem diversity, we manually construct
structured step-by-step evaluation exemplars per dataset—
ranging from 6 for SpaRP to 56 for MATH—balanced for
final answer correctness and covering all topics (MATH),
sub-datasets (SpaRP), or reasoning graphs (MuSiQue-Ans).
Each dataset is evaluated in a 5-shot setting, with exemplars
selected randomly while ensuring both positive and negative
examples, and using dataset-specific evaluation guidelines
as system prompts. See Appendix A for an example.

In the verification scenario, we use process annotations
from the SPARE framework to train SPARE-PRMs, predict-
ing special tokens for correct and incorrect steps as a clas-
sification objective (Section 3.2) at special end-of-step to-
kens. We benchmark these models against outcome reward
models (ORMs) and majority-voted self-consistency. To en-
sure balanced training, we randomly sample equal numbers
of positive and negative examples. Evaluation metrics for
both ORMs and PRMs are reported under two settings: (a)
weighted aggregation (i.e., RM-weighted self-consistency)
and (b) no aggregation, i.e., Best-of-N (BoN) sampling con-
sidering only the highest-scoring solution. Further training
details and hyperparameters are provided in Appendix B.

In the finetuning scenario, we evaluate our SPARE-ORPO
iteration trained on preference pairs formed using both out-
come supervision and the mean reasoning scores of the step-
by-step annotations (Section 3.2). We benchmark SPARE-

2Exact Match for GSM8K; competition math metric from
evaluate library for MATH; Accuracy and F1 from official
repositories for MuSiQue-Ans and from scikit-learn for
SpaRP.

3Performance could be further improved using specialized eval-
uators like Prometheus 2 (Kim et al. 2024) or larger LLMs.

ORPO against Outcome-ORPO and second iteration of Su-
pervised Fine-Tuning (SFT) with an equivalent number of
training instances. The training hyperparameter details are
provided in Appendix C.

4.2 Results and Discussion
SPARE Improves Reward Model Training and Adapts to
Diverse Reasoning Traces. Table 1 shows that SPARE-
PRM performs the best across all four datasets, outperform-
ing both ORMs and the majority-voted Self-Consistency
(SC). The improvements of the best SPARE-PRM ranked
or aggregated strategy over the best Outcome baselines are
statistically significant (p < 0.05) under one-tailed paired
t-test, with a maximum relative improvement of 4.8% accu-
racy on SpaRP-S. On the challenging MATH-500 dataset,
it attains a relative improvement of 1.3%, reaching an ac-
curacy of 24.1%. Notably, this improvement is consistent
across difficulty levels and especially significant for more
difficult problems (Figure 1a). The performance scales with
increasing number of generated solutions (Figure 1b), con-
sistently outerperforming the baselines.

Table 2 presents additional results on the MATH
dataset across varied settings, including different genera-
tion counts (N=20 and 256), model families (LLaMA3 and
Qwen2.5), and heterogeneous generator–RM configurations
(e.g., Qwen2.5-32B generator with Qwen2.5-3B RM), dif-
ferent generation lengths (512 and 2048). SPARE demon-
strates consistent performance across these setups, achiev-
ing up to a 1.2% absolute improvement over the ORM base-
line. For context, results from Math-Shepherd (Wang et al.
2024a) and Rest-MCTS∗ (Zhang et al. 2024), which follow
similar methodologies of data construction from scratch and
rely on a single model, show comparable gains over ORM.

Finally, Table 1 demonstrates that on datasets with lim-
ited reasoning variation (e.g., MuSiQue-Ans, SpaRP-S),
SPARE-PRM with Best-of-N (BoN) sampling performs
best, while self-consistency (SC) aggregation underperforms
even ORMs. In contrast, on datasets with diverse reasoning
forms (e.g., GSM8K, MATH-500), SC aggregation boosts
SPARE-PRM’s performance, in comparison to both BoN
and ORM baselines. Distributional analyses (Figure 2) fur-
ther confirm this adaptability. On SpaRP-S, SPARE-PRM
exhibits wider score spread and lower mean score for correct
answers, reducing SC effectiveness. However, on MATH-
500, its probability mass skews higher for correct answers,
enabling SC to recover stronger performance.

SPARE Helps in Fine tuning. We report the performance
of fine tuning LLM followed by greedy decoding in Table 1.
SPARE-ORPO achieves the best performance across three
of the four datasets, with a maximum relative improvement
of 2.4% in F1 score on the SpaRP-S dataset compared to
the Outcome-ORPO models. On the challenging MATH
dataset, it attains a relative improvement of 1.3%, reach-
ing an accuracy of 23.4%. The improvements of the SPARE
models over Outcome baselines are statistically significant
(p < 0.05) under one-tailed paired t-test. This underscores
the effectiveness of SPARE in reasoning step annotation
and identifying superior preference pairs than outcome-only
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Figure 1: Llama-3 8B Instruct performance across SC,
ORM-weighted, and SPARE PRM-weighted consistency by
difficulty level, and candidate scaling on MATH-500.
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Figure 2: Distribution-plots of ORM and SPARE-PRM
probabilities for correct and incorrect answers of Math-500
and SpaRP-S datasets.

preference pairs. Both these ORPO models significantly out-
perform the SFT models trained on the ground-truth reason-
ing traces, except for the GSM8K dataset. We attribute this
to the saturation of performance on GSM8K, particularly as
we used the same hyperparameters across all datasets (see
parameter details in Section 4.1 and Appendix C.

SPARE Exhibits Data-Efficient Out-of-Distribution Gen-
eralization. Table 5 reports a fine-grained evaluation of
SPARE-PRMs on the MATH, OlympiadBench, and Omn-
iMATH subsets of the PROCESSBENCH (Zheng et al. 2025)
benchmark, measuring earliest error detection, full-solution
correctness, and their harmonic mean (F1). For comparison,
results from the leading PRMs within each model family
and size, as well as a PRM trained on human-annotated data
(PRM800K), are included from the original benchmark.
SPARE-PRMs achieve the highest accuracy on full-

solution correctness identification, significantly outperform-
ing other PRMs on out-of-distribution (OOD) subsets such

Aggregation GSM8K MATH-500
Acc. (↑) Acc. (↑)

Self-Consistency (SC) 83.1 33.6
+ ORM 86.7 35.1
+ Math-Shepherd 87.7 35.4
+ SPARE-PRM 87.8 35.4

Table 3: Performance comparison on mathematical datasets
with Math-Shepherd (Wang et al. 2024a) MCTS approach.
Accuracy averaged over 3 sampling groups.

Annot. Method Avg. #Token Avg. Time (s)
MCTS Rollouts (A) 10,569.1 40.5
SPARE (B) 4,591.3 15.5

Speed-up (A/B) 2.3 2.6
Efficiency (100×B/A) 43.5 38.5

Table 4: SPARE efficiency versus MCTS for process label-
ing on MATH in terms of average total tokens and runtime
under identical compute.

as OlympiadBench and Omni-MATH. They also consis-
tently match or outperform the PRM trained on human-
labeled data. In terms of F1 and earliest error detection,
SPARE-Qwen2.5-3B remains comparable on OOD datasets,
achieving the highest F1 score on Omni-MATH dataset.
Additionally, both Math-Shepherd and SPARE-Qwen2.5-3B
exhibit greater robustness to distributional shift, as their er-
ror and F1 scores degrade less sharply from MATH to the
OOD datasets compared to other top-performing models.
Notably, SPARE achieves these results with high data effi-
ciency, using only ∼16% of the training samples compared
to both the human-labeled PRM800K and Deepseek-8B syn-
thetic data, and just ∼9% relative to the MCTS-based Math-
Shepherd model.

SPARE is Compute-Efficient and Competitive with
MCTS Methods. For direct comparison with MCTS-
based approaches, we follow the experimental setup
of Math-Shepherd (Wang et al. 2024a), using Mistral-
7B:MetaMATH for solution generation (256 samples) and
a Mistral-7B-based PRM for SPARE. As shown in Ta-
ble 3, SPARE-PRM slightly outperforms Math-Shepherd
on GSM8K and performs comparably on Math-500 under
weighted aggregation. Both methods surpass standard base-
lines such as self-consistency and ORM.

Table 4 highlights the computational efficiency of SPARE
relative to the MCTS-based annotation used in Math-
Shepherd. On the MATH dataset, SPARE reduces the aver-
age number of total tokens by 2.3× and runtime on identical
compute setup (as outlined earlier in Section 4.1) by 2.6×,
achieving an overall efficiency gain of ∼40% across both
metrics. This efficiency arises from SPARE’s single-pass an-
notation process, in contrast to MCTS-based methods that
require extensive search and repeated model inferences, sig-
nificantly increasing the computational overhead.
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Model # Train MATH Olymp.Bench Omni-MATH
Error Correct F1 Error Correct F1 Error Correct F1

Math-Shepherd-7B∗ 440K 18.0 82.0 29.5 15.0 71.1 24.8 14.2 73.0 23.8
RLHFlow-Deepseek-8B∗ 250K 21.4 80.0 33.8 10.1 51.0 16.9 10.9 51.9 16.9
Skywork-7B∗ – 43.8 62.2 53.6 17.9 31.9 22.9 14.0 41.9 21.0
SPARE-Llama3-8B 40.5K 6.1 91.6 11.4 3.3 87.6 6.4 2.8 82.2 5.4
SPARE-Qwen2.5-3B 40.5K 16.0 89.2 27.1 11.1 85.0 19.6 14.0 83.8 23.9
Qwen-2.5-Math-7B-PRM800K (Human) 250K 48.0 90.1 62.6 35.7 87.3 50.7 29.8 86.1 44.3

Table 5: Fine-grained evaluation comparison of SPARE trained PRMs on PROCESSBENCH (Zheng et al. 2025). Best values in
bold, second best in underline. Results marked with ∗ are from the PROCESSBENCH paper.

Dataset Annot. Method Label Acc.

GSM8K

DIVERSE-NLI (Llama-based∗) 75.6
MCTS (Math-Shepherd∗) 85.0
MCTS (Ours) 87.3
SPARE 87.5

MATH MCTS (Ours) 76.4
SPARE 76.2

Table 6: Step-Label Accuracy of different automatic anno-
tation processes on GSM8K and MATH dataset. Results
marked with ∗ are from Wang et al. (2024a).

SPARE Aligns Well with Manual Step Annotations and
Exhibits Complementary Behavior to MCTS-Based An-
notation. We assessed the annotation accuracy of SPARE
on 56 manually labeled MATH examples, balanced for an-
swer correctness and spanning all seven topics, and 30 ex-
amples from GSM8K. Annotations were generated using
LLama3-8B in a 5-shot setting, with the target excluded
from in-context examples to prevent data leakage. Exem-
plars were randomly sampled per instance, and each anno-
tation process was repeated ten times. Table 6 reports la-
bel accuracies for SPARE, our MCTS implementation, and
prior baselines from Math-Shepherd (Wang et al. 2024a),
where our MCTS follows their setup to ensure fair compari-
son. On GSM8K, SPARE, MCTS (ours), and MCTS (Math-
Shepherd) achieve comparable high accuracy (∼85%), sub-
stantially outperforming DIVERSE-NLI, a directly com-
parable LLM-based reference-guided approach to SPARE.
While DIVERSE-NLI performs alignment externally to
single-steps without explicit reasoning, SPARE jointly per-
forms step alignment (including multi-step) and label pre-
diction via explicit reasoning, yielding more reliable annota-
tions, particularly as ∼20% of labeled steps required multi-
step alignment. Additionally, despite the increased difficulty
of MATH dataset, both SPARE and MCTS maintain strong
performance (∼76%).

Although overall label accuracies for MCTS and SPARE
are comparable, the class-wise precision–recall analysis in
Figure 3 reveals that for both single- and multi-aligned steps,
SPARE achieves high recall for correct steps and high preci-
sion for incorrect ones (each > 80%), while MCTS excels in
precision for correct steps and recall for incorrect ones (each

P R

0
1

0.83 0.7

0.720.84
0.5

1.0

(a) SPARE
Single-step

P R

0
1
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0.650.81
0.5

1.0

(b) SPARE
Multi-step

P R

0
1
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0.830.67
0.5

1.0

(c) MCTS
Single-step

P R

0
1

0.690.87

0.8 0.51
0.5
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(d) MCTS
Multi-step

Figure 3: Precision (P) and Recall (R) of SPARE and MCTS
annotations relative to human annotations for ground-truth
single-step and multi-step alignments.

> 80%). These complementary strengths suggest potential
gains from combining SPARE and MCTS, for example via
ensemble annotation. The observed performance drop from
single- to multi-aligned steps reflects the increased difficulty
of correct assessment of multi-aligned steps.

5 Conclusion
We present Single-Pass Annotation with Reference-Guided
Evaluation (SPARE), a structured framework that enables
per-step annotation in a single pass by evaluating each so-
lution step against one or multiple reference steps with
explicit reasoning. Our experimental results demonstrate
that fine-tuning a base model and training a reward model
with SPARE lead to improved reasoning performance un-
der both greedy decoding and ranking/aggregation of mul-
tiple solutions. Furthermore, we observe consistent im-
provements across four datasets spanning mathematical rea-
soning, multi-hop compositional question answering, and
spatial reasoning. SPARE shows (i) data-efficient out-of-
distribution generalization on PROCESSBENCH, (ii) com-
petitive performance with greater compute efficiency com-
pared to tree search–based annotation methods, and (iii)
strong alignment with human annotations with complemen-
tary precion-recall characteristics. These findings highlight
the potential of reference-guided automatic process supervi-
sion as a promising approach for enhancing LLM reasoning
capabilities.
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