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Abstract
Contribution evaluation is essential for incentivizing high-
quality data sharing in federated learning (FL), yet existing
Shapley-value-based methods are prohibitively expensive and
overlook temporal influence propagation. In this paper, we
propose Ripple Shapley, a novel attribution framework that
enables accurate, real-time data valuation within a single fed-
erated training run. Our method decomposes each sample’s
impact into an instantaneous drop term and a recursive rip-
ple term, the latter capturing downstream influence via a Ja-
cobian chain over global updates. To scale computation, we
introduce a low-rank approximation of the Jacobian product
and construct a shared subspace for efficient ripple accumula-
tion. Extensive experiments on CIFAR-10 and MNIST show
that Ripple Shapley achieves up to 62× speedup over exist-
ing Shapley-based FL methods while maintaining high attri-
bution fidelity, significantly improving efficiency, robustness,
and fairness in federated environments. We further demon-
strate its effectiveness in dynamic federated learning scenar-
ios and its potential for real-time data pricing.

Introduction
Federated Learning (FL) (McMahan et al. 2017; Wang et al.
2024b) enables collaborative learning across decentralized
data silos without exposing raw data, offering a privacy-
preserving framework for machine learning at scale. How-
ever, the lack of visibility into individual participants’ data
and behavior introduces a critical challenge: how to assess
the value of each client’s contribution. Accurate contribution
evaluation is essential for building trust, allocating incen-
tives, and defending against data poisoning or free-riding be-
haviors in real-world deployments (Wang et al. 2025a; Tian
et al. 2024; Wang et al. 2024a).

A principled approach to contribution evaluation uses the
Shapley value from cooperative game theory, which quan-
tifies a participant’s marginal impact on the global model
by averaging over all possible participation orders (Song,
Tong, and Wei 2019; Sun et al. 2023; Wang et al. 2025b).
While theoretically sound, direct Shapley computation is
intractable in FL due to the exponential number of client
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subsets. To reduce cost, recent methods (Wang, Dang, and
Zhou 2019; Wei et al. 2020; Sun et al. 2023) employ sam-
pling or heuristics to approximate per-round marginal util-
ities. However, these approaches still require multiple for-
ward and backward passes across rounds and fail to capture
the recursive nature of model updates: early-round updates
persist and propagate, influencing future convergence paths.
Consequently, they overlook critical temporal dependencies
and may yield attribution that is biased or delayed.

This omission of influence propagation not only weakens
attribution fidelity but also poses practical risks: for instance,
in data marketplaces, inaccurate valuation of contribu-
tion—whether an overestimation or underestimation—can
cause significant financial losses, unfair reward allocation,
and even disputes that jeopardize the trust and sustainability
of the federated ecosystem (Kairouz et al. 2021).

To address these limitations, we propose Ripple Shapley,
a novel framework for real-time, fine-grained attribution in
federated learning. Our approach is inspired by the metaphor
of ripples: each training sample initiates a “drop” in the opti-
mization trajectory whose effects propagate through subse-
quent updates. We formalize this through a two-part decom-
position. The drop term quantifies each sample’s immediate
marginal utility using intermediate parameters collected dur-
ing local updates. The ripple term models the downstream
influence of that update as it flows through the global model,
using a chain of Jacobian transformations over successive
communication rounds.

A key challenge lies in the efficient computation of this
recursive influence. Naively evaluating Jacobian products
scales cubically with model dimension and linearly with
propagation depth, making it impractical for practical de-
ployment. To overcome this, we further propose a low-rank
spectral approximation of the Jacobian chain by dynami-
cally constructing a compact global subspace from histor-
ical Hessian eigendirections. This enables fast and memory-
efficient ripple tracking without storing full Hessians or re-
training surrogate models. Our method preserves essential
Shapley fairness properties—symmetry, dummy, and linear-
ity—while also admits bounded approximation error under
smoothness assumptions.

We empirically validate Ripple Shapley on two standard
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benchmarks (MNIST and CIFAR-10) under non-IID and ad-
versarial settings. Results show that our method achieves up
to 62× speedup over existing Shapley-based FL approaches
while maintaining high attribution fidelity. Moreover, we
demonstrate its advantage in dynamic federated settings,
where attribution must adapt to shifting participation and
distribution drift. Ripple Shapley offers a scalable, theoreti-
cally grounded solution for real-time data valuation in fed-
erated learning—bridging the gap between rigorous attribu-
tion and practical deployment.

To summarize, our main contributions are as follows:

• We propose the first federated attribution framework that
explicitly models the recursive, cross-round influence
propagation of sample contributions within a single fed-
erated training run, overcoming the limitations of prior
fed-Shapley methods.

• We decompose contributions into drop and ripple terms,
and introduce a low-rank Jacobian chain approximation
with an efficient global subspace update mechanism, sup-
ported by theoretical guarantees on error bounds and fair-
ness invariance.

• Experiments show Ripple Shapley achieves up to 62×
speedup over prior approximate Shapley methods while
maintaining attribution accuracy, and demonstrate its ro-
bustness in dynamic federated settings and potential for
real-time data pricing.

Related Work
Accurately quantifying client contributions is central to fair
and robust federated learning. Prior works (Wang et al. 2022;
Sun et al. 2023; Guo et al. 2024) address this challenge
via incentive mechanisms, dynamic aggregation, and trans-
parency tools. Among these, Shapley value-based methods
stand out for their rigorous fairness guarantees, modeling
each participant’s marginal utility over all possible coali-
tions (Song, Tong, and Wei 2019; Liu et al. 2022; Wang,
Dang, and Zhou 2019; Sun et al. 2023). In centralized
learning, such valuations face exponential costs and have
prompted approximations via Monte Carlo sampling (Ghor-
bani and Zou 2019; Ghorbani, Kim, and Zou 2020), group
testing (Du and Hwang 1999), or one-pass gradient-based
surrogates (Wang et al. 2025b).

In federated settings, Shapley values have been extended
to client-level attribution across training rounds (Wei et al.
2020; Lei et al. 2025; Sun et al. 2023; Nagalapatti and
Narayanam 2021a), often by computing per-round marginal
utilities and applying temporal discounting. These meth-
ods enhance robustness by filtering noisy clients and adjust-
ing aggregation weights. However, they remain inherently
round-local: each round’s utility is treated independently,
and the recursive influence of early updates—propagated
through future aggregation—is ignored. This simplification
leads to biased or delayed attributions, particularly under dy-
namic participation or non-IID distributions.

Alternative methods based on statistical heuristics (Ding,
Fang, and Huang 2020; Yu et al. 2020), prototypical rep-
resentations (Chen et al. 2023; Guo et al. 2024), or update

similarity (Zhang, Wu, and Pan 2021; Lv et al. 2021) of-
fer reduced complexity but often lack theoretical guarantees
and generalization across tasks. More fundamentally, none
of these approaches account for how a single sample’s im-
pact compounds through the FL trajectory.

In contrast, our proposed Ripple Shapley explicitly mod-
els this recursive influence by tracing the propagation of
each sample’s effect via a chain of Jacobians across rounds.
This allows us to capture temporal dependencies in attribu-
tion, while our low-rank approximation strategy enables effi-
cient, one-pass estimation without retraining or permutation
sampling—bridging the gap between theoretical rigor and
practical scalability.

Preliminaries
Centralized In-Run Data Shapley
In-Run Data Shapley (IRDS) (Wang et al. 2025b) is a one-
pass Shapley-value-based data attribution method for cen-
tralized training that quantifies each sample’s instantaneous
marginal utility without requiring multiple retrainings or
permutations. Due to its scalability and gradient-based for-
mulation, IRDS provides a natural foundation for evaluating
local sample utility in our method.

Formally, let Dtr = {z1, . . . , zn} denote the training
dataset, where zi = (xi, yi), and let ℓ(w, z) denote the loss
incurred by model parameters w on sample z. At iteration t,
parameters are updated using mini-batch stochastic gradient
descent over Bt ⊆ Dtr:

wt+1 = wt − ηt
∑
z∈Bt

∇ℓ(wt, z), (1)

where ηt is the step-size. IRDS defines the marginal utility
of a subset S ⊆ Bt by its impact on validation loss:

U (t)(S; zval) := ℓ(wt+1, z
val)− ℓ(wt, z

val). (2)

The per-step Shapley value ϕ(t)
z is computed based on this

utility, and the overall contribution of sample z across train-
ing steps is accumulated as:

ϕz(U) ≈
T−1∑
t=0

ϕ(t)
z . (3)

To reduce computational overhead, IRDS approximates
ϕ
(t)
z via a first-order Taylor expansion:

ϕ(t)
z ≈ −ηt∇ℓ(wt, z

val) · ∇ℓ(wt, z), (4)

where the dot product captures alignment between a sam-
ple’s gradient and the validation objective. While originally
proposed in centralized settings, IRDS could be naturally ex-
tended to federated training by estimating per-sample influ-
ence within each client. We adopt this formulation to de-
fine the Drop Term, capturing immediate utility, and further
complement it with a Ripple Term that models cross-round
influence propagation.
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Figure 1: Workflow of Ripple Shapley: clients compute and upload the immediate contributions of local samples; the server
aggregates these contributions to form drop term for the current round and accumulates ripple terms over subsequent rounds.

Method
Overview
We propose Ripple Shapley, a unified attribution frame-
work tailored for federated learning, which decomposes
each training sample’s contribution into two components: an
instantaneous drop term and a recursive ripple term. This
decomposition captures both the immediate effect of a local
update and its downstream influence as it propagates through
the global optimization trajectory. The overall workflow is
illustrated in Figure 1.

At each communication round, selected clients download
the global model and perform local training on their private
data. During local updates, each client estimates per-sample
marginal utility based on the intermediate model state, form-
ing the drop term. These local utilities and model updates
are then uploaded to the server. To account for temporal ef-
fects, the server tracks how each sample’s influence recur-
sively propagates across future global rounds, yielding the
ripple term. The total contribution of a sample is the sum of
its drop and ripple terms across all birth rounds—i.e., rounds
in which the sample was used in training.

Drop Term of Ripple Shapley
We begin by quantifying each sample’s immediate effect
during local training, which serves as the origin of its down-
stream ripple. To this end, we adopt the centralized utility
estimation strategy from IRDS (Wang et al. 2025b) to eval-
uate sample-level impact within each federated client.

Let zik denote the i-th sample on client k, and let wt
k be

the local model parameters at local iteration t. During a com-

munication round, local training proceeds via multiple SGD
steps. The utility of sample zik is defined as the cumulative
improvement in validation loss it induces over T local steps:

Ulocal(zik) =
T−1∑
t=0

[
ℓ
(
wt+1

k (zik), z
(val)

)
− ℓ
(
wt

k, z
(val)

)]
,

(5)
where wt+1

k (zik) = wt
k−ηt∇ℓ(wt

k, z
i
k) denotes the model

updated by a single gradient step on zik, and z(val) is a local
or shared validation sample. Accordingly, this metric mea-
sures the immediate contribution of zik to the client model’s
validation performance.

In FL, local updates are aggregated to form the new global
model. Under FedAvg (McMahan et al. 2017), each client’s
contribution is weighted proportionally to its local data size:

αk =
nk

ns
, (6)

where nk is the number of samples on client k, and ns is
the total number of samples across selected clients. Accord-
ingly, we define the global influence of sample zik in round t
as its drop term:

Udrop(zik) = αk · Ulocal(zik). (7)

This formulation reflects the sample’s direct impact on the
aggregated global update. Unlike prior FedShapley methods
that average client utilities per round (Song, Tong, and Wei
2019; Wei et al. 2020), our drop term offers finer granular-
ity and avoids over-smoothing contributions. However, it re-

28087



mains limited to instantaneous effects and does not account
for how early updates influence later training stages.

To address this, we treat the drop term as the entry point
of a recursive influence propagation process. In the next sec-
tion, we formalize how this influence diffuses through subse-
quent rounds via a Jacobian chain, yielding the ripple term.

Ripple Term of Ripple Shapley
To capture how a training sample’s influence propagates
through the federated optimization trajectory, we define the
ripple term as its recursive impact on future global mod-
els. As illustrated in Equation (8), a local sample zki first
contributes to a client update ∆w

(t0)
k , which in turn alters

the global model w(t0+1). This update subsequently affects
downstream global models and client retrainings in later
rounds, captured by the following influence path:

zki → ∆w
(t0)
k → w(t0+1) · · · → w(t0+r) → L(w(t0+r)).

(8)
To formalize this recursive influence, we model the train-

ing process as a differentiable computation graph and apply
the chain rule to obtain the total effect of zki on the validation
loss at round t0 + r:

∂L(w(t0+r))

∂zki
=

∂L
∂w(t0+r)

·
r−1∏
l=1

∂w(t0+l+1)

∂w(t0+l)
· ∂w

(t0+1)

∂zki
.

(9)
The final Jacobian term ∂w(t0+1)

∂zk
i

is identical to the one
computed in the drop term (cf. Equation (7)) and thus incurs
no additional computation. Under FedAvg, the global update
follows the formula:

w(t+1) = w(t) − η
∑

k∈S(t)

nk

ns
∇Lk(w

(t)), (10)

with the global curvature approximated by:

H(t) :=
∑

k∈S(t)

nk

ns
∇2Lk(w

(t)).

Assuming local objectives are β-smooth, the Jacobian can
be linearized as:

J (t) :=
∂w(t+1)

∂w(t)
≈ I − ηH(t),∥∥∥J (t) − (I − ηH(t))
∥∥∥ ≤ β

2
η2.

(11)

We then define the sample’s ripple contribution from birth
round t0 to evaluation round t0 + r as:

U (t0,r)
ripple(z

k
i ) ≈

∂L
∂w(t0+r)

·
r−1∏
l=1

(
I − ηH(t0+l)

)
· ∂w

(t0+1)

∂zki
.

(12)
Aggregating over a propagation window of depth R, the

total ripple term becomes:

Uripple(zki ) :=
R∑

r=2

U (t0,r)
ripple(z

k
i ). (13)

Remark. Despite the discrete nature of FedAvg updates,
smooth client objectives allow the FL process to be approxi-
mated as a continuous trajectory (Smith et al. 2017; Li et al.
2019). This legitimizes our use of Jacobian chains to capture
recursive influence.

Efficient Computation
Naive evaluation of the Jacobian product P =

∏r
t=1(I −

ηH(t)) requires O(rd3) computation and O(rd2) mem-
ory—prohibitive for high-dimensional models. However,
the Hessians of deep networks are known to have rapidly
decaying spectra (Ghorbani, Krishnan, and Xiao 2019), en-
abling low-rank approximation. We thus approximate each
Hessian via spectral truncation:

I − ηH(t) ≈ I − ηU (t)Λ(t)(U (t))⊤, (14)

where U (t) ∈ Rd×k contains the top-k eigenvectors and
Λ(t) ∈ Rk×k the associated eigenvalues.

To enable recursive computation across communication
rounds, all spectral directions are consolidated into a uni-
fied low-dimensional basis. Specifically, instead of storing
or recomputing full Hessians, we adopt a progressive sub-
space construction strategy, where at each round t, the top-
k eigendirections U (t) are computed and used to incremen-
tally update the global basis Q via orthonormalization of the
concatenated subspaces:

Q(t) = OrthoProj
(
[Q(t−1) U (t)]

)
, Q(0) = ∅, (15)

where OrthoProj(·) denotes an orthonormalization oper-
ator such as QR decomposition. This dynamic update mech-
anism efficiently captures the dominant curvature subspace
across rounds while controlling memory usage.

After obtaining the consolidated basis Q := Q(r) ∈
Rd×m (with m ≤ rk), each Hessian basis is projected as

U (t) = QB(t), B(t) = Q⊤U (t) ∈ Rm×k. (16)

This yields a low-rank Jacobian operator:

P ≈ Q

(
r∏

t=1

(
Im − ηB(t)Λ(t)(B(t))⊤

))
Q⊤, (17)

where Im is the m×m identity matrix. Letting Plow,0 =
Im and defining the recursive chain:

Plow,t =
(
Im − ηB(t)Λ(t)(B(t))⊤

)
Plow,t−1, (18)

we obtain the final ripple approximation:

U (t0,r)
ripple(z

k
i ) ≈

∂L
∂w(t0+r)

QPlowQ
⊤ ∂w(t0+1)

∂zki
. (19)

Remark. The proposed low-rank approximation preserves
essential Shapley axioms under mild assumptions, specifi-
cally satisfying:
• Symmetry: samples with identical gradients at the same

training stage produce equivalent influence on the model
update, as their projected contributions under the same
Jacobian transformation are indistinguishable;
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Algorithm 1: Ripple Shapley FL Protocol

Require: Initial model w(0), total rounds T , ripple depth R,
learning rate η

Ensure: Final model w(T ), sample Shapley values {ϕ(z)}
1: for t = 0 to T − 1 do
2: Server selects client set S(t) and broadcasts w(t)

3: for all client k ∈ S(t) in parallel do
4: Local update: Train w(t) on local data Dk for 5

epochs
5: Drop term: Store intermediate parameters and es-

timate local utility U t
local,k

6: Hessian sketch: Estimate eigenpairs (U
(t)
k ,Λ

(t)
k )

of local Hessian
7: Upload model update ∆w

(t)
k , U t

local,k & Hessian
sketch to server

8: end for
9: Aggregation of drop & model: Update via FedAvg:

w(t+1) ← w(t) − η
∑
k

αk∆w
(t)
k

10: Ripple initialization: Build global subspace Q(t)

from {U (t)
k }

11: Project Hessians: B(t)
k ← Q(t)⊤U

(t)
k

12: Initialize ripple propagator P ← I
13: for r = 1 to R do
14: Ripple update:

P ← (I − ηB
(t)
k Λ

(t)
k B

(t)⊤
k ) · P

15: Propagate influence: Update ϕ(zki ) for samples at
round t− r using P

16: end for
17: end for
18: return Final model w(T ), Ripple Shapley {ϕ(z)}

• Dummy Player: samples whose gradient vectors lie en-
tirely outside the low-rank Hessian subspace (i.e., or-
thogonal to all columns of Q) have no effect on the prop-
agated update, thus yielding zero ripple contribution;

• Linearity: the contribution of a union of disjoint sample
subsets equals the sum of their individual ripple values,
as the Jacobian operator acts linearly on the aggregated
gradients within the subspace;

The complete Ripple Shapley federated learning protocol
is summarized in Algorithm 1. Detailed error bounds for Ja-
cobian chain approximation, spectral truncation, and recur-
sive propagation are provided in the Appendix A.

Experiments
We evaluate our method from three perspectives: (1) compu-
tational efficiency compared to prior Shapley-based robust
FL methods; (2) effectiveness in enhancing robustness un-
der various data corruption scenarios; and (3) a case study
in dynamic FL environments and real-time pricing.

Datasets. Experiments are conducted on three benchmark
image datasets: MNIST and CIFAR-10. Following standard
federated learning protocols, we simulate challenging Non-
IID settings via label-distribution skew as (McMahan et al.
2017). To assess robustness, we incorporate four represen-
tative data poisoning scenarios (Pillutla, Kakade, and Har-
chaoui 2022; Sun et al. 2023):

(1) Long-tailed imbalance: class imbalance across clients;
(2) Open-set noise: injected samples with labels from un-

seen classes;
(3) Data noise: corrupted or low-quality inputs from adver-

sarial clients.

These settings reflect practical challenges in real-world FL
deployments, such as unbalanced sampling, annotation er-
rors, and adversarial data injection.

Main Results
Compared Methods. We compare Ripple Shapley with
the following five representative baselines in robust Feder-
ated Learning:

• FedAvg (McMahan et al. 2017): the standard aggregation
method, serving as a base reference.

• FedProx (Li et al. 2020): addresses Non-IID issues by
penalizing local-global model divergence.

• s-FedAvg (Nagalapatti and Narayanam 2021b): inte-
grates MC-sampling Shapley scores to filter uninforma-
tive clients.

• FedSV (Wang et al. 2020): estimates client contributions
via a round-wise Shapley utility framework.

• AFedSV+ (Sun et al. 2023): a state-of-the-art adaptive
Shapley-based method for robust federated learning.

Training Setup. Following the protocol of (Sun et al.
2023) for fair comparison. On CIFAR-10, we employ a stan-
dard CNN as the base model; on MNIST, we use a 2-layer
MLP. Each client performs 5 local epochs per round, and the
system is trained for 100 global communication rounds. We
fix the batch size to 10 and the learning rate to 0.01 across
all settings. Each experiment is independently repeated five
times, and we report mean time costs and accuracy. For con-
sistency, all methods are implemented in PyTorch and evalu-
ated on two Tesla V100 GPUs under identical environments.

Runtime Analysis. We evaluated the computational effi-
ciency of the efficient calculation strategy proposed in the
Method section for Ripple Shapley on the standard MNIST,
and CIFAR-10 datasets, comparing it against three exist-
ing Shapley-based robust federated learning algorithms. To
eliminate the overhead differences caused by varying aggre-
gation strategies, all experiments consistently employed Fe-
dAvg as the global model aggregation rule. The baseline run-
time corresponds to the duration of a conventional training
run, serving as a reference to quantify the additional time
overhead incurred by Shapley value computations. Specif-
ically, we set the low-rank approximation parameters to
k = 20 and m = 50. As shown in Table 1, after 100 full
training rounds, the total everage runtime of Ripple Shapley
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Round Ripple Shapley S-FedAvg FedSV AFedSV+ Plain Training FedProx
1 11.33 42.64 247.47 860.03 5.60 6.42

10 105.21 430.25 4427.16 7820.16 49.13 52.35
25 264.35 1104.92 11771.45 17762.11 123.35 137.14
50 497.63 2244.29 24092.00 31988.98 242.93 271.86
75 731.26 3401.39 36510.85 46520.65 361.43 402.61
100 984.98 4531.91 48282.84 61437.57 480.91 530.39

Table 1: Average Cumulative Computation Time(s) across Communication Rounds on Two Datasets.

is only 2.05 times that of plain training. Ripple Shapley not
only enables sample-level attribution in federated training,
but also achieves approximately 4.6×, 49.06×, and 62.37×
improvements in computational efficiency compared to the
other methods, respectively, which clearly demonstrate the
significant efficiency advantage of Ripple Shapley, making
real-time contribution evaluation feasible in FL.

Measure of Attribution Accuracy. Unlike prior works
that evaluate Shapley values using numerical error metrics
such as mean squared error (MSE), we argue that such met-
rics fail to reflect their practical utility in FL. Given the fun-
damentally different calculation principles, numerical align-
ment of Shapley scores may not correspond to meaningful
training dynamics. Instead, we adopt a task-driven evalua-
tion: the quality of Shapley estimates is assessed by their
ability to improve robustness under various data and model
poisoning scenarios.

To ensure a fair comparison, each baseline is paired with
its original aggregation strategy. For Ripple Shapley, we em-
ploy a simple aggregation rule that integrates Shapley values
into client weighting without additional complexity. The ag-
gregation weight for client i is defined as:

wi = λ · ui + (1− λ) · ni∑
j nj

, (20)

where ui denotes the estimated utility of client i in the cur-
rent round, and ni is its local dataset size. We fix the mixing
coefficient λ = 0.5 to eliminate tuning effects and isolate
the utility of attribution-based weighting. A more faithful
contribution estimate is expected to support more effective
aggregation, leading to enhanced robustness and faster con-
vergence. To validate this, we set only 100 global rounds for
the training budget.

As shown in Figures 2, our method (denoted as RShapley)
achieves robustness that is comparable to or even surpasses
existing approaches across nearly all evaluated datasets.
This suggests that even without carefully engineered aggre-
gation strategies, our method can accomplish both effective
training and attribution within a single federated training
run—or even fewer communication rounds.A notable ob-
servation is that Ripple Shapley often outperforms baselines
during the early stages of training. Since early-round aggre-
gation decisions tend to shape the trajectory of global model
evolution, this early advantage frequently results in higher
final accuracy by the end of truncated training.

For example, under the open-set label noise scenario, Rip-
ple Shapley achieves an average accuracy improvement of
over 10% compared to baseline methods, which advantage
can be attributed to two key factors. First, existing methods
typically approximate the classic Shapley value to enhance
theoretical accuracy—commonly through Monte Carlo sam-
pling—whose estimation quality heavily depends on the
number of samples. This creates a trade-off between estima-
tion fidelity and computational efficiency. Second, the clas-
sical Shapley value measures the expected marginal contri-
bution, which may not faithfully reflect the actual utility of
clients under the current model state. This limitation reduces
its attribution accuracy in a single training run. These two
reasons also explain why S-FedAvg, despite adopting the
same aggregation strategy as Ripple Shapley, still exhibits
gap in robustness performance.

Case Study: Dynamic Federated Setting & Real-Time
Data Pricing. Most existing FL studies are grounded in a
static participation assumption, where the set of participants
remains fixed throughout training. However, this assumption
rarely holds in practical deployments. One of the defining
characteristics that distinguishes FL from conventional dis-
tributed learning is its dynamic client participation—where
clients may drop out due to unstable connections, limited
resources, or insufficient incentives.

The dynamic nature of FL fundamentally challenges clas-
sical Shapley value methods, which assume a fixed partic-
ipant set and compute contributions by averaging marginal
gains over all possible subsets. In practice, however, client
participation in FL is highly stochastic, non-reproducible,
and temporally sensitive. Many theoretical coalitions never
occur, and the impact of individual clients varies over time.
Consequently, expectation-based attribution fails to capture
real-world influence dynamics. This key challenge under-
scores the limitations of the classical Shapley framework
and motivates the design of Ripple Shapley.

We present the case study to investigate the applicability
of Ripple Shapley under dynamic FL settings. The partial
participation was simulated by randomly selecting clients
at each round with a participation rate between [0.5, 1.0],
and tracked the evolution of the ripple for representative
clients. A key feature of our approach is that we can prede-
fine a maximum propagation depth R for each client. When
a client drops out, the contribution of its local samples does
not terminate immediately but continues to propagate until
the depth threshold is reached. It ensures that sample-level
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Figure 2: Robustness Evaluation on MNIST (top) and CIFAR-10 (bottom).

attribution remains valid and traceable even under client
dropout, preserving the integrity of Shapley-based valuation.

For conventional static FL scenarios, if sufficient mem-
ory and compute are available, one may set the propagation
depth equal to the total number of training rounds. However,
to balance attribution fidelity with runtime cost, we further
visualize the ripple term trajectories of several representative
samples over 100 rounds . We observe that beyond a propa-
gation depth of 20, most ripple values converge and exhibit
negligible further change. This empirically supports the use
of a moderate fixed propagation depth (e.g., 20) as an effec-
tive trade-off between accuracy and efficiency. In contrast,
traditional FedShapley approaches, which rely on retraining
or static coalition sampling, lack compatibility with dynamic
participation and remain difficult to scale in deployments.

Given Ripple Shapley’s natural compatibility with dy-
namic participation, we further explore its potential in real-
time data pricing scenarios. Consider a trusted coordinator
(e.g., a data marketplace or regulatory agency) orchestrat-
ing federated training across distributed data holders. By
computing per-sample Ripple Shapley values, it can derive
accurate, context-sensitive valuations of contributed data.
In such settings, the marginal utility of data evolves over
time as new clients enter and reshape the learning trajec-
tory. For instance, suppose Client-A and Client-B hold iden-
tical datasets. If A participates early while B joins only in
the final rounds, their contributions to model improvement
differ significantly—yielding distinct valuations. This seem-
ingly counterintuitive disparity reflects the temporal influ-
ence modeled by the ripple term, which captures not only
how but also when a sample affects downstream updates.

Moreover, the contribution of early participants may shift

as additional clients join and reconfigure the optimization
path. Ripple Shapley captures this dynamic through propa-
gation: a sample’s value evolves as it ripples through suc-
cessive updates. This enables data attribution aligned with
practical valuation principles. Similar to how early mar-
ket entrants often benefit from first-mover advantages un-
der scarcity, early-stage data tends to exert a longer-lasting
impact. Importantly, although Ripple Shapley accumulates
over time, this property does not compromise fairness. In
FL markets, incentive allocation is subject to finite budget
constraints. Accordingly, final payouts are computed based
on normalized contributions, ensuring equitable compensa-
tion regardless of absolute value magnitudes. Furthermore,
as more data is reused or replicated across participants, its
marginal utility naturally decays—a phenomenon faithfully
reflected in the recursive attenuation of the ripple term.

Overall, Ripple Shapley provides not only a theoretically
sound but also a practically deployable mechanism for dy-
namic data valuation. By capturing influence over time and
across clients, it empowers FL deployments with transpar-
ent, incentive-aligned pricing strategies.

Conclusion
We proposed Ripple Shapley, a framework for real-time,
in-run data attribution in FL. By decomposing sample in-
fluence into drop and ripple terms and leveraging low-rank
Jacobian propagation, our method achieves accurate, real-
time valuation with minimal overhead. Our results demon-
strate substantial efficiency improvements and robust attri-
bution performance under adversarial scenarios, showcase
Ripple Shapley’s robustness in dynamic federated environ-
ments and its promise for enabling real-time data pricing.
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A.; Koushanfar, F.; Koyejo, S.; Lepoint, T.; Liu, Y.; Mittal,
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