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Abstract

Graph neural networks (GNNs) can effectively model struc-
tural information of graphs, making them widely used in
knowledge graph (KG) reasoning. However, existing studies
on the expressive power of GNNs mainly focuses on sim-
ple single-relation graphs, and there is still insufficient dis-
cussion on the power of GNN to express logical rules in
KGs. How to enhance the logical expressive power of GNNs
is still a key issue. Motivated by this, we propose Path-
Neighbor enhanced GNN (PN-GNN), a method to enhance
the logical expressive power of GNN by aggregating node-
neighbor embeddings on the reasoning path. First, we analyze
the logical expressive power of existing GNN-based meth-
ods and point out the shortcomings of the expressive power
of these methods. Then, we theoretically investigate the log-
ical expressive power of PN-GNN, showing that it not only
has strictly stronger expressive power than C-GNN but also
that its (k + 1)-hop logical expressiveness is strictly supe-
rior to that of k-hop. Finally, we evaluate the logical expres-
sive power of PN-GNN on eight synthetic datasets and two
real-world datasets. Both theoretical analysis and extensive
experiments confirm that PN-GNN enhances the expressive
power of logical rules without compromising generalization,
as evidenced by its competitive performance in KG reasoning
tasks.

Extended version — https://arxiv.org/abs/2511.07994

Introduction
A Knowledge Graph (KG) organizes and represents knowl-
edge in a structured form. In a KG, the nodes represent en-
tities (such as people, places, or concepts), while the edges
capture relationships between entities (such as “belongs to”
or “contains”). KG reasoning typically requires models to
understand and infer complex relations within graph struc-
tures. In recent years, graph neural networks (GNNs) (Wu
et al. 2020; Velickovic et al. 2018; Hamilton, Ying, and
Leskovec 2017; Xu et al. 2019) have shown great potential
in KG reasoning tasks due to their powerful ability to rep-
resent graph-structured data. GNNs can automatically learn
intricate relations between nodes from data and effectively
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capture both global and local structural information via mes-
sage passing mechanisms, thereby substantially enhancing
reasoning capabilities.

With the widespread application of GNNs in KG reason-
ing, their expressive power is crucial and can be evaluated
from two aspects. One is discrimination, that is, the ability
to distinguish non-isomorphic graphs, which is closely re-
lated to the strength of the Weisfeiler-Leman test. Another
is to directly characterize what specific function classes a
model can approximate, that is, the ability to learn spe-
cific logical rule structures. In KG reasoning tasks, if GNN
cannot learn certain key rule structures, its performance
may be severely limited. As shown in Figure 1, to rea-

Figure 1: Schematic diagram of knowledge graph reasoning.

son the triple (Curry, Team, ?). Relying solely on either
Path1 or Path2 is not sufficient to correctly infer the an-
swer. Path1 only shows that Curry’s family members are
fans of G.S.W., but does not indicate whether Curry is an
NBA player or which team he belongs to. Path2 shows
that Curry is an NBA player, but not which specific team
he plays for. Path2 and Path2’ share the same relation
path (Play with→NBA player→Team), and Path2’ in-
correctly links Curry to the Lakers. Only when both Path1
and Path2 are simultaneously satisfied can we infer the
conclusion of (Curry, Team, G.S.W ). Therefore, if the
model’s expressive power is insufficient to capture and rea-
son about these relations, it may fail to make correct predic-
tions in reasoning tasks. This not only limits the model’s rea-
soning ability but also leads to poor performance in real sce-
narios. The limited expressive power of key rule structures
significantly affects the model’s effectiveness and applica-
bility. Thus, this motivates developing more powerful GNN
models by enhancing the expressiveness of logical rules.

From the perspective of the logical expression abil-
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ity of GNN, relational aggregation methods such as R-
GCN (Schlichtkrull et al. 2018) and CompGCN (Vashishth
et al. 2020), cannot perform rule learning well. The GNN
method that dynamically adjusts based on conditions, such
as NBFNet (Zhu et al. 2021), RED-GNN (Zhang and Yao
2022), and A*Net (Zhu et al. 2023), has been proven to
have strong logical expressiveness (Qiu et al. 2024; Huang
et al. 2023) and can learn basic logical relationships, such
as unary prediction, negation, conjunction, disjunction, etc.
Based on the Relational Weisfeiler-Leman (R-WL) (Barceló
et al. 2022) test, the limitations of the logical rule learning
ability of existing relational GNN (R-GNN) models were
clarified, and it was proved that these models cannot cap-
ture higher-order logical rules (Huang et al. 2023). In other
words, it was theoretically proved that the rule expression
ability of conditional GNN (C-GNN) is strictly more pow-
erful than that of R-GNN method. Although the labeling
trick can enhance the rule learning ability of C-GNN in KG
link prediction by introducing specific labels to nodes, it still
faces two limitations: on the one hand, it will reduce the gen-
eralization ability of the model; on the other hand, the design
of adding constant labels makes it difficult to apply to KG
reasoning tasks in inductive settings. For example, in Figure

Figure 2: Rules C3 and C ′
3. Here, z1, z2 are variables and c

is a constant.

2, for the rule C3(u, v) := ∃ z1, z2(r1(u, z1) ∧ r2(z1, z2) ∧
r3(z2, v)), when z1 and z2 in the rule are variables, it can
match any element that satisfies the variable constraint; but
once the variable is fixed to a constant c, that is, it becomes
C ′

3(u, v) := ∃ z1(r1(u, z1) ∧ r2(z1, c) ∧ r3(c, v)), only the
specific elements corresponding to c can satisfy the rule, so
the scope of application of the rule is limited, and the cover-
age (Quinlan 1990; Muggleton and de Raedt 1994) naturally
becomes smaller, thereby weakening the generalization abil-
ity of the model.

In this paper, we propose Path-Neighbor enhanced GNN
(PN-GNN), a method to enhance the logical expressive
power of GNN. PN-GNN addresses the labeling trick’s lim-
itations while preserving the model’s generalization. In the
conditional message passing scenario, PN-GNN leverages
neighboring nodes along the paths between the source node
and each target node to enrich the model’s structural infor-
mation, thereby enhancing the logical expressiveness. PN-
GNN not only improves logical reasoning capabilities but
also preserves generalization ability, making it suitable for
inductive settings. In summary, our key contributions are:
• We propose a method called Path-Neighbor Enhanced

GNN (PN-GNN) that significantly improves the logical
expressive power without compromising the generaliza-
tion ability, and PN-GNN can be effectively applied in
inductive settings.

• We theoretically analyze the logical expressive power of

PN-GNN and demonstrate that it surpasses that of GNNs
based on conditional message passing.

• We instantiate the proposed theoretical model PN-GNN
and build a KG reasoning model based on PN-GNN. The
effectiveness of PN-GNN is verified by constructing syn-
thetic datasets and real-world datasets. It outperforms the
benchmark dataset in all indicators.

Related Work
Expressivity of Graph Neural Networks
The expressive power of GNNs is often analyzed through
graph isomorphism testing. Vanilla GNNs have been shown
to match the 1-WL test (Xu et al. 2019), with extensions
to KGs (Barceló et al. 2022). To enhance expressivity, two
main directions have emerged: designing stronger WL vari-
ants (Morris et al. 2019; Otto 2023; Barceló et al. 2022), and
applying initialization techniques such as node labeling or
identity features (Abboud et al. 2021; You et al. 2021; Sato,
Yamada, and Kashima 2021). In link prediction, the struc-
tural expressivity of GNN alone has been found to be insuf-
ficient (Srinivasan and Ribeiro 2020), and the incorporation
of labeling enables GNNs to learn structural information, al-
though the existing results are primarily limited to single re-
lational graphs (Zhang et al. 2021). Beyond WL-based ap-
proaches, GNNs have been shown to model first-order logic
(FOL) with two variables (FOC2), and their expressivity in
node classification can be described using the counting ex-
tension of modal logic (Barceló et al. 2020; Cai, Fürer, and
Immerman 1992). This has been extended to KGs, linking
logical and WL-based expressivity and identifying the rule
structures that GNNs can learn (Huang et al. 2023). Inspired
by Teru, Denis, and Hamilton (2020), further improvements
combine conditional message passing with labeling to en-
hance the learning of logical rules in KG reasoning.

Knowledge Graph Reasoning Based on GNN
GNN-based KG reasoning can be categorized into R-GNN
and C-GNN (Huang et al. 2023). R-GNN methods like R-
GCN and CompGCN perform relation-aware message pass-
ing to update entity embeddings, which are then used to
score candidate links between entities.

C-GNN methods generate query-aware representations
by marking the head entity and propagating messages ac-
cordingly, and can be categorized into subgraph-based and
progressive aggregation methods. Subgraph-based models,
such as GraIL (Teru, Denis, and Hamilton 2020) and CoM-
PILE (Mai et al. 2021), extract local neighborhoods be-
tween entity pairs and apply GNNs to propagate messages
within subgraphs. Progressive aggregation methods, such
as NBFNet (Zhu et al. 2021), RED-GNN (Zhang and Yao
2022), and A*Net (Zhu et al. 2023), further enhance rea-
soning capabilities. NBFNet incorporates the Bellman-Ford
(Goldberg and Radzik 1993) to propagate messages along
multi-hop paths. RED-GNN determines the next hop based
on the current node, the query relation, and the next relation
embedding. A*Net introduces A* search to enhance infer-
ence efficiently.
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Background
Knowledge Graphs and Binary Predicate
A knowledge graph G = {E ,R, T }, where E represents
the set of entities (nodes), R represents the set of relations
(edges). T ⊆ E × R × E represents set of triplets and each
triplet can be represented as (s, r, o), s, o ∈ E , r ∈ R. A
constant (c ∈ E) is a unique identifier for an entity in KG,
while a variable (zi ∈ E) represents any entity in KG. The
binary predicate rj(s, o), where rj (rj ∈ R) represents a
certain relation or attribute.

Conditional Graph Neural Networks
Graph neural networks based on conditional message pass-
ing mechanisms (Zhu et al. 2021; Zhang and Yao 2022) have
a common message passing mechanism. Given a triple query
(u, q, ?), where u is the head entity and q is the query re-
lation. Conditional Graph Neural Networks (C-GNN) first
mark the head entity u with the query relation q to distin-
guish it from all other nodes in the KG. Then, it iteratively
calculates and updates the representations of entity pairs
hv|u,q of all entities in the KG that can reach the tail v from
the head u:

h(0)
v|u,q =INIT(u, v, q)

h(t+1)
v|u,q =UPDATE

w∈Nr(v)
r∈R

(
h(t)
v|u,q,AGG

(
{{MSGr(h

(t)
w|u,q, zq)}}

))
(1)

Here, INIT denotes the initialization function, UPDATE
represents the update function, Nr(v) denotes the set of
neighbors connected to v via relation r, zq denotes the em-
bedding of the query relation. AGG is the aggregation func-
tion, while MSG refers to the message passing function.
The notation {{·}} represents a multi-set. C-GNN obtains
the pairwise-entity representations h(L)

v|u,q of the tail entity
v, conditioned on the head entity u and the query relation
q, through an L-layer message passing process. Finally, C-
GNN predicts the target based on the tail representation:

score(u, q, v) = σ(MLP(h(L)
v|u,q)) (2)

where MLP(·) represents a trainable multi-layer perceptron.

Logical Expressive Power of Conditional GNN
The logical expressivity of a GNN refers to the set of logi-
cal formulas it can learn (Qiu et al. 2024). C-GNN demon-
strates superior logical expressive power compared to R-
GNN, leading to enhanced performance (Huang et al. 2023;
Qiu et al. 2024). We use the counting extension of modal
logic (CML), which extends the counting expressiveness
of graded modal logic, to describe FOL properties in KG.
CML consists of propositional constants (always true ⊤, al-
ways false ⊥), unary logical predicates Pi(x), and recur-
sive rules. Given FOL φ(x, y), ψ(x, y), positive integer vari-
ables N ≥ 1 and r ∈ R, according to the recursive rules,
¬φ(x, y), φ(x, y) ∧ ψ(x, y), and ∃N≥nz(φ(x, z) ∧ r(z, y))
are also in CML. Based on the CML in KG, the logical rule
expressive power of C-GNN can be expressed as follows:

(a) C3(u, v) (b) I2(u, v)

(c) T (u, v) (d) U(u, v)

Figure 3: The rule structure that C-GNN can learn, taking
3-hop as an example.

Theorem 1. C-GNN can learn every CML-based formula
φ(x) by leveraging its entity representations.
Theorem 2. A formula φ(x) is learned by C-GNN if it can
be expressed as a formula in CML.

Theorem 1 shows that C-GNN has the ability to learn all
CML formulas, implying that its logical expressive power of
C-GNN at least covers the set of CML formulas. Conversely,
Theorem 2 restricts the expressive power of C-GNN, by
showing that it can only learn formulas that can be converted
into CML formulas. Together, these two theorems character-
ize the logical expressive power of C-GNN, which is equiv-
alent to that of CML formulas. See the appendix of the ex-
tended version for the complete proofs.

In KGs, CML can represent several common logical rule
structures, as shown in Figure 3. Chain-like rules C3, as
illustrated in Figure 3(a), represent a commonly used rule
structure in KG reasoning methods that rely on paths or rules
(Qiu et al. 2024; Huang et al. 2023). The corresponding rule
formula is expressed as follows:
C3(u, v) := ∃ z1, z2(r1(u, z1)∧r2(z1, z2)∧r3(z2, v)). (3)

Since C3 can be described by CML based on recursion, C-
GNN can learn the chain logic rule structure C3.

The second rule structure IN adds one or more relations
r ∈ R that need to be satisfied to the chain logic rule, as
shown in Figure 3(b), the case for N = 2 is illustrated
and denoted as I2. In the KG, IN represents the scenario
in which the rule is valid only if specific conditions are sat-
isfied on certain entities. IN can be described by CML, so it
can be learned by C-GNN.

IN (u, v) := ∃ z1, z2(r1(u, z1) ∧ r2(z1, z2))
∧ {∃≥Nz3(r4(z3, z2))} ∧ r3(z2, v). (4)

The third rule structure T , as shown in Figure 3(c), the
upper and lower parts of the structure can be regarded as
chain rules respectively, which can be described by CML.
According to the recursive rule of CML, we can merge these
two parts, so T can also be learned by C-GNN.

T (u, v) := ∃ z1, z2(r1(u, z1) ∧ r2(z1, z2) ∧ r3(z2, v))
∧ ∃ z1, z2(r1(u, z1) ∧ r4(z1, z2) ∧ r5(z2, v)). (5)
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When the relations r2 and r4 are outgoing edges of the
same node, we refer to this modified structure as U, as shown
in Figure 3(d) and the corresponding rule formula is given as
follows:

U(u, v) := ∃ z1r1(u, z1) ∧ (∃ z2, z3(r2(z1, z2)
∧ r3(z2, v) ∧ r4(z1, z3) ∧ r5(z3, v)) (6)

In this case, if we do not add an additional variable to indi-
cate that the edges r2 and r4 come from the same node, the
logical rule structures T and U have the same CML expres-
sion. That is, C-GNN cannot distinguish between U and T
under CML, so we have the following corollary:
Corollary 3. C-GNN cannot learn the logical rule structure
U .

This limitation highlights the need for additional mecha-
nisms to enhance the model’s expressive power. To address
this issue, the labeling trick is introduced, a technique that
augments the input representation to differentiate previously
indistinguishable structures. In the following, we formally
define the labeling trick and provide an example demon-
strating how it enables C-GNN to overcome the limitation
identified in Corollary 3.
Definition 4. (Labeling Trick). Given a rule structure
R(x,y) and an adjacency matrix A ∈ Rn×n×k for the graph
G, we assign a constant to each node whose out-degree
is greater than one. Construct a labeled tensor L(S) ∈
Rn×n×d to distinguish target nodes from non-target nodes.
Concatenate L(S) and A to get a new graph representation
A(S) = [A L(S)] ∈ Rn×n×(k+d), which allows C-GNN to
learn the rules to distinguish them.

For example, in Figure 3, U and T cannot be effec-
tively distinguished. When a constant c is added to z1 and
a specific initial representation is given, the C-GNN can
learn the structure of the rules U ′(u, v) := r1(u, c) ∧
(∃ z2, z3(r2(c, z2) ∧ r3(z2, v) ∧ r4(c, z3) ∧ r5(z3, v)). EL-
GNN (Qiu et al. 2024) improves the rule learning ability by
using the labeling trick based on C-GNN. However, when
nodes are given unique labels, the model may over-rely on
this “artificial” information during training, thereby ignor-
ing other potential topological features or relationship clues,
resulting in a decrease in the model’s generalization ability.

Next, we introduce the concept of “coverage” (Quinlan
1990; Muggleton and de Raedt 1994) to assess the logical
expressive power of these rules and explain why assigning
constants to variables reduces coverage.
Definition 5. (Coverage). Given a knowledge graph G, for
the rule φ(x, y) := ∃z1, z2, · · · (r1(x, z1) ∧ r2(z1, z2) ∧
· · · ∧ rm(zk, y)), {z1, z2, · · · , zk} ∈ E , we define cover-
age Cov(φ) as the set of all pairs of entities (x, y) that can
satisfy the rule φ(x, y) in G. Formally,

Cov(φ) = {(x, y) ∈ E × E | G |= φ(x, y)}. (7)
Where G |= φ(x, y) means that there exist entities
{z1, z2, · · · } in G that satisfy all the relational conditions in
φ(x, y). In other words, Cov(φ) measures how many valid
pairwise entities (x, y) in G are “covered” by the rule φ.
The greater the coverage, the stronger the generalizability
of the rule.

Regardless of the structure of the rule, as long as a vari-
able is replaced by a constant in the rule, there will be a
coverage reduction effect. That is to say, for any structure,
if the original rule φ(x, y) contains one or more variables,
these variables determine which elements the rule can adapt
to (larger coverage). After replacing the variable with a con-
stant to obtain a new rule φ′(x, y), it can only match the spe-
cific elements corresponding to the constant (smaller cover-
age). Therefore, it can be summarized as follows:
Corollary 6. (Adding Constants Restricts Coverage) If we
start from the original rules φ(x, y, · · · ) and replace at
least one of them with a constant c to obtain new rules
φ′(x, c, · · · ), the coverage of the new rules is less than that
of the original rules. Formally expressed as:

Cov
(
φ′(x, c, · · · )

)
⊆ Cov

(
φ(x, y, · · · )

)
. (8)

Rules with constants (labels) become more specific, result-
ing in a smaller coverage and reduced generalization ability.

According to corollary 6, we can conclude that
Cov(EL-GNN) ⊆ Cov(C-GNN)

Path Neighbors Enhanced GNN
Method
To improve the logical expressive power of C-GNN with-
out weakening its generalization ability, we propose PN-
GNN, which uses a flexible plug-and-play approach with-
out adding constant labels. PN-GNN iteratively updates L
steps according to formula (1) to obtain the pairwise entity
representation h(L)

v|u,q , and aggregates the representations of
neighbor nodes along the path passing through the head and
tail entities in the KG, leveraging these neighbors to enhance
the structural expressive power of the GNN:

hij = POOL({h(L)
w|u,q|w ∈ Puv, d(u,w) = i, d(w, v) = j})

(9)
The aggregated nodes are represented by hij . Among

them, i represents the distance from the head entity to the
node w to be aggregated, and j represents the distance from
the nodew to the tail entity v. Puv represents all paths with u
as the head source node and v as the target node. d(·, ·) rep-
resents the distance between nodes. POOL is a pooling func-
tion that aggregates the representations of neighborhoods
along the path with the same distance. It can be set to any
commonly used function in GNN, such as max, min, mean.

Using the aggregated representations hij of the neighbors
of nodes on the path, PN-GNN only needs to fuse the repre-
sentation h(L)

v|u,q learned by C-GNN:

hd =
⊕

i+j⩽d

MLP(hij)

hv|u,q = hd ⊙ h(L)
v|u,q

(10)

Formula (10) computes the node representation hv|u,q of
each target tail entity v. MLP(·) is a multi-layer perceptron.
The operator

⊕
aggregates all neighbors in Equation (9),

using operations like addition or concatenation. Similarly,⊙
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(a) T (b) U

Figure 4: Example of the aggregation process

Algorithm 1: PN-GNN

Require: Source node u, query relation q, KG G
Ensure: Node pair representation hv|u,q , v ∈ V

1: for v ∈ V do
2: h(0)

v|u,q ← INIT(u, v, q)
3: end for
4: for t ∈ [1, T ] do
5: for v ∈ V do
6: h(t)

v|u,q ← C-GNN(u, q,KG)

7: end for
8: end for
9: hij = POOL({h(L)

w|u,q|w ∈ Puv, d(u,w) = i, d(w, v) =

j})
10: hd =

⊕
i,j⩽d MLP(hij)

11: hv|u,q = hd ⊙ h(L)
v|u,q

12: return hv|u,q

fuses the C-GNN pairwise representation with the neighbor
vector, also via addition or concatenation. To reduce com-
putational overhead while ensuring the expressive power of
PN-GNN, we select 1-hop and 2-hop neighbors along the
path. Here, h11 denotes the aggregation of neighbors with 1-
hop, which means that neighbor node w is 1-hop away from
both the source node u and the target node v. The 2-hop
neighborhoods include h12 and h21, which indicate that w is
1-hop from u and 2-hop from v, or 2-hop from u and 1-hop
from v, respectively. As shown in Figure 4, Equation (10)
now only involves path neighborhoods within two hops.

hd = MLP11(h11)⊙MLP12(h12)⊙MLP21(h21)

hv|u,q = hd ⊙ h(L)
v|u,q

(11)

The iterative update process of the pairwise-entity repre-
sentation hv|u,q can be expressed by algorithm 1.

After L iterations, the model obtains the pairwise-entity
representation hv|u,q for every entity v in the KG. Similar
to the C-GNN, PN-GNN directly uses this representation to
compute the conditional probability of the tail entity v.

p(v|u, q) = σ(MLP(hv|u,q)) (12)

Here, σ(·) denotes the sigmoid function. PN-GNN is trained
by minimizing the negative log-likelihood of positive and

negative triples:

LKG = −logp(u, q, v)−
n∑

i=1

1

n
log(1− p(u

′

i, q, v
′

i)) (13)

Here, (u
′

i, q, v
′

i) denotes a negative sample. Negative sam-
ples are constructed under the Partial Completeness As-
sumption (PCA) (Bordes et al. 2013; Sun et al. 2019) by
randomly replacing the head (or tail) entity with an incorrect
one from the knowledge graph, and n denotes the number
of negative samples. In order to balance logical expressive
power and efficiency, we use a 2-hop PN-GNN.

Logical Expressive Power of PN-GNN
The matching of logical rule structures in KG is regarded
as a binary logical classification task. In order to prove that
the logical expressive of PN-GNN is more powerful than
that of C-GNN, it is first proved that PN-GNN can learn all
logical rule structures that C-GNN can learn. According to
corollary 3, it is necessary to first prove that PN-GNN can
learn the logical rule structure in CML in KG.

Let φ(x) be a FOL expression in the CML of the KG. φ
can be decomposed into a series of sub-expressions, namely
sub(φ) = (φ1, φ2, ..., φL). If φk is a sub-expression of φl,
then k ⩽ l, and finally φ = φL. h(t)

v ∈ RL is the repre-
sentation learned by GNN through message passing, and L
is the total number of iterations. The iterative calculation of
PN-GNN can be simplified to the following formula:

h(t)
v = σ(h(t−1)

v C+

r∑
j=1

∑
u∈v

h(t−1)
u Ar + b) (14)

hv = σ(h(L)
v +

∑
i+j=|d|

(h
(L)
ij Apn + bpn)) (15)

The formula (14) represents the process of C-GNN iter-
atively calculating entity representation. Formula (15) rep-
resents the process of PN-GNN aggregating neighborhoods
representations in the path, where |d| represents the maxi-
mum length of the allowed path. For example, when |d| = 2,
the neighborhoods with a distance of 1-hop from the head
and tail entities are aggregated. When |d| = 3, the neigh-
borhoods with a distance of 1-hop from the head entity
and 2-hop from the tail entity and 2-hop from the head
entity and 1-hop from the tail entity are aggregated. σ =
min(max(0, x), 1) is the ReLU activation function.

Based on formula (14) and (15), we can derive the follow-
ing two lemmas:

Lemma 7. If φ(x) is a CML formula that can be learned by
C-GNN, then PN-GNN can also learn φ(x).

Lemma 8. PN-GNN can learn the logical rule structure U .

Based on these lemmas, we show that PN-GNN can
learn the logical rule structure U , while C-GNN cannot (see
Corollary 3). This leads to the conclusion that PN-GNN has
stronger logical expressiveness than C-GNN. The theorem
is stated below (see Appendix for complete proofs):
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Theorem 9. PN-GNN has strictly more powerful logical ex-
pressiveness than C-GNN.

The expressive power of PN-GNN depends on both its ar-
chitecture and propagation range (number of hops). As the
propagation range increases, its logical expressiveness im-
proves. The following results formalize this relationship:

Lemma 10. (k+1)-hop can represent all logical expressions
that k-hop can learn.

Lemma 11. (k+1)-hop can learn logical rules that cannot
be expressed by k-hop.

Based on Lemmas 10 and 11, we obtain the following the-
orem (see Appendix for the complete proof):

Theorem 12. For PN-GNN, the logical expressive power of
(k+1)-hop is strictly more powerful than that of k-hop.

Although increasing the number of hops enhances the
model’s logical expressive capability, it also reduces com-
putational efficiency. Therefore, to balance expressiveness
and efficiency, we set k = 2.

Experiments
Experiments Setting
Datasets To evaluate the logical expressive power of PN-
GNN, we conducted experiments on two real-world datasets
(WN18RR and FB15K237) in the transductive setting and
their inductive variants (v1-v4), as well as six synthetic
datasets provided by Qiu et al. (2024). We also constructed
two additional synthetic datasets, Tlabel and Ulabel, to exam-
ine how labeling strategies affect generalization and ensure
predictions rely on logical structure rather than specific la-
bels. Details on dataset construction, statistics, hyperparam-
eters, and evaluation metrics are provided in Appendix.

Baselines We compare PN-GNN with several baselines,
including R-GNN-based methods, C-GNN-based methods,
and labeling strategy-based EL-GNN. In addition, we use
representation learning, path-based, and GNN-based meth-
ods as baselines in both inference and inductive settings. See
Appendix for more details.

Experiments On Synthetic Datasets
Results on synthetic datasets are shown in Table 1. The R-
GNN results are taken from Qiu et al. (2024), while the EL-
GNN results are obtained by using NBFNet as the backbone
and carefully searching for parameters on the validation us-
ing the Ray (Liaw et al. 2018). Through the analysis of the
results, we can observe that:

(1)Theoretical analysis indicates that the logical expres-
sive of C-GNN is strictly more powerful than that of R-
GNN. Experimental results validate this conclusion: meth-
ods based on C-GNN, such as NBFNet, RED-GNN, EL-
GNN, and the proposed PN-GNN, achieved 100% accuracy
on the C3, C4, I1, I2, and T . In contrast, the performance of
R-GNN confirms that it is nearly incapable of learning these
logical rules. Notably, PN-GNN also achieved 100% accu-
racy on all datasets except U and the two datasets (Tlabel

and Ulabel) that we constructed, demonstrating that its log-
ical expressive power is comparable to that of C-GNN and
that it can learn the logical rules in CML.

(2) EL-GNN and PN-GNN exhibit strictly more powerful
logical expressive compared to C-GNN. Analysis indicates
that C-GNN does not distinguish between U and T , mak-
ing it impossible to learn the logical rule structures in U . In
contrast, EL-GNN, leveraging a labeling strategy, achieved
the best performance on the U dataset, with a 21.6% im-
provement over C-GNN. Similarly, PN-GNN also outper-
formed C-GNN, achieving a 15.8% improvement. These re-
sults demonstrate that PN-GNN enhances the logical expres-
sive power of C-GNN.

(3) We demonstrate the impact of constant labels on
EL-GNN using the Tlabel and Ulabel. The performance of
EL-GNN significantly degrades on both datasets because it
learns node representations from fixed labels during train-
ing. However, at test time the model encounters different
constant labels, causing its learned rules to miss some cases
and leading to degraded performance, indicating weakened
generalization. In particular, for the Tlabel, where labels are
not required, it is affected by the label vector during training,
resulting in reliance on labels for prediction during testing,
which leads to a significant drop in performance. In con-
trast, PN-GNN exhibits a much stronger performance: on the
Tlabel, it performs on par with NBFNet and far outperforms
EL-GNN, and on the Ulabel, it not only surpasses EL-GNN
but also outperforms NBFNet. This shows that PN-GNN can
effectively alleviate the negative impact of constant labels on
generalization.

Method C3 C4 I1 I2 T U Tlabel Ulabel

R-GCN 1.6 3.1 4.4 2.4 6.7 1.4 - -
CompGCN 1.6 2.1 5.3 3.9 6.7 2.7 - -

NBFNet 100 100 100 100 100 54.1 60.0 56.8
EL-GNN 100 100 100 100 100 75.7 22.0 59.5
PN-GNN 100 100 100 100 100 69.9 60.0 68.9

Table 1: Results on synthetic datasets (Hits@1).

Transductive Results
The results of the transductive setting are shown in Table 2.
Across all evaluation metrics, C-GNN based methods sur-
pass those based on representation learning, paths, and R-
GNNs. This outcome aligns with C-GNN theory, showing
that C-GNN can learn and leverage logical rule structures.
They also indicate that, although GNNs capture more graph
structures than path-based methods, the ability to learn logi-
cal rule structures is crucial for KG reasoning. PN-GNN and
EL-GNN further improve upon C-GNN, demonstrating that
enhancing the representation of logical rule structures leads
to better inference performance. On the real-world dataset
FB15K237, which contains U and T structures, EL-GNN
and PN-GNN outperform C-GNN. Notably, the node out-
degree d is a sensitive hyperparameter for EL-GNN and has
a great impact on performance (Qiu et al. 2024), whereas
PN-GNN does not require this parameter.
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Method FB15K237 WN18RR
MRR Hits@1 Hits@3 Hits@10 MRR Hits@1 Hits@3 Hits@10

TransE 0.294 - - 46.5 0.226 - 40.3 53.2
RotatE 0.338 24.1 37.5 53.3 0.476 42.8 49.2 57.1
HAKE 0.341 24.3 37.5 53.5 0.496 45.1 51.3 58.2
RotH 0.344 24.6 38.0 53.5 0.495 44.9 51.4 58.6

ComplE+RP 0.388 29.8 42.5 56.8 0.488 44.3 50.5 57.8
ConE 0.345 24.7 38.1 54.0 0.496 45.3 51.5 57.9

NeuralLP 0.240 - - 36.2 0.435 37.1 43.4 56.6
DRUM 0.343 25.5 37.8 51.6 0.486 42.5 51.3 58.6

R-GCN 0.273 18.2 30.3 45.6 0.402 34.5 43.7 49.4
CompGCN 0.355 26.4 39.0 53.5 0.479 44.3 49.4 54.6

NBFNet 0.415 32.1 45.4 59.9 0.551 49.7 57.3 66.6
RED-GNN 0.374 28.3 - 55.8 0.533 48.5 - 62.4

A*Net 0.411 32.1 45.3 58.6 0.549 49.5 57.3 65.9
EL-GNN 0.421 33.2 45.9 59.8 0.555 49.9 57.8 66.4
PN-GNN 0.423 33.1 46.5 60.2 0.555 49.9 57.9 66.9

Table 2: Results for transductive setting on real-world datasets. The best results are shown in bold.

Method FB15K237 WN18RR
v1 v2 v3 v4 v1 v2 v3 v4

NeuralLP 52.9 58.9 52.9 55.9 74.4 68.9 46.3 67.1
DRUM 52.9 58.7 52.9 55.9 74.4 68.9 46.2 67.1
RuleN 49.8 77.8 87.7 85.6 80.9 78.2 53.4 71.6
GraIL 64.3 81.8 82.8 89.3 82.4 78.7 58.4 73.4

CoMPILE 67.6 82.9 84.7 87.4 83.6 79.8 60.7 75.5
RED-GNN 65.7 82.9 81.1 89.9 86.7 83.1 70.8 78.6

NBFNet 83.5 94.9 95.2 96.1 94.8 90.1 89.3 89.1
PN-GNN 85.1 95.8 96.2 96.5 95.2 90.8 89.8 89.3

Table 3: Results for inductive setting (evaluated with
Hits@10). The best results are shown in bold.

Method T U FB15K237v1WN18RRv1

NBFNet 100 54.1 17.1 60.1
PN-GNN 100 69.9 22.1 62.5

PN-GNN11 100 48.7 20.2 62.8
PN-GNN12−21 100 69.9 18.5 62.5

Table 4: Ablation study results on dataset using the Hits@1.

Inductive Results
Table 3 presents the experimental results under the induc-
tive setting. EL-GNN relies on entity representations to an-
notate entities, rendering it incapable of handling unseen en-
tities in the inductive setting. In the inductive setting, mod-
els must infer unseen entities from existing relationships, di-
rectly reflecting their logical expressiveness. Experimental
results show that C-GNN-based methods, such as NBFNet
and RED-GNN, outperform path-based approaches. Build-
ing on NBFNet, PN-GNN achieves further improvements
across datasets, verifying the effectiveness of its enhanced
logical expressiveness in inductive scenarios. We also con-

duct experiments to test the effectiveness of PN-GNN and
provide detailed comparisons in Appendix.

Ablation Study

To examine the effect of neighborhood hops on PN-GNN’s
performance, we conducted ablation studies on T , U ,
FB15K237 v1, and WN18RR v1, comparing PN-GNN11

(using only 1-hop) and PN-GNN12−21 (using only 2-hop).
Results are shown in Table 4. C-GNN is sufficient for the
T dataset, with all models achieving 100% accuracy. For
U , PN-GNN12−21 outperforms NBFNet by 15.8%, consis-
tent with Lemma 8, as distinguishing the logical rules in
U mainly relies on 3-hop neighborhoods. On FB15K237
v1, PN-GNN and its variants all outperform NBFNet, with
the best improvement reaching 5%, demonstrating the ben-
efits of improved logical expressiveness in complex real-
world datasets. On WN18RR v1, PN-GNN11 achieves the
highest performance, outperforming NBFNet by 2.7%. This
suggests that for datasets with fewer relations and pre-
dominantly short-path logical structures, leveraging only 1-
hop neighborhoods provides more relevant information than
considering longer paths, which may introduce noise.

Conclusion
In this work, we analyze the logical expressiveness of GNNs
in KG reasoning. We highlight the limitations of the label-
ing trick—commonly used to boost link prediction—which
can hinder model generalization. To address this, we propose
Path-Neighbor enhanced GNN (PN-GNN), which improves
the logical expressive power of GNN by aggregating node-
neighbor embeddings on the reasoning paths and avoids the
generalization issues of the labeling trick, while still sup-
porting inductive settings. PN-GNN faces increased compu-
tational costs in multi-hop scenarios as resource demands
grow with hops.
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Abboud, R.; Ceylan, İ. İ.; Grohe, M.; and Lukasiewicz, T.
2021. The Surprising Power of Graph Neural Networks with
Random Node Initialization. In IJCAI 2021, 2112–2118.
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