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Abstract

Existing graph neural networks typically rely on heuristic
choices for hidden dimensions and propagation depths, which
often lead to severe information loss during propagation,
known as over-squashing. To address this issue, we propose
Channel Capacity Constrained Estimation (C®E), a novel
framework that formulates the selection of hidden dimensions
and depth as a nonlinear programming problem grounded in
information theory. Through modeling spectral graph neural
networks as communication channels, our approach directly
connects channel capacity to hidden dimensions, propagation
depth, propagation mechanism, and graph structure. Exten-
sive experiments on nine public datasets demonstrate that
hidden dimensions and depths estimated by C°E can miti-
gate over-squashing and consistently improve representation
learning. Experimental results show that over-squashing oc-
curs due to the cumulative compression of information in
representation matrices. Furthermore, our findings show that
increasing hidden dimensions indeed mitigates information
compression, while the role of propagation depth is more nu-
anced, uncovering a fundamental balance between informa-
tion compression and representation complexity.

Code — https://github.com/pixelhero98/C3E

Introduction

Graph Neural Networks (GNNs) have emerged as power-
ful tools in various graph-related learning tasks (Bruna et al.
2014; Defferrard, Bresson, and Vandergheynst 2016), which
stem from the goal of learning meaningful representations
over graphs. Broadly, GNNs can be categorized into spectral
and spatial methods. The spatial GNNs propagate informa-
tion in the spatial domain, such as node-wise or edge-wise
operations (Hamilton, Ying, and Leskovec 2017; Xu et al.
2018a; Lee, Lee, and Kang 2019) and feature-dependent op-
erations (Xu et al. 2018b; Velickovi¢ et al. 2018; Rampasek
et al. 2022). Conversely, spectral GNNs (Defferrard, Bres-
son, and Vandergheynst 2016; Kipf and Welling 2017; He
et al. 2021; Wang and Zhang 2022) are grounded in spec-
tral graph theory, where propagation methods are grounded
on spectral filters. Moreover, spectral GNNs offer trans-
parent, traceable propagation over graphs that can be ex-
pressed in closed form via matrix operations, unlike most
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spatial GNNs. Despite these merits, GNNs suffer a funda-
mental drawback from increasing propagation depth, which
leads to severe performance degradation. This phenomenon
is commonly attributed to over-smoothing (Nt and Maehara
2019; Cai and Wang 2020) or over-squashing (Alon and Ya-
hav 2020; Topping et al. 2021; Di Giovanni et al. 2023;
Huang et al. 2024). The former refers to node representation
becoming overly similar during propagation, and the latter
refers to information in node representation being severely
squashed into limited-size vectors during propagation, lead-
ing to catastrophic information loss in the learned represen-
tation (Alon and Yahav 2020; Topping et al. 2021; Di Gio-
vanni et al. 2023).

While over-smoothing has been extensively studied and
can be mitigated with various normalization and residual
techniques (Nt and Maehara 2019; Cai and Wang 2020;
Chen et al. 2020; Bodnar et al. 2022; Maskey et al.
2024), over-squashing remains less understood. Existing
works have largely focused on modifying graph structures
or attribute features to mitigate over-squashing. For in-
stance, graph rewiring techniques (e.g., adding or drop-
ping edges (Topping et al. 2021)) and spectral methods
(e.g., spectral graph rewiring (Karhadkar, Banerjee, and
Montifar 2022) or modifying edges via spectral gap opti-
mization (Gravina et al. 2025)). However, a growing body
of theoretical works, Loukas (2020a); Di Giovanni et al.
(2023), demonstrate that realizing effective information
propagation in GNNs is not solely a function of propagation
methods and graph structures; it is critically dependent on
network architectures, i.e., propagation depths, and hidden
dimensions. For example, Loukas (2020b) points out that
existing GNNs fail to effectively propagate information un-
less the product of their propagation depths and hidden di-
mensions exceeds a certain polynomial related to the graph
size. Similarly, Di Giovanni et al. (2023) further show that
larger hidden dimensions can mitigate over-squashing, and
specific propagation depths can be helpful for representa-
tion learning before leading to vanishing gradients. These
align with prior empirical analysis (Yang et al. 2020; Cong,
Ramezani, and Mahdavi 2021; Zhou et al. 2021) that such
degradation arises mainly from over-simplifying learnable
matrices in analysis. While prior works show that specific
hidden dimensions and depth can mitigate over-squashing,
they offer no method to obtain these parameters. In mod-



ern representation learning, graph features propagated via
message passing are subsequently transformed by learnable
weight matrices, producing fixed-size representation embed-
dings (Dwivedi et al. 2023). From an information-theoretic
perspective, over-squashing essentially corresponds to infor-
mation loss in these learned representation matrices. Since
entropy measures a variable’s uncertainty or information
content (Jaynes 1957; Kullback 1997), it serves as a natu-
ral choice for quantifying the information retained in rep-
resentation matrices. This provides an explicit way to track
the information flow propagated through the network (Saxe
et al. 2019; Wu et al. 2020; Shen et al. 2023), rather than in-
ferring it indirectly from graph structures alone, like former
remedies.

In this paper, we propose the Channel Capacity Con-
strained Estimation (C3E), a novel theoretical framework
for estimating optimal hidden dimensions and propagation
depth for spectral GNNs before training. Although knowing
the exact state of the network before training is impossible,
we can leverage the principle of maximum entropy (Jaynes
1957) to estimate an upper bound on the information that a
spectral GNN can propagate. Moreover, by invoking Shan-
non’s Theorem (Shannon 1948), we note that a communica-
tion channel can achieve near error-free information trans-
mission with a certain encoding scheme, if its capacity ex-
ceeds the information load. As former studies (Bruna et al.
2014; Henaff, Bruna, and LeCun 2015; Defferrard, Bresson,
and Vandergheynst 2016) suggest, learnable matrices can be
interpreted as encoders of graph signals, affecting the en-
coded representation of the network. Similarly, we model a
spectral GNN as a communication channel whose capacity
depends on hidden dimensions and propagation depth. Un-
der this perspective, estimating optimal width and depth re-
duces to maximizing channel capacity under Shannon’s The-
orem, yielding a nonlinear programming formulation. The
contributions of this work are threefold. First, we provide
an information-theoretic view to model information flow in
spectral GNNs, which links hidden dimensions, depth, prop-
agation methods, and graph structures to the encoded repre-
sentation. Second, we formulate a nonlinear programming
problem to estimate optimal hidden dimensions and prop-
agation depth, providing a principled approach to choos-
ing network architectures. Third, we demonstrate that opti-
mal hidden dimensions and propagation depth derived from
C3E effectively mitigate over-squashing and consistently
improve representation learning, without altering propaga-
tion methods or graphs.

Related Work
Information Theory in Representation Learning

Information theory (Shannon 1948; Jaynes 1957; Kullback
1997) has long been a powerful tool for analyzing neural
networks. For instance, Saxe et al. (2019) have explored the
entropy distribution and the information flow of learned rep-
resentation in deep neural networks. It reveals that the infor-
mation compression in representation matrices occurs along
with the increase in network depth. The information bottle-
neck principle is broadly applied in neural networks to learn
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minimal effective representations, which maximize the mu-
tual information between the learned representation and the
target to alleviate potential information loss (Tishby, Pereira,
and Bialek 2000; Wu et al. 2020). Furthermore, Sun et al.
(2021) have managed to generate highly competitive deep
convolutional neural networks (CNNs) based on the prin-
ciple of maximum entropy (Jaynes 1957, 2003). Recently,
some studies (Chan et al. 2022; Roberts, Yaida, and Hanin
2022) endeavor to establish relationships between entropy
and representation matrices of neural networks.

Spectral GNNs

Spectral-based GNNs define propagation using spectral fil-
ters or kernel functions. Much of the progress in the field,
from early models like GCN (Kipf and Welling 2017),
APPNP (Gasteiger, Bojchevski, and Glinnemann 2018), and
SGC (Wu et al. 2019), to advanced methods like GDC (two
variants: GDCygx and GDCppr) (Gasteiger, Weillenberger,
and Giinnemann 2019), GPRGNN (Chien et al. 2020),
S2GC (Zhu and Koniusz 2021), ChebyNetlI (He, Wei, and
Wen 2022), and JacobiConv (Wang and Zhang 2022). has
focused on designing sophisticated filters to overcome over-
smoothing. While successful, this focus on the propagation
mechanism has revealed a more fundamental and architec-
tural bottleneck: over-squashing. This form of information
loss stems not from the filter but from the capacity of learn-
able weight matrices that process propagated signals. As re-
cent studies (Zhou et al. 2021; Cong, Ramezani, and Mah-
davi 2021; Di Giovanni et al. 2023) confirm, the dimensions
and depth of learnable transformations are critical factors,
yet their choice has often been overlooked.

Preliminary
Entropy of Matrix

We define the entropy of a real-valued matrix Z by treat-
ing its entries as samples from a random variable Z ~ p.
This entry-wise definition serves as a tractable proxy for
the matrix’s total information content by abstracting away
higher-order correlations between entries (detailed justifi-
cation and discussion are provided in Appendix A.1). If the
latent distribution p is continuous, then its entropy is given

by,

For the given mean 117 and variance 0%, it is maximized by
a Gaussian distribution N (117, 0%), which yields,

H(Z) p(2)In (p(2))dz. ¢))

H(Z) < %ln(%reo%). (2)
Yet, we do not have access to the true underlying distribu-
tion p a priori. Instead, we have the finite-dimensional ma-
trix Z € R®*P, which constitutes a finite set af samples.
These samples form an empirical distribution whose infor-
mation content is captured by the discrete form,

[Supp(Z)]
H(Z)=- Y  P(Z=z)h(PZ
=1

=z)), @



where Supp(+) denotes the support set, i.e., the set of all pos-
sible values {z;} that entries of Z can take. Then, the maxi-
mum entropy is bounded by,

H(Z) <In(|Supp(Z2)]) < In(af). Q)

The proofs of Eq. (2) and Eq. (4) are provided in Appendix
A.2. These show that the maximum information a matrix can
convey is capped by its dimensionality. A lower-dimensional
matrix inherently has a smaller maximum support size, im-
posing a coarser discretization on the representation of any
underlying distribution.

Entropy of Graph

Graph entropy quantifies the uncertainty or information con-
tent of a graph G. While definitions vary, they generally mea-
sure the information content of the graph based on some
property extraction function g(-) (e.g., eigenvector central-
ity or homophily/heterophily metrics). A generalized form
of graph entropy (Dehmer and Mowshowitz 2011) is,

g9(vi)

Z Z o) g

Here, v; denotes the i-th vertex, and n denotes the number
of nodes.

o)
Jj= 19

Channel Capacity

In terms of information theory (Shannon 1948; Jaynes 1957,
Gallager 1968), channel capacity is defined as the theoretical
maximum of which information can be reliably transmitted
over a communication channel. The channel capacity of a
communication channel is expressed as (Shannon 1948),

¢ =max I(f(M); M’).
Here, I(f(M); M) = H(f(M))—H(f(M

the mutual information between encoded input f(
the output M’, and f(-) denotes the encoder.

(6)

)|M) denotes
M) and

Methodology
Theoretical Channel Capacity of Spectral GNNs

Drawing on prior research (Saxe et al. 2019; Sun et al. 2021;
Chan et al. 2022; Shen et al. 2023; Yang et al. 2023) about
information flows propagated in neural networks, we extend
the classical definition of channel capacity to GNNs, which
we model as communication channels. To establish a formal
theoretical framework grounded in this perspective, a class
of models with analytical tractability is required. Spectral
GNNs provide the ideal characteristic, as their propagation
mechanisms can be collapsed into a single matrix operator.

Consider a spectral GNN with L propagation layers learn-
ing representations on a graph G. We collapse the propaga-
tion operation on the adjacency matrix A € R"*" into a
propagation matrix S; € R™*"™, Then, its layer-wise repre-
sentation learning operation becomes,

H, = A(S;H,_ W)). 7

Here, H; € R"*"t denotes the latent representation ma-
trix, Hy € R™ ™ denotes the initial feature matrix (m =
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wp), W, € R*¥1-1X%t denotes the learnable weight matrix,
and A(-) denotes the nonlinear activation function. There-
fore, the encoded representation for the downstream task is
H; € R"*™c In addition, the above layer-wise propaga-
tion framework directly extends to models like SGC and
APPNP, whose underlying spectral formalisms provide a
collapsible operator that is computed via a spatial message-
passing scheme.

If the GNN encoder f(-) learns the exact mapping f :
G — G’, where G’ is the graph G with node representations
that are sufficient to resolve uncertainty about downstream
tasks (e.g., semi-supervised node classification or property
prediction), then the conditional entropy H(G'|f(G)) van-

ishes:
H(G'|f(9)) = ®)

This means the encoded representation f(G) = Hp per-
fectly matches G’ with zero uncertainty. Given our lack of
prior knowledge about network states in advance, then, by
the principle of maximum entropy, we should select the
probability distribution that best represents the system’s cur-
rent state, which is the one with the largest entropy, subject
to known constraints (Jaynes 1957, 2003). Consequently,
combining this crucial premise with Eq. (2), Eq. (6), Eq. (7),
and Eq. (8), we arrive at the following Theorem.

Theorem 1 The channel capacity of a spectral GNN is de-
fined by maximizing the entropy of the encoded representa-
tion Hy, which is expressed as,

¢ = max I(f(G); G')

= max H(f(9)) — H(f(9)|")
= max H(HL)
= max ln (2me) Zln nw;_ 1USZ ©)]

The proof is provided in Appendix B. Here, a larger chan-
nel capacity corresponds to greater information content that
can be carried by the network, indicating that the network
can represent a more complex and informative distribution.
The formula shows that hidden dimensions and propagation
depth are crucial to the channel capacity. The variance term
na%l depicts the role of graph structures and propagation
mechanisms, where larger hidden dimensions amplify their
effects and smaller ones diminish them. Moreover, if hidden
dimensions are too small, it results in reductions in channel
capacity and information loss in the encoded representation
as the propagation depth increases. This aligns with theoret-
ical analysis from previous studies (Loukas 2020a; Di Gio-
vanni et al. 2023) that the product of hidden dimensions and
propagation operator should be sufficiently large to avoid in-
formation loss.

Information Compression and Over-squashing

Recently, some studies (Topping et al. 2021; Di Giovanni
etal. 2023; Huang et al. 2024) have attempted to measure the
information compression in GNNSs via the graph bottleneck



or the Jacobian of latent representation. For instance, Top-
ping et al. (2021) illustrate that the graph bottleneck leads to
severe information compression and hence over-squashing,
originating from high negative curvature edges. According
to Saxe et al. (2019), information compression occurs along
with the representation learning process. Furthermore, other
studies (Di Giovanni et al. 2023; Huang et al. 2024) show
that over-squashing is closely related to choices of hidden di-
mensions and propagation depth. However, these measures
are hard to obtain due to complex graph structures and vari-
ations in training. Thus, we introduce a metric termed repre-
sentation compression ratio to measure the severity of infor-
mation compression,

7w:

=

0= (10)

gl .-

L
([ Jwn
=1

Here, w denotes the geometric mean of hidden dimensions,
serving as an equivalent representation dimension per layer.
The metric 6 provides an explicit measure of the informa-
tion compression intensity in the representation matrix. If
0 — oo, i.e., ¢ > w, then this implies that per equivalent
representation dimension compresses massive information
content severely. If § — 0, i.e., W >> ¢, then this means that
the representation dimension is over-provisioned relative to
the information content.

To better understand the specific effects of hidden dimen-
sions and propagation depth on information compression,
we analyze based on the representation compression ratio
6. Substituting Eq. (9) into Eq. (10) and deriving the partial
derivatives yields the following Corollary.

Corollary 2 The representation compression ratio 0 of a
spectral GNN exhibits a dual dependency on w and L. Let
K = Ei[In (nog, )] be the average log propagation variance
of graph structures and propagation operations.

e On w: Given fixed L, 0 is maximized at a threshold w*,
where 0 monotonically increases for 0 < w < w* and

monotonically decreases for w > w*. The threshold
In (2me)+1In (m)—In (wr)+5E | In ('n,dgl)
L

wt=e eventually

converges to lim w* = e! =K,

L—oo
On L: Given fixed w, the effect of increasing L depends
on W relative to properties of the graph and propagation
method. If In (w) > —K, increasing L increases 0, ex-
acerbating information compression. Conversely, when
In (w) < —K increasing L directly decreases ¢ and de-

clines 0, symptomatic of information loss.

The proof is provided in Appendix C. First, expanding hid-
den dimensions is the primary choice for mitigating high
information compression (over-squashing). Second, better
propagation methods or graph rewiring indeed mitigate such
information compression by decreasing w* and increasing
K. Nevertheless, the role of propagation depth is condi-
tional and reveals two failure modes: deep and wide GNN’s
might suffer from over-squashing due to cumulative infor-
mation compression (# increases when w < w*), while
deep and narrow GNNs suffer from over-squashing (since
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the propagated information ¢ vanishes when In (w) < —K).
These results in Corollary 2 align with former empirical
findings (Loukas 2020b; Topping et al. 2021; Di Giovanni
et al. 2023).

From Theoretical Limit to Effective Channel
Capacity

Previously, Theorem 1 establishes the theoretical channel
capacity of GNNs, which offers a critical upper bound on
the information the network can encode. Nevertheless, this
global perspective treats the network as a whole system,
which does not explicitly consider the architectural con-
straints imposed by the layer-by-layer information propaga-
tion (Achille and Soatto 2018; Saxe et al. 2019). In practice,
a very narrow layer following a very wide one will struc-
turally cap the information passed to subsequent layers.

To fill this gap, we introduce the effective channel capac-
ity ¢, which accounts for architectural constraints between
adjacent layers. By modeling each learnable weight matrix
transformation as a communication channel, whose struc-
ture is analogous to a complete bipartite graph between its
input and output neurons (Pellizzoni et al. 2024), the effec-
tive channel capacity ¢q is defined by the following expres-

sion,
In ( )

L
0= :
n (27 In (nwo—103
= e,y I(weacs,)

In (nwl,lasl (nwl,lagl)

Wi Wy
wi—1+tw;

(1)

The justification is provided in Appendix D. This expres-
sion provides a practical and architecture-aware measure
of channel capacity by capturing two fundamental dynam-
ics. First, the numerator models architectural bottlenecks;
it shows that large disparities between the widths of adja-
cent layers structurally reduce the information that can be re-
tained. Second, the denominator reflects a cumulative atten-
uation effect, where the information from preceding layers
(including initial features) diminishes the relative contribu-
tion of the current layer. Together, these terms formalize that
to preserve sufficient information capacity, besides propaga-
tion mechanisms and graph structures, GNNs should avoid
sharp changes in hidden dimensions and that deeper layers
provide diminishing returns on the capacity. These findings
provide a principled framework for empirical results ob-
served in prior work (Loukas 2020a,b; Cong, Ramezani, and
Mahdavi 2021; Di Giovanni et al. 2023).

Channel Capacity Constrained Estimation

The preceding analysis demonstrates the need to balance
channel capacity against the risk of information compres-
sion. Accordingly, our estimation should effectively man-
age this trade-off. First, Shannon’s Theorem (Shannon 1948)
states that for near error-free information propagation, the
channel capacity must meet or exceed the information being
transmitted: ¢ > H(-). Since G’ is unknown a priori, we
utilize the maximum possible graph entropy, Hax(G)
In(n), as a safe lower bound for the required channel capac-
ity. This gives the first condition: ¢9 > In(n). Second, as
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Figure 1: The green-axis (left) denotes performance, and blue-axis (right) denotes parameter counts (in millions). C3E solutions
(red points, starred for optimal) consistently land in high-performance regions within dashed intervals defined in Eq. (12),
outperforming baselines with heuristic dimensions (green points, e.g., 8, 16, 32, 64, 128, 256, 512, 1024, and 2048).

Statistics Cora Citeseer Pubmed AmazonPhoto AmazonComputers Chameleon Squirrel ogbn-arxiv ogbn-papers100M
#Node 2,708 3,327 19,717 7,650 13,752 2,277 52201 169,343 111,059,956

# Feature 1,433 3,703 500 745 767 2,325 2,089 128 128
#Edges 5,429 4,732 44,338 119,043 245,778 36,101 217,073 1,166,243  1,615,685,872

# Classes 7 6 3 8 10 5 5 40 172

Avg Time 3.7 4.9 59 53 5.7 3.6 5.0 239.2 879.6

Table 1: Statistics of the experimental datasets, including average time (in seconds) for C>E to generate solutions for baselines.

established in Corollary 2, simply maximizing channel ca-
pacity is not ideal, as it can lead to over-squashing by exces-
sive information compression. To prevent this, we introduce
a hyperparameter 7 € (0, 1] to regularize the effective chan-
nel capacity, imposing an upper bound on ¢g. This gives the
second condition: ¢ < %ln(n). Then, the two conditions
form the effective trade-off,

In(n) < ¢g < %ln (n). (12)
This constraint ensures the GNN has sufficient channel ca-
pacity and prevents runaway information compression. We
treat 7 as a tunable regularizer. Our sensitivity analysis in
Appendix F demonstrates, the framework remains robust
across a wide range of 7 values; tuning up 7 speeds solu-
tions via fewer candidate solutions, and vice versa.

Putting Theorem 1, Corollary 2, Eq. (12) together, the
C3E is expressed by the following form,

L
1 1
wr?gf(L 3 In (27e) + 3 ; In (nwl_lagl) (13)
st.  w>w', In(w) > -K,
1
In(n) < ¢g < =In(n).
n
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Here, w(¥) = {w;,...,wr}. The primary objective seeks
to maximize the theoretical channel capacity. The first con-
straint prevents two failure modes: either excessive informa-
tion compression or information loss as identified in Corol-
lary 2. The second constraint enforces the GNN to pos-
sess sufficient channel capacity while avoiding the pitfalls
of naively increasing L or w. These constraints steer trivial
solutions of infinitely large width or depth away and instead
force a trade-off between propagation depth and hidden di-
mensions. Feasible solutions can be obtained using off-the-
shelf solvers for constrained nonlinear programming, such
as SLSQP (Kraft 1988). For implementation, hidden dimen-
sions are treated as continuous values and rounded post hoc,
and agl is precalculated sparsely by population variance.

Example C3E solutions are provided in Appendix G.

Experiments

In this work, we conduct semi-supervised node classifica-
tion with eight GNNs on seven public graphs: Cora (Sen
et al. 2008), Citeseer (Sen et al. 2008), Pubmed (Sen
et al. 2008), AmazonPhoto (Shchur et al. 2018), Amazon-
Computer (Shchur et al. 2018), Chameleon (Rozemberczki,
Allen, and Sarkar 2021), and Squirrel (Rozemberczki, Allen,
and Sarkar 2021). In addition, we perform node property



Model Cora Citeseer Pubmed  AmzPhoto AmzComp Chameleon  Squirrel ogb-arxiv  ogb-papers100M
GCN 0.808:[:()‘03 0.707i0,04 0.785:{:0_01 0.907i0,03 0.821:&()‘01 0.381:&0_04 0.311i0,01 0.714;{:0.00 0.733:&0_00
GCN~* 0.837, 07 0.72310.06 0.801,, 43 0.929,,,, 0.846 .3 0.4321000 0.346_ s 0.729, o 0.760_ oo
APPNP 0.824i0A03 0~715i0A06 0.791i0,02 0.914i0A02 0.817i0.02 0.317i0.02 0.240i0A01 0.680i0400 0.637i0,00
APPNP* 0.833+0.05 0.724+0.05 0.800+002 0.926,,,; 0.832, ., 0.366,,,, 0.282, ., 0.704,, 0.681 oo
GDCHK 0.826i0,02 0.718i0,03 0.792i0,02 O.920i0.02 0.832i0403 0.335i0.01 0.26210.02 0.679i0400 0.667i0400
GDCyx* 0.835+0.04 0.72610.04 0.79710.04 0.92810.05 0.850,, .5 0.372,, ., 0.302, ., 0.692, ., 0.671 ¢
GDCppr 0.82440.02 0.720+0.02 0.789+0.01 0.910+0.02 0.830+0.03 0.330+0.02 0.2641+0.01 0.677+0.00 0.650+0.00
GDCppr* 0.837, )04 0.725410.03 0.798,, 5 0.925,, .5 0.8431006 0.377,, 5 0.309,, ., 0.695 ., . 0.688 ., oo
SGC 0.783+0.01 0.700+0.02 0.753+0.01 0.869+0.02 0.808+0.01 0.287+0.01 0.231+p.02 0.696+0.00 0.660+0.00
SGC* 0.827,,,, 0.719,,,, 0.790,,,, 0.915,,,, 0.827, /.5 0.334,,,, 0.269,,,; 0.712,, 0.679_ 00
SZGC 0.829:&vo3 0.718:‘:()‘03 0.795;{:0.01 0.919;[:004 0.829:&003 0.398:[:()‘02 0.312;{:001 0.707;|:0.00 0.715:&000
S*GC* 0.841,,, 0.7241005 0.803_,,; 0.9281005 0.847 .., 0.435,, ., 0.352, ., 0.726, 0.753 .4 o
JacobiConv  0.827+0.01 0.72240.01 0.79940.01 0.92410.03 0.838+0.02 0.423+0.02 0.32810.02 0.718+0.00 0.722+0.00
JacobiConv* 0.841,, 49 0.729+0.05 0.807 ., ,, 0.92810.06 0.849:0.04 0.469,, s 0.351+0.07 0.730, o 0.759 4 oo
GPRGNN 0.8214+0.01 0.69240.01 0.79210.02 0.91710.02 0.82410.01 0.3484+0.02 0.243+0.02 0.711+0.00 0.6544+0.00
GPRGNN* 0.843,, .5 0.728,,,, 0.809,,,, 0.931,, .5 0.847,, .5 0.379+0.06 0.288,,,, 0.720,, ., 0.668 oo
ChebNetIl 0.82240.01 0.696+10.01 0.79110.01 0.90810.03 0.81510.03 0.430+0.04 0.336+0.01 0.720+0.00 0.670+0.00
ChebNetll* 0.842,, ., 0.727,,,, 0.807,,,; 0.923,, ., 0.848,, .5 0.466.10.07 0.357+0.00 0.733,, 0.691 .,

Table 2: The semi-supervised node classification results (random splits and averaged over 10 runs) and node property prediction
results (public splits and averaged over 10 runs). Starred models (*) are C>E-estimated baselines; bold fonts mark better average
performance and underlines mark statistical significance (t-test, p < 0.05).

prediction on two large-scale graphs: ogb-arxiv (Hu et al.
2020) and ogb-papers100M (Hu et al. 2020). The hyperpa-
rameter configurations are provided in Appendix E.

Performance Evaluation

Figure 1 and Table 2 illustrate that C>E-estimated opti-
mal models consistently outperform baselines using heuris-
tic configurations across all scenarios. Figure 1 visually con-
firms this: we see that many heuristic solutions (green dots)
achieve scattered and suboptimal performance, whereas
C3E-estimated solutions reach optimal performance re-
gions. This empirically validates that optimal performance
is achieved when ¢ falls within bounds defined in Eq. (12),
and that simply scaling up parameters does not guarantee
better results. Meanwhile, these results verify that while C3E
is formulated based on the principle of maximum entropy
for pre-training estimation, C3E-estimated models learn sta-
ble representations, in contrast to ill-behaved representa-
tions in naively configured models (see Appendix I for post-
training analysis). Furthermore, unlike trial-and-error, which
can take between 2.45 hours to 120 hours (Cai et al. 2021),
our method generates solutions within seconds (3.7 seconds
to 879.6 seconds) as shown in Table 1.

Representation Compression Ratio

As shown in Table 3, the representation compression ratio
# monotonically rises as the propagation depth L increases.
Increasing propagation depth consistently compresses infor-
mation in the encoded representation, which aligns with pre-
vious empirical findings (Saxe et al. 2019; Loukas 2020a;
Di Giovanni et al. 2023) and Corollary 2. The C*E-estimated
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L|lw 6 GCN w ¢  GCN*
1|16 0558 0.707 32765 0.000 -

2 | 16 0856 0.663 3960.89 0.004 0.716
3 16 1155 0.624 3453.01 0.007 0.717
4 |16 1450 0.612 3203.64 0.010 0.723
5 |16 1750 0.605 2975.99 0.014 0.715
6 | 16 2050 0.572 280891 0.017 0.713
7 |16 2347 0550 2399.07 0.021 0.714

Table 3: Comparison results between the baseline and C3E-
estimated baseline on Citeseer (n = 3312, m = 3703).
Here, the empty cell denotes no valid solution.

baseline achieves optimal performance when 6 = 0.010
and L = 4. Conversely, plain baselines consistently de-
grade as 6 increases beyond their minima (6 = 0.558 when
L = 1). These changes in model performance and repre-
sentation compression ratio imply that over-squashing arises
from cumulative information compression (increasing 6).
First, larger hidden dimensions reduce 6, alleviating the in-
formation compression; however, overly small 6 (w rela-
tively larger) results in the encoded representation matrix
becoming overly informative, and overestimates the latent
distribution’s complexity. In such cases, increasing propa-
gation depth L is not detrimental, facilitating compression
of high-dimensional representations into appropriately pa-
rameterized lower-dimensional ones. In general, these re-
sults empirically verify Corollary 2 with further supportive
visualizations provided in Appendix H.
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Figure 2: C3E-estimated models (red lines) avoid information loss by maintaining high H (H;) across layers. In contrast,
naively stacked baselines (green lines) suffer from over-squashing, with entropy collapsing to near-zero long before the final
layer. Dotted lines indicate the maximum entropy for initial feature dimensions (brown) and fixed hidden dimensions (blue).

Entropy Transitions in Representation Matrix

This section illustrates the layer-wise representation entropy
transitions of original baselines, C3E-estimated baselines,
and naively stacked baselines. Based on previous analysis,
over-squashing originates from cumulative growth in the in-
formation compression. Consequently, this should result in
entropy reductions in encoded representation matrices. Fig-
ure 2 further visualizes the consequence of cumulative in-
formation compression on the network’s information con-
tent. The entropy of naively stacked baselines (green lines)
quickly collapses during propagation, demonstrating catas-
trophic information loss. This visual trend is the direct re-
sult of the runaway representation compression ratio (same
in Table 3), where rising compression chokes off informa-
tion flow. In other words, effective representation learning
terminates early, causing encoded representation matrices to
fail to preserve information about the latent distribution. In
contrast, C>E-estimated models maintain consistently high
entropy representation learning, successfully preventing in-
formation loss and enabling effective representation learning
during the information propagation. In addition, we can ob-
serve that the representation entropy of baselines using 16
or 64 as hidden dimensions is strictly bounded by their di-
mensionalities, as they do not exceed the blue dotted lines.
This observation reiterates that the information conveyed in
representation matrices is capped by their dimensions.

Conclusion
This paper presents Channel Capacity Constrained Estima-
tion (C3E), an information-theoretic framework for estimat-
ing the hidden dimensions and depth for GNNs to miti-
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gate over-squashing. Our analysis and results lead to three
primary conclusions. First, through the lens of informa-
tion theory, we show that over-squashing is a direct conse-
quence of cumulative information compression within repre-
sentation matrices. Second, ensuring hidden dimensions are
sufficiently large can effectively mitigate such information
compression. Third, the role of network depth is nuanced:
for networks with a low representation compression ratio,
deeper propagation is beneficial, helping concentrate high-
dimensional signals to lower dimensions; for those with a
high ratio, it aggravates information compression and leads
to information loss.

Despite the promising results, we acknowledge the lim-
itations of this work. First, the framework is grounded in
the principle of maximum entropy, which may overestimate
what practical networks can achieve but provides a use-
ful theoretical ceiling before training. By Jaynes, the max-
entropy prior is independent Gaussian, yielding a safe pre-
training bound; we also discuss its pros/cons and higher-
order correlations (see Appendix A). Second, though theo-
retical derivations are established with analytically tractable
spectral GNNGs, the results uncovered provide a critical ba-
sis for future extensions to more complex GNN architec-
tures. Besides these, we note that scaling effectively to larger
architectures hinges on better optimization techniques (see
Appendix B.3) as well. The primary focus for future re-
search is to generalize C3E to spatial GNNs that depend
on learned features for propagation, such as Graph Trans-
formers. Moreover, we plan to tighten the entropy upper
bounds with large-scale empirical results to reflect the prac-
tical trained GNNs more closely.
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