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Abstract

Graph-based clustering algorithms aim to construct an affin-
ity graph that accurately captures the intrinsic structure of a
dataset. To achieve this goal, these algorithms often use the k-
nearest-neighbor (k-nn) method to build a graph regularizer
for the required affinity graph, enabling it to have a group-
ing effect. However, due to the complex nature of real-world
data, the k-nn method often fails to capture the true neigh-
borhood relationships of a dataset, which in turn limits the
quality of the learned affinity graph. Motivated by the insight
that a learned affinity graph itself can more effectively re-
flect the underlying data structure, we propose a new graph-
based clustering method, termed Self-learned Graph Regres-
sion (SGR). Unlike traditional approaches, SGR constructs
its graph regularizer directly from the affinity graph being
learned, allowing the graph to adaptively capture more ac-
curate structural information. To solve the proposed prob-
lem, we develop an optimization algorithm along with an ac-
celeration strategy. We further analyze the convergence and
computational complexity of the proposed algorithm. Exten-
sive clustering experiments on various benchmark datasets
demonstrate that our method outperforms the state-of-the-art
graph-based clustering algorithms.

Code — https://github.com/weilyshmtu/SGR

Introduction

Clustering is a fundamental task in machine learning that
aims to partition data samples into distinct groups such
that samples within the same group exhibit high similar-
ity, while those in different groups exhibit low similarity.
In recent years, clustering techniques have been widely ap-
plied across various domains, including image processing
(Lei et al. 2019), object reidentification (Zhang et al. 2021),
and social network analysis (Lee et al. 2019). Consequently,
a wide range of clustering algorithms have been developed,
such as k-means related clustering (Pei et al. 2023), hierar-
chical clustering (Sarfraz, Sharma, and Stiefelhagen 2019),
density-based clustering (Fu et al. 2024), and graph-based
clustering (Wang et al. 2025; Wei et al. 2025). Among these
methods, graph-based clustering has demonstrated superior
performance and has attracted considerable attention.
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Graph-based clustering aims to construct an affinity
graph that captures the underlying cluster structure within
a dataset. Once the affinity graph is constructed, a spectral
clustering algorithm—such as Normalized Cuts (Ncuts) (Shi
and Malik 2000)—is employed to generate the final cluster-
ing results. Let X € R™*4 denote the data matrix, where n
is the number of samples and d is the feature dimension. A
general formulation of graph-based clustering can be written
as:

msin L(X,8S) 4+ aR(S), (1)
where S € R"™ " represents the learned affinity matrix.
L(X,S) is a graph-learning term, which encourages the
affinity graph to learn cluster structure information of the
dataset, while R(S) denotes the graph regularization, which
imposes desirable constraints on the learned graph. The pa-
rameter o > 0 serves as a trade-off to balance these two
components.

Although recent methods have incorporated feature learn-
ing strategies, such as dimensionality reduction (Patel,
Nguyen, and Vidal 2013), graph filtering (Wei et al. 2023),
and deep learning approaches (Ji et al. 2017), to extract la-
tent representations from original data for improved cluster-
ing performance, the core of advanced graph-based cluster-
ing algorithms still lies in the design of £(X, S) and R(S).
Consequently, how to effectively construct these two terms
remains a central focus of ongoing research.

According to the existing literature, £(X, S) is commonly
formulated in one of two ways: (1) as a self-representation
term, || X — SX]||;, where || - ||; denotes a certain matrix
norm; or (2) as an adaptive neighborhood assignment term,
> 1% — %1385, where x; and x; are the i-th and j-th
data samples in X, and S;; represents the entry (i, j)-th of
S.

The regularization term R(S) usually plays a crucial role
in the construction of a high-quality affinity graph'. Accord-
ingly, a variety of regularization strategies have been pro-
posed from different perspectives to ensure that the learned
graph possesses desirable properties, such as sparsity (El-
hamifar and Vidal 2013; Liu et al. 2023), low-rankness (Liu
et al. 2013; Ding et al. 2025), block-diagonal structure (Lu

"Here, the quality of a graph refers to its ability to accurately
capture the underlying cluster structure of the dataset.



et al. 2019; Tastan, Muma, and Zoubir 2024), and locality-
preserving property (also known as grouping effect) (Yin,
Gao, and Lin 2016; Chen et al. 2022).

Among them, methods incorporating locality-preserving
constraints have demonstrated promising experimental re-
sults. These methods are designed to ensure that the learned
affinity graph maintains the grouping effect of the original
data. That is, for data points that are close in the original
feature space, their corresponding rows (or columns) in the
affinity matrix are also similar.

A typical strategy for enforcing this property is through
the application of a graph regression operator. Specifically,
a k-nn method is employed to construct an adjacency ma-
trix W € R™*™ over the input data, from which the graph
Laplacian matrix is derived as Ly = Dw — (W+W1)/2,
where W T denotes the transpose of W and Dy is a diag-
onal degree matrix with Dw; = > . (W;; + W;;)/2 for
1 < 4,5 < n. Subsequently, the graph regularizer of S is de-
fined as R(S) = Tr(STLwS), where Tr(-) represents the
matrix trace operator.

However, the locality-preserving constraints constructed
by k-nn graph may degrade the quality of the final learned
affinity matrix. Because, in practice, real-world datasets of-
ten exhibit complex and heterogeneous structures that can-
not be adequately captured by a predefined k-nn graph. In-
tuitively, if such a predefined k-nn graph could be sufficient
to capture the true data structure, there would be no need to
learn a refined graph. A more effective strategy is to con-
struct the locality-preserving constraints directly from the
evolving affinity graph itself. This enables the learned graph
to better reflect the true neighborhood structure, thereby en-
hancing the overall clustering performance.

Motivated by these observations, in this paper, we propose
a novel graph-based clustering method, termed Self-learned
Graph Regression (SGR). The key contributions of this work
are as follows:

* We introduce a new self-learned graph regularizer within
SGR, in which the affinity graph being learned is used to
define its own locality-preserving constraint.

* We formulate SGR as a convex optimization problem
w.r.t. each required variable and propose an acceleration
strategy to enhance computational efficiency.

e We conduct extensive experiments on benchmark
datasets, demonstrating that SGR consistently outper-
forms existing state-of-the-art graph-based clustering
methods.

Related Works

Compared with self-representation-based algorithms, meth-
ods employing adaptive neighbor assignment are generally
more computationally efficient. Therefore, we begin by re-
viewing the classical CAN method (Clustering with Adap-
tive Neighbors) proposed in (Nie, Wang, and Huang 2014).
Using consistent notation, the CAN model can be formu-
lated as follows:

ming 32, ; [Ixi — %;38; + a[|S|%

s.t. S1, =1,,S;; > 0,rank(Lg) =n —c, )
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where 1,, = [1,---,1]T € R™*! and ||S||% denotes the
Frobenius norm of S. The matrix Lg is the graph Laplacian
of S, namely Ls = Ds—(S+S")/2and Dg,; = > (St
S;i)/2. The constraint rank(Lg) = n — c ensures that the
affinity matrix S induces exactly ¢ connected components,
where c is the number of clusters in the dataset.

To address the rank constraint during optimization, the
objective function of CAN is relaxed to be:

ming 32, ; % —x;38:; + al|S|[F + AT (F T LsF),
3)
where Tr(F"LgF) = >°¢_, 0,(Ls), 0i(Lg) denotes the
i-th smallest eigenvalue of Lg, A is adaptively tuned in the
optimized algorithm?. And F € R"*¢, FTF = I, (with
I. € R°*° being the identity matrix).
To accelerate convergence, CAN initializes S as follows:

SiJ‘:{

where k is the number of nearest-neighbor samples and
dij = |[xi —x;]3.

Owing to its simplicity and effectiveness, several exten-
sions of CAN have been proposed in recent years. For in-
stance, Wang et al. (Wang et al. 2022) introduced entropy
regularization as a replacement for the Frobenius norm reg-
ularizer in the original CAN framework. Wu et al. (Wu et al.
2023) proposed using similarity measures instead of Eu-
clidean distances to construct the graph learning function,
thus improving adaptability to complex data distributions.
Nie et al. (Nie et al. 2020) proposed a self-weighted version
of CAN that assigns different weights to features when com-
puting pairwise Euclidean distances of samples. Addition-
ally, Wang et al. (Wang et al. 2025) incorporated a doubly
stochastic constraint on S produced by CAN, which further
improves its performance.

dik+1—dij
kdigy1—> 1y dit’
0,

itj <k

4)
if j > k; (

Methodology
Motivation

Based on our investigation of CAN and its extensions, we
identify two primary limitations in these algorithms: 1) They
do not explicitly encourage the affinity matrix S to exhibit a
grouping effect; 2) The hard-rank constraint imposed on S
may reduce its flexibility and hinder its ability to accurately
capture the underlying structure of the data (Lu et al. 2019).

To enhance the grouping effect of S, a straightforward im-
provement is to use a graph-based regularizer of the form
R(S) = Tr(STLwS). However, as discussed in the previ-
ous section, graph regularizers based on a predefined k-nn
graph W can adversely affect the learning process of the
affinity matrix S.

Suppose that an ideal affinity matrix S has already been
learned. It would naturally provide a more faithful repre-
sentation of the local neighborhood relationships within the
data compared to a predefined k-nn graph. Motivated by this
insight, a self-learned graph regularizer can be defined as

2Usually, if the connected components of S is greater than c in
current iteration, \ <— %, and if it is less than ¢, A <+ 2.



R(S) = Tr(STLgS). This leads to the following optimiza-
tion problem:

ming 3, ;% — x,;[3S:; + aTr(STLgS)

s.t. S]_n = 1n, Sz’j Z O, Sii = 0, S = ST7
rank(Lg) =n —c.

&)

Compared with CAN (i.e., Problem (2)), this formulation
introduces three modifications:

* The Frobenius norm regularizer is replaced with a self-
learned graph regularizer, which adapts to the evolving
affinity structure;

A constraint S;; = 0 is imposed to prevent trivial solu-
tions such as S = I,,, where I, is the identity matrix;

More importantly, symmetry is enforced on S, promoting
its doubly stochastic property. Recent studies have shown
that doubly stochastic affinity matrices significantly im-
prove the performance of Ncuts (Wei et al. 2024; Wang
et al. 2025). Furthermore, in our proposed formulation,
the doubly stochastic nature of S also facilitates the op-
timization process, contributing to both algorithmic effi-
ciency and clustering performance.

Given the doubly stochastic nature of S, it follows that
Ls =1, — S. Hence, the following equalities hold:

Zi,j ||Xl — XJH%S” = QTY(XTLsX)

= 2Tr(X T X) — 2Tr(X TSX),
=Tr(STS) — Tr(STSS)

= Tr(S?) — Tr(S3).

Tr(STLgS)

(6)

Then it can be seen that Problem (5) is non-convex with

respect to S, which poses challenges for efficient optimiza-

tion. To overcome this difficulty, we introduce a variable

C & S and reformulate the problem into the following re-
laxed Self-learned Graph Regression (SGR) model:

ming ¢ Tr(X"LsX) + aTr(STLcS) + 8||S — C||%
s.t. S1,=1,,S;;>0,S;=0S=8ST,
C]-n = ]—n> C’LJ > 07 Cii = O7C = CTa
rank(Lc) =n —c.

(N
where L¢ is a Laplacian matrix constructed by C. We also
let C satisfy the doubly stochastic constraint, then Lc =
I, — C. 8 > 0 is a hyper-parameter. Importantly, when
either S or C is fixed, Problem (7) becomes convex with
respect to the other variable, allowing efficient alternating
minimization.

It is also important to note that, unlike existing CAN-
based algorithms, we impose the hard-rank constraint on C
rather than on S, thereby allowing S to retain better flexi-
bility. Furthermore, from the perspective of self-constraint
clustering (Bai, Qi, and Liang 2023; Bai, Liang, and Zhao
2023), C can be interpreted as a learned structural constraint
that guides S to get an accurate grouping effect.

Optimization
Now we will show how to solve the proposed SGR prob-

lem (i.e., Problem (7)). First, we apply a similar strategy in
CAN to handle the constraint rank(Lg) = n — c. Namely,
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with a large enough A, Problem (7) is transferred to into the
following problem:

minsycyF TI'(XTLsX) + CKTI‘(STLcS) + 5”8 — CH%
+ATr(FTLcF)
S1,=1,,8S;;>0,S,;=0S=8ST,
Cc1,=1,,C;;>0,C;=0,C=CT,
F'F=1I.

s.t.

®)
Then we alternatively update the variables, S, C and F'.

1. S-subproblem Assuming that C and F are given, Prob-
lem (8) can be simplified as follows:

ming Tr(XTLgX) + aTr(STLcS) + 8|S — C|%
& ming —Tr(XTSX) + aTr(STLcS) + 6||S — C|j%
& ming Tr(STAS) — Tr(STB)

s.t. Sln = 1n7 Sij > O, S“ = O,S = ST.

)
where A = aLg+81,, B = K+23Cand K = XX isa
kernel matrix of dataset X. Then this problem can be solved
using the Augmented Lagrangian Multiplier (ALM) method
(Lin, Chen, and Ma 2010). To this end, we reformulate it as
the following equivalent problem:

ming Tr(STAU) — Tr(STB)
s.t. Sln:1n7 Sij 20, S:U,UZ‘Z‘:O7U:UT,
(10)
where U is an auxiliary variable. Then its corresponding
augmented Lagrangian function is,

Y
L=T(ST(AU-B) +5IS- U+ lF  ab

where Y is the Lagrange multiplier and y is a parameter that
is adaptively updated.

A. Updating S with fixed other variables. Given fixed U
and Y, updating S involves minimizing £, which is equiva-
lent to solving the following optimization problem:

IS — M

where M = U — (Y + AU — B)/u. Then the simplex
projection method (Huang, Nie, and Huang 2015) can be
used to update S row by row.

B. Updating U with fixed other variables. To update U,
we solve the following problem:

|U - N|%
U=U", U; =0,

where N = S+ (Y — ATS)/pu. The closed-form solution is
givenby U = (N+NT)/2, followed by setting the diagonal
elements of U to zero.

C. Updating Y and p with fixed other variables. The up-
date rules for Y and p are as follows:

Y <« Y+ u(S-1U),
p 4= min(pp, fmax),

ming

s.t. 12)

minyy

s.t. (13)

(14)

where p = 1.5 and piyax = 1030,
We use Algorithm 1 to describe the algorithmic proce-
dure for solving S.



Algorithm 1: The ALM method

Input:
The matrix A and B, the parameter «, 3;
Output:
The affinity graph S;
: Initialize S by Eq.(4) ;
while not convergent do
Update S by solving Problem (12);
Update U by solving Problem (13);
Update Y, u by Eq. (14);
end while

QURELNE

2. C-subproblem Suppose that S and F have been com-
puted, Problem (8) is reduced as follows:

ming aTr(STLcS) + 8|S — C||%
FATr(FTLGF)

& ming —aTr[CTSST) + 3| C - S|%
ATH(CTFFT)

& ming Tr(CTAC) — Tr(C'B)

s.t. Cln = 1n7 Cij Z 0, C“ = O,C = CT.

(15)
Here, we let A = I, and B = aSS' + 23S + AFF .
This problem could also be solved using Algorithm 1.

3. F-subproblem When S and C have been updated,
Problem (8) is transferred to the following problem:

ming Tr(FTLcF), st F'F=1. (16)

Then F' is composed of the eigenvectors corresponding to
the ¢ smallest eigenvalues of the matrix L¢.

Algorithm

We finally summarize the optimization procedure for solv-
ing the SGR problem in Algorithm 2. After obtaining S,
we apply the Ncuts algorithm to derive the final clustering
results. Although it is also possible to use C to get the clus-
tering results, due to the presence of its hard-rank constraint,
the results obtained from C are empirically shown—see sub-
sequent experiments—to be inferior to those derived from S.

Algorithm 2: Self-learned Graph Regression

Input:
The dataset X, parameters «, 3, the number of clusters c, the
maximal number of iteration T;

Output:
The affinity graph S and C;

1: Initialize S by using Eq. (4), and initialize C = (1,1, —

I,)/n;

2: while not convergent and ¢ < 7" do

3 t=t+1;

4:  Update S by using Algorithm 1;

5 Update C by using Algorithm 1;

6 Update F by solving Problem (16);

7: end while

Notice: Because A should be a relatively large value, we initialize

A = 15. And in each iteration, A is updated by using the same

strategy in CAN.
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Further Discussions
Acceleration Technique and Computation Analysis

We begin by briefly analyzing the time complexity of Algo-
rithm 1.

When solving the S subproblem using Algorithm 1, the
simplex projection method is applied to update S row by row
in each iteration (i.e., Problem (12)). This process requires
computing the matrix M = U — (Y + AU — B)/u =
U - [Y + (oL¢ + AI,)U — (K + 23C)] /p. Assuming
that K = XX ' has been precomputed, the dominant com-
putational cost arises from the matrix multiplication Lo U,
which incurs a time complexity of O(n?). Therefore, the
overall computational cost of Algorithm 1 is at least O(n?),
which also leads to high time complexity in Algorithm 2.
To address this issue, we introduce an acceleration strategy
to reduce the overall computational burden.

First, since S is ultimately required to be symmetric,
imposing row-wise constraints is equivalent to applying
column-wise constraints. Hence, we can equivalently update
S column by column.

Second, because S is initialized using Eq. (4) with a pre-
defined neighborhood size k (where & < n), we can record
the indices of nonzero entries in each column of S. During
subsequent optimization, we aim to preserve this sparsity
structure by updating only the recorded positions. In other
words, we refines the values of the existing nonzero entries
to improve the affinity graph, while keeping their positions
fixed.

Third, assume that the indices of nonzero elements in the
j-th column of S are denoted by I;. Then, the j-th column
of S can be updated by solving the following optimization
problem:

minS(Hj,j) ||S(]IJ7]) 7M(]I]7])||% (17)
s.t. S(Hj,j)lk =1,8(i,j) >0,
where
M(I;,5) = U(W;,4) — [Y(I;,5) + Ay, ;) U1, 5)
Al ;) = aLe(ly, 1) + ALu(I5, L),

One may question the justification for approximating
the nonzero entries of the j-th column in AU using
A(I;,I;)U(I,, j). This is reasonable because the ultimate
constraint is S = U, implying that the nonzero positions in
the j-th column of both S and U should coincide. Therefore,
restricting computation to these positions is both valid and
efficient.

Under this formulation, computing M(I;, j) incurs a
cost of O(k?), while the simplex projection step costs
O(k log k). Consequently, the total cost of updating S across
all columns is reduced to O(nk? + nklogk).

On the other hand, updating U via Problem (13) requires
computing N = S + (Y — AS ") /. Based on the previous
analysis, N can also be computed in a column-wise man-
ner. Specifically, for the j-th column, we have N(I;, j) =
S(va.]) + [Y(H]h]) - A(va H])ST(H]L])]/:LL The cost for



computing all columns of N is thus O(nk?). Since U is fi-
nally updated via U = N +NT with U;; = 0, the total cost
becomes O(n? + n + nk?).

Additionally, updating the Lagrange multiplier Y re-
quires O(n?) time. Considering that the number of itera-
tions in Algorithm 1 is m < n, the total time complexity
for solving the S subproblem using Algorithm 1 is approx-
imately O(n?).

When updating C, suppose that FF' has already been
computed. By employing a similar strategy as used for up-
dating S, we restrict the update of the j-th column of C to
the entries indexed by I;. Under this constraint, the compu-
tational cost of solving the C subproblem remains O(n?).

To update F, we compute the c eigenvectors correspond-
ing to the c smallest eigenvalues of the Laplacian matrix L,
which requires O(n?) time (¢ < n).

In addition, as mentioned above, updating S and C re-
quires the precomputation of XX and FF ', each of which
incurs a cost of O(n?). Therefore, the overall time complex-
ity of Algorithm 2 is O(In?) ~ O(n?), where | < n de-
notes the number of outer iterations.

Convergence Analysis

The proposed acceleration technique merely restricts the po-
sitions of the non-zero elements in S and C that are allowed
to be updated. Consequently, it does not affect the conver-
gence behavior of Algorithm 2. Then we analyze the con-
vergence of Algorithm 2.

First, noting that S;;,C;; > 0, the objective
function of the SGR model can be expressed as
J(S,C,F) = Tr(X LX) +aTr(STLcS)+5(S—C||%+
ATr(FTLcF) = 30, (5llxi—x;[38:+5 Isi—s;[13Ci;+
Al — £3C,) + 8S — |13 > 0.

To update S and C, we employ Algorithm 1 (the Aug-
mented Lagrangian Method), which is theoretically guaran-
teed to converge when optimizing with respect to two vari-
able blocks. Therefore, at the ¢-th iteration, the following
inequality holds: J(S?, C*, FI=1) < J(S*~1,Ct—1, Fi 1),

Furthermore, F is updated via eigen-decomposition,
which yields the exact minimizer of the correspond-
ing subproblem (i.e., Problem (16)). Therefore, at the
same iteration, it also holds that J(S!, C!, F!) <
J(St717 thl7 thl).

Based on this monotonic decrease and the non-negativity
of the objective function, we conclude that the proposed op-
timization algorithm for solving the SGR model is guaran-
teed to converge.

Moreover, it is important to note that the above con-
clusions are derived under the assumption that the hyper-
parameters «, (, and A remain fixed. However, during
the optimization process, in order to enforce the constraint
rank(Lc) = n— ¢, A may be adjusted dynamically—either
increased or decreased (see the footnote on Page 2). As a re-
sult, the objective function J(S, C, F) may exhibit oscilla-
tions during the initial iterations. Nevertheless, once A stabi-
lizes after a few iterations, the value of the objective function
begins to decrease monotonically.
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Experiments
In this section, we conduct clustering experiments to com-
pare the performance of SGR with various existing repre-
sentative graph-based clustering algorithms.

Experiment Setup

Datasets Six datasets, including 700°, JAFFE (Lyons, Bu-
dynek, and Akamatsu 1999), ORL (Samaria and Harter
1994), COIL20*, COIL100%and MNIST®, are used. The in-
formation of these datasets is summarized in Table 1.

Datasets | Samples | dimensionality | Clusters
Zoo 101 16 7
JAFFE 213 4096 (64 x 64) 10
ORL 400 4096 (64 x 64) 40
COIL20 1440 1024 (32 x 32) 20
COIL100 7200 1024 (32 x 32) 100
MNIST 10000 576 (24 x 24) 10

Table 1: The statistical information of the used datasets.

Compared Algorithms Eight representative graph-based
clustering algorithms, including Ncuts (Shi and Malik
2000), CAN (Nie, Wang, and Huang 2014), CLR (Con-
strained Laplacian Rank) (Nie et al. 2016), AOPL (Adap-
tive Order Proximity Learning) (Wu et al. 2022), SGL
(Structured Graph Learning) (Wu et al. 2023), HNAC (Hy-
brid Nongreedy Asynchronous Clustering) (Uykan 2023),
MOGC (Multi-order Graph Clustering) (Liu et al. 2024),
and SDSGC (Structured Doubly Stochastic Graph-based
Clustering) (Wang et al. 2025), are used for comparison.

Evaluation Metrics Three widely used metrics, including
clustering accuracy (ACC), normalized mutual information
(NMI), and adjusted rand index (ARI), are used to evaluate
the performance of these algorithms.

Parameters Setting There are three tunable hyper-
parameters in SGR: «, 5 and k. Both « and ( are selected
from the set {0.00005,0.0001, 0.0005,0.001,0.005,0.01}.
Note that relatively small values are chosen for these two pa-
rameters. This setting ensures that the second and third terms
in the objective function of the SGR do not overly dominate
optimization, thus helping S, C to learn the structure infor-
mation from the original datasets. The neighborhood size k
is chosen as a relatively large value of 30, which could al-
low the SGR to find a satisfactory solution. We will further
investigate the sensitivity of SGR to these hyper-parameters
in subsequent subsections. For all compared methods, the
hyper-parameters are set according to the optimal configura-
tions reported in their original publications. The experiments
are carried out on a PC with Intel 19-10900 K, 64 G RAM,

3https://archive-beta.ics.uci.edu/

“https://www.cs.columbia.edu/CAVE/software/softlib/coil-
20.php

>https://git-disl.github.io/GTDLBench/datasets/coil 100_
datasets

Shttp://www.cad.zju.edu.cn/home/dengcai/Data/MLData.html



Matlab R2023a and Windows 11. In addition, we fixed the
random number seed to make the experimental results repro-
ducible.

Datasets

Methods Zoo JAFFE ORL COIL20  COIL100  MNIST

ACC
Ncuts 65.83  87.40 53.62 7897 58.16 51.64
CAN 61.39  96.71 5350  83.96 56.39 27.62
CLR 60.39  96.71 46.75 80.69 45.37 56.22
AOPL 6139  95.77 59.00  80.69 59.07 58.08
SGL 61.39 9295 5426  77.36 42.40 56.24
HNAC 6498  93.78 5634  79.64 66.21 56.63
MOGC 6436  97.14 59.62  79.30 65.49 60.48
SDSGC | 6733 9812 58.00  84.72 68.79 63.84
SGR-S 82.18 99.53 67.75  98.33 82.79 68.21
SGR-C 61.39  92.96 56.75  79.31 48.36 60.40

NMI
Ncuts 64.49  91.26 71.23 87.57 77.51 56.02
CAN 65.69  97.36 72.05 91.94 84.07 58.63
CLR 64.52  97.36 65.62  88.59 79.83 55.72
AOPL 68.89 9523 74.14  88.24 79.46 60.24
SGL 66.47  91.70 65.62  83.15 66.36 57.34
HNAC 70.05  94.41 7242 89.69 85.96 57.66
MOGC 68.01 97.36 75.03 89.06 84.29 61.97
SDSGC 7152 97.80 7425  92.86 86.86 62.37
SGR-S 8344  99.18 82.26  98.33 96.75 75.82
SGR-C 72.98  89.90 77.26  86.83 76.11 69.04

ARI
Ncuts 42,62  81.82 18.26  69.08 42.94 47.87
CAN 4844  93.12 19.75  78.86 30.26 39.64
CLR 4724 93.12 1196 71.44 29.89 44.29
AOPL 4724 91.01 23.08 7135 22.85 54.33
SGL 5149  87.21 1223 69.26 24.63 48.39
HNAC 5443 9592 21.18  72.38 49.28 52.67
MOGC 54.56  95.04 2460  75.77 53.89 55.86
SDSGC | 56.89  96.89 23.08 7913 55.08 60.89
SGR-S 81.75  98.98 5527  96.74 81.61 61.11
SGR-C 5246  85.24 25.59  74.10 29.36 59.17

Table 2: The experimental results (in %) of SGR (high-
lighted with a grey background) and other evaluated algo-
rithms. SGR-S and SGR-C denote the results obtained using
S and C, respectively, as generated by the SGR method. The
best results are emphasized in bold, while the second-best
results are underlined and emphasized in italics.

Experimental Results and Analyses

Comparison Results We first present the experimental re-
sults obtained by SGR and the compared algorithms in Ta-
ble 2. From this table, we get the following observations:

1. SGR-S (i.e., SGR based on S) consistently outperforms
all competing methods across all datasets, demonstrating
its robustness to different types of data. Notably, on sev-
eral datasets such as Zoo, COIL20, and COIL100, the ACC
achieved by SGR-S surpasses that of the second-best method
by more than 10 percentage points. Similarly, the NMI and
ARI scores of SGR-S on these datasets are also substantially
higher than those of the second-best approach;
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Figure 1: The two learned affinity matrices S and C of SGR
and the initial value of S. Zoom in for a better view.

(b) JAFFE (c) ORL

_ ’ 0.8
T s g & g & 3
Sppg af EFpg o SLog
0.8 G 5 o &5 o o
(d) COIL20 (e) COIL100 (f) MNIST
0.6 1 e 1 08
s = s s o
Z 08 Z0.8
& B ‘;PL(I?‘ a ) & 0 Q)‘PL(F?‘ a &8 q‘?%‘ a g
o & o & & &

Figure 2: The performance of SGR-S changed with «, f3.
Here, k is fixed to be 30.

2. SGR-S also outperforms SGR-C. This performance gap
may stem from the hard-rank constraint imposed on C. To
illustrate this, we visualize the two affinity graphs produced
by SGR (as well as the initial value of S) on the JAFFE
dataset in Fig. 1. Based on this figure, one may argue that
C exhibits a clearer block-diagonal structure than S. How-
ever, it can be seen that C generates more connections be-
tween the samples from different classes. As a result, SGR-
C achieves an ACC of 92.96%, whereas SGR-S reaches
99.53%.

Parameter Sensitivity We evaluate the sensitivity of
SGR-S to its hyper-parameters using NMI as the represen-
tative performance metric. As shown in Figure 2, the perfor-
mance of SGR-S is stable across different values of « and
B within the predefined range. In contrast, Fig. 3 illustrates
how the performance of SGR-S varies with k. Specifically,
for each value of k ranging in {20, 30,40,50,n — 1}7, we
record the optimal NMI achieved by SGR while tuning «
and (3, and then plot the resulting performance curve against
k. It can be seen that the performance of SGR remains stable
as k varies.

We also report the running times of SGR with £ = 30 and
k =n — 1, as well as SDSGC, in Fig. 4. It can be observed
that while the runtime of SGR with & = 30 is slightly higher
than that of SDSGC, it is significantly lower than that of
SGR withk =n — 1.

These results demonstrate that the effectiveness of the
proposed acceleration technique and SGR is robust to varia-
tions in all three hyper-parameters, highlighting its practical

"n — 1 means that for a data sample, all the other samples are
considered as its neighbors. Namely, the accelerate strategy is not
used.
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Figure 3: The performance of SGR-S changed with k. In
each sub-figure, the horizontal axis indicates the value of &,
and the vertical axis indicates values of different metrics.

o 15 ‘

_gmi\-SDSGC-k:LSODk:n—l\ |
€ 0| m— - _ -I

5 ‘ ‘ ‘

= Zoo JAFFE ORL  COIL20 COIL100 MNIST

Figure 4: The running time (in logarithmic) of SGR with
k =30 and k = n — 1 as well as those of SDSGC.

utility in real-world applications.

Convergence We illustrate the convergence of Algorithm
2 in Fig. 5. It can be seen that the algorithm can always
achieve convergence after 50 iterations. As discussed in the
previous subsection, during the initial iterations, fluctuations
in the value of A may lead to non-monotonic changes in the
objective function values. This phenomenon is noticeable in
COIL20, COIL100 and MNIST datasets, as shown in Fig-
ures 5(d), (e) and (f). However, as the iterations progress and
A stabilizes, the objective function exhibits a clear mono-
tonic decrease, confirming the convergence of Algorithm 2.

Ablation Study In this subsection, we address two poten-
tial concerns: (1) Is the self-learned graph regression really
more effective than the k-nn-based graph regression? (2)
Should the hard-rank constraint be imposed on S?

To investigate the first concern, we formulate an alterna-

(a) Zoo (b) JAFFE (c) ORL
100 500

100

50
50

NECFINPINPS
(d) COIL20

NECTINFNRPS
5 (€)COIL100

ORXPR RS
(f) MNIST

2500
200

2000

0

NESTIPISIRS NECPINPISIRNPS SRR

Figure 5: The objection values against the number of itera-
tions. The vertical axis in each sub-figure indicate the objec-
tion value.
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tive model (denoted as P):

ming 3, ; [1x; — x;(38; + aTr(STLwS)
s.t. S]_n = ]_n, Sij Z O,SZZ = O, S = ST7
rank(Lg) =n — ¢,

(18)

where W is a k-nn graph constructed by Eq. (4). The second
concern gives rise to another variant (denoted as P5), which
retains the full SGR model, but imposes the rank constraint
on Lg instead of L¢.

We conduct the same experiments as in the previous sub-
section to evaluate the performance of P; and P5. The
hyper-parameters used for Po are kept identical to those in
SGR. For P, since it relies on a fixed k-nn graph W that
inherently encodes structural information, we expand the
search space of « to: {5e—5, le—4, 5e—4, le—3, 5e—3, le—
2,0.1,1,10, 50,100, 200}. This expanded search range en-
ables P, to fully exploit the structural information embed-
ded in W. Finally, we report the experimental results in Ta-
ble 3. From this table, we can see that SGR outperforms P
and P, proving the effectiveness of SGR and the rationality
of the hard-rank constraint setting in SGR.

Datasets
Methods Zoo JAFFE ORL COIL20  COIL100  MNIST
ACC
P, 7525  98.12 58.75 82.92 65.28 59.22
Po 7723  98.12 65.50  87.36 60.72 34.49
SGR 82.18 99.53 67.75  98.33 82.79 68.21
NMI
P, 7553  97.36 76.64 9541 87.73 70.12
Ps 79.03  97.36 81.51 95.41 84.50 52.49
SGR 8344  99.18 82.26  98.33 96.75 75.82
ARI
P, 66.94  95.92 3733 78.59 61.52 43.09
Po 80.08 9592 37.07 8248 52.82 19.61
SGR 81.75  98.98 55.27  96.74 81.61 61.11

Table 3: The experimental results (in %) of Py, P and SGR.
For SGR and P», we only report the results based on S.

Conclusions

To address the limitations of existing graph-based cluster-
ing methods with locality constraints, we propose to lever-
age the affinity graph learned during optimization to con-
struct its own graph regression. To facilitate efficient opti-
mization, we relax the original formulation into a problem
that is convex with respect to each variable, and present the
Self-learned Graph Regression (SGR) model. We also de-
sign an acceleration strategy to further improve computa-
tional efficiency. Extensive experiments conducted on vari-
ous benchmark datasets demonstrate the superior clustering
performance of SGR. Furthermore, comprehensive ablation
studies validate the effectiveness of the self-learned graph
regression mechanism and provide insights into the impact
on the design of the hard-rank constraint.
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