The Fortieth AAAI Conference on Artificial Intelligence (AAAI-26)

From Sequential to Recursive: Enhancing Decision-Focused Learning with
Bidirectional Feedback

Xinyu Wang, Jinxiao Du, Yiyang Peng, Wei Ma*

The Hong Kong Polytechnic University, Hong Kong SAR, China
{xinyuu.wang, jinxiao.du, yiyang.peng} @connect.polyu.hk, wei.w.ma@polyu.edu.hk

Abstract

Decision-focused learning (DFL) has emerged as a powerful
end-to-end alternative to conventional predict-then-optimize
(PTO) pipelines by directly optimizing predictive models
through downstream decision losses. Existing DFL frame-
works are limited by their strictly sequential structure, re-
ferred to as sequential DFL (S-DFL). However, S-DFL fails
to capture the bidirectional feedback between prediction and
optimization in complex interaction scenarios. In view of this,
we first time propose recursive decision-focused learning (R-
DFL), a novel framework that introduces bidirectional feed-
back between downstream optimization and upstream pre-
diction. We further extend two distinct differentiation meth-
ods: explicit unrolling via automatic differentiation and im-
plicit differentiation based on fixed-point methods, to facili-
tate efficient gradient propagation in R-DFL. We rigorously
prove that both methods achieve comparable gradient accu-
racy, with the implicit method offering superior computa-
tional efficiency. Extensive experiments on both synthetic and
real-world datasets, including the newsvendor problem and
the bipartite matching problem, demonstrate that R-DFL not
only substantially enhances the final decision quality over se-
quential baselines but also exhibits robust adaptability across
diverse scenarios in closed-loop decision-making problems.

Introduction

Real-world operational tasks, such as vehicle routing, power
generation scheduling, and inventory management, fre-
quently involve decision-making under uncertainties (Donti,
Amos, and Kolter 2017; Qi et al. 2023; Sadana et al.
2025; Elmachtoub and Grigas 2022). Conventional Predict-
then-Optimize (PTO) framework tackles such tasks by first
predicting uncertain parameters through machine learning
(ML), then solving optimization based on predictions. While
widely adopted, PTO often yields suboptimal decisions by
minimizing intermediate prediction errors rather than fi-
nal decision quality (Elmachtoub and Grigas 2022; Mandi
et al. 2024; Wang et al. 2025; Bertsimas and Kallus 2020).
Decision-Focused Learning (DFL) represents a significant
advancement by embedding optimization directly into the
learning process, thereby minimizing end-to-end decision
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errors rather than prediction losses (Amos and Kolter 2017;
Mandi et al. 2022; Kotary et al. 2021; Wang et al. 2025).

However, traditional DFL maintains a sequential
prediction-then-optimize structure, which we term Sequen-
tial DFL (S-DFL) in this paper. The one-way assumption in
S-DFL: predictions inform optimization, but optimization
outcomes do not influence subsequent predictions, renders
S-DFL inadequate for complex, interactive systems where
decisions generate feedback that should recursively refine
predictions. Consider the ride-hailing matching problem as
a canonical example: when the platform proposes driver-
rider matching pairs, user accept/reject decisions provide
immediate feedback that should inform the matching
decisions (Qin et al. 2020). This scenario exemplifies a
broader class of multi-stakeholder adaptive systems, in-
cluding dynamic pricing scenarios (Levina et al. 2009; Jia,
Tong, and Zhao 2014) and task allocation systems (Zhao
et al. 2020), which share three common characteristics: (i)
Initial predictions guide decisions, (if) Decision outcomes
generate observable feedback, and (iif) The feedback should
recursively refine predictions. Such a recursive interaction
creates a closed-loop coupling that S-DFL fails to capture,
potentially leading to unstable training and suboptimal
outcomes.

The first research question arises: How can we effec-
tively model bidirectional prediction-optimization sys-
tems with mutually interdependent components? To an-
swer the question, we first time propose Recursive Decision-
Focused Learning (R-DFL), an extension of S-DFL that
explicitly models the bidirectional feedback between up-
stream prediction and downstream optimization. As illus-
trated in Figure 1, R-DFL retains the forward prediction-
to-optimization pipeline of S-DFL while innovatively intro-
ducing a feedback loop from optimization back to predic-
tion. In this R-DFL framework: (i) The optimization module
leverages early-stage predictions to generate decisions, and
(i) The decision outcomes, in turn, refine the predictions
through feedback. This closed-loop architecture explicitly
captures the dynamic interdependency characteristics inher-
ent in bidirectional systems, aiming to enhance prediction
accuracy and enable more adaptive and robust optimization
compared with S-DFL.

The second research question arises: How does gra-
dient propagation operate in the bidirectional structure
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Figure 1: Comparison of S-DFL and R-DFL. R-DFL extends
S-DFL by capturing the bidirectional interaction between
prediction and optimization, where predictions are informed
by both input features and optimization feedback.

of the R-DFL framework? The recursive framework in-
troduces fundamental computational challenges: the cycle
between prediction and optimization creates directed cyclic
graphs, violating the directed acyclic graph (DAG) assump-
tion underlying conventional deep learning (DL). Therefore,
the resulting cyclic dependencies disrupt conventional gra-
dient flow patterns and prevent a straightforward application
of standard backpropagation via auto-differentiation (AD),
necessitating specialized differentiation methods that pre-
serve the recursive benefits while maintaining training sta-
bility and convergence.

To address the backpropagation challenge, we propose
two differentiation schemes: explicit unrolling methods
and implicit differentiation methods (Monga, Li, and El-
dar 2021). The explicit unrolling method handles cyclic-
ity by sequentially unrolling the bidirectional prediction-
optimization over a fixed number of iterations during the
forward pass, allowing gradients to backpropagate through
all unrolled layers via standard AD. While benefiting
from straightforward implementation, the explicit unrolling
method introduces significant computational overhead that
scales with the unrolling depth, making it computationally
complicated for deep recursive systems.

In contrast, the implicit differentiation method formu-
lates the coupled system as a fixed-point problem. During
the forward pass, equilibrium states are computed using
RootFind methods, while backward propagation lever-
ages the Implicit Function Theorem (Krantz and Parks
2002) to derive gradients directly at equilibrium points. The
implicit differentiation method offers substantial computa-
tional advantages by eliminating the need for unrolling com-
putations, hence significantly reducing training time.

We rigorously establish the equivalence of gradient up-
dates between explicit unrolling and implicit differentiation
methods through the Neumann series (Liao et al. 2018; Dim-
itrov and Coelho 2017). This theoretical result guarantees
consistent final accuracy performance regardless of the im-
plementation choice of explicit unrolling and implicit differ-
entiation methods in the R-DFL framework.
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In summary, we present four major contributions:

We first time propose R-DFL, a novel recursive decision-
focused learning framework that models bidirectional
prediction-optimization feedback within the deep learn-
ing architecture, enabling closed-loop decision-making
in dynamic systems.

We develop two differentiation schemes for solving R-
DFL with gradient propagation: (i) A multi-layer ex-
plicit unrolling method via auto-differentiation, and (ii)
A single-layer implicit differentiation method that com-
putes equilibrium gradients directly via the Implicit
Function Theorem.

We rigorously establish the gradient equivalence be-
tween both differentiation schemes, guaranteeing consis-
tent accuracy performance for explicit unrolling and im-
plicit differentiation methods.

Extensive experiments on both synthetic and real-world
datasets, including newsvendor and bipartite matching
problems, demonstrate that the R-DFL framework sig-
nificantly enhances the final decision quality. Comparing
the two differentiating methods, while the explicit un-
rolling methods provide a more straightforward imple-
mentation, they often come with higher computational
costs. The implicit differentiation methods require man-
ual derivation of gradients but deliver superior computa-
tional efficiency.

Related Works
Decision-Focused Learning

DFL has emerged as an effective end-to-end framework to
improve the decision quality by integrating predictive (pre-
diction) and prescriptive (optimization) analytics within a
unified DL architecture (Bertsimas and Kallus 2020; Mandi
et al. 2022; Postek and Hertog 2016). In this paper, we re-
fer to this approach as Sequential DFL (S-DFL). S-DFL di-
verges from traditional PTO by embedding the optimization
module as an implicit differentiable layer within the deep
learning architecture, mapping input parameters directly to
optimal solutions and incorporating decision quality into the
loss function, allowing the predictive model to be trained us-
ing task-specific errors. Therefore, gradients can backpropa-
gate efficiently through the optimization layer to parameters
in the predictive models (Mandi et al. 2020; Berthet et al.
2020). To improve final decision accuracy, one option is to
develop novel surrogate loss functions (Kotary et al. 2022;
Elmachtoub and Grigas 2022). Researchers have also de-
veloped specialized methods tailored to embedding distinct
classes of optimization problems, including discrete opti-
mization (Mandi et al. 2024; Ferber et al. 2020), linear pro-
gramming (Mandi and Guns 2020), and quadratic program-
ming (Amos and Kolter 2017). For handling non-smooth
optimization problems, relaxation and approximation tech-
niques have also been proposed (Wilder, Dilkina, and Tambe
2019; Wang et al. 2019).

The development of specialized software packages has
significantly lowered the implementation barrier for S-DFL.
Tools like OptNet for quadratic programming (Amos and



Kolter 2017), CvxpyLayers for convex programming
(Agrawal et al. 2019), and PyEPO for linear programming
(Tang and Khalil 2022) have enabled widespread real-world
applications in domains such as inventory management
and energy grid scheduling (Elmachtoub and Grigas 2022;
Donti, Amos, and Kolter 2017). These advances have estab-
lished S-DFL as a versatile framework for decision-making
under uncertainty. Despite its successes, S-DFL remains
limited to sequential prediction-optimization pipelines
and lacks generalization to bidirectional settings where
prediction and optimization interact dynamically.

Explicit Unrolling Methods

The derivation of gradients for solving DFL can be catego-
rized into two distinct approaches based on their differentia-
tion mechanisms: explicit unrolling and implicit differentia-
tion. The explicit unrolling methods have found widespread
applications in both time series modeling (e.g., recurrent
neural networks like ResNet (He et al. 2016)) and differ-
entiable optimization. The explicit unrolling methods work
by expanding either the temporal sequence (for time-series
models) or the complete optimization procedure (for differ-
entiable optimization) into an explicit computational graph
during the forward pass. Each iteration is treated as a sepa-
rate layer, creating a finite, unrolled representation that can
be processed using standard automatic differentiation frame-
works (Kotary, Dinh, and Fioretto 2023). During backpropa-
gation, gradients are calculated by sequentially applying the
chain rule through all unrolled layers. Despite its widespread
adoption, the explicit unrolling methods present several crit-
ical limitations. For problems requiring numerous iterations,
the computational graph becomes excessively large, leading
to (i) substantial memory overhead, (ii) increased computa-
tional time, and (ii7) potential numerical instability in gradi-
ent flow. These challenges mirror the vanishing and explod-
ing gradient problems commonly observed in deep recurrent
neural networks (Monga, Li, and Eldar 2021), significantly
constraining the applicability of explicit unrolling methods
to complex, iterative problems.

Implicit Differentiation Methods

Implicit differentiation methods offer a powerful alternative
to explicit approaches by replacing iterative procedures with
a single implicit layer, significantly reducing the complexity
of the corresponding computational graph. In this paradigm,
the layer output is defined implicitly as the solution to an
equilibrium equation rather than through an explicit compu-
tational graph. During backpropagation, gradients are com-
puted directly at the solution point using the Implicit Func-
tion Theorem, which avoids the need to store intermediate
states (Agrawal et al. 2019). Implicit differentiation meth-
ods have found successful applications across multiple do-
mains. In time-series modeling, the implicit methods have
been employed in Neural ODEs (Chen et al. 2018) and Deep
Equilibrium Models (Bai, Kolter, and Koltun 2019), where
fixed-point methods identify equilibrium states (El Ghaoui
et al. 2021; Zhang et al. 2019; Kazi and Thompson 2017;
Li et al. 2020). In differentiable optimization, implicit dif-
ferentiation has been primarily implemented through differ-
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entiation of Karush-Kuhn-Tucker (KKT) conditions (Amos
and Kolter 2017; Agrawal et al. 2019; Wilder, Dilkina, and
Tambe 2019). Comparative studies highlight several advan-
tages of implicit differentiation methods over explicit un-
rolling approaches. As noted by Scellier and Bengio (2017),
implicit differentiation methods provide better numerical
stability while achieving superior memory and computa-
tional efficiency due to their compact representation. How-
ever, implicit methods typically require manual derivation of
gradient expressions. Modern machine learning frameworks
like PyTorch have addressed this challenge by providing na-
tive support for automatic differentiation and interfaces for
custom gradient rules, making implicit differentiation meth-
ods more accessible to practitioners (Paszke et al. 2017).
Overall, both explicit and implicit methods for R-DFL
are rarely explored.

Preliminaries

In this section, we briefly introduce notations and mathemat-
ical formulations of previous work on S-DFL.

S-DFL

The S-DFL pipeline comprises two essential modules: a pre-
dictive model Fy and a convex optimization model G.

Predictive Model Let 7y : RY — R" be a parametric
function with parameters § € R¢ that maps input features
v € R% to predicted outputs é := Fp(v). & € R" then serve
as parameters for the downstream optimization problem G.

Convex Optimization Model Define a convex program
G : R™ — R”™ with objective g and constraints h that takes
input parameters ¢ and returns optimal solutions z*(¢&) as:

ey

G : x*(¢) = argmin g(x; é),
zcA
where the differentiable convex objective function is g :
R™ — R, x € A is the feasible region with linear con-
straints h(x) < 0, h : R"” — R™. For simplicity, we omit
the unpredictable parameters in the notation of G.

Loss Function The goal of S-DFL is to minimize the
expected decision regret (Elmachtoub and Grigas 2022):
R(é,c) = g(z*(é),c) — g(x*(c),c). If given a dataset
D = {(vn,cn)}_, with N samples, the empirical loss
function is: Ly c)ep = + ijzl R(Fo(vn), Cn)-

Gradient Computation To update the parameters 6 in the
predictive model via gradient descent methods, one can de-

: : ; . 9L _ L oz 9e
rive the gradient through the chain rule: 35 = 5= 55 35,
oL
ox*

is the gradient of loss function w.r.t. the optimal

decision, aai: is obtained from the KKT condition by differ-
entiating the convex optimization problem G or by unrolling
the optimization procedures, and gg is the gradient of the

output in the predictive model Fy w.r.t. parameters 6.

where

Recursive Decision-Focused Learning

In this section, we introduce the proposed Recursive
Decision-Focused Learning (R-DFL) framework with two
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Figure 2: Illustration of the R-DFL framework with explicit unrolling and implicit differentiation methods.

gradient propagation schemes: explicit unrolling and im-
plicit differentiation, as illustrated in Figure 2. Here we use
the same notations of Fy, G, and ¢ in both S-DFL and R-
DFL to smooth the presentation. Unlike conventional se-
quential approaches, the R-DFL models prediction and op-
timization with bidirectional feedback.The predictive model
Fp takes inputs from both feature vector v and optimization
results x, then generates outputs ¢ to optimization model G
as parameters.

Overview of R-DFL Framework

The R-DFL pipeline comprises two essential modules: a pre-
dictive model Fy and a convex optimization model G.

Predictive Model Let 7y : R**" — R"™ be a paramet-
ric predictive model with parameter # € R9™ that maps
feature vectors v € R? and optimization result € R to
predicted results ¢ € R™: ¢ = Fy(x, v).

Convex Optimization Model Define a convex optimiza-
tion model G with differentiable objective function g and lin-
ear constraints h, takes the input from the predictive model
¢, and generates the optimal results:

G : x*(¢) = argmin g(x; é), 2
zcA

where g : R™ x R™ — R is a differentiable convex function

in x for fixed ¢, x € A is the feasible region with linear

constraints h(x) < 0, h : R" — R™, x*(¢) is the optimal

solution. We consider the case with two assumptions in the

optimization model G:

e Single-valued, differentiable and convex. The optimiza-
tion model G induces a (potentially multi-valued) map-
ping from parameters to solutions. In our framework, we
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restrict G to be single-valued, differentiable, and convex
(Diamond and Boyd 2016).

Parameter only in objective. The predicted parameter ¢
appears exclusively in the objective function, while con-
straints remain fixed, guaranteeing that the KKT condi-
tions yield a well-defined differentiable mapping from
predictions to decisions.

Loss Function To minimize the expected decision regret,
the loss function of R-DFL is defined as:

L=Eco [R(Fo(v,z*(&)),c)]. A3)

Gradient Computation To update the parameters 6 in the
predictive model, we need to compute the gradient %—g in
the R-DFL framework. However, the recursive interaction
between Fy and G in R-DFL prevents direct application of
the chain rule like S-DFL. We address it through explicit
unrolling and implicit differentiation methods below.

Explicit Unrolling Methods

As illustrated in Figure 2(a), the first explicit differentiation
method unrolls K iterations of the prediction-optimization
cycle, treating each iteration as a separate layer in the
computational graph. This allows gradient backpropagation
through the entire unrolled sequence.

Forward Pass In each separate layer in the K iterations,
we compute predicition and optimization in sequence:

xz;, =G(¢), i=12,.... K 4
Define the composed prediction-optimization layer as

®y = G o Fp, such that each layer in the unrolling process
in Equation 4 is compactly expressed to:

z; = G(Fo(xiz1,v)) = Po(wi—1,v),

¢ = Fo(xi—1,v),

i=1,2,...,K (5)



where x( is initialized randomly, and all K layers in &y
share the same 6.

Then the full unrolling computation of a total of K layers
in the forward pass yields (Omit v for simplicity) :

zg = Pg(Tr-1)0 Pop(TK-2)0 " 0Py(m0).  (6)
The final output « i serves as input to the loss function L.

Backward Pass The gradient backpropagates sequentially
through each composite layer ®¢ from layer K to layer 1 in
the computational graph. The complete gradient % for the
explicit unrolling methods is formally given in Theorem 1.
Theorem 1 (Gradient of Explicit Unrolling Methods).
Define the Jacobian of function ®¢ at x; to be:

J Oy 0Pp(xi)

@0l = or;  Ox;

The Jacobian Jg, |z, is computed as:

Vie{l,..K—-1}, (7

3

Jogle; = Jgleirs - Jrpla- Vie {1,., K =1} (8)
Then the loss gradient L w.r:t. § at the final K" layer is:
oL AL g ﬁ Jou| 0Dy (xi_1)
80— Oz T PolEia 90

j=it1
C))
Proof. See Appendix A.1.

Theorem 1 presents the general form of the task-specific
loss gradient in the backward pass of the explicit methods
through the chain rule by AD. Appendix B.1 shows the pseu-
docode of the explicit unrolling methods. Below, we give
brief explanations:

* The product term Hj; 41 Jo,|e;_, captures the indirect
cumulative gradients from path xx — x;.

* The partial derivative % refers to the direct gra-

dient dependence of x; on 6 at each unrolling step.

* Derivation of Equation 8 is provided in Appendix A.S5.
The Jg|c, is obtained from conducting sensitivity analy-
sis on the KKT condition of optimization model G, and
Jr, |, is the gradients in the predictive model.

Implicit Differentiation Methods

The implicit differentiation method bypasses layer-by-layer
unrolling by deriving directly at the equilibrium point
through fixed-point methods, as illustrated in Figure 2(b).

Forward Pass The forward pass computes the equilibrium
state «* through RootFind of the composed model ®y. At
convergence, the equilibrium point satisfies:
' = G(Fy(x*,v)) = Dp(x*,v). (10)
Let Hgy denote the fixed-point layer (Omit v for simplic-
ity):

Hy = x* — Pg(x*) — 0, an
where the equilibrium point * is the root of Hy. At conver-
gence, prediction results ¢* is obtained as: ¢* = Hg(x*).

Note that alternative methods can be employed to achieve
faster convergence guarantees, rather than relying on fixed-
point iterations. For instance, if the composite function H
is differentiable and convex, Newton’s method or quasi-
Newton methods can be used.
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Backward Pass The gradient of the implicit methods di-
rectly back propagates at the equilibrium point.
Theorem 2 (Gradient of Implicit Differentiation Meth-
ods). The loss gradient back propagates at the equilibrium
point x* w.r.t. 0 is given as:

8@9 (:L'* )

oL oL 1

90~ g L mler) T g
where Jg, |5 is the Jacobian of @y evaluated at x*.
Proof. See Appendix A.2.

Theorem 2 presents the general form of the total loss gra-
dient of the implicit method derived through the Implicit
Function Theorem (Krantz and Parks 2002). See Appendix
B.2 for pseudocode of the implicit methods. Below, we give
brief explanations:

* In the forward RootFind procedures, we disable for-
ward gradient tracking until finding the equilibrium
point, ensuring the backward propagation operates di-
rectly from the equilibrium point * to the parameter 6.
The implicit differentiation method computes exact gra-
dients through the inverse Jacobian term (I — Jg, |+ ) "1,
which implicitly captures the full unrolling structure of
the forward pass.

(12)

Gradient Equivalence of Unrolling and Implicit
Differentiation Methods

We first present the convergence of explicit unrolling meth-
ods through Polyak-f.ojasiewicz Inequality (PL) condition
(Xiao, Lu, and Chen 2023), then prove the equivalent gradi-
ent of the explicit unrolling and implicit methods using the
Neumann Series (Dimitrov and Coelho 2017).

Lemma 1 (Convergence of Explicit Unrolling Methods).
Suppose the gradient of the differentiable function ®¢ is Lip-
schitz smooth, and Py satisfies the PL condition with p > 0:

SIVE @) > u(@o() -~ ®), ()

where &} = inf ®g(x) = x*.

Then @y wﬁl converge to the fixed point x* after infinite
K iterations limg o g = x*.
Proof. See Appendix A.4.
Theorem 3 (Gradient Equivalence of Explicit Unrolling
and Implicit Differentiation Methods). Assume that after
infinite K iterations, x i converges to a fixed point x*,:

lim zx =%, " =G(Fy(z")) = Py(x”).
K—oo

Then for any smooth loss L, if the spectral radius holds
p(Js,|x*) < 1, the loss gradients sasitfy:

(14)

oL .. L & X 0 (1)
20~ A Or K ; j:lll ol 90
(15)
o _, 0%(z*)
= 9o (I = Ja,|zr) 00 (16)

Proof. See Appendix A.5.

Theorem 3 states that the gradient obtained by unrolling
infinite steps in Equation 9 agrees with the one given by im-
plicit differentiation via fixed point in Equation 12.



Dataset \

Newsvendor Problem

\ Bipartite Matching Problem

Scalability \ Small \ Mid \ Large \ Small \ Mid \ Large
Decision variable 10 50 100 16 225 900
Constraints 32 152 302 57 706 2761
Jacobian matrix 32 x 32 152 x 152 302 x 302 57 x 57 706 x 706 2761 x 2761
Metrics | RMSE Time | RMSE Time | RMSE Time | RMSE Time | RMSE Time | RMSE Time
PTO 12.771 - 12.747 - 12.684 - 0.412 - 0.232 - 0.190 -
S-DFL 12.245 - 12.536 - 12.649 - 0.408 - 0.231 - 0.187 -
R-DFL-U 8983 135 | 9.173 369 | 9.343 422 | 0.396 65 0.222 432 | 0170 2704
R-DFL-I 8.831 118 | 9.106 254 | 9.327 369 | 0.398 26 0.220 65 | 0.171 1867

Table 1: Performance of R-DFL framework with explicit unrolling and implicit differentiation methods on the newsvendor and

bipartite matching problems. Jacobian size indicates dimension of matrix Jg

Numerical Experiments

We evaluate the effectiveness of the proposed R-DFL on two
problems using various datasets at different scales: a mod-
ified classical multi-product newsvendor problem (MPNP)
on a synthetic dataset and a bipartite matching problem
(BMP) on a real-world dataset. All experiments are repeated
5 times with different random seeds, with average results re-
ported.

Benchmark Problems and Datasets

Multi-Product Newsvendor Problem with Synthetic
Data We extend the classical MPBP (Donti, Amos, and
Kolter 2017; Cristian et al. 2023; Turken et al. 2012) to a re-
cursive form (R-MPNP) with two stakeholders (retailers and
suppliers). Suppliers determine order costs ¢ € R"™ respond-
ing to both retailer order quantities € R™ and contextual
features v € RY. Retailers determine optimal order quanti-
ties * while facing adaptive cost parameters set by suppli-
ers. See Appendix C.1 for the mathematical formulations.
Synthetic datasets across three scales (n = 10, 50, 100) are
generated, corresponding to Jacobian matrices Jg|c,,, of
size 32 x 32, 152 x 152, and 302 x 302 respectively in gra-
dient computation.

Bipartite Matching Problem with Real-World Data Bi-
partite matching has broad applications in resource allo-
cation, such as ride-hailing systems and housing assign-
ments (Wilder, Dilkina, and Tambe 2019; Benabbou et al.
2018; Zhao et al. 2019). We examine the recursive BMP (R-
BMP) in ride-hailing, which involves two parties: a central-
ized platform and individual participants (drivers and rid-
ers). The platform generates an allocation decision x € R”
to optimize driver-rider matching while estimating poten-
tial participant regret ¢ € R™. Upon receiving their as-
signments, both drivers and riders experience realized re-
gret based on the specific matches x, creating a feedback
loop. See Appendix C.2 for mathematical formulations. We
evaluate R-DFL using real-world matching data from the
NYC TLC trip dataset, under problem scales of (4,15, 30)
matches, corresponding to sizes of optimization problems
n = 16, 225,900 and Jacobian matrices 57 x 57, 706 x 706,
and 2761 x 2761, respectively.
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¢;+1)- Unit for time: seconds.

Baselines

We evaluate our R-DFL framework with two differentiation
methods against the state-of-the-art S-DFL framework and
PTO framework. All frameworks use identical predictive
architectures and equivalent convex programming formula-
tions. The baselines are:

* R-DFL-U: The recursive DFL with the explicit unroll
methods through finite unrolling steps.

* R-DFL-I: The recursive DFL with the implicit differenti-
ation methods backpropagating at the equilibrium point.

* S-DFL: The sequential DFL where the predictive model
uses only exogenous features, without decision feedback.

* PTO: The conventional two-step approach with separate
prediction and optimization, where the predictive model
uses only exogenous features, without decision feedback.

Evaluation Metrics

We evaluate the baselines across two dimensions: (1) Deci-
sion accuracy, (2) Computational efficiency. While all base-
lines are evaluated on accuracy, the efficiency metrics focus
specifically on the two differentiation methods of R-DFL.

* Accuracy: RMSE loss for the final decision x.
* Efficiency: Average training time per epoch (in seconds).

Results

The results in Table 1 reveal three findings: (1) The proposed
R-DFL framework with two differentiation methods con-
sistently outperforms the S-DFL and PTO baselines across
all datasets in accuracy, demonstrating that modeling of the
recursive structure will significantly enhance the final de-
cision quality in recursive decision-making problems with
bidirectional feedback. (2) While maintaining comparable
accuracy, the implicit differentiation methods achieve sig-
nificantly less training time per epoch, 1.5 times faster than
explicit unrolling methods in the large-scale problem of bi-
partite matching, highlighting their superior computational
efficiency. (3) The predictive model in the newsvendor prob-
lem involves more predictive parameters than the bipartite
matching problem, leading to longer training time despite
smaller Jacobian matrices. Full table see Appendix D.3.



Accuracy Comparison of the R-DFL

Figure 3 compares the decision result distributions of the
R-DFL framework using two differentiation methods across
training and test datasets in the newsvendor problem. The
QQ plots reveal strong alignment between the two methods,
particularly for small-scale datasets, indicating consistent
decision outcomes. While minor deviations emerge in the
largest dataset, the overall agreement suggests the robust-
ness of both differentiation methods across varying problem
scales, and either differentiation method can reliably support
the R-DFL framework in practical applications.

e Train data o Test data ---- y = x (Ideal)
Small Mid Large
7 404 ~7] 601 7
20 30 50 >
o
o 20 1 401
X
“10; 10+ 301
. ol 120
10 20 0 10 20 30 40 20 30 40 50 60
Implicit Implicit Implicit

Figure 3: Accuracy comparison between R-DFL-U and R-
DFL-I on newsvendor dataset across three scales.

Sensitivity Analysis on Unrolling Layers

Figure 4 presents a sensitivity analysis examining the impact
of varying numbers of unrolling layers {5, 10, 15,20, 25}
of both differentiation methods on the two datasets. Results
demonstrate that: (1) Regarding accuracy, both the explicit
and implicit methods achieve comparable RMSE values.
(2) Regarding computational efficiency, the implicit meth-
ods exhibit superior performance compared to explicit un-
rolling with consistently less training time, particularly with
the increment of unrolling layers. (3) Specifically, increasing
the number of unrolling layers for explicit unrolling meth-
ods yields marginal accuracy improvements and results in
substantial computational overhead, significantly prolong-
ing training time.
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Figure 4: Sensitivity analysis of unrolling layers.
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Robustness Check of the R-DFL

Table 2 reports results of three widely-used predictive mod-
els in two datasets, including LSTM (Hochreiter and Schmid-
huber 1997), RNN (Elman 1990), and Transformer
(Vaswani et al. 2017) with 10 unrolling layers. The R-DFL
framework with both differentiation methods shows higher
accuracy than S-DFL and PTO frameworks in both experi-
ments, representing the effectiveness and robustness of the
proposed R-DFL framework. Full table see Appendix D.3.

Newsvendor Problem (Large)

Model | LSTM | RNN | Transformer
Metrics | RMSE Time | RMSE Time | RMSE  Time
PTO 12034 - | 12842 - [ 14071 -
S-DFL 12.693 - 12.583 - 14.040 -
R-DFL-U | 10.112 531 10.872 510 | 11.231 561
R-DFL-I | 10.104 355 | 10.810 340 | 11.332 360
Bipartite Matching Problem (Large)

Model | LSTM | RNN | Transformer
Metrics | RMSE Time | RMSE Time | RMSE Time
PTO 0.219 - 0.185 - 0.193 -
S-DFL 0.230 - 0.187 - 0.188 -
R-DFL-U | 0.176 2704 | 0.176 2821 0.172 2821
R-DFL-I 0.174 2093 | 0.174 2079 | 0.166 2078

Table 2: Comparison with different predictive models.

Conclusions

While S-DFL has shown promise in improving decision
quality by integrating optimization models in deep learn-
ing, its sequential structure fails to capture the critical inter-
actions between prediction and optimization in closed-loop
decision-making problems, hence limiting its applications.
This paper introduces R-DFL, a novel framework that es-
tablishes bidirectional interaction between optimization and
prediction, together with two mathematically-derived dif-
ferentiation methods: explicit unrolling methods via auto-
differentiation and implicit differentiation methods based
on fixed-point analysis. Theoretical and numerical analyses
demonstrate that considering the recursive structure substan-
tially enhances the decision quality in problems with bidi-
rectional feedback, regardless of prediction models. Further-
more, this paper reveals a trade-off between the two differ-
entiation methods: while explicit unrolling methods offer a
more straightforward implementation, implicit differentia-
tion methods achieve superior computational efficiency. Be-
yond these specific applications, R-DFL represents a signif-
icant advancement in decision-focused learning by creating
a truly unified prediction-prescription pipeline capable of
modeling complex bidirectional systems, with promising ex-
tensions to broader classes of closed-loop decision-making
problems under uncertainty. Future directions include ex-
tending R-DFL to handle stochastic recursive environments
and developing a more versatile framework capable of ad-
dressing integer problems.
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