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Abstract

Tensor Compressive Sensing (TCS) has gained significant
attention recently due to its strong ability to preserve the
multidimensional structure of data. However, existing TCS
methods face three critical challenges: 1) Biased approxima-
tion of tensor rank imposed by the convex surrogate Tensor
Nuclear Norm (TNN) may interfere with the original low-
rank structure of tensor data. 2) Vulnerability to non-Gaussian
noise and outliers makes TCS methods highly susceptible to
complex noise environments ubiquitous in real-world appli-
cations. 3) Most of them are confined to third-order tensors
and cannot handle high-order tensor data effectively. Being
aware of these, we propose Robust Tensor Compressive Sens-
ing (RTCS) based on M-estimators with three key innova-
tions: 1) We design a novel M-estimator-based low-rank reg-
ularizer for high-order tensors, which provides a superior ap-
proximation of tensor rank and better preserves the original
data structure. 2) RTCS incorporates a robust Welsch estima-
tor that adaptively mitigates the influence of complex noises
and outliers in tensor recovery. 3) RTCS is developed to han-
dle high-order tensors, thereby allowing for broader applica-
bility beyond conventional third-order tensors. We further de-
sign an efficient algorithm based on the Alternating Direction
Method of Multipliers (ADMM) to handle the complex opti-
mization problem. Experiments show that RTCS consistently
outperforms existing approaches across various noises.

Introduction
Compressive sensing (CS) recovers the original data from
a small number of measurements, offering high efficiency
and reduced computational costs (Donoho 2006). The goal
of CS is to recover X ∈ Rn1×n2 from y = AM(X) + e, where
AM(·) is a sampling operator, y ∈ Rm is the measurement
vector and e ∈ Rm represents noise. However, most exist-
ing CS methods are limited to 2D (matrix) or 1D (vector)
data, while real-world applications often involve high-order
tensors, such as in hyperspectral imaging, medical imaging
and video surveillance. To handle tensor data, one needs to
reshape the tensor into matrices in advance, which results
in loss of the original tensor structure and potential perfor-
mance degradation.
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To address this, tensor compressive sensing (TCS) ex-
tends CS to tensors, preserving their structure and making it
suitable for broader applications (Hsu et al. 2024; Sun et al.
2023). The TCS model is given by

y = A(X) + e, (1)

where X ∈ Rn1×n2×···×nd and A: Rn1×n2×···×nd → Rm denotes a
linear sampling operator. For the ill-posed inverse problem,
existing methods typically need to incorporate priors such as
global low-rankness and local smoothness.

The low-rank prior suggests that tensor data has an intrin-
sic low-dimensional structure. Various methods have been
proposed to define different types of tensor ranks, including
the Tucker rank (Tucker 1966), CANDECOMP/PARAFAC
(CP) rank (Kolda and Bader 2009), and tensor tubal rank
based on tensor Singular Value Decomposition (t-SVD)
(Misha et al. 2011). Within the t-SVD framework, the tensor
nuclear norm (TNN) (Lu et al. 2016) serves as the tightest
convex relaxation of the tensor average rank. Given its the-
oretical advantages, TNN is widely used in tensor learning
(Wang et al. 2023b), leading to the low-rank TCS model

min
X
∥y −A(X)∥22 + λ ∥X∥⊛ , (2)

where ∥X∥⊛ denotes the TNN of X and λ is a parameter.
This bias arises from TNN’s uniform shrinkage of all sin-
gular values without considering their relative importance to
the underlying tensor structure. Since larger singular values
generally encode crucial information like color components
in images (Gao et al. 2021), TNN’s loose and biased ap-
proximation of tensor rank may fail to effectively exploit the
low-rank prior (Zhang and Peng 2019). Consequently, var-
ious improvements have been proposed to tackle this lim-
itation (Sun et al. 2020; Liu et al. 2024). However, these
methods rely on a single low-rank prior and are designed for
third-order tensors, limiting the model’s generalizability and
practical applicability.

Besides the low-rank prior, the local smoothness prior as-
sumes smooth variations between adjacent pixels in the im-
age. While most methods treat low-rank and local smooth-
ness priors as independent regularization terms (Qiu et al.
2021; Xu et al. 2024), (Wang et al. 2023a) propose the
TCTV norm to unify both priors in a single term. They the-
oretically demonstrated that the TCTV norm can leverage
both types of prior information, achieving favorable results
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for TCS. Subsequently, (Huang et al. 2024) introduced a
reweighted TCTV model (RTCTV) to further exploit the in-
trinsic structural properties of tensors.

Despite the decent performance of these TCS methods,
they encounter several limitations: 1) Biased Tensor Rank
Approximation. Despite numerous enhancements to the
convex relaxation-based TNN for TCS problem, these meth-
ods often introduce biased approximations that may not fully
preserve the underlying low-rank structure of the data. De-
veloping a non-convex tensor rank approximation function
that more effectively preserves the intrinsic structure of the
original data remains a critical open challenge. 2) Vulnera-
bility to noise. Current TCS methods primarily utilize Mean
Squared Error (MSE) as the loss function, but MSE depends
on the Gaussian noise assumption (Erdogmus and Principe
2002), making it sensitive to non-Gaussian noise and out-
liers in real-world scenarios. 3) Limited to third-order
tensors. Existing TCS methods are primarily designed for
processing third-order tensors, making them inapplicable to
high-order tensors.

Despite extensive research efforts, no existing tensor com-
pressive sensing approach has been developed to holistically
solve these problems. The main contributions of this paper
can be summarized as follows:

1. We propose a novel M-estimator-based Adaptive Ten-
sor Rank Approximation (MATRA) function, which in-
troduces an innovative significance-aware non-convex
tensor rank approximation mechanism. This mecha-
nism dynamically adapts penalization based on the im-
portance of tensor components, effectively reducing the
approximation bias inherent in convex surrogates and
preserving the original data structure. Furthermore, MA-
TRA leverages gradient tensors to capture local smooth-
ness information. This enables the method to exploit both
low-rank and local smoothness priors for superior recov-
ery performance.

2. Building upon the MATRA, we propose Robust Tensor
Compressive Sensing (RTCS), a novel methodology for
high-order tensor recovery. RTCS is designed to inte-
grate MATRA’s powerful low-rank approximation with a
robust Welsch estimator, which effectively handles non-
Gaussian noise encountered in real-world scenarios. Fur-
thermore, RTCS is further extended to process order-d
(d ≥ 3) tensors, offering broad applicability.

3. The non-convex and coupled nature of RTCS poses
significant challenges for traditional optimization ap-
proaches. We devise an efficient optimization algo-
rithm by integrating the half-quadratic theory and the
ADMM (Boyd et al. 2011) framework to overcome
these challenges. Extensive experiments demonstrate
that RTCS consistently outperforms competitors, partic-
ularly in the presence of 0.1% impulse noise (Fig. 1).

Notations and Preliminaries
To enhance readability, we introduce the key notations used
in this paper and the definitions related to tensor operations.
We denote scalars, vectors, matrices and tensors in light
(e.g., x), bold lower case letters(e.g., x), bold upper case

Figure 1: The recovery performance of all competing meth-
ods on multispectral images with 20% sampling rate. From
top to bottom: impulse noise with noise proportions at
0.002%, 0.005%, 0.01%, and 0.1%. Recovery results of
competing methods: (a) TNN (Lu et al. 2020), (b) E3DTV
(Peng et al. 2020), (c) TCTV (Wang et al. 2023a), (d)
RTCTV (Huang et al. 2024) and (e) RTCS (ours). In the
presence of impulse noise, our method consistently demon-
strates superior performance in data recovery.

letters (e.g., X) and upper cursive letters (e.g., X), respec-
tively. For a high-order tensorX ∈ Rn1×n2×···×nd , we denote its
( j1, j2, · · · , jn)-th entry by X( j1, j2, · · · , jn), where each in-
dex ji ranges over 1, . . . , ni for i = 1, . . . , d.X(:, :, j3, · · · , jn)
represents the frontal slice at indices j3 to jn. To simplify
notation, this slice is denoted as X(:, :, j), where the index
vector j = ( j3, . . . , jd) ranges over all indices in the set
J = {1, . . . , n3}× · · · × {1, . . . , nd}. Let X̄ denote the Discrete
Fourier Transform (DFT) ofX along mode-3 to mode-d, i.e.,
X̄ = f f t(X, [], p) for p = 3, · · · , d.
Definition 1 (T-product (Qin et al. 2022)). Given tensors
X ∈ Rn1×l×n3···×nd and Y ∈ Rl×n2×n3···×nd , their T-product can
be calculated by X ∗ Y = fold(circ(X) ∗ unfold(Y)).

Using DFT, the T-product Z = X ∗ Y can be efficiently
computed by transforming high-order tensor multiplication
into a matrix multiplication problem in the Fourier do-
main, expressed as bdiag(Z̄) = bdiag(X̄) ∗ bdiag(Ȳ). Here,
bdiag(X̄) denotes the block diagonal matrix composed of X.

Definition 2 (Order-d t-SVD (Qin et al. 2022)). The tensor
X ∈ Rn1×n2···×nd can be factorized as X = U ∗S ∗VT , where
U ∈ Rn1×n1×n3×···×nd ,V ∈ Rn2×n2×n3×···×nd are orthogonal ten-
sors, and S ∈ Rn1×n2×···×nd is a f -diagonal tensor.

Definition 3 (TNN (Qin et al. 2022)). For a tensor X ∈
Rn1×n2×···×nd , its t-SVD is X = U ∗ S ∗ VT , the TNN of X is
defined as

∥X∥⊛ =
1
ν

∑
j∈J

∥X̄ (:, :, j) ∥∗, (3)

where ∥ · ∥∗ is the matrix nuclear norm, ν =
∏d

p=3 np is
the scale factor of the DFT transform and

∑
j∈J denotes∑n3

j3=1 · · ·
∑nd

jd=1.

Definition 4 (Gradient Tensor (Wang et al. 2023a)). ForX ∈
Rn1×n2···×nd , its gradient tensor along the γ-th mode is defined
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as
∇γX = X ×γ Dnγ , γ = 1, 2, · · · , d, (4)

where ×γ denotes the mode-γ product (Kolda and Bader
2009) and Dnγ is a row circulant matrix of (−1, 1, 0, . . . , 0).

Proposed Method
Motivation
Although many studies based on TCS have shown strong
development, three challenges remain:

(1) Biased Tensor Rank Approximation. As a widely
adopted convex surrogate for tensor rank, TNN provides a
loose and biased approximation. This approximation may
not effectively preserve the underlying low-rank structure of
the data, which limits the model’s performance. Fig. 2 shows
TNN’s approximation curve significantly deviating from the
true rank, demonstrating its limitations in capturing low-
rank structure information. Despite various proposed im-
provements (Liu et al. 2024, 2023; Huang et al. 2024), they
still do not adequately preserve original tenor structures.

(2) Vulnerability to Non-Gaussian Noise. Existing TCS
methods often use Mean Squared Error (MSE) as the loss
function, which relies on the Gaussian noise assumption and
may fail with non-Gaussian noise (e.g., heavy-tailed distri-
butions) (Erdogmus and Principe 2002). This makes these
TCS methods highly vulnerable to complex noise in real-
world applications.

(3) Limited to Third-Order Tensors. Most existing
TCS methods are specifically designed for third-order ten-
sors, which significantly limits their applicability to higher-
dimensional real-world data.

Based on the above analysis, we propose a Robust Tensor
Compressive Sensing (RTCS) method based on M-estimator
for high-order tensors. RTCS incorporates three key contri-
butions: 1) We develop an M-estimator-based Adaptive Ten-
sor Rank Approximation (MATRA) function that effectively
exploits inherent structural information of tensors. The MA-
TRA employs a significance-aware mechanism that dynam-
ically adjusts penalization according to the importance of
tensor components, thereby preserving critical structural in-
formation while suppressing less significant elements. 2) We
employ a robust Welsch estimator that effectively mitigates
the impact of non-Gaussian noise and outliers. 3) RTCS ex-
tends beyond conventional third-order limitations to process
arbitrary-order tensors with enhanced robustness.

M-estimator-based Adaptive Tensor Rank
Approximation
Since TNN may over-penalize the larger singular values,
leading to biased tensor rank approximation, discarding crit-
ical information from dominant singular values (Gao et al.
2021). Effective tensor rank approximation requires appro-
priate treatment of the tensor: applying smaller penalties to
larger ones to preserve salient information, and larger penal-
ties to smaller ones. However, achieving such differential pe-
nalization within a convex framework is challenging, moti-
vating our non-convex surrogate approach.

To achieve this, we consider the Welsch function from M-
estimators. M-estimators are robust parametric estimation

Figure 2: Comparison of different approximation functions
with the same parameters.

methods in statistics that effectively reduce biases from data
contamination in real-world applications (Huber 2011). The
Welsch function (De Menezes et al. 2021) is defined as

ρ(x) =
τ2

2

(
1 − exp

(
−

x2

τ2

))
, (5)

where τ is a scale parameter. However, such replacement is
inappropriate for tensor rank approximation, as its exponen-
tial decay may be too aggressive for preserving important
singular values. This motivates us to propose an improved
Welsch function for tensor rank approximation, defined as

fW (x) = b
(
1 − exp

(
−
|x|
b

))
, (6)

where b is a positive constant. As depicted in Fig. 2, our
proposed fW (x) demonstrates superior performance in ap-
proximating the true rank and preserves low-rank structures
more effectively than both TNN and existing non-convex
surrogate functions (MCP (Jiang, Xu, and Liu 2024), Ge-
man (Tian and Zhang 2022), MLCP (Zhang et al. 2023)).

To effectively exploit both low-rank and local smoothness
priors, we propose the M-estimator-based Adaptive Ten-
sor Rank Approximation (MATRA) function for high-order
TCS problems. MATRA simultaneously leverages gradient
tensors (see Def. 4) for capturing local smoothness infor-
mation and incorporates the improved Welsch function for
adaptive tensor rank approximation. MATRA is defined as

RMATRA(X) =
∑
γ∈Γ

αγFW (Zγ), (7)

whereZγ = ∇γX is the gradient tensor along the γ-th mode
and Γ is a prior set constituted by the local smooth prior
directions of X. The parameters {αγ}γ∈Γ control the penalty
intensity for each mode, reflecting the relative importance
of smoothness in different directions (Huang et al. 2024).
In our experiments, all αγ are set to 0.5 for simplicity. Let
n = min{n1, n2}, the FW (Zγ) is formulated as

FW (Zγ) =
1
ν

∑
j∈J

n∑
k=1

fW
(
σk

(
Z̄γ(:, :, j)

))
, (8)

where fW is defined in Eq. (6), b is adaptively set as b =
cr∗mean(σ1(Z̄γ(:, :, j), . . . , σn(Z̄γ(:, :, j)), and cr is a param-
eter detailed in the experimental section. Here, ν =

∏d
p=3 np
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Figure 3: Comparison of robustness between ρMS E(ei) = e2
i

and ρWLF(ei) = τ2

2

(
1 − exp(− e2

i
τ2 )

)
with different τ.

is the DFT scale factor and σk

(
Z̄γ(:, :, j)

)
denotes the k-th

singular value of the matrix slice of Z̄γ indexed by j.
According to Eq. (8), each singular value σk

(
Z̄γ(:, :, j)

)
corresponds to a penalty of varying magnitude. This adap-
tive penalty mechanism allows MATRA to apply stronger
penalties to smaller singular values while preserving larger
ones, thereby achieving a more accurate low-rank approxi-
mation compared to uniform penalty-based approaches.

Robust Tensor Compressive Sensing (RTCS)
While MATRA function effectively mitigates tensor rank
approximation bias, real-world data contains non-Gaussian
noise and outliers. However, conventional TCS methods typ-
ically rely on MSE-based loss functions, which assume a
Gaussian noise distribution (Erdogmus and Principe 2002)
and may not perform well against non-Gaussian conditions.

To enhance the robustness of our method against such data
corruptions, we extend the Welsch estimator introduced in
Eq. (5) to formulate the Welsch Loss Function (WLF)

LWLF(e) =
m∑

i=1

ρ(ei), (9)

where e = y − A(X) ∈ Rm is the residual vector, with
ei denoting its i-th element. Here, τ is adaptively set as
τ = cl ·mean(|e|), where cl is a parameter detailed in the ex-
perimental section. Fig. 3 shows that MSE quadratically am-
plifies large residuals, making it sensitive to non-Gaussian
and outliers. Conversely, WLF mitigates the impact of large
residuals on the loss.

By integrating WLF and the MATRA function into a joint
framework, we propose the Robust TCS (RTCS) model

min
X∈Rn1×n2×···×nd

LWLF(y −A(X)) + λ RMATRA(X). (10)

Remark 1. The RTCS model integrates three key inno-
vations to address the fundamental challenges in TCS.
First, the RMATRA(·) incorporates a significance-aware
penalty mechanism that adaptively penalizes singular val-
ues, thereby preserving dominant components while ex-
ploiting low-rank and local smoothness priors. Second,
the LWLF(·) enhances the model’s robustness against non-
Gaussian noise and outliers, overcoming the limitations of
MSE-based methods. Third, RTCS establishes a comprehen-
sive, robust tensor compressive sensing approach that can
efficiently handle high-order tensors in complex noise.

Optimization
It is pointing out that the RTCS model for high-order tensors
is complex to solve using traditional optimization methods
due to the non-convex and coupled nature of ρ(e) and fW (x).
To overcome this challenge, we have devised an efficient op-
timization algorithm that integrates the ADMM framework
with half-quadratic theory (He et al. 2014). We first intro-
duce a useful lemma in light of the half-quadratic theory.
Lemma 1 (He et al. 2014). For the Welsch loss ρ(e) =
τ2

2

(
1 − exp

(
− e2

τ2

))
, there exists a dual function ϕ(w), w ∈ R

such that

ρ(e) = min
w

(
1
2

we2 + ϕ(w)
)
, (11)

where the minimum is reached at w = exp
(
− e2

τ2

)
.

According to Lemma 1, we have

LWLF(y −A(X)) = min
w

1
2

∥∥∥∥w
1
2 ⊗ (y −A(X))

∥∥∥∥2

2
+ Φ(w),

(12)
where Φ(w) =

∑m
i=1 ϕ(wi), ⊗ denotes the Hadamard

(element-wise) product and the minimum is reached at

wi = exp
(
−

(yi − (A(X))i)2

τ2

)
. (13)

Lemma 1 enables efficient dual optimization of ρ(e). Sim-
ilarly, we derive the dual form of fW (x) as Lemma 2.

Proof. The proof is provided in supplementary material. □

Lemma 2. For the function fW (x) = b
(
1 − exp(− |x|b )

)
, there

exists a dual function ψ(W), W ∈ R such that

fW (x) = min
W

(Wx + ψ(W)) , (14)

where the minimum is reached at W = exp
(
−
|x|
b

)
.

According to Lemma 2, Eq. (8) can be transformed into

FW (Zγ) = min
W

1
ν

∑
j∈J

n∑
k=1

Wjk,γσk

(
Z̄γ(:, :, j)

)
+ Ψ(Wγ),

(15)
where Ψ(Wγ) =

∑
j∈J

∑n
k=1 ψ(Wjk,γ) and the minimum is

reached at

Wjk,γ = exp
−σk(Z̄γ(:, :, j))

b

 . (16)

Here,Wjk,γ represents the weight of σk(Z̄γ(:, :, j)). For con-
venience, we denote

GW(Zγ) =
1
ν

∑
j∈J

n∑
k=1

Wjk,γσk

(
Z̄γ(:, :, j)

)
. (17)

Notably, Gw(Zγ) represents a generalized weighted formu-
lation for high-order tensor singular values of tensorZγ.

Therefore, based on Eq. (12) and Eq. (15), problem (10)
can be reformulated into an equivalent weighted problem by
introducing auxiliary variables w andW, as follows:
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min
X,w,{Wγ}γ∈Γ

1
2

∥∥∥∥w
1
2 ⊗ (y −A(X))

∥∥∥∥2

2
+ Φ(w)

+ λ
∑
γ∈Γ

αγ
(
GW(Zγ) + Ψ(Wγ)

)
, s.t. ∇γX = Zγ, γ ∈ Γ.

(18)

Then, model (18) can be efficiently solved using the ADMM
framework (Boyd et al. 2011). The augmented Lagrangian
function is

L(X,
{
Zγ,Wγ,Dγ, γ ∈ Γ

}
,w, µ) =

1
2

∥∥∥∥w
1
2 ⊗ (y −A(X))

∥∥∥∥2

2
+ Φ(w) + λ

∑
γ∈Γ

αγ
(
GW(Zγ)

+ Ψ(Wγ)
)
+
µ

2

∑
γ∈Γ

∥∥∥∥∥Zγ − ∇γX +
Dγ

µ

∥∥∥∥∥2

F
+C,

(19)

whereDγ denotes the Lagrange multipliers and C represents
the squared term that is dependent only on the multipliers.
We minimize Eq. (19) iteratively by fixing each variable and
adjusting the others. Based on the ADMM framework, the
subproblems are updated as follows:

Step 1. Update X by solving the optimization problem:

min
X

1
2
∥(wt)

1
2 ⊗ (y −A(X))∥22 +

µt

2

∑
γ∈Γ

∥∥∥∥∥Zt
γ − ∇γX +

Dγ

µt

∥∥∥∥∥2

F
.

By setting the derivative with respect to X to zero and Wt =

diag((wt)
1
2 ), we haveAT
(
(Wt)T Wt

)
A + µt

∑
γ∈Γ

∇T
γ∇γ

 (X)

= AT
(
(Wt)T Wt

)
y +

∑
γ∈Γ

∇T
γ

(
µtZt

γ +D
t
γ

)
,

(20)

where ∇T
γ (·) represents the transposed resulting operator of

∇γ(·). Eq. (20) can be solved by off-the-shelf techniques
such as the preconditioned conjugate gradient method (Ax-
elsson and Lindskog 1986).

Step 2. UpdateZγ by

Zt+1
γ = arg min

Zγ

λ αγGW(Zγ) +
µt

2

∥∥∥∥∥∥Zγ − ∇γX
t+1 +

Dt
γ

µt

∥∥∥∥∥∥
2

F
.

(21)
Inspired by (Wang et al. 2023c) for order-3 tensors, we pro-
pose the following theorem for solving Eq. (21).

Proof. The proof is provided in supplementary material. □

Theorem 1. Given a tensor Y ∈ Rn1×n2×···×nd and a weight
tensorW ∈ Rn3×n4×···×nd×n, where n = min{n1, n2}. Let Y =
U ∗ S ∗ VT denotes the order-d t-SVD of Y. Consider the
following optimization problem

ProxGW (Y) = arg min
X

{
GW(X) +

1
2
∥X − Y∥2F

}
, (22)

where ProxGW (Y) is the proximal operator and GW(X) =
1
ν

∑
j∈J

∑n
k=1Wjkσk

(
X̄(:, :, j)

)
. Assuming the weights are or-

dered as 0 ≤ Wj1 ≤ Wj2 ≤ . . . ≤ Wjn for index

Algorithm 1: Algorithm for the RTCS Model
Input: linear operatorA, noisy measurements y.
Initialization: X0,Z0

γ and D0
γ for γ ∈ Γ, w0 = 1, W0 =

1n3×n4×···×nd×n, regularization parameter λ, µ0 > 0, tolerate
error ϵ = 10−8, ρ = 1.1, µmax = 106, maxIter = 200.
Output: X̂ = Xt+1.

1: while not convergent and t < maxIter do
2: Update Xt+1 by (20);
3: UpdateZt+1

γ by (24);
4: Update wt+1 andWt+1 by (25);
5: Dt+1

γ = D
t
γ + µ

t(Zt+1
γ − ∇γX

t+1);
6: µt+1 = min{ρµt, µmax};
7: Check the convergence criteria

∥Xt+1 − Xt∥F/max{∥Xt∥F , 1} < ϵ;
8: end while

vector j = ( j3, . . . , jd) ranges over all indices in the set
J = {1, . . . , n3} × · · · × {1, . . . , nd}. The global solution to
the problem (22) is given by

X∗ = ProxGW (Y) = U ∗ ifft(PW(S̄), [], p) ∗ VT , (23)

where PW(S̄) is a tensor whose j-th frontal slice is PWj (S̄ (:
, :, j)). Here, PWj (S̄ (:, :, j)) is a diagonal matrix computed
as (PWj (S̄ (:, :, j)))kk = ((S̄ (:, :, j))kk −Wjk)+, where (x)+ =
max(x, 0). The elementWjk denotes the weight for the k-th
singular value of the matrix slice at index j.

Referring back to Eq. (17), we have λαγ
µt
GW(Zγ) =

G λαγ
µt
W

(Zγ), and the global solution for the Eq. (21) can be

expressed as

Zt+1
γ = ProxG λαγ

µt W

(
∇γX

t+1 −
Dt
γ

µt

)
, γ ∈ Γ. (24)

Step 3. Update w and W according to Eq. (13) and Eq.
(16) using the formulas

wt+1
i = exp

− (et+1
i )2

τ2

 , Wt+1
jk,γ = exp

− st+1
jk,γ

b

 , (25)

where et+1
i = yi − (A(Xt+1))i and st+1

jk,γ = σk(Z̄t+1
γ (:, :, j)).

Algorithm 1 summarizes the optimization algorithm for
the RTCS model.

Complexity Analysis and Convergence Curves
The detailed complexity analysis and empirical convergence
curves of RTCS are presented in the supplementary material
due to space limitations.

Experiments
In this section, we analyze the performance on different
types of data, including hyperspectral images (HSI), mul-
tispectral images (MSI), grayscale videos, and other high-
order tensors (d > 3). Due to space limitations, additional
experimental results and details for different noise condi-
tions can be found in the supplementary material.
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(a) Original

PSNR/SSIM

(f) RTCTV

21.47/0.6803

(d) E3DTV

25.13/0.8065

(b) JTenRe3DTV

24.05/0.7647

(e) TCTV

21.36/0.6731

(c) TNN

21.22/0.6307

(g) RTCS

28.28/0.9113

PSNR/SSIM 22.09/0.514525.57/0.680724.46/0.6170 21.79/0.494521.53/0.4562 28.52/0.8296

Figure 4: HSI recovery results for the 47-th band of all competing methods with 10% sampling rates, which are corrupted by
student’s t-distribution noise (Top: Urban; Bottom: DCMall).
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Figure 5: Comparison of PSNR, SSIM and ERGAS across
all spectral bands on two HSI datasets at 15% sampling rate
with random missing entries (Top: Cuprite; Bottom: Urban).

Setting. We adopt the Walsh-Hadamard sampling strat-
egy A(X) = Avec(X) with A = DFR (Liu et al. 2023),
where R, F, and D represent random permutation, Walsh-
Hadamard transform, and random downsampling operators,
respectively. Following the parameter setting in (He et al.
2014), both cr and cl are set to 0.5 to maintain consistency
with previous studies. To simulate data corruption, we con-
sider three types of noise: student’s t-distribution noise with
2 degrees of freedom, impulse noise, and random missing
entries. We use the noise level to control the intensity of stu-
dent’s t-distribution noise and noise proportion to control the
contamination ratio of impulse noise and missing entries.

Comparison methods. We compare the RTCS method
with JTenRe3DTV (Wang et al. 2017), TNN, E3DTV,
TCTV and RTCTV using the parameters recommended
by the authors. For the RTCS method, λ is selected from
{10−3, 10−2, 10−1, 101, 102}. This paper evaluates recovery
performance using three standard indices: PSNR, SSIM
(Wang et al. 2004) and ERGAS (Wald 2002), where ERGAS
measures the spectral quality of HSI.

SR Methods 0.01 0.03

PSNR ↑ ERGAS ↓ PSNR ↑ ERGAS ↓

10%

RTCS 36.25 90.35 34.91 115.83
RTCTV 33.31 108.52 30.13 171.67
TCTV 34.19 102.40 29.90 196.97

E3DTV 31.74 128.18 30.41 180.18
TNN 31.72 160.38 28.73 228.58

JTenRe3DTV 29.83 149.53 28.54 191.5

20%

RTCS 43.86 60.23 40.96 75.73
RTCTV 34.64 128.32 32.58 170.95
TCTV 35.50 90.05 30.80 174.13

E3DTV 34.17 135.62 31.61 189.41
TNN 33.52 145.51 29.44 181.82

JTenRe3DTV 30.95 126.14 29.40 200.72

Table 1: Average PSNR and ERGAS values across five HSI
datasets at 10% and 20% sampling rates with random miss-
ing entries. The best results are in bold.

Application to HSI Compressive Sensing
In this subsection, we evaluate the performance of RTCS
on HSI datasets. Specifically, five publicly available hyper-
spectral datasets are used: DCMall1, Cuprite1, Indian Pines1,
Pavia University (PaviaU)1 and Urban1. Figs. 4 and 5 dis-
play visual recovery results and quality metrics for each
spectral band. Table 1 presents average PSNR and ERGAS
metrics across five datasets. The results show that RTCS out-
performs competing methods in most spectral bands, with
superior noise robustness and detail preservation.

Application to MSI Compressive Sensing
In this subsection, we evaluate the performance of our
method on MSI datasets by selecting four samples from the
CAVE dataset (Yasuma et al. 2010): Balloons, Beads, Clay,
and Face. Columns 3 and 4 of Table 2 show the average

1http://lesun.weebly.com/hyperspectral-data-set.html
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PSNR/SSIM 27.86/0.7157 27.71/0.6519 29.04/0.7399 29.23/0.7024 29.92/0.7317 37.67/0.9486

(d) E3DTV

29.10/0.7704

(e) TCTV

29.25/0.7495

(a) Original

PSNR/SSIM

(b) JTenRe3DTV

29.12/0.7665

(c) TNN

27.30/0.6813

(g) RTCS

34.56/0.9023

(f) RTCTV

29.07/0.7430

Figure 6: Order-4 tensor recovery results with 20% sampling rate, which are corrupted by student’s t-distribution noise. (Top:
container 4D dataset of 258-th frame. Bottom: pseudo-color image of the hyperspectral video utilizing bands 7-21-28 as R-G-B)

SR Methods MSI YUV

0.01 0.03 0.01 0.03

10%

RTCS 38.29 36.36 32.23 31.82
RTCTV 34.44 32.97 29.53 26.74
TCTV 33.49 31.13 29.43 26.12

E3DTV 30.08 29.01 29.20 28.04
TNN 29.15 27.61 29.42 27.08

JTenRe3DTV 35.37 33.12 27.11 24.39

20%

RTCS 41.85 39.62 36.75 32.66
RTCTV 37.84 35.73 31.73 27.18
TCTV 37.31 33.06 30.53 26.92

E3DTV 35.91 33.09 30.71 27.75
TNN 34.77 31.20 29.06 26.72

JTenRe3DTV 37.09 33.84 28.56 25.01

Table 2: The average PSNR comparison for MSI datasets
and YUV datasets at 10% and 20% sampling rates, with
random missing entries at 0.01 and 0.03 proportions. Best
results are marked bold.

PSNR results. RTCS outperforms other methods across vari-
ous sampling rates and noise levels, particularly demonstrat-
ing strong robustness at higher noise levels.

Application to Video Compressive Sensing
We use four video sequences from the YUV dataset1 to
evaluate the performance of our method: Akiyo, Container,
News and Carphone. For efficiency, we selected the first
100 frames from each sequence. Columns 5 and 6 of Table
2 show that RTCS surpasses competing methods in PSNR
for the YUV dataset at both 10% and 20% sampling rates,
demonstrating superior recovery performance and noise ro-
bustness.

Application to High-order Tensor Compressive
Sensing
We conducted further experiments on high-order tensor data
to assess the generalizability of the RTCS method in com-

1http://trace.eas.asu.edu/yuv/

Methods LWLF(·) RMATRA(·) HSI MSI Video

TCTV 30.94 32.75 29.22
RTCS-L ✓ 33.48 34.40 30.77
RTCS-R ✓ 34.66 35.69 30.31
RTCS ✓ ✓ 36.45 36.94 31.12

Table 3: Ablation Study. PSNR values of RTCS on different
datasets. Best results are marked in bold.

pressive sensing. These included an order-4 color video
dataset (Mohaoui, Hakim, and Raghay 2022) and an order-
4 hyperspectral video dataset (Mian and Hartley 2012). We
adapt 3D baselines to 4D data via a standard slice-wise strat-
egy (Qin et al. 2022), processing 3D slices independently
and averaging the results. Fig. 6 shows that RTCS achieves
higher PSNR and significantly reduced visual noise com-
pared to competing methods in high-order TCS.

Ablation Study
To evaluate the impact of LWLF(·) or RMATRA(·) on re-
covery performance, we conducted an ablation study with
two model variants: RTCS-L (LWLF + RTCTV ) and RTCS-
R (LMS E + RMATRA). Experiments on Cuprite (HSI), Bal-
loons (MSI), and Container (video) with 10% sampling rate
and student’s t-distribution noise show both LWLF(·) and
RMATRA(·) improve the performance of TCTV. RTCS inte-
grates both components and consistently outperforms the
variants, demonstrating the benefit of the unified framework.

Conclusion
This paper proposes RTCS, which simultaneously addresses
three fundamental limitations of existing TCS methods. 1)
An M-estimator-based adaptive tensor rank approximation
method that applies lighter penalties to large singular values,
leading to better preservation of original tensor structures.
2) A robust Welsch estimator that mitigates complex noise
and outlier influences in practical scenarios. 3) Extended ap-
plicability to high-order tensors beyond conventional third-
order limitations. Comprehensive experiments show RTCS’s
superior performance under various noise conditions.
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