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Abstract
Marginal Fisher Analysis (MFA) is a classical dimensionality
reduction (DR) method that leverages dual graphs to capture
intra-class compactness and inter-class separability. However,
MFA’s reliance on high-quality labels limits its practical ap-
plication. For another, existing unsupervised DR methods ne-
glect data’s local manifold relationship, resulting in poor dis-
criminativeness. To address these limitations, we propose a
novel DR method named Discriminative Graph Embedding
Framework (DGEF) via Label-Free Marginal Fisher Analy-
sis. Our approach uses the adjacency matrix and cluster in-
dicator matrix derived from centerless K-Means to construct
intrinsic graph and penalty graph, which preserve the local
manifold structure of the data. Additionally, we have derived
the convertible relationship between centerless K-Means and
Manifold learning and unified them within a graph embed-
ding framework. By adopting the intrinsic graph and penalty
graph, our DGEF avoids centroid initialization and ensures
robustness and discriminativeness. This method achieves di-
mensionality reduction adaptively without relying on labeled
data. Extensive experiments on benchmark datasets show that
our approach outperforms conventional methods in clustering
performance.

Introduction
Dimensionality reduction (DR) plays a critical role in var-
ious fields of machine learning and data analysis, aiming
to transform high-dimensional data into a low-dimensional
representation while capturing the essential characteris-
tics of high-dimensional data (Ran et al. 2022; Wright
and Ma 2022; Yi et al. 2020). Traditional DR methods,
such as Principal Component Analysis (PCA) (Abdi and
Williams 2010), Linear Discriminant Analysis (LDA) (Li
et al. 2024), Locality Preserving Projections (LPP) (He and
Niyogi 2003), and Marginal Fisher Analysis (MFA) (Yan
et al. 2005, 2006), have achieved significant success in nu-
merous applications (Nie et al. 2020a; Liu et al. 2023b).

Classical DR methods are roughly categorized into global
methods and local methods, and PCA and LDA are two of
the most popular global methods (Raju et al. 2022; Li et al.
2023). PCA extracts the most expressive features by min-
imizing the summation of the reconstruction error of each
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data point in least-squares sense (Turk and Pentland 1991).
However, it is an unsupervised method and thus the ex-
tracted low-dimensional representation lacks discriminative
information (Abdi and Williams 2010). LDA introduces la-
bels to learn discriminative features by simultaneously max-
imizing the ratio of the trace of inter-class variance to the
trace of intra-class variance. Nevertheless, LDA mainly cap-
tures the global structure and cannot well discover the in-
trinsic geometric structure of manifold on which data possi-
bly reside (Chang et al. 2022; Fu et al. 2020). Hence, LDA
cannot well obtain the low-dimensional representation with
maximum margin, which is characterized by local geometric
structure and is beneficial to the subsequent tasks (Ayesha,
Hanif, and Talib 2020; Nie et al. 2020a).

To effectively capture the intrinsic geometric structure
embedded within the high-dimensional data space, re-
searchers have developed manifold learning techniques for
the purpose of dimensionality reduction. For instance, LPP
is able to effectively preserve the intrinsic geometry of data
while producing an explicit linear mapping (He and Niyogi
2003). In order to further exploit the discriminant geo-
metric structure, many discriminant manifold learning ap-
proaches (Wang et al. 2016, 2021b; Nie et al. 2022b; Yang,
Ma, and Han 2023) were proposed. MFA (Yan et al. 2005),
as one of the prominent discriminant manifold methods,
leverages two adjacency graphs to capture both the discrim-
inant structure and intrinsic geometric structure. By maxi-
mizing the distance between neighboring points with differ-
ent class labels and minimizing the distance between neigh-
boring points sharing the same class label, MFA derives
the optimal projection matrix (Huang et al. 2018). Building
upon these works, Yan et al. proposed a graph-embedding
framework (GEF) that unifies various dimensionality reduc-
tion algorithms (Yan et al. 2006).

However, MFA and its variant methods (Fan et al. 2021;
Hu, Zhang, and Dai 2021; Lu et al. 2020) heavily rely on la-
beled data, making them unsuitable for scenarios with lim-
ited or unavailable labels (Wang et al. 2021a). To overcome
this limitation, unsupervised discriminative dimensionality
reduction methods (He and Niyogi 2003; Lee and Verley-
sen 2010; Zhou et al. 2023) have received increasing atten-
tion. These methods (Liu et al. 2023a) take advantage of
pseudo labels generated by K-Means to learn discriminative
data representations for unsupervised dimensionality reduc-
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tion (Nie et al. 2020b; Kapoor and Singhal 2017), e.g., LDA-
Km (Ding and Li 2007) and Un-LDA (Wang et al. 2023).
Nevertheless, the aforementioned unsupervised discrimina-
tive methods confront two problems. First, K-Means neces-
sitates the initialization of cluster centroids, resulting in un-
stable performance (Pei et al. 2020; Lu et al. 2023, 2024;
Gao et al. 2025). Second, in the low-dimensional space,
none of the aforementioned approaches can achieve a bet-
ter margin between different clusters, which is essential for
both classification and clustering.

To tackle these challenges, we propose a novel discrimi-
native graph embedding framework via label-free MFA and
demonstrate the connection between manifold learning and
K-Means. Our method effectively extracts features and gen-
erates a discrete cluster indicator matrix. Unlike MFA, we
utilize the adjacency matrix of K-nearest neighbors and
the learned cluster indicator matrix to generate a similar-
ity matrix, thereby preserving the original manifold struc-
ture and cluster information. Leveraging a graph embedding
framework for computing sample relationships and adopting
centerless K-Means clustering, our approach eliminates the
need for centroid computation and retains the local informa-
tion structure of the original data. The main contributions of
this paper are as follows:
• A novel DR method named discriminative graph embed-

ding framework via label-free MFA is proposed, which
unifies centerless K-Means and manifold learning within
a graph embedding framework.

• We construct intrinsic graph and penalty graph guided
by centerless K-Means, which better preserves the lo-
cal structure of the data, reducing the impact of noise on
clustering performance.

• Apart from Euclidean distance, we introduce various
distance metrics to better handle nonlinearly separable
data in our experiments on toy datasets and benchmark
datasets, whose experimental results demonstrate the su-
periority of our proposed method.

Related Work
K-Means
The K-Means clustering is one of the classical clustering
methods. It involves selecting K cluster centroids and then
assigning data points to the nearest cluster centroids, result-
ing in the partitioning of the input data into K distinct clus-
ters. Given a set of data X = [x1,x2, . . . ,xn]∈Rd×n, the
objective function of K-Means can be described as follows:

min
Ac

K∑
c=1

∑
xi∈Ac

∥xi − uc∥22 (1)

where {Ac}Kc=1 represent K distinct clusters, uc =
1
nc

∑
xi∈Ac

xi represents the cluster centroid of the c-th
cluster, nc is the number of samples in the c-th cluster.

Marginal Fisher Analysis
MFA was built upon the graph embedding framework by
Yan et al. (2005; 2006). This method introduces two adja-
cency graphs, the intrinsic graph SI and the penalty graph

SP , which respectively represent the similarity information
among samples of the same class and the separability be-
tween samples of different clusters. The process can be ex-
pressed as follows.

(a) The Intrinsic Graph S
Suppose li is the class xi belongs to, S is defined by:

SI
ij =

{
1,xi ∈ Nk1(xj) or xj ∈ Nk1(xi), li = lj
0, otherwise.

(2)
That is, if xi is one of the k1-nearest neighbors of xj , or

xj is one of the k1 nearest neighbors of xi, and xi and xj

belong to the same class, then SI
ij = SI

ji = 1. Then, the
objective of Intrinsic graph can be expressed by:

min
W

∑
i

∑
j

∥∥WT (xi − xj)
∥∥2
2
SI
ij (3)

(b) The Penalty Graph Sp

The penalty graph Sp can be defined by:

Sp
ij =

{
1,xi ∈ Nk2(xj) or xj ∈ Nk2(xi), li ̸= lj
0, otherwise.

(4)
Then, the objective about the penalty graph can be ex-

pressed by:

max
W

∑
i

∑
j

∥∥WT (xi − xj)
∥∥2
2
Sp
ij , (5)

The Laplacian matrix of the Intrinsic Graph SI and the
Penalty Graph Sp can be defined as LI = DI − SI and
Lp = Dp − Sp; DI and Dp are degree matrices, where
DI

ii =
∑

i,j ̸=i S
I
ij and Dp

ii =
∑

i,j ̸=i S
p
ij .

According to (Yan et al. 2005, 2006), the overall objective
function of MFA can be expressed as follows:

max
W

tr(WTXLpXTW)

tr(WTXLIXTW)
(6)

By carefully examining the Intrinsic Graph representation
of MFA (Eq. (3)) and the objective function of K-Means (Eq.
(1)), we can observe that both of them aim to minimize the
distance between samples within a cluster. This indicates a
common objective between MFA and K-Means, suggesting
that they can be unified within a single framework. Achiev-
ing both MFA and K-Means can be accomplished through a
single process. Next, we will derive our objective function
based on MFA and K-Means, allowing us to simultaneously
obtain the cluster indicator matrix and the projection matrix
within a unified framework without the need for labels.

Methodology
Motivations and Objective
To further illustrate the relationship between MFA and K-
Means and eliminate MFA’s reliance on data labels, we first
reformulate K-Means into a centerless version through The-
orem 1. Then, we discuss the relationship between the cen-
terless K-Means and MFA and can be integrate them into
a unified unsupervised MFA framework, which naturally
leads to our objective function.
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Theorem 1 If the union of clusters as A =
{A1,A2, . . . ,AK}, Ac ∈ A(c = 1, 2, ...,K) is a
cluster, and uc denotes the centroid of cluster Ac, then

min
Ac∈A

K∑
c=1

∑
xi∈Ac

∥xi − uc∥22

= min
Ac∈A

K∑
c=1

∑
xi,xj∈Ac

∥xi − xj∥22

(7)

Proof 1 For the c-th cluster Ac, suppose there are nc sam-
ples, and uc =

1
nc

∑
xi∈Ac

xi. Then, we have the following:

min
Ac

∑
xi∈Ac

∥xi − uc∥22

= min
Ac

tr
∑

xi∈Ac

(xi − uc)
T
(xi − uc)

= min
Ac

tr
∑

xi∈Ac

(xT
i xi − 2xT

i uc + uT
c uc)

= min
Ac

tr(
∑

xi∈Ac

(xT
i xi)− 2

∑
xi∈Ac

(xT
i uc) + nc(u

T
c uc))

= min
Ac

tr
∑

xi∈Ac

(xT
i xi − xT

i uc)

(8)
and

min
Ac

∑
xi∈Ac

∑
xj∈Ac

∥xi − xj∥22

= min
Ac

tr
∑

xi∈Ac

∑
xj∈Ac

(xT
i xi − 2xT

i xj + xT
j xj)

= min
Ac

tr(
∑

xi∈Ac

∑
xj∈Ac

(xT
i xi + xT

j xj)

−
∑

xi∈Ac

2xT
i

∑
xj∈Ac

xj)

= min
Ac

tr(
∑

xi∈Ac

2ncx
T
i xi −

∑
xi∈Ac

2xT
i (ncuc))

= (2nc)min
Ac

tr
∑

xi∈Ac

(xT
i xi − xT

i uc)

(9)

From the above proof, when n1 = n2 = · · · = nK , we
can conclude that Theorem 1 holds true.

According to Theorem 1, the optimization objective func-
tion Eq.(1) of K-Means can be rewritten as follows:

min
A1,A2,...,AK

K∑
c=1

∑
xi∈Ac

∑
xj∈Ac

∥xi − xj∥22 (10)

By introducing the cluster indicator matrix F ∈ Ind,
which is a discrete matrix, each row representing a sample,
where if the i-th sample xi belongs to the c-th cluster Ac,
then Fic = 1, otherwise Fic = 0. Since the result of K-
Means clustering is that each sample belongs to only one
cluster, resulting in hard labels, the matrix F ∈ Ind has only
one element equal to 1 in each row, with the rest of the ele-
ments being 0. Therefore, the inner product of the cluster la-
bels for two samples ⟨fi, fj⟩ = 1 only when the two samples
xi and xj belong to the same cluster, and ⟨fi, fj⟩ = 0 when
the samples xi and xj do not belong to the same cluster. De-
noting the union of clusters as A = {A1,A2, . . . ,AK}, the
Eq.(10) can be rewritten as:

min
A,F

n∑
i=1

n∑
j=1

∥xi − xj∥22 ⟨fi, fj⟩ s.t. F ∈ Ind. (11)

The above formula shows that this is another form of K-
Means clustering that does not require initializing cluster
centroids. This reduces the impact of initial cluster centroids
on the results. Instead of calculating the distance between
samples and cluster centroids, it uses the distance between
two samples. By avoiding the computation of cluster means,
it mitigates the influence of outliers on the cluster centroids,
resulting in more robust clustering results. If K-Means clus-
tering is performed in the subspace Y = WTX, then For-
mula (11) can be transformed as follows:

min
F∈Ind,

WTW=I

n∑
i=1

n∑
j=1

∥∥WT (xi − xj)
∥∥2
2
⟨fi, fj⟩ (12)

⟨fi, fj⟩ =
{

1 , xi ∈ Ac and xj ∈ Ac

0 , others

Subsequently, we search for the k nearest neighbors of
each sample within the obtained clusters. When sample xi

and xj are k nearest neighbors of of each other, we set
Sij = 1; otherwise, Sij = 0. Accordingly, Sij · ⟨fi, fj⟩ = 1
indicates that sample xi is both a k nearest neighbor of sam-
ple xj and belongs to the same cluster. This leads us to the
following expression:

min
F∈Ind,

WTW=I

n∑
i=1

n∑
j=1

∥∥WT (xi − xj)
∥∥2
2
· Sij · ⟨fi, fj⟩ (13)

Sij · ⟨fi, fj⟩ =

 1 ,
xi,xj ∈ Ac,xj ∈ Nk(xi)

xi ∈ Nk(xj)
0 , otherwise

Let Sij · ⟨fi, fj⟩ = S̃ij . The equation above represents the
objective function (3) for optimizing the eigenmaps in MFA.
Without using true labels, we can generate pseudo-labels
through K-Means clustering and perform dimensionality re-
duction, obtaining both the cluster indicator matrix F ∈ Ind
and the projection matrix W. Similarly, Sij ·(1− ⟨fi, fj⟩) =
1 indicates that sample xi is a k nearest neighbor of sam-
ple xj , but they do not belong to the same cluster. Let
Sij · (1− ⟨fi, fj⟩) = S̃p

ij , and we obtain the objective func-
tion for penalizing the graph in MFA:

max
F∈Ind,

WTW=I

n∑
i=1

n∑
j=1

∥∥WT (xi − xj)
∥∥2
2
· Sij · (1− ⟨fi, fj⟩)

(14)

Sij ·(1− ⟨fi, fj⟩) =

 1 ,
xi ∈ Ac,xj /∈ Ac,

xi ∈ Nk(xj),xj ∈ Nk(xi)
0 , others

Hence, the objective function for our Label-Free MFA can
be defined as follows:

max
WTW=I
F∈Ind

n∑
i=1

n∑
j=1

||WT (xi − xj)||2F · Sij · (1− ⟨fi, fj⟩)

n∑
i=1

n∑
j=1

||WT (xi − xj)||2F · Sij · ⟨fi, fj⟩

(15)
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Optimization
We optimize and solve the variables F ∈ Ind and W iter-
atively. The specific solving process can be divided into the
following two steps:
Fix W and solve F: When W is fixed, the distances be-
tween samples in the subspace are determined. To optimiz
F, it is necessary to obtain the pairwise distance between all
the samples. Therefore, we construct S as a fully-connected
graph by setting Sij = 1 for 1 ≤ i, j ≤ n. Thus, for the
intra-class distances, equation (13) transforms into:

min
F

n∑
i=1

n∑
j=1

∥∥WT (xi − xj)
∥∥2
2
· ⟨fi, fj⟩ s.t. F ∈ Ind.

(16)
Theorem 2 If we define each element of the distance matrix
Q as Qij =

∥∥WT (xi − xj)
∥∥2
2
, then

min
F∈Ind

n∑
i=1

n∑
j=1

∥∥WT (xi − xj)
∥∥2
2
· ⟨fi, fj⟩

= min
F∈Ind

tr(FTQF).

(17)

Proof 2 Expanding the left side of Eq.(17) as follows:
n∑

i=1

n∑
j=1

∥∥WT (xi − xj)
∥∥2
2
⟨fi, fj⟩ =

n∑
i=1

n∑
j=1

tr(Qij ⟨fi, fj⟩)

=
n∑

i=1

tr(QijF
T fi) = tr(FTQF)

(18)
Hence, equation (17) holds.
According to Theorem 2, solving (16) is equivalent to

solving:

min
F

tr(FTQF) s.t. F ∈ Ind (19)

For inter-class distances, similarly, when W is fixed,
Eq.(14) becomes:

max
F∈Ind

n∑
i=1

n∑
j=1

∥∥WT (xi − xj)
∥∥2
2
· (1− ⟨fi, fj⟩)

⇒ min
F∈Ind

n∑
i=1

n∑
j=1

∥∥WT (xi − xj)
∥∥2
2
⟨fi, fj⟩

(20)

From the above derivation, according to Theorem 2, it can
be concluded that solving the variable F ∈ Ind is equivalent
to minimizing tr(FTQF).
Theorem 3 Since the cluster indicator matrix F ∈ Ind is a
discrete matrix with only one element as 1 in each row and
the remaining elements as 0, and each row’s elements are
mutually independent, it is challenging to solve it directly.
Therefore, we need to fix the other rows and solve it row by
row. For the distance matrix G, where each element Qij =∥∥WT (xi − xj)

∥∥2
2
, the optimal solution for the elements Fic

of F ∈ Ind in minimizing tr(FTQF) is:

Fic =

{
1, c = argmin

c
(FTqi)c

0, others
(21)

Algorithm 1: Discriminative Graph Embedding Framework
via Label-Free Marginal Fisher Analysis
Input: A set of input data X∈Rd×n; cluster number K, λ.
Output: Projection matrix W ∈ Rd×t, cluster indication
matrix F ∈ Rn×K .

1: Initialize W ∈ Rd×t, F ∈ Rn×K and adjancency ma-
trix S ∈ Rn×n.

2: repeat
3: Update the distance matrix Q;
4: Update F by solving Eq. (21);
5: Update

Sij =

{
1 , xi ∈ Nk(xj) or xj ∈ Nk(xi)
0 , others ;

6: Update S̃ij according to Eq. (13);
7: Update S̃p

ij according to Eq. (14);
8: Update W by performing eigenvalue decomposition

on X(L̃p − λL̃)XT ;
9: until ||F− Fold||2F ≤ 10−5

10: return W and F

Proof 3 When fixing the other rows and solving for the i-th
row fi of F ∈ Ind, we have:

min
fi∈Ind

∑
i,j

Qijtr(f
T
i fj) ⇔ min

fi∈Ind
fi(
∑
i,j

Qijf
T
j ) (22)

By substituting Qii = 0 and letting qi =

(Qi1,Qi2, · · · ,Qin)
T , we have:

min
fi∈Ind

fi(
∑
j ̸=i

Qijf
T
j ) ⇔ min

fi∈Ind
fi(F

Tqi) (23)

⇒ Fic =

{
1, c = argmin

c
(FTqi)c

0, others
(24)

Consequently, Theorem 3 is proved. The optimal solution
for the cluster indicator matrix F ∈ Ind is given by Eq. (21).

Fix F and solve for W:
According to the principles of graph embedding frame-

work, for computational convenience, let S̃ij = Sij · ⟨fi, fj⟩
and S̃p

ij = Sij · (1− ⟨fi, fj⟩), then

min
W

n∑
i=1

n∑
j=1

QijS̃ij = min
W

tr(WTXL̃XTW) (25)

max
W

n∑
i=1

n∑
j=1

QijS̃
p
ij = max

W
tr(WTXL̃pXTW) (26)

As a result, solving for W is equivalent to solving:

max
WTW=I

tr(WTXL̃pXTW)

tr(WTXL̃XTW)
(27)

This is a classic trace ratio (TR) problem, Guo et
al. (2003) proposed a trace difference method that con-
verts the TR problem into max

W
tr[WTX(L̃p − λL̃)XTW].
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Then, we perform an eigenvalue decomposition on X(L̃p −
λL̃)XT , and the obtained eigenvalues and their correspond-
ing eigenvectors are sorted in descending order. We select
the corresponding eigenvectors of the top t largest eigenval-
ues to construct the projection matrix W.

Calculation of the Distance Matrix Q

The squared Euclidean distance between the samples xi and
xj is calculated as (Qij)euc =

∥∥WT (xi − xj)
∥∥2
2
.

1. Gaussian kernel distance: To handle nonlinear data,
we map the original data x to a higher-dimensional space
ϕ(x) to achieve linear separability. The Gaussian kernel

function is defined as K(xi,xj) = exp

(
−
∥xi − xj∥22

2σ2

)
.

The calculation of the Gaussian kernel distance in the
subspace yi = WTxi is given by (Qij)ker =

∥ϕ(yi)− ϕ(yj)∥22 = K(yi,yi)−2K(yi,yj)+K(yj ,yj).
2. K-nearest neighbor distance:

(Qij)knn =

{
∥yi − yj∥22 , yi ∈ Nk(yj) or yj ∈ Nk(yi)
σ, otherwise

where σ is a large constant.
3. Butterworth distance:
By utilizing the system function of Butterworth filter on

the input similarity matrix T, we transform it into Butter-
worth distance: (Qij)btw =

√
1

1+
(

Tij
Ω

)4 , where Ω is a hy-

perparameter. It brings similar data points closer and in-
creases the distance between dissimilar data points.

Experiments
In this section, we conducted comprehensive experiments on
two toy datasets and six benchmark datasets to compare the
clustering performance of our method with that of ten com-
pared approaches. “Ours(euc)”, “Ours(ker)”, “Ours(knn)”,
and “Ours(btw)” respectively represent our methods based
on squared Euclidean distance, Gaussian kernel distance,
K-nearest neighbor (KNN) distance, and Butterworth dis-
tance. These experiments are implemented on a Windows
11 desktop computer with a 2.60GHz 13th Gen Intel Core
i7-13650HX CPU, 16 GB RAM, and MATLAB R2023a.

Experiments on the Toy Datasets
Noise Dataset: This dataset contains 43 samples belong-
ing to two clusters. As shown in Figure 1(a), Cluster 1 con-
tains 20 samples, while Cluster 2 consists of 23 samples,
including 3 noise points. To evaluate the robustness of our
method to noise, we compare it with the K-Means algorithm.
The clustering result of K-Means is shown in Figure 1(c),
and that of our method is shown in Figure 1(e).

It can be observed that K-Means produces incorrect clus-
tering results due to its sensitivity to outliers and reliance
on the Euclidean distance. In contrast, our method achieves
accurate clustering. This is attributed to the use of the But-
terworth distance, which assigns more appropriate distances
to both similar and dissimilar data points, thereby effectively
reducing the impact of noise on the clustering results.

4 6 8 10
-4

-2

0

2

4
Noise

Cluster 1 Cluster 2

(a) True label
-2 -1 0 1 2

-1

0

1

2
TwoMoon

Cluster 1 Cluster 2

(b) True label

4 6 8 10
-4

-2

0

2

4
Cluster 1 Cluster 2

(c) K-Means’s label
-2 -1 0 1 2

-1

0

1

2
Cluster 1 Cluster 2

(d) K-Means’s label

4 6 8 10
-4

-2

0

2

4
Cluster 1 Cluster 2

(e) Ours label(btw)
-2 -1 0 1 2

-1

0

1

2
Cluster 1 Cluster 2

(f) Ours label(btw)

Figure 1: Clustering results of K-Means and our method on
the Noise and TwoMoon Datasets.

TwoMoon Dataset: This dataset contains 400 samples
with two clusters, as shown in Figure 1(b). Figure 1(d)
shows the clustering results of K-Means on the moon-shaped
dataset, and Figure 1(f) presents the clustering results of our
method on the same dataset. As can be seen, in the case
of complex and non-linearly separable data distribution, by
combining the similarity graph and Butterworth distance,
our algorithm can more effectively identify and extract the
intrinsic structure of the data, leading to more accurate clus-
tering. In contrast, K-Means struggles to achieve good clus-
tering results due to its inability to handle non-linearly sep-
arable cases.

Experiments Settings on Benchmark Datasets
FaceV5 (Team 2009) contains 2,500 images across 500 face
classes, utilizing 256 features. JAFFE (Lyons, Budynek,
and Akamatsu 1999) includes 213 images representing var-
ious facial expressions, categorized into 10 classes, and em-
ploys 676 features. MSRCV2 (Ali and Zafar 2018) com-
prises 210 images covering 7 object classes, with 576 fea-
tures used. ORL (Cai, Zhang, and He 2010) consists of
facial images from 400 samples across 40 individuals, uti-
lizing 1,024 features. USPS (Hull 1994) consists of 3,000
handwritten digit images, categorized into 10 classes, and
employs 256 features. Yaleface (Georghiades, Belhumeur,
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Dataset FaceV5 JAFFE MSRCV2
Metric ACC NMI Purity ACC NMI Purity ACC NMI Purity
RKM 0.8540 0.9563 0.8640 0.8310 0.8159 0.8310 0.6286 0.5612 0.6333

Ksums 0.9676 0.9893 0.9709 0.8789 0.8764 0.8789 0.7524 0.6110 0.7524
Ksums-x 0.9620 0.9857 0.9659 0.8930 0.9013 0.8977 0.6852 0.5753 0.6910
K-Means 0.8422 0.9624 0.8796 0.7108 0.7981 0.7441 0.6657 0.5693 0.6795
CDKM 0.7633 0.9369 0.8114 0.7085 0.8010 0.7455 0.6052 0.5280 0.6276

PCA 0.7792 0.9366 0.8192 0.8873 0.9135 0.8873 0.6905 0.6026 0.7190
LPP 0.7640 0.9393 0.8116 0.9765 0.9740 0.9765 0.7238 0.6245 0.7238

LDA-Km 0.8096 0.9516 0.8404 0.9577 0.9484 0.9577 0.7286 0.5841 0.7286
Un-RTLDA 0.7644 0.9247 0.7864 0.9671 0.9625 0.9671 0.6714 0.5482 0.6905
Un-TRLDA 0.8196 0.9556 0.8512 0.9155 0.9225 0.9155 0.7524 0.6383 0.7524

Ours(euc) 0.9564 0.9827 0.9608 0.9859 0.9816 0.9859 0.8143 0.6721 0.8143
Ours(ker) 0.9624 0.9869 0.9644 1.0000 1.0000 1.0000 0.8714 0.7572 0.8714
Ours(knn) 0.9404 0.9793 0.9428 1.0000 1.0000 1.0000 0.8667 0.7401 0.8667
Ours(btw) 0.9696 0.9903 0.9716 1.0000 1.0000 1.0000 0.8524 0.7273 0.8524

Table 1: Clustering performance on FaceV5, JAFFE and MSRCV2 datasets.

Dataset ORL USPS Yaleface
Metric ACC NMI Purity ACC NMI Purity ACC NMI Purity
RKM 0.5000 0.7143 0.5200 0.6673 0.5865 0.6827 0.4485 0.5099 0.4848

Ksums 0.6337 0.7940 0.6562 0.7664 0.6615 0.7677 0.4339 0.4975 0.4733
Ksums-x 0.5877 0.7693 0.6060 0.7240 0.6078 0.7240 0.4418 0.5018 0.4915
K-Means 0.5507 0.7529 0.6090 0.6491 0.6147 0.6803 0.3964 0.4779 0.4188
CDKM 0.5198 0.7234 0.5705 0.6416 0.6059 0.6746 0.3812 0.4389 0.4030

PCA 0.5525 0.7334 0.6025 0.7780 0.6670 0.7780 0.4727 0.5082 0.4727
LPP 0.5500 0.6917 0.5875 0.6857 0.6529 0.7223 0.4000 0.4298 0.4242

LDA-Km 0.5675 0.7463 0.6100 0.7590 0.6555 0.7590 0.4545 0.5084 0.4727
Un-RTLDA 0.6625 0.8159 0.6975 0.7437 0.6417 0.7437 0.4727 0.5210 0.4970
Un-TRLDA 0.6075 0.7723 0.6450 0.7913 0.6760 0.7913 0.4848 0.5265 0.5030

Ours(euc) 0.6475 0.7908 0.6725 0.7710 0.6346 0.7710 0.5152 0.5670 0.5152
Ours(ker) 0.6500 0.7985 0.6650 0.6637 0.5796 0.6637 0.5212 0.5319 0.5212
Ours(knn) 0.6600 0.8027 0.6775 0.8843 0.8015 0.8843 0.5333 0.5427 0.5333
Ours(btw) 0.7250 0.8328 0.7375 0.8207 0.7631 0.8207 0.5636 0.5671 0.5697

Table 2: Clustering performance on ORL, USPS, and Yaleface datasets.

and Kriegman 1997) contains 165 grayscale images from 15
individuals, using 1,024 features.

Cpmparasion Methods: Five variants of K-Means: K-
Means (Hartigan and Wong 1979), Regularized K-Means
(RKM) (Lin, He, and Xiao 2019), Ksums(Pei et al. 2023),
Ksums-x (Pei et al. 2023), Coordinate Descent Method for
K-Means (CDKM) (Nie et al. 2022a); two methods that ap-
ply dimensionality reduction followed by K-Means: PCA
(Turk and Pentland 1991) and LPP (He and Niyogi 2003);
and three unsupervised LDA methods: LDA-Km (Ding and
Li 2007), Un-RTLDA and Un-TRLDA (Wang et al. 2023).

Clustering Performance
The clustering results of our method and the comparative
approaches on the benchmark datasets are presented in Table

1 and Table 2. Among the five K-Means variants, Ksum and
Ksum-x, which integrate K-Means with spectral clustering
and avoid initialization and cluster centroids computation,
achieve relatively strong performance, but are still affected
by high-dimensional data.

Applying PCA or LPP before clustering helps improve
performance on high-dimensional datasets. For instance, on
the JAFFE dataset, LPP+K-Means achieves an ACC 10%
higher than Ksums. However, these methods are limited by
the decoupling of dimensionality reduction and clustering.
LDA-Km, Un-RTLDA, and Un-TRLDA are unsupervised
LDA-based methods that perform joint clustering and di-
mensionality reduction without labels. As shown in Table 2,
they achieve better clustering performance but remain sensi-
tive to cluster initialization and noise.
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Figure 2: Clustering performance of our method and K-Means on the USPS dataset.

(a) MSRCV2 (b) Yaleface

Figure 3: ACC with parameter λ and dimension t on
MSRCV2 and Yaleface datasets

Our method addresses these issues by replacing cluster
centroids computation with a predefined distance matrix,
unifying MFA and K-Means into a single framework. In par-
ticular, the Butterworth distance, when applied to a similar-
ity graph, effectively handles non-linearly separable data.

T-SNE Visualization
The T-SNE visualizations of the clustering results of K-
Means and our method on the USPS dataset are shown in
Figure 2. Figure 2(a) presents the ground-truth labels of the
USPS dataset, which contains 10 distinct clusters. Figure
2(b) shows the clustering result of K-Means, where mul-
tiple nearby but different clusters are mixed together. Fig-
ure 2(c) displays the clustering result of our method visu-
alized in the original space, and Figure 2(d) shows the re-
sult in the embedding space. It can be observed that our
method clearly separates different clusters, closely aligning
with Figure 2(a). This demonstrates the effectiveness of our
approach.

Parameter Analysis
In Figure3, we investigate the impact of the parameters λ
and the reduced dimensionality on clustering performance
ACC. The range of λ values is 0.0001, 0.001, 0.01, 0.05,
0.1, 1, 10, 100, 1000, while the dimensionality is selected as
t = 10, 20, 30, 40, 50, 60. For the MSRCV2 and Yaleface
datasets, under the same dimensionality t, the ACC exhibits
an upward trend followed by a decline. The highest accuracy
is achieved at λ = 0.05. However, for each dataset, different
dimensions need to be selected to achieve the best cluster-
ing performance under the same λ parameter. This indicates
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Figure 4: Objective function value and loss with the number
of iterations on MSRCV2 and Yaleface datasets

that dimensionality reduction can improve clustering perfor-
mance.

Convergence Analysis
The curve depicting the variation of the objective function
value and loss ||F−Fold||2F with the number of iterations for
our method is shown in Figure 4. As the number of iterations
increases, the objective function value also increases while
the loss decreases and eventually reaches a stable value. This
indicates that our method is convergent and achieves conver-
gence within a small number of iterations.

Conclusion
In this paper, we propose a novel discriminative graph em-
bedding framework via MFA that can extract discriminative
features without the need for data labels, while preserving
the geometric manifold structure. Moreover, we establish
the equivalence between MFA and K-Means, and integrate
them into a unified graph embedding framework that directly
yields the cluster indicator matrix and the projection matrix.
Additionally, we generate the similarity graph required for
MFA using the KNN graph and the cluster indicator matrix,
thus eliminating the need for true labels and improving the
discriminability of MFA. To further enhance robustness and
clustering performance, we adopt a centerless K-Means ap-
proach, replacing the computation of cluster centroids with
a predefined distance matrix. This avoids the influence of
centroid initialization. Furthermore, to handle complex non-
linear separability data, we introduce four different distance
matrix computation methods. Experimental results demon-
strate the effectiveness and superiority of our method.
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