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Abstract

Partial linear models (PLM) have attracted much attention for
regression estimation and variable selection due to their feasi-
bility on utilizing linear and nonlinear approximations jointly.
However, theoretical understanding of how they control the
false discovery rate (FDR) during variable selection remains
limited. To address this issue, we formulate a new integral-
based knockoffs (IKO) inference scheme for controlled vari-
able selection in PLM, where integral-based knockoff statis-
tics are used to measure the variable importance and B-
splines (or random Fourier features) are employed for ap-
proximating nonlinear components. In theory, FDR control
is guaranteed for both linear and nonlinear parts, and the sta-
tistical analysis for its power is established. Empirical evalu-
ations validate the effectiveness of our proposed approach.

Introduction
Linear and non-parametric models are two essential classes
of statistical modeling tools, each offering distinct advan-
tages. Linear models are straightforward and provide ex-
cellent interpretability but are constrained by their assump-
tion of linear relationships. In contrast, non-parametric mod-
els are highly flexible, and capable of accommodating a
wide range of functional forms in the data, but they of-
ten lack interpretability. Consequently, a fundamental trade-
off between accuracy and interpretability must be consid-
ered. Semi-parametric models bridge this gap by combin-
ing the interpretability of linear models with the flexibility
of non-parametric models. These models allow covariates
to be modeled either linearly or nonlinearly, making them
suitable for capturing complex data structures in various sci-
entific domains, including econometrics, social sciences, in-
formation sciences, and biomedicine (Ruppert, Wand, and
Carroll 2003; Härdle et al. 2004; Fuller 2009). A classic
example of a semi-parametric model is the partially linear
model (PLM), which has been extensively studied and ap-
plied in diverse fields (Engle et al. 1986; Härdle, Liang, and
Gao 2000). Given the response y ∈ R and input variables
(z,x) = (z1, . . . , zq, x1, . . . , xp) ∈ Rq+p, the general par-
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tial linear models is given by

y = µ+ z⊤β + f(x) + ε, (1)

where µ represents the intercept, β is the vector of coef-
ficients corresponding to the linear terms, f is a nonlinear
mapping from Rp to R, and ε denotes the error term satis-
fying a normal distribution with mean 0 and variance σ2.

Variable selection for PLM has garnered significant at-
tention over the past two decades. It is often approached
using specially designed penalty functions under various
smooth regression conditions. Examples include the com-
ponent selection and smoothing operator penalty (COSSO)
(Lin and Zhang 2006), the smoothly clipped absolute devia-
tion (SCAD) penalty (Xie and Huang 2009), and the doubly
penalized procedure (Wang et al. 2014a). Additional vari-
able selection methods for PLM have been proposed in stud-
ies such as Wang et al. (2014b); Su and Candès (2016);
Lian, Zhao, and Lv (2019); Lv and Lian (2022). While these
methods have advanced variable selection techniques, they
generally focus on selecting relevant variables and don’t ad-
dress controlling selection errors, such as false discovery
rate (FDR).

A recent and effective approach for FDR control is the
knockoff framework, first introduced by Barber and Candès
(2015). The core concept of knockoffs involves three main
steps. First, generate synthetic knockoffs variables that repli-
cate the structure of the original variables but have no causal
influence on the response. Second, compute an importance
score for each original and knockoff variable. Finally, se-
lect variables by applying a threshold: those with scores
exceeding the corresponding knockoff scores are chosen.
This method achieved effective FDR control in Gaussian
linear models where the dimensionality d does not exceed
the sample size n. The knockoff filter was later extended to
high-dimensional linear models with the aid of data split-
ting and feature screening techniques (Barber and Candès
2019). To handle general high-dimensional linear models,
the model-X knockoff framework (Candès et al. 2018) was
proposed. This framework accommodates arbitrary depen-
dence structures between the response variable and input
variables and eliminates the need for precise p-value calcu-
lations. Yingying Fan and Lv (2020) expanded the model-X
knockoff framework to accommodate the unknown covari-
ate distribution, and Xiaowu Dai and Li (2023) advanced it
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further by proposing a kernel knockoff method, enabling the
knockoff framework to handle more flexible, nonlinear set-
tings beyond the original linear model assumptions. Su et al.
(2024) introduced the generalized knockoffs framework for
variable selection in PLM but was inherently limited to lin-
ear model assumptions. Simultaneously, only a few stud-
ies, such as Yingying Fan and Lv (2020); Weinstein et al.
(2023), have conducted comprehensive theoretical analyses
of power. Notably, their power analyses were restricted to
linear model settings. Developing a broader theoretical un-
derstanding of power across different models remains a sig-
nificant and open challenge in the field.

To the best of our knowledge, few studies have investi-
gated knockoff inference for PLM, where the key challenge
is how to measure the importance of variables in nonlin-
ear part. Most existing knockoff frameworks are designed
for linear setting, with various statistics used to assess the
variable importance, such as Lasso Coefficient Difference
(LCD) statistic (Candès et al. 2018) and Lasso Signed Max
(LSM) statistic (Barber and Candès 2015). In nonlinear set-
ting, Selection Probability Difference (SPD) statistic (Xi-
aowu Dai and Li 2023) assesses variable importance but re-
quires repeated experiments for reliable results.

To address the aforementioned gaps, we propose an
integral-based knockoff statistic capable of measuring the
importance of variables in both linear and nonlinear
parts. Then we propose a variable selection procedure
called Integral-based Knockoff (IKO), where integral-based
knockoff statistics are used to measure the variable im-
portance and B-splines (or random Fourier features) are
employed for approximating nonlinear components. Our
method ensures FDR control in both the linear and nonlinear
parts of PLM. Theoretical guarantees for FDR control and
Power are provided, and our method is validated through ex-
perimental evaluations, demonstrating its effectiveness. This
work significantly contributes to the methodologies of vari-
able selection for PLM and knockoff frameworks as follows:
i) PLM-based knockoff inference with Integral-based

Knockoff. A new integral-based knockoff statistic is pro-
posed to measure variable importance. Meanwhile, the
knockoff framework is extended to PLM, ensuring FDR
control for both linear and nonlinear parts.

ii) Theoretical guarantees and empirical effectiveness. The-
oretical analyses for both FDR control and power are es-
tablished, and experimental results validate the effective-
ness of the proposed method.

We compared integral-based knockoff statistic with the
above statistics in both linear (L) and nonlinear (N) settings
in terms of ability to measure variable importance, conduct
FDR and power analysis, and whether requiring repeated ex-
periments to calculate the statistics in Table 1.

Preliminaries
Without loss of generality, this paper assumes that all
covariates are scaled to [0, 1]. Consider that (z,x) =
(z1, . . . , zq, x1, ..., xp) are covariates and y is response vari-
able. we observe the i.i.d. (independent and identically dis-
tributed) samples {zi,xi, yi}ni=1, where yi’s the response,

Properties LCD LSM SPD Ours

Variable importance (L) ✓ ✓ ✓ ✓
Variable importance (N) × × ✓ ✓
FDR (L) ✓ ✓ ✓ ✓
FDR (N) × × ✓ ✓
Power (L) ✓ ✓ ✓ ✓
Power (N) × × ✓ ✓
No repeatability ✓ ✓ × ✓

Table 1: Comparison of different knockoff statistics (✓-has
the given information, ×-hasn’t the given information)

(zi,xi) = (zi1, ..., ziq, xi1, ..., xip)
⊤ ∈ Rq+p are the linear

and nonlinear inputs respectively. The intrinsic relationship
between the input and its output is characterized by

yi = µ+

q∑
k=1

zikβk +

p∑
j=1

fj(xij) + εi. (2)

Here µ is an intercept, β1, . . . , βq are the coefficient for lin-
ear term, f1, ..., fp are consisting of some unknown unary
smooth functions with E(fj) = 0, and εi ∼ N (0, σ2) is
random noise. By the above definition, we are able to select
variables by the following criteria:

L = {zk : k ∈ [q], βk ̸= 0},N = {xj : j ∈ [p], fj ̸≡ 0},
O = {zk, xj : k ∈ [q], j ∈ [p], βk = 0, fj ≡ 0},

where [q]={1, ..., q}, [p]={1, ..., p}(The same symbol will
be used in the following text). And L∩O = ∅,N ∩O = ∅.

B-spline and Random Fourier Features estimation
In this paper we use two methods, B-spline (Schumaker
2007) and Random Fourier Features(RFF) (Băzăvan, Li, and
Sminchisescu 2012; Rahimi and Recht 2007), to approxi-
mate the nonlinear part {fj}pj=1.

B-spline: By B-spline, fj satisfies the hypothesis that
fj ∈ Fα[0, 1] for α ≥ 1, where Fα[0, 1] = {f : [0, 1] →
R, f (t) is Lipschitz continuous of order s} with s = α − t.
Let I = {0 = t0 <, . . . , tD∗ = 1} be a partition of [0, 1]
with D∗ interior knots. Then polynomial spline of order ϱ
is globally ϱ− 2 continuously differentiable on [0, 1] and is
a polynomial of degree ϱ − 1 in each subinterval [td, td+1).
Further more, according to de Boor (1978); Huang (2003);
Schumaker (2007), when restricting fj ∈ Fα[0, 1], α ≥ 1,
there is a collection of B-spline basis functions Bj(·) =
(Bj1(·), . . . , BjD(·))⊤ with D = D∗ + ϱ. Then we have

fj(·) = Bj(·)⊤γj =
D∑

d=1

γjdBjd(·), (3)

where γj = (γj1, . . . , γjD)⊤ ∈ RD is a vector of coeffi-
cients. Therefore, the model (2) can be rewritten as

yi = µ+

q∑
k=1

zikβk +

p∑
j=1

D∑
d=1

γjdBjd(xij) + εi. (4)
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Random Fourier Features (RFF): By RFF, if the kernel
functions K(·, ·) is shift-invariant, i.e., K(x, x′) = K(x −
x′), and integrates to 1, i.e.,

∫
X K(x − x′)d(x − x′) = 1.

Then K(·, ·) satisfies the Fourier expansion by the Bochner’s
theorem (Bochner 1934):

K(x, x′) =

∫
R
p(w)e

√
−1(x−x′)dw,

where p(w) =
∫
X K(x)e−2π

√
−1wxdx is probability den-

sity function. Then, we assume that fj ∈ F , where F is a re-
producing kernel Hilbert space (RKHS). By the representer
theorem (Schölkopf, Herbrich, and Smola 2001) and the ap-
proximate theory of RFF (Rahimi and Recht 2007; Băzăvan,
Li, and Sminchisescu 2012), we have

fj(·) =
n∑

i=1

αjiK(·, xij) ≈
V∑

v=1

cjvRjv(·) = Rj(·)⊤cj ,

(5)
where cj = (cj1, . . . , cjV )

⊤ ∈ RV are coefficients.
Rj(·) = (Rj1(·), ..., RjV (·))⊤ are V Fourier basis func-
tions defined as follow,

ωjv
i.i.d.∼ p(ω), bjv

i.i.d.∼ Uniform[0, 2π],

Rjv(·) =
√

2

V
cos ((·)ωjv + bjv) , j ∈ [p], v ∈ [V ].

(6)

Random Fourier features can achieve computational com-
plexity reduction (Rudi and Rosasco 2017). It means that the
computation complexity of the nonlinear part in the (5) is
only O(nV 2) instead of O(n3) by the kernel estimator. The
computational savings are considerable if V/n → 0 with
n → ∞. Then, the model (2) can be rewritten as

yi = µ+

q∑
k=1

zikβk +

p∑
j=1

V∑
v=1

cjvRjv(xij) + εi. (7)

Knockoff variable construction
Now we introduce how to construct knockoff random vari-
ables. According to Candès et al. (2018), the knockoff ran-
dom variables (z̃, x̃) = (z̃1, . . . , z̃q, x̃1, . . . , x̃p) ∈ Rq+p of
the original random variable (z,x) ∈ Rq+p are constructed
with the following two properties (pairwise exchangeability
and independence):

i) (z,x, z̃, x̃)
d
= (z,x, z̃, x̃)swap(S), k ∈ [q], j ∈ [p],

ii) y ⊥⊥ (z̃, x̃) | (z,x);

here d
= denotes identically distributed. (·)swap(S) is an oper-

ator swapping zk ∈ S with z̃k, xj ∈ S with x̃j . for instance,
with q = 3, p = 3 and S = {z2, x3},

(z1, z2, z3, x1, x2, x3, z̃1, z̃2, z̃3, x̃1, x̃2, x̃3)swap(S)
d
=

(z1, z̃2, z3, x1, x2, x̃3, z̃1, z2, z̃3, x̃1, x̃2, x3).

There are two classic data-based methods to generate
knockoff variables. The first method is the model-X knock-
offs (Candès et al. 2018), which constructs knockoffs by us-
ing the expectation and covariance, like the follows:

E[z,x] = E[z̃, x̃],

cov[(z,x, z̃, x̃)] =

[
Φ Φ− diag(s)

Φ− diag(s) Φ

]
,

where Φ is covariance matrix of [Z,X] =
(z⊤1 , . . . , z

⊤
n ,x

⊤
1 , . . . ,x

⊤
n )

⊤ ∈ Rn×(q+p) , diag(s) is
a diagonal matrix with all components of s being positive
and such that cov[(z,x, z̃, x̃)] is positive definite. To obtain
a good selection power, diag(s) should be constructed as
large as possible (Candès et al. 2018).

The second method is deep knockoffs (Yaniv Romano and
Candès 2020), a sampling machine based on deep generative
models, which approximates model-X knockoffs for unspec-
ified data distributions. The key idea is to optimize the cri-
terion evaluating the validity of the generated knockoffs by
refining the knockoff sampling mechanism iteratively. This
method leverages higher-order moments, enabling a better
approximation of exchangeability.

In this article, we construct knockoffs with model-X
knockoff when the input data approximately follows a mul-
tivariate normal distribution, and with deep knockoffs oth-
erwise. In the next section, we extend model-X knockoffs
framework to PLM (2), aiming to select true variables while
keeping FDR at the target level. For a true variables index
set S , selected set Ŝ , true nulls S0 and the target FDR=τ ∈
(0, 1), FDR and mFDR are defined as,

FDR(Ŝ)=E

[
|Ŝ ∩ S0|
|Ŝ| ∨ 1

]
,mFDR(Ŝ)=E

[
|Ŝ ∩ S0|
|Ŝ|+ 1/τ

]
.

And another important indicator is Power defined as,

Power(Ŝ) = E

[
|Ŝ ∩ S|
|S| ∨ 1

]
.

Knockoff Inference for PLM
Inspired by Huang, Horowitz, and Wei (2010), we imple-
ment the following regularization strategy,

min
β,f

1

n

n∑
i=1

{yi − µ−
q∑

k=1

(zikβk + z̃ikβk+q)

−
p∑

j=1

[fj(xij)+fj+p(x̃ij)]}2+
2q∑
k=1

λ1|βk|+
2p∑
j=1

λ2

∥∥Pfj

∥∥
2
.

(8)
where β = (β1, . . . , β2q)

⊤ ∈ R2q , f = (f1, ..., f2p)
⊤.

λ1, λ2 > 0 are tuning parameter. The penalty function
∥Pfj∥2 can be ∥γj∥2 with B-spline estimation in (3), or
∥cj∥2 with Random Fourier Features estimation in (5).
These two types of penalties are group Lasso penalties
which have been similarly used in Li, Wang, and Nettleton
(2019); Xiaowu Dai and Li (2023) for punishing the nonlin-
ear part. The Lasso penalty |βk| is for punishing the linear
part.

Supposing given input {zi,xi}ni=1 and by the representa-
tion (3) and (5), we can get the solution of (8) as follows,

ŷ = µ̂+

q∑
k=1

(zkβ̂k+z̃kβ̂k+q)+

p∑
j=1

[f̂j(xj)+f̂j+p(x̃j)], (9)
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where

f̂j(xj) + f̂j+p(x̃j)
B-spline
= Bj(xj)

⊤γj +Bj+p(x̃j)
⊤γj+p

RFF
= Rj(xj)

⊤cj +Rj+p(x̃j)
⊤cj+p.

(10)
Here

B-spline
= and RFF

= denotes estimations by B-spline and
Random Fourier Features respectively. The expression (9)
indicates that whether we choose the linear part depends on
whether β̂k is 0 or not; Meanwhile, whether the nonlinear
part can be selected depends on whether the vector γj or cj
is 0 or not by (10). Therefore, two parameters are used to se-
lect linear and nonlinear parts in (9). It’s clearly that fj ≡ 0
when γj or cj = 0. Through the above analysis, we can
define the following index sets:

L̂ = {zk : k∈ [q], β̂k ̸=0}, N̂ = {xj : j∈ [p], ĉj ̸=0},
Ô = {zk, xj : k ∈ [q], j ∈ [p], β̂k=0, γ̂j or ĉj=0}.

(11)

Integral-based knockoff statistics
In this subsection, we will show how to construct the impor-
tant score and knockoff statistic which help us select impor-
tant variables and control the false discovery rate (FDR).

In this paper, an integral-based knockoff statistic is pro-
posed. The L-1 norm of functions {zkβk, z̃kβk+q}qk=1 and
{fj(xj), fj+p(x̃j)}pj=1 on [0, 1] is defined as important
scores that reflect the importance of original and knockoff
variables, respectively. Specifically, the larger the L-1 norm
value, the more important the corresponding variable is.

ΠL
k = 2 · ∥zβk∥1 = 2 ·

∫ 1

0

|zβk|dz = |βk|, k ∈ [2q],

ΠN
j = ∥fj(x)∥1 =

∫ 1

0

|fj(x)|dx, j ∈ [2p].

(12)

It is clear that 2 · ∥zβk∥1 = |βk|, which is the same to the
Lasso Coefficient Difference (LCD) statistic (Candès et al.
2018). Based on the L-1 norm of functions, we can de-
fine the knockoff statistics for original variables (z,x) =
(z1, . . . , zq, x1, . . . , xp) ∈ Rq+p.

∆L
k =ΠL

k −ΠL
k+q, k∈ [q],∆N

j =ΠN
j −ΠN

j+p, j∈ [p]. (13)

The higher the value of knockoff statistic ∆L
k or ∆N

j , the
more important the kth or jth original variables is. We com-
pare our statistics with the SPD in Figure 1. It demonstrates
that our statistic distinguishes between important variables
and nulls well.

Select data-dependent thresholds
The key step is to control FDR of variable selection. Given
the target nominal FDR τ ∈ (0, 1), we need to choose data-
dependent threshold values T L and T N for linear and non-
linear variable selection respectively. There are two ways to
construct thresholds, one is the classic knockoff filter (Bar-
ber and Candès 2015; Candès et al. 2018) to choose thresh-
olds as follows:

T = min

{
t ∈ ∆+ :

|{xj : ∆j ≤ −t}|
|{xj : ∆j ≥ t}|

≤ τ

}
. (14)

Figure 1: (a) and (b) are the integral-based statistics values
of linear and nonlinear parts estimated by IKO-RFF. (c) and
(d) are the SPD values of linear and nonlinear parts esti-
mated by IKO-RFF. Where n = 1000, ρ = 0.2, (q, p) =
(100, 50), (|L|, |N |) = (20, 10). Red points are true vari-
ables. Yellow points are true nulls. The horizontal axis rep-
resents the variable index.

Algorithm 1: Integral-Based Knockoff Inference Procedure

Input: training data {(zi,xi, yi)}ni=1, the nominal FDR
level τ ∈ (0, 1).

1: construct knockoffs {z̃i, x̃i}ni=1 via model-X knockoff
or deep knockoffs.

2: estimate β and f by the model (8).
3: compute important scores ΠL

k and ΠN
j by (12).

4: compute integral-based knockoff statistics ∆L
k and ∆N

j

based on the important scores ΠL
k and ΠN

j via (13).
5: select thresholds T L and T N by (14) or (15).
6: choose variables via thresholds in (16).
Output: L̂, N̂ , Ô.

Here ∆+ = {|∆j | : |∆j | > 0} is the set of nonzero val-
ues. ∆j denotes the knockoff statistic and we set T = ∞ if
the above set is null set. Another one is a more conservative
knockoff filter but being used commonly as follows:

T+ = min

{
t ∈ ∆+ :

|{xj : ∆j ≤ −t}|+ 1

|{xj : ∆j ≥ t}|
≤ τ

}
. (15)

After threshold values T L and T N are constructed via
(14) or (15). The variable selection index set (11) can be
redefined as in (16) . We call this procedure Integral-based
Knockoff (IKO) which can control FDR of L̂ and N̂ . It is
summarized in Algorithm 1.

L̂={zk :k∈ [q],∆L
k ≥T L},N̂={xj :j∈ [p],∆N

j ≥T N},

Ô = {zk, xj : k ∈ [q], j ∈ [p], k ̸∈ L̂, j ̸∈ N̂ }.
(16)

Theoretical Analysis
This section builds theoretical guarantees for the IKO pro-
cedure to control FDR and power asymptotic property. The
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supplementary material provides all proofs.

FDR analysis
In this subsection, theoretical analysis shows that the IKO
procedure can control FDR at any given nominal level τ and
sample size. In subsection , we employ B-spline and Ran-
dom Fourier Features methods to learn {fj}pj=1 in (2). By
knockoff construction, the B-spline basis functions and Ran-
dom Fourier Features of the knockoff variables are crafted
to replicate the structure of the B-spline basis functions and
Random Fourier Features of the original variables. This de-
sign ensures that, although the knockoff variables are not
associated with the response when conditioned on the orig-
inal variables, they still closely mirror the properties of the
original variables (Xiaowu Dai and Li 2023). Immediately,
we use integral-based knockoff statistics to measure variable
importance. Finally, IKO controls the finite-sample FDR, the
same as the existing knockoff methods (Barber and Candès
2015; Candès et al. 2018; Xiaowu Dai and Li 2023).

Assumption 1 (PLM decomposition) For variables
(z,x) = (z1, . . . , zq, x1, . . . , xp) ∈ Rq+p, the response y
can be represented as follow decomposition,

y=yL+yN+εL+εN =

q∑
k=1

βkzk+

p∑
j=1

fj (xj)+εL+εN.

Remark 1 Assumption 1 decomposes PLM into linear and
nonlinear parts, facilitating theoretical analysis.

Assumption 2 (Irrepresentable condition)
i) ∀k ∈ [q] and βκ ∈ R, zk ̸=

∑q
κ=1;κ̸=k βκzκ;

ii) ∀j ∈ [p] and fι ∈ Fα or F , fj ̸=
∑p

ι=1;ι̸=j fι.

Proposition 1 Suppose Assumption 1 and 2 hold.
i) ∀k ∈ [q], zk ∈ O if and only if βk = 0;
ii) ∀j ∈ [p], xj ∈ O if and only if fj ≡ 0.

Lemma 1 (Sign-flip property for the nulls) Suppose As-
sumptions (1) and (2) hold.
i) Let (ζ1, . . . , ζq) be a set of independent random vari-
ables, such that ζk = 1 if zk ∈ L, and ζk = ±1 with
equal probability 1/2 if zk ∈ L⊥. Then,

(
∆L

1 , . . . ,∆
L
q

) d
=(

∆L
1 · ζ1, . . . ,∆L

q · ζq
)
.

ii) Let (ϵ1, . . . , ϵp) be a set of independent random vari-
ables, such that ϵj = 1 if xj ∈ N , and ϵj = ±1 with

equal probability 1/2 if xj ∈ N⊥. Then,
(
∆N

1 , . . . ,∆N
p

) d
=(

∆N
1 · ϵ1, . . . ,∆N

p · ϵp
)
.

Remark 2 Lemma 1 demonstrates that the knockoff statis-
tics, ∆L

k and ∆N
j , exhibit symmetric properties for null vari-

ables, where zk ̸∈ L or xj ̸∈ N . The symmetry of these null
variables plays a critical role in the IKO procedure, enabling
the selection of a data-dependent threshold while effectively
controlling FDR (Barber and Candès 2015).

The following part demonstrates that the IKO proce-
dure effectively controls FDR for any sample size. The re-
sults, derived without requiring prior knowledge of the noise
level, remain robust across different distributions and vary-
ing numbers of variables.

Theorem 1 (FDR control of IKO) For any τ ∈ (0, 1) and
any sample size n, choose thresholds T L > 0 and T N > 0

via T (14), then mFDR(L̂) ≤ τ and mFDR(N̂ ) ≤ τ ;
Meanwhile, choose the threshold T L > 0 and T N > 0 via
T+ (15), then FDR(L̂) ≤ τ and FDR(N̂ ) ≤ τ .

Remark 3 Theorem 1 guarantees valid FDR control with-
out imposing any restrictions on the variable dimension q+p
or the sample size n.

Power analysis
To the best of our knowledge, the existing literature lacks
comprehensive theoretical analysis of power for knockoff,
with the exception of Yingying Fan and Lv (2020); We-
instein et al. (2023), which examined power for linear re-
gressions within the model-X knockoff framework and for
thresholded Lasso knockoffs, respectively, and Xiaowu Dai
and Li (2023), which investigated power for nonlinear addi-
tive models. This section demonstrates that the IKO proce-
dure achieves full power as n → ∞. To establish the theoret-
ical results, we introduce some basic regularity conditions.

Assumption 3 (Minimum signal) For slowly diverging se-
quence ϑn → ∞, as n → ∞, let η ≡ Cη{n−β/(2β+1) +

[(log p)/n]1/2}. For some constant Cη > 0, such that,
minzk∈L |βk| ≥ ϑn{(log q)/n}1/2,minxj∈N ∥fj (xj)∥1 ≥
ϑnη, where the RKHS F is embedded to a βth order Sobolev
space with β > 1.

In order to introduce the following conditions, some nota-
tions are given. Ψ = [Z, Z̃],Σ = [R, R̃]. ΣN is the design
matrix consisted of the jth and j + pth columns of Σ for
xj ∈ N . Σj is the design matrix consisted of the jth and
j + pth columns of Σ. It is the same as other matrices.

Assumption 4 (Minimal eigenvalue) Suppose there is a
constant Cmin > 0, such that the minimal eigenvalue λmin

of matrix E[n−1Ψ⊤
LΨL] and E[n−1Σ⊤

NΣN ] satisfies that,
λmin(E[n−1Ψ⊤

LΨL]) ≥ Cmin, λmin(E[n−1Σ⊤
NΣN ]) ≥

Cmin.

Assumption 5 (Mutual incoherence) Suppose there exists
a constant ξ ∈ (0, 1], such that,

max
zk /∈L

∥Ψ⊤
k ΨL(Ψ

⊤
LΨL)

−1∥2 ≤ 1− ξ.

Assumption 6 (Mutual incoherence) Suppose p < en and
there exists a constant 0≤ξΣ<1, such that,

max
xj /∈N

∥Σ⊤
j ΣN [Σ⊤

NΣN ]−1∥2 ≤ ξΣ,

ξΣ
√
|N |+ 1

λ2
η + ξΣ

√
|N | < 1,

Remark 4 All of these assumptions are reasonable and
commonly employed in the current literature. Specifically,
Assumption 3 represents a minimal regularization condition
that ensures the solution of the PLM model (8) does not omit
a significant portion of important variables. This assump-
tion can also be found in Zhao and Yu (2006); Ravikumar,
Wainwright, and Lafferty (2010); Xiaowu Dai and Li (2023).
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Figure 2: Comparisons in terms of FDR and power with the different (a) sample sizes n, (b) correlations ρ, (c) variable dimen-
sions (q, p), (d) sparsity (|L|, |N |). L and N denote the results on the set L̂ and N̂ , respectively.

IKO
RFF B-spline APLM Model-X KKO

L N L N
FDR Power FDR Power FDR Power FDR Power FDR Power FDR Power FDR Power

n 100 0.1667 0.7500 0.2000 0.4000 0.1765 0.7000 0.1667 0.5000 0.3030 0.7667 0.1818 0.6000 0.1739 0.6333
300 0.2000 0.8000 0.1429 0.6000 0.2000 0.8000 0.1250 0.7000 0.3421 0.8333 0.1739 0.6333 0.1724 0.8333
500 0.1818 0.9000 0.2000 0.8000 0.1212 0.9000 0.1250 0.7000 0.3953 0.8667 0.2000 0.6667 0.1875 0.8667
1000 0.1667 1.0000 0.1818 0.8000 0.1667 1.0000 0.1818 0.9000 0.4167 0.9333 0.1852 0.7333 0.1892 1.0000

ρ 0 0.1579 0.8000 0.2000 0.8000 0.1905 0.8500 0.2000 0.8000 0.3250 0.9000 0.2000 0.6667 0.1765 0.9333
0.2 0.2000 0.8000 0.1429 0.6000 0.2000 0.8000 0.1250 0.7000 0.3421 0.8333 0.1739 0.6333 0.1724 0.8000
0.5 0.1875 0.6500 0.1429 0.6000 0.1765 0.7000 0.1429 0.6000 0.3529 0.7333 0.1667 0.5000 0.1852 0.7333
0.8 0.1875 0.6500 0.2000 0.4000 0.1875 0.6500 0.1667 0.5000 0.3333 0.6667 0.1875 0.4333 0.1667 0.6667

q,p 50,30 0.1429 0.9000 0.1250 0.7000 0.1739 0.9500 0.1818 0.9000 0.2703 0.9000 0.1739 0.6333 0.1818 0.9000
100,50 0.2000 0.8000 0.1429 0.6000 0.2000 0.8000 0.1250 0.7000 0.3421 0.8333 0.1739 0.6333 0.1724 0.8333
200,80 0.1667 0.7500 0.1429 0.6000 0.1765 0.7000 0.1250 0.7000 0.3333 0.7000 0.2000 0.5333 0.1786 0.7667
300,100 0.1765 0.7000 0.1667 0.5000 0.1765 0.7000 0.1429 0.6000 0.3333 0.6667 0.1667 0.5000 0.1852 0.7333

|L|, |N | 20,10 0.2000 0.8000 0.1429 0.6000 0.2000 0.8000 0.1250 0.7000 0.3421 0.8333 0.1739 0.6333 0.1724 0.8333
30,15 0.1935 0.8333 0.1667 0.6667 0.1786 0.7667 0.1538 0.7333 0.2826 0.7333 0.1765 0.6222 0.1778 0.8222
40,20 0.2000 0.8000 0.1667 0.7500 0.1750 0.8250 0.2000 0.8000 0.2344 0.8167 0.2000 0.6667 0.1905 0.8500
50,25 0.1837 0.8000 0.1739 0.7600 0.1837 0.7800 0.1818 0.7200 0.1818 0.8400 0.2000 0.6667 0.1928 0.8933

Table 2: FDR and Power with different sample sizes n, correlations ρ, variable dimensions (q, p), sparsity (|L|, |N |).

Assumption 4 pertains to the minimal eigenvalue condition,
which guarantees that the Gram matrix of the important set
in the augmented design matrix is invertible. Similar condi-
tions have been imposed in Lasso regressions (Ravikumar,
Wainwright, and Lafferty 2010; Raskutti, J Wainwright, and
Yu 2012; Yingying Fan and Lv 2020). Assumptions 5 and
6 imply that the correlation between true signals and null
variables should not have a strong influence. Similar as-
sumptions appear in Zhao and Yu (2006); Ravikumar, Wain-
wright, and Lafferty (2010); Wainwright (2019).

With these regularity conditions established, we analyze
the statistical power of the IKO procedure.

Theorem 2 (Power) Suppose Assumptions 3-6 hold, Then
the oracle IKO procedure has an asymptotic property that
Power(L̂) → 1 and Power(N̂ ) → 1, as n → ∞.

Remark 5 Theorems 1 and 2 demonstrate that the IKO pro-
cedure can achieve both effective FDR control and strong
statistical power under certain regularity conditions. Unlike
Theorem 1, which imposes no restrictions on the relation-
ship between variable dimension and sample size, Theorem
2 specifically applies to cases where p < n or n < p < en.

Experimental Analysis

This section evaluates the proposed IKO’s empirical perfor-
mance through experiments in both simulated and real data.
In all cases, when using B-splines, we set D∗ = 4 and em-
ploy cubic splines (ϱ = 4). When using Random Fourier
Features (RFF), we set V = 4 and use the Laplacian kernel
K(x, x′) = 1

2e
−|x−x′|. the parameter (λ1, λ2) is selected by

cross-validation. And the target FDR of L̂ and N̂ are 0.2.
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Simulations
The following model was used to generate simulation data.

y =
∑q

k=1
3.5zk +

∑p

j=1

sin(γ1jxj)

2− sin(γ2jxj)
+ ε

where ε ∼ N (0, 1), γ1j , γ2j ∼ U(1, 10), the designed ma-
trix [Z,X] ∼ N (0,Ω), where Ω = (ρ|i−j|)1<i,j<q+p.

To further demonstrate the effectiveness of IKO, we com-
pare it with APLM (Li, Wang, and Nettleton 2019), Model-
X (Candès et al. 2018) via R package knockoff, and KKO
(Xiaowu Dai and Li 2023) via R package kko. APLM is the
regularization model (8) that does not incorporate knockoffs,
while Model-X and KKO represent linear and nonlinear ad-
ditive knockoff frameworks, respectively. In Figure 2 and
Table 2, simulation experiments were conducted under var-
ious data settings, including different correlations ρ, sample
sizes n, variable dimensions (q, p), and sparsity (|L|, |N |).

(a) n = {100, 300, 500, 1000},
ρ = 0.2, (q, p) = (100, 50), (|L|, |N |) = (20, 10).

(b) ρ = {0, 0.2, 0.5, 0.8},
n = 300, (q, p) = (100, 50), (|L|, |N |) = (20, 10).

(c) (q, p) = {(50, 30), (100, 50), (200, 80), (300, 100)},
(|L|, |N |) = (20, 10), n = 300, ρ = 0.2.

(d) (|L|, |N |) = {(20, 10), (30, 15), (40, 20), (50, 25)},
n = 300, ρ = 0.2, (q, p) = (100, 50).

Figure 2 and Table 2 demonstrate the performance of
IKO. It can be seen that the performance of the selection
of RFF and B-spline in IKO is about the same. As the sam-
ple size increases, the power of both the linear and nonlin-
ear parts tends to approach 1. In contrast, power decreases
when the variable dimension is increased or when corre-
lations increase. Although power shows a slight upward
trend as sparsity changes, the effect is not obvious. For ex-
ample, the power performance of IKO is not consistently
strong compared to KKO. A possible reason for the decline
in power is the adoption of the double-penalty strategy to
fine-grained distinguish key variables (linear or non-linear).
While APLM exhibits good power performance, it fails to
effectively control FDR. Due to incorporation of nonlinear
data, power of Model-X consistently remains relatively low.

Real data experiments
In real-world setting, we conducted a toy example using IKO
to analyze the Boston housing dataset . It includes 506 sam-
ples and 14 variables, comprising 13 input features and 1
target variable (house price: MEDV). The features are as fol-
lows: CRIM: Per capita crime rate by town. ZN: Proportion
of residential land zoned for lots over 25,000 sq.ft. INDUS:
Proportion of non-retail business acres per town. CHAS:
Charles River dummy variable (= 1 if tract bounds river,
0 otherwise). NOX: Nitric oxide concentration (parts per
10 million). RM: Average number of rooms per dwelling.
AGE: Proportion of owner-occupied units built before 1940.
DIS: Weighted distances to five Boston employment cen-
ters. RAD: Index of accessibility to radial highways. TAX:
Full-value property-tax rate per $10,000. PTRATIO: Pupil-
teacher ratio by town. B: 1000(Bk−0.63)2, where Bk is the

Variables APLM Model-X KKO IKO(B-spline) IKO(RFF)

CRIM ✓ ✓ ✓ ✓
ZN
INDUS ✓
CHAS
NOX ✓ ✓ ✓
RM ✓ ✓ ✓ ✓ ✓
AGE
DIS ✓ ✓ ✓ ✓
RAD ✓ ✓
TAX ✓ ✓ ✓ ✓
PTRATIO ✓ ✓ ✓ ✓ ✓
B
LSTAT ✓ ✓ ✓ ✓ ✓

Table 3: Real data experiments, ✓denotes that variable is
selected.

q + p L(B-spline) N (B-spline) L(RFF) N (RFF)

13 3 3 3 4
75(62) 3 4 3 4
100(87) 4(1) 4 4(1) 4
125(112) 6(2) 4 5(1) 4

Table 4: IKO variable selection results with noise variables
added and 100 data points from the Boston housing dataset.
The number inside the parentheses indicates how many ad-
ditional noise variables are included.

proportion of blacks by town LSTAT: Percentage of lower
status of the population. MEDV: Median value of owner-
occupied homes in $1000’s. We scale all variables to [0, 1].

Inspired by Hao Helen Zhang and Liu (2011), we assume
that PTRATIO, RAD, B, LSTAT, CRIM, ZN, and CHAS be-
long to the linear part; NOX, RM, DIS, TAX, AGE, and IN-
DUS belong to nonlinear part. For comparison, we also fit
the data by APLM, Model-X, and KKO in Table 3. Besides,
we sample 100 data points from the Boston housing dataset
and use a Gaussian distribution to generate random noise
variables. We then evaluate the performance of IKO under
the conditions n>q+p and n<q+p, as shown in Table 4.
The similar strategy was used for Butcher and Smith (2020).

Conclusion
We introduce the knockoff framework to PLM scenarios.
Specifically, a new integral-based knockoff statistic is pro-
posed which measures variable importance not only for lin-
ear part but also for nonlinear part. The traditional statistics
LCD Candès et al. (2018) is a part of our proposed statis-
tics, specifically for the linear part. This method ensures
FDR control across both linear and nonlinear parts. Com-
pared to closely related works (Candès et al. 2018; Li, Wang,
and Nettleton 2019; Xiaowu Dai and Li 2023), experimental
results demonstrate that IKO achieves competitive perfor-
mance. Additionally, we have established theoretical guar-
antees for both FDR control and power performance. In the
future, it would be interesting to extend this work to multi-
variate collaborative selection.
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