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Abstract

In this paper, we propose new randomized algorithms for esti-
mating the two-to-infinity and one-to-two norms in a matrix-
free setting, using only matrix-vector multiplications. Our
methods are based on appropriate modifications of Hutchin-
son’s diagonal estimator and its Hutch++ version. We provide
oracle complexity bounds for both modifications. We further
illustrate the practical utility of our algorithms for Jacobian-
based regularization in deep neural network training on image
classification tasks. We also demonstrate that our methodology
can be applied to mitigate the effect of adversarial attacks in
the domain of recommender systems.

Code — https://github.com/fallnlove/TwoToInfinity
Extended version — https://arxiv.org/abs/2508.04444

1 Introduction
In recent years, there has been growing interest in random-
ized linear algebra techniques (Halko, Martinsson, and Tropp
2011; Martinsson and Tropp 2020) for estimating matrix
functions without explicit access to the matrix entries, see
e.g. (Hutchinson 1989; Bekas, Kokiopoulou, and Saad 2007).
This setting, known as matrix-free, assumes access to an or-
acle that computes matrix-vector products with a matrix A,
and in some cases also with its transpose A⊤. The goal is
to approximate important characteristics of A, for example,
norms, trace or spectral density, using only these products.
Such a framework is essential in modern machine learning,
where matrices such as the Jacobian of deep neural networks
are prohibitively large to form explicitly but allow efficient
computation of matrix-vector products via automatic differ-
entiation (autograd), see e.g. (Baydin et al. 2018).

In this paper, we focus on matrix-free estimation of two
operator norms: ∥·∥2→∞ and ∥·∥1→2. Formally, for a matrix
A ∈ Rd×n, its two-to-infinity norm can be defined as

∥A∥2→∞ = sup
x̸=0

∥Ax∥∞
∥x∥2

= max
i∈[d]

∥Ai∥2 ,

where Ai denotes the i-th row of A. Given the identity

∥A∥2→∞ = ∥A⊤∥1→2 ,

*These authors contributed equally.
Copyright © 2026, Association for the Advancement of Artificial
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it suffices to concentrate on the estimation of the two-to-
infinity norm. Compared to classical matrix norms such as the
spectral or Frobenius norm, the two-to-infinity norm provides
finer control over the row-wise structure of a matrix. Indeed,
when dealing with tall matrices, that is, matrices A ∈ Rd×n

with d ≫ n, it is natural that ∥A∥2→∞ does not scale with
d, contrary to spectral and Frobenius norm of this matrix. In
such cases, bounding the two-to-infinity norm ensures that the
norm of each row is tightly controlled. This localized control
is especially useful when studying theoretical properties of
various algorithms (Cape, Tang, and Priebe 2019; Pensky
2024), see details in the related work section. In this paper, we
focus on methodological and statistical aspects of estimating
the two-to-infinity norm, rather than on its theoretical utility.
Our main contributions are as follows:

• We introduce a novel randomized algorithm tailored
specifically for the ∥ · ∥1→2 and ∥ · ∥2→∞ norms esti-
mation under the matrix-free setting. Our method enjoys
provable convergence guarantees and empirically demon-
strates reliable performance.

• We apply suggested randomized estimators as regular-
izers in image classification and recommender systems
problems. For image classification with deep neural net-
works, our method achieves better generalization perfor-
mance compared to prior Jacobian regularization tech-
niques (Hoffman, Roberts, and Yaida 2019; Roth, Kilcher,
and Hofmann 2020). In the recommender systems do-
main, we consider UltraGCN-type architectures (Mao
et al. 2021) and show that employing our regularizer in-
creases the robustness of the algorithm to adversarial at-
tacks, following the pipeline of (He et al. 2018).

The rest of the paper is structured as follows. We discuss
related work in Section 2. Then, in Section 3, we present
our main algorithm, TwINEst (see Algorithm 1), and analyze
its sample complexity. In Section 4, we provide a variance-
reduced version of the TwINEst algorithm and study the
theoretical properties of the modified algorithm. Finally, we
present numerical results in Section 5. Proofs of the theoreti-
cal results and additional numerical experiments are provided
in the supplementary material.

Notations. For a vector x ∈ Rd, ∥x∥p = (
∑d

i=1 |xi|p)1/p
denotes the ℓp-norm (p ≥ 1), ∥x∥∞ = maxi |xi| denotes
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the ℓ∞-norm. For a matrix A ∈ Rd×n, Ai denotes the i-
th row of A, and ∥A∥F = (

∑d
i=1

∑n
j=1 A

2
ij)

1/2 denotes its
Frobenius norm. We define the induced norms as ∥A∥p→q :=
supx̸=0 ∥Ax∥q/∥x∥p. For example, ∥A∥2→∞ is equal to the
maximum ℓ2 norm of the rows and ∥A∥1→2 is equal to the
maximum ℓ2 norm of the columns. We define the max-norm
as ∥A∥max := minU,V :A=UV ⊤ ∥U∥2→∞∥V ∥2→∞. For ma-
trices A,B ∈ Rd×n, A⊙B denotes the Hadamard product
(element-wise). For d ∈ N, we denote [d] = {1, . . . , d}.
A random variable ξ is called a Rademacher random vari-
able if P(ξ = 1) = P(ξ = −1) = 1

2 . The vector ei :=

(0, . . . , 0, 1, 0, . . . , 0)⊤, with 1 in position i and 0 elsewhere,
denotes the i-th standard basis vector in Rn.

2 Related Work
A classical problem in the matrix-free setting is the stochastic
trace estimation (Hutchinson 1989), in which the trace of a
matrix is approximated using a few matrix-vector products
with random vectors. Several improvements on this approach
have been developed, including variance-reduced methods
such as Hutch++ (Meyer et al. 2021), which exploit low-
rank structure to accelerate convergence, and dynamic algo-
rithms (Dharangutte and Musco 2021; Woodruff, Zhang, and
Zhang 2022), which adaptively allocate samples to achieve
higher accuracy. Related work also addressed the problem
of estimating the spectral norm of a matrix using structured
estimators based on rank-one vectors, see (Bujanovic and
Kressner 2021). Another closely related problem is the es-
timation of the matrix diagonal (Bekas, Kokiopoulou, and
Saad 2007; Baston and Nakatsukasa 2022; Dharangutte and
Musco 2023), for which recent works have provided algorith-
mic improvements and theoretical guarantees.

The two-to-infinity norm is widely used as a theoretical
tool to study statistical guarantees for algorithms in various
areas of high-dimensional statistics and learning theory. Par-
ticular applications include bandit problems with specific
reward structures (Jedra et al. 2024), singular subspace recov-
ery (Cape, Tang, and Priebe 2019), and clustering (Pensky
2024).

In machine learning algorithms, the two-to-infinity norm
most often appears as part of the max-norm (see the notation
section), an important tool for algorithm regularization. Its ap-
plications include, in particular, the matrix completion prob-
lem via matrix factorization (Srebro, Rennie, and Jaakkola
2004). In this setting, one can show that the max-norm serves
as a surrogate for the rank of the approximator matrix. This
idea was further developed in (Lee et al. 2010), where the
authors introduce gradient-based algorithms, such as the pro-
jected gradient method and the proximal point method, for
solving the regularized matrix factorization problem. Max-
norm regularizers are also an important part of many online
frameworks for such problems, often combined with addi-
tional sparsity-inducing constraints, as in (Shen, Xu, and Li
2014).

Estimating matrix operator norms ∥A∥p→q induced by dif-
ferent combinations of p and q has recently attracted a lot of
attention (Higham and Tisseur 2000; Bujanovic and Kressner
2021; Bresch et al. 2024; Naumov et al. 2025). A founda-

tional contribution in this direction is the work (Boyd 1974),
which proposes a general iterative algorithm for estimating
∥ · ∥p→q norm for arbitrary p and q, except for the cases
of ∥ · ∥1→2 and ∥ · ∥2→∞ norms. Their approach is based
on a generalization of the classical power method. Papers
(Higham 1992; Roth, Kilcher, and Hofmann 2020) extend
the methodology of (Boyd 1974) and apply it to more special-
ized norms, including the ∥ · ∥1→2 and ∥ · ∥2→∞ norm cases.
While (Boyd 1974) proves theoretical convergence results for
certain types of matrices, the authors of (Higham 1992; Roth,
Kilcher, and Hofmann 2020) do not provide any theoretical
guarantees for the ∥ · ∥1→2 and ∥ · ∥2→∞ cases. Furthermore,
we provide an example below demonstrating that, when esti-
mating the ∥·∥2→∞ norm, this method diverges with positive
probability even when applied to a simple diagonal matrix.

3 Two-to-Infinity Norm Estimation
Here, we briefly introduce the adaptive power method pro-
posed by (Higham 1992; Roth, Kilcher, and Hofmann 2020).
Full pseudocode is provided in the supplementary paper. The
method begins with an initial random vector X0 (typically
drawn from a Gaussian distribution), followed by an iterative
update process:

Y i = dual∞(AXi−1), Xi = dual2(A
⊤Y i),

where the dual operator is defined as

dualp(x) =

{
sign(x)⊙ |x|p−1/∥x∥p−1

p , if p < ∞,

|I|−1 sign(x)⊙ 1I , if p = ∞,

where I := {i ∈ [d] : |xi| = ∥x∥∞}, and 1I :=
∑

i∈I ei is
an indicator vector over the set I. The final estimate after m
iterations is obtained by computing ∥AXm∥∞.
Example 1 (Divergence of the Adaptive Power Method). Let
A ∈ R2×2 be given by

A =

(
2 0
0 1

)
.

Then, with probability at least 0.295, the Adaptive Power
Method diverges when applied to the matrix A.
Explanation. Let X = AX0, where X0 ∼ N (0, I2) is the
initial vector, and X = (X1, X2)

⊤. Then:

P(|X1| < |X2|) = P(2|X0
1 | < |X0

2 |) = P
(∣∣∣∣X0

1

X0
2

∣∣∣∣ < 1

2

)
=

∫ 1/2

−1/2

1

π(1 + t2)
dt =

2

π
arctan(1/2) ≈ 0.2951,

since the random variable X0
1/X

0
2 has a Cauchy distribution.

By the definition of dual∞, we then have Y 1 = sign(X)⊙
(0, 1)⊤ with probability at least 0.295. Then it is easy to
check that

X1 =
A⊤Y 1

∥A⊤Y 1∥2
= sign(X)⊙ (0, 1)⊤.

It is easy to verify that Xi = Y i = sign(X) ⊙ (0, 1)⊤ for
any i ≥ 1. Consequently, the final estimate with probability
≥ 0.295 equals

L = ∥AXm∥∞ = 1,

which is incorrect, as ∥A∥2→∞ = 2.
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3.1 Hutchinson’s Diagonal Estimator
Unlike the iterative algorithms, such as the adaptive power
method, we focus on a stochastic estimator of the two-to-
infinity norm, which is accurate in the limit of large num-
ber of matrix-vector products. Our algorithms build upon
a well-known technique for estimating the diagonal of a
square matrix using only matrix-vector products. This tech-
nique is known as the Hutchinson diagonal estimator (Bekas,
Kokiopoulou, and Saad 2007; Baston and Nakatsukasa 2022;
Dharangutte and Musco 2023). In this section, we introduce
the Hutchinson diagonal estimator and provide concentration
inequalities that are useful for our subsequent analysis.

Definition 1. Let X1, . . . , Xm ∈ {−1, 1}d be independent
Rademacher random vectors. For a square matrix A ∈ Rd×d,
the Hutchinson’s diagonal estimator Dm(A) ∈ Rd is defined
as

Dm(A) :=
1

m

m∑
i=1

Xi ⊙ (AXi).

Notably, in this definition, instead of Rademacher vectors,
it is possible to use Gaussian vectors or any mean-zero ran-
dom vectors with an identity covariance matrix. However, we
prefer Rademacher vectors because they yield an estimate
with minimal variance (see Proposition 1 in (Hutchinson
1989)).

This estimator is a natural extension of the classical
Hutchinson method for trace estimation (Hutchinson 1989).
It provides an unbiased estimate of the diagonal, moreover,
its variance can be computed, for any i ∈ [d], as

Var[D1
i (A)] =

∑
j ̸=i

A2
ij .

Furthermore, the estimator enjoys high-probability error
bounds that quantify its deviation from the true diagonal. In
particular, we rely on the following result from (Dharangutte
and Musco 2023), which provides the following bound for
the ℓ2 norm of the Hutchinson’s estimator error:

Theorem 1 (Theorem 1 in (Dharangutte and Musco 2023)).
Let A ∈ Rd×d, m ∈ N, δ ∈ (0, 1]. Then with probability at
least 1− δ:

∥Dm(A)− diag(A)∥2 ≤ c

√
log(2/δ)

m
∥A− diag(A)∥F ,

where c is an absolute constant.

3.2 Our method
Now we describe our strategy for estimating ∥ · ∥2→∞ norm.
The main idea is that the diagonal entries of the matrix AA⊤

correspond to the squared ℓ2 norms of the rows of A. There-
fore, the ∥ · ∥2→∞ norm can be equivalently expressed as

∥A∥22→∞ = max
i∈[d]

diag(AA⊤)i.

This identity suggests a natural strategy: instead of computing
all row norms explicitly, we can estimate the diagonal of
AA⊤ using the Hutchinson method, which only requires
matrix-vector products with A and A⊤. The final estimate of

Algorithm 1: TwINEst: Two-to-Infinity Norm Estimation

Input:
Matrix-vector multiplication oracle for A ∈ Rd×n,
Matrix-vector multiplication oracle for AT ∈ Rn×d,
Positive integer m ∈ N: number of random samples.

Output:
An estimate of the ∥A∥2→∞ norm.

1: Sample m random Rademacher vectors X1, . . . , Xm,
where each Xi ∈ {−1, 1}d

2: for each i = 1, 2, . . . ,m do
3: Compute ti = Xi ⊙AA⊤Xi

4: end for
5: Compute D = 1

m

∑m
i=1 ti ∈ Rd

▷D - estimate of the AA⊤ diagonal
6: Find j = argmaxi Di

7: Compute L = ∥A⊤ej∥2
▷ ej - is the j-th standard basis vector

8: return L

the ∥A∥2→∞ norm is then obtained by taking the maximum
of the estimated diagonal.

However, estimating the maximum value through the di-
rect application of Hutchinson’s method introduces high vari-
ance, leading to a noisy approximation. To mitigate this, we
can eliminate one source of randomness in the final estimate.
Namely, let D be the estimate of the diagonal of AA⊤. While
the entries of D are typically noisy, we can reduce variance
by avoiding direct use of maxi Di. Instead, we first iden-
tify the (random) index of the maximum estimated value,
j = argmaxi Di, and then compute ∥A⊤ej∥2 = ∥Aj∥2.
This approach significantly improves the quality of the esti-
mate, which is supported by the ablation study carried out
in Section 5.1. The outlined procedure is referred to as the
TwINEst algorithm and is presented in Algorithm 1. Note
that the algorithm steps given in lines 2 to 4 can be done
either in parallel, or in a matrix form, if it is possible to
store the matrix X = [X1, . . . , Xm] ∈ Rd×m and compute
X ⊙ AA⊤X . This is the main practical advantage of our
method over power-iteration based algorithms (Roth, Kilcher,
and Hofmann 2020).

We now establish upper bounds on the sample complexity
of TwINEst. In the context of randomized numerical lin-
ear algebra, sample complexity typically refers to the num-
ber of matrix-vector multiplications required to approximate
some quantity within a specified error tolerance and failure
probability. Beyond these bounds, we also derive an oracle
complexity: the number of matrix–vector multiplications suf-
ficient to return the correct answer with failure probability δ,
expressed in terms of the gap ∆ between the largest squared
ℓ2-norm among the rows of A and the squared ℓ2-norm of the
nearest non-maximal row. Formally, with M = maxi ∥Ai∥22,
we define

∆ = M − max
i : ∥Ai∥2

2<M
∥Ai∥22.

A large ∆ makes the largest ℓ2-norm easy to detect, reducing
oracle complexity, whereas a small ∆ requires more samples,
since the top norms are close.
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We now establish the oracle complexity of TwINEst,
namely the number of samples required to recover the exact
value of the matrix norm ∥ · ∥2→∞ with high probability.
Theorem 2 (TwINEst Oracle Complexity). Let A ∈ Rd×n,
m ∈ N. Let Tm(A) be the result of Algorithm 1 based on m
random vectors. Then, it suffices to take

m >
8 log(2d/δ)

∆2
∥AA⊤ − diag(AA⊤)∥22→∞

to ensure Tm(A) = ∥A∥2→∞ with probability at least 1− δ.

Discussion. The proof of Theorem 2 is provided in the
supplementary paper. Importantly, the structure of TwINEst
allows us not only to bound the probability of deviating from
the true value, but also to bound the probability that our
algorithm returns the exact value. Notably, when ∆ = 0,
identifying the maximum row norm becomes trivial, and the
algorithm always returns the correct answer.
Remark 3 (TwINEst Sample Complexity). Let A ∈ Rd×n,
m ∈ N, and ε > 0. Let Tm(A) be the result of Algorithm 1
based on m random vectors. Then, it suffices to take

m >
2 log(2d/δ)

ε2
∥AA⊤ − diag(AA⊤)∥22→∞

to ensure |Tm(A)− ∥A∥2→∞| < ε with probability at least
1− δ.

Proof. Proof is completely analogous to the proof of Theo-
rem 2.

Depending on ∆, either Theorem 3 or Theorem 2 may be
more useful. Results similar to those in Theorem 3 have pre-
viously been obtained for the Hutchinson estimator (Roosta-
Khorasani and Ascher 2015; Jiang et al. 2021), Hutch++
(Meyer et al. 2021), and several other methods. To the best
of our knowledge, this is the first bound on the sample com-
plexity of randomized estimation of the two-to-infinity norm.

4 Improved Algorithm
In this section, we present an improved version of our algo-
rithm, which incorporates the variance reduction technique
of the Hutch++ method (Meyer et al. 2021). Bearing simi-
larity with the Hutch++ method, we call this modification
TwINEst++. Rather than estimating the diagonal with the clas-
sical Hutchinson estimator, we adopt the unbiased Hutch++
diagonal modification (Han, Li, and Zhu 2024). The key idea
of this technique is to approximate the dominant low-rank
part of the matrix using a few random vectors, explicitly
compute its diagonal, and estimate the diagonal of the resid-
ual term using Hutchinson’s estimator. More precisely, let
S ∈ Rd×r consist of r independent Rademacher vectors.
Multiplying by AA⊤, we form the matrix AA⊤S, whose
column span approximates the dominant eigenspace of AA⊤

with high probability. To approximate this eigenspace, we
compute the thin QR-decomposition of the matrix AA⊤S
and further rely on the factor Q ∈ Rd×r. Using the orthog-
onal projector P = QQ⊤, we decompose AA⊤ into a low-
rank approximation and a residual:

AA⊤ = AA⊤P︸ ︷︷ ︸
low-rank

+AA⊤(I − P )︸ ︷︷ ︸
residual term

. (1)

Algorithm 2: TwINEst++

Input:
Matrix-vector multiplication oracle for A ∈ Rd×n,
Matrix-vector multiplication oracle for AT ∈ Rn×d,
Positive integer m ∈ N: total sampling budget.

Output:
An estimate of the ∥A∥2→∞ norm.

1: Sample m
3 random Rademacher vectors X1, . . . , X

m
3 ,

where each Xi ∈ {−1, 1}d
2: Sample random Rademacher matrix S ∈ Rd×m

3 , with
i.i.d. {−1, 1} entries

3: Compute an orthonormal basis Q for AA⊤S
▷ via QR decomposition

4: for each i = 1, 2, . . . , m
3 do

5: Compute ti = Xi ⊙AA⊤(I −QQ⊤)Xi

6: end for
7: Compute D̂ = 3

m

∑m/3
i=1 ti ∈ Rd

8: Compute D = D̂ + diag(AA⊤QQ⊤)
▷D - estimate of the AA⊤ diagonal

9: Find j = argmaxi Di

10: Compute L = ∥A⊤ej∥2
▷ ej - is the j-th standard basis vector

11: return L

The diagonal of the low-rank part can be computed explicitly:

diag(AA⊤P ) = (A(A⊤Q)⊙Q) · (1 1 ... 1)⊤,

this requires only O(dr) floating-point operations and 2r
matrix-vector products with matrices A and A⊤. To estimate
the diagonal of the matrix AA⊤, we combine this exact com-
putation with a stochastic estimate of the residual term:

diag(AA⊤) ≈ diag(AA⊤P ) +Dm(AA⊤(I − P )).

This hybrid estimator typically achieves a significantly lower
variance than the standard Hutchinson method, which in turn
leads to better identification of the maximum row. We fol-
low the Hutch++ strategy and set r = m/3, where m is the
whole budget for matrix-vector products (see ablation of dif-
ferent strategies for choosing r in the supplement materials).
A detailed description of the algorithm is provided in Algo-
rithm 2. Below we provide the counterpart of Theorem 2 for
the TwINEst++ estimator.

Theorem 4 (TwINEst++ Oracle Complexity). Let A ∈
Rd×n, m ∈ N and c ∈ R+ – some constant. Let Tm

++(A)
be the output of Algorithm 2 based on m samples. Then, it
suffices to choose

m > c ·
(√

log(2/δ)

∆
∥A∥2F + log(1/δ)

)
to ensure that Tm

++(A) = ∥A∥2→∞ with probability at least
1− δ.

Proof. The structure of the proof follows the same reasoning
as in the case of Theorem 2 for the base TwINEst algorithm.
In particular, we again rely on a concentration inequality for
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Figure 1: Comparison of methods for estimating the two-to-infinity norm on random square matrices. Shown is the relative error
versus the number of matrix-vector multiplications, averaged over 500 trials.

the diagonal estimator. However, for TwINEst++, we employ
a refined concentration result provided in Theorem 1, which
yields a tighter control over the estimation error and enables
the improved complexity result stated below. Full proof is
provided in the supplement paper.

Theorem 4 shows that TwINEst++ achieves an improved
oracle complexity compared to the original algorithm, par-
ticularly in challenging scenarios when ∆ → 0, making
identification of the correct row difficult. Specifically, the
oracle complexity is reduced from O(1/∆2) in the original
TwINEst algorithm to O(1/∆) in TwINEst++. Moreover, we
expect that TwINEst++ performs particularly well in low-
rank settings, exploiting the low-rank structure of the matri-
ces, as in recent methods (Meyer et al. 2021; Parkina and
Rakhuba 2025). However, TwINEst’s oracle complexity de-
pends on the norm of the matrix without its diagonal, while
for TwINEst++ it depends on the norm of the whole matrix,
so TwINEst may perform better for some matrices.

5 Experiments
In this section, we present an empirical evaluation of the
proposed algorithms. We focus on comparing the algorithms
on synthetic and real-world matrices (see Section 5.1 and
Section 5.2), and applications of our methods to image clas-
sification and recommender systems tasks (see Section 5.3
and Section 5.4). All experiments are conducted on a single
NVIDIA Tesla V100 GPU with 32GB memory.

5.1 Synthetic Data
In the following two sections, we compare the following
methods:
• Adaptive Power Method. A modification of the power

iteration method for estimating the two-to-infinity norm
(see Algorithm 3 in the supplementary paper), based on
(Higham 1992; Roth, Kilcher, and Hofmann 2020).

• Rademacher Averaging. A version of the TwINEst
method that does not compute the exact norm of the candi-
date row with the maximum norm. Formally, for a matrix

A ∈ Rd×n we output
√

maxi Dm
i (AA⊤) (see notations

in Algorithm 1).
• TwINEst. Our algorithm introduced in Algorithm 1.
• TwINEst++. A variance-reduced version of TwINEst, de-

scribed in Algorithm 2.

The Adaptive Power Method lacks theoretical guarantees and
may diverge on certain matrices (see Example 1). Therefore,
we hypothesize that our algorithms will outperform it. Experi-
ments with Rademacher Averaging serve as a natural ablation
study for the TwINEst method.

For our synthetic experiments, we generate random Gaus-
sian matrices A ∈ R5000×5000. Specifically, we fix a param-
eter ∆ ∈ (0, 1) and sample values c3, . . . , c5000 ∼ U [0, 1],
setting c1 = 1 +∆, c2 = 1. Each row of the matrix A is nor-
malized such that its squared ℓ2-norm is equal to ci, ensuring
a gap of magnitude ∆ between the largest and second-largest
squared row norms. The singular value distributions of these
matrices are quite similar for different values of ∆ (see Fig-
ure 4a in the supplementary paper). Therefore, the parameter
∆ may have a significant impact on the convergence rate.

The results of synthetic experiments for different values
of ∆ are illustrated in Figure 1. As anticipated, TwINEst
consistently outperforms Rademacher Averaging. The Adap-
tive Power Method fails to converge, as evidenced by its flat
performance line. For a relatively large gap ∆ = 10−1, the
TwINEst algorithm rapidly converges, achieving accurate
results consistently within approximately 400 iterations.

5.2 WideResNet Jacobian
To validate our methods on real-world data, we evaluate them
on the Jacobian matrix J ∈ R3·32·32×100 of a WideResNet-
16-10 (Zagoruyko and Komodakis 2016) trained on CIFAR-
100 (Krizhevsky, Hinton et al. 2009). Given the structure of J
(the number of columns is much smaller than the number of
rows), we expect that the AA⊤P term (see Equation (1)) in
TwINEst++ will capture almost the entire span of AA⊤ with
high probability. Therefore, TwINEst++ should outperform
the basic TwINEst method on this matrix.
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1Figure 2: Comparison of methods for estimating the two-to-
infinity norm of the Jacobian matrix of WideResNet-16-10
trained on CIFAR-100. The plot shows the relative error
versus the number of matrix-vector multiplications, averaged
over 500 trials.

Figure 2 confirms our hypothesis: the TwINEst++ algo-
rithm achieves rapid convergence consistent with the rank
of matrix J , significantly outperforming other algorithms.
Again, the Adaptive Power Method fails to converge. For a
comprehensive ablation, we provide a comparison between
the relative error of the methods and their floating point oper-
ation counts (FLOPs) in Figure 6.

5.3 Deep Learning Application
We study whether penalizing the two-to-infinity norm of the
input-output Jacobian can improve the generalization ability
and adversarial robustness of neural networks in image clas-
sification. Theorem 1 in (Roth, Kilcher, and Hofmann 2020)
establishes a formal connection between ℓp→q Jacobian norm
regularization and adversarial training. This motivates our
hypothesis that two-to-infinity regularization can enhance
adversarial robustness of deep neural networks.

We compare our regularizer to the standard Jacobian-based
penalties: Frobenius norm (Hoffman, Roberts, and Yaida
2019), spectral norm (Roth, Kilcher, and Hofmann 2020), and
infinity norm (ℓ∞) (Roth, Kilcher, and Hofmann 2020). For
most image-classification datasets (e.g., CIFAR-100, TinyIm-
ageNet (Le and Yang 2015)), the number of output classes is
much smaller than the number of input features (pixels). Con-
sequently, the Jacobian of an image classifier trained on these
datasets is a tall matrix. Hence, the two-to-infinity norm’s
finer control over the Jacobian’s elements leads us to expect
our regularizer to outperform standard norm penalties such
as the Frobenius and spectral norms.

Formally, we minimize the following objective function:

L(x, y) = LCE(f(x), y) + λ · ∥Jf (x)∥2,
where LCE is the cross-entropy loss, x ∈ Rd, f(x) ∈ RM is
the output of a deep neural network, M ∈ N is the number
of classes, Jf (x) ∈ Rd×M is the Jacobian of the logits f(x)
with respect to the input x, and ∥ · ∥ denotes one of the fol-
lowing norms: Frobenius, spectral, infinity, or two-to-infinity.

Explicit construction of the Jacobian of a deep network is
computationally prohibitive in terms of both time and mem-
ory. Instead, we approximate each norm using the estimators
described in the cited papers (see details in Appendix D.5).
For the two-to-infinity norm, we employ TwINEst algorithm.
All of these estimators require only Jacobian–vector and vec-
tor–Jacobian products, which are supported by the automatic-
differentiation frameworks. However, such operations cost
roughly as much as a single backward pass, and naively ap-
plying the regularizer at every training step can slow down
learning. To provide a more comprehensive ablation, we show
that updating the regularization term once every k iterations
still outperforms other methods, while adding negligible wall-
clock overhead relative to training without regularization. For
more details, see Appendix D.6 in the supplementary paper.

Experiments are conducted on CIFAR-100 and TinyImage-
Net datasets using the WideResNet-16-10 architecture, im-
plemented in PyTorch. The hyperparameters are provided in
Appendix D.4. We evaluate each method by reporting the fi-
nal test accuracy, the stable rank of the Jacobian (computed as
∥J∥2F /∥J∥22), and adversarial metrics: accuracy after FGSM
(Goodfellow, Shlens, and Szegedy 2015) and PGD (Madry
et al. 2018) attacks with 2 steps.

As shown in Table 1, our method enhances both the gen-
eralization performance and the adversarial robustness of
WideResNet-16-10 on the CIFAR-100 and TinyImageNet
datasets. Other approaches show limited improvements over
the baseline.

5.4 RecSys Application
In this section, we study the application of our two-to-infinity
norm regularization to improve the adversarial robustness of
recommender systems. We focus on the collaborative filtering
task with du users and di items, and use the classic matrix
factorization framework:

R ≈ UV ⊤, (2)
where R ∈ Rdu×di is the user-item interaction matrix, and
U ∈ Rdu×r, V ∈ Rdi×r are users and items embedding
matrices, respectively. The predicted interaction scores form
the matrix R̂ = UV ⊤ ∈ Rdu×di , where R̂u,i denotes the
predicted score for the interaction between the u-th user and
the i-th item.

Some collaborative filtering models (e.g., (Rendle et al.
2009; Mao et al. 2021)) can be expressed within the frame-
work described in Equation (2). We follow the adversarial
setting introduced in (He et al. 2018), and adapt it to the Ultra-
GCN model (Mao et al. 2021). The UltraGCN loss function
is defined as:
L(U, V ) = LBCE(U, V )+γ ·LC(U, V )+λ·(∥U∥2F+∥V ∥2F ),
where LBCE is the binary cross-entropy loss, and LC is a
constraint loss defined in (Mao et al. 2021).

In the adversarial setting, the goal is to find a small per-
turbation of the model parameters that significantly degrades
prediction quality. Since only the binary cross-entropy term
directly affects recommendation accuracy, we aim to find
perturbations that maximize this component:

∆∗
U ,∆

∗
V ∈ argmax

∥∆U∥2,∥∆V ∥2≤ε

LBCE(U +∆U , V +∆V ),
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CIFAR-100 TinyImageNet
Regularizer Acc. ↑ FGSM ↑ PGD ↑ S. Rank ↓ Acc. ↑ FGSM ↑ PGD ↑ S. Rank ↓
No regularization 75.5 ±0.2 24.4±0.6 11.7 ±0.3 32.0 ±1.1 57.8 ±1.3 30.4±0.3 20.2±0.1 30.9 ±4.3

Frobenius 75.7 ±0.5 23.5±0.2 13.3±0.2 31.6 ±0.2 58.6 ±0.3 31.1±0.2 20.7±0.5 27.8 ±0.9

Spectral 75.7 ±0.3 23.3±0.7 11.3±0.4 32.0 ±1.0 57.4 ±0.8 30.0±1.1 20.0±0.5 28.2 ±0.3

Infinity 75.8 ±0.4 23.7±0.7 11.1±0.2 30.7 ±1.2 57.1 ±0.7 29.6±1.4 19.7±1.0 28.8 ±0.9

Two-to-Infinity (ours) 77.3 ±0.1 26.9±0.5 14.5±0.5 18.3 ±0.8 59.6 ±0.9 31.0±1.0 23.4±0.7 24.9 ±0.3

Table 1: Comparison of Jacobian regularization methods on CIFAR-100 and TinyImageNet datasets using WideResNet-16-10.
Metrics are averaged over 3 trials. Up arrow (↑) indicates higher is better, while down arrow (↓) indicates lower is better.
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Figure 3: Comparison of different regularization methods for adversarial robustness of UltraGCN (Mao et al. 2021). Shown is
the NDCG@10 metric(higher is better) versus the magnitude of the attack. Metric is averaged over 5 trials.

where ε controls the attack magnitude. A practical way to
obtain such perturbations is via:

∆adv
U = ε · ΓU

∥ΓU∥2
, and ∆adv

V = ε · ΓV

∥ΓV ∥2
,

where ΓU and ΓV are the gradients of LBCE with respect to U
and V , respectively. To improve the adversarial robustness of
the UltraGCN model, we modify its loss function by replac-
ing the standard weight decay term (∥U∥2F + ∥V ∥2F ) with a
regularization term based on the two-to-infinity norm of the
score matrix. This regularizer provides better control over
the embedding matrices by taking into account the impact
of every user embedding and penalizing the largest ones. In-
tuitively, this should prevent the model from overfitting to a
small subset of popular users. Specifically, our loss function
becomes:

Lours(U, V ) = LBCE(U, V ) + γ · LC(U, V ) + λ · ∥R̂∥22→∞.

Note that computing the full score matrix R̂ at every train-
ing iteration is computationally prohibitive due to its large
size and memory requirements. To address this, we approxi-
mate the two-to-infinity norm using our TwINEst algorithm.
We compare our two-to-infinity regularizer with the standard
weight decay used in the UltraGCN model, as well as with the
two-to-infinity norm of the factors (∥U∥22→∞ + ∥V ∥22→∞),
which is closely related to the max-norm regularizer popu-
lar in recommender systems (Srebro, Rennie, and Jaakkola
2004).

Experiments are conducted on the MovieLens-1M (Harper
and Konstan 2015), Yelp-2018 (Asghar 2016), and CiteULike

(Wang, Chen, and Li 2013) datasets, using the UltraGCN
architecture implemented in PyTorch. The hyperparameter
configurations and the dataset preprocessing pipeline are
provided in Appendix D.7. We evaluate methods by reporting
the NDCG@10 metric (which rewards ranking relevant items
near the top) (Järvelin and Kekäläinen 2002). Additional
results using other metrics are provided in Appendix D.8.

Results are shown in Figure 3. On every dataset, our regu-
larization demonstrates improved robustness under adversar-
ial attacks of moderate to high magnitude. While our method
achieves comparable metrics to the baselines under no attack,
it exhibits greater stability under strong perturbations.

6 Conclusion

In this paper, we propose two novel matrix-free stochastic
algorithms for estimating the two-to-infinity and one-to-two
norms, and provide a theoretical analysis of their behavior.
Our empirical results demonstrate that the proposed methods
outperform existing approaches in terms of both accuracy and
computational efficiency. Furthermore, we show that our al-
gorithms can be easily integrated into deep learning pipelines
and applied to improve robustness to adversarial attacks in
recommender systems. Possible directions for future research
include establishing lower bounds on the sample and oracle
complexity of the two-to-infinity norm estimation or explor-
ing additional applications of two-to-infinity norm estimation
in the matrix-free setting.
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