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Abstract

Recent advances in stochastic differential equations (SDEs)
have enabled robust modeling of real-world dynamical pro-
cesses across diverse domains, such as finance, health, and
systems biology. However, parameter estimation for SDEs
typically relies on accurately timestamped observational se-
quences. When temporal ordering information is corrupted,
missing, or deliberately hidden (e.g., for privacy), existing es-
timation methods often fail. In this paper, we investigate the
conditions under which temporal order can be recovered and
introduce a novel framework that simultaneously reconstructs
temporal information and estimates SDE parameters. Our
approach exploits asymmetries between forward and back-
ward processes, deriving a score-matching criterion to infer
the correct temporal order between pairs of observations. We
then recover the total order via a sorting procedure and esti-
mate SDE parameters from the reconstructed sequence using
maximum likelihood. Finally, we conduct extensive experi-
ments on synthetic and real-world datasets to demonstrate the
effectiveness of our method, extending parameter estimation
to settings with missing temporal order and broadening appli-
cability in sensitive domains.

Introduction
Stochastic differential equations (SDEs) are fundamental
tools for modeling dynamical systems under uncertainty
across diverse domains such as finance, health, and bi-
ology (Pavliotis 2014; Qian et al. 2021; Kacprzyk et al.
2024a). The Ornstein–Uhlenbeck (OU) process, a linear
Gaussian SDE, is particularly notable for its analytical
tractability and broad applicability (Gardiner et al. 2004).

Traditional parameter estimation techniques for SDEs,
e.g. maximum likelihood estimation (MLE), crucially de-
pend on access to temporally ordered data (Särkkä and Solin
2019; Guan et al. 2024). However, in many real-world sce-
narios, the temporal order is corrupted, incomplete, or in-
tentionally removed. This challenge is especially crucial
in domains such as healthcare and finance, where privacy
concerns, data anonymization, or system errors can lead
to datasets with missing or inaccurate timestamps. In such
cases, the loss of temporal information renders standard in-
ference methods unreliable, necessitating new approaches
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Figure 1: Our sorting procedure leverages drift-score dis-
crepancy to reorder data. (a) Compare errors for each states
pair in the Data Reordering stage. (b) Alternating between
sorting data and estimating parameters.

that can recover both the time order and the underlying SDE
parameters.

Existing work primarily focused on trajectory inference
from population snapshots to reconstruct latent dynamics
when time is observed but individual trajectories are un-
tracked (Guan et al. 2024; Gu, Chien, and Greenewald
2025). However, these approaches assume at least partial
temporal information is available and do not address set-
tings where the timestamp of each observation is unknown
or incorrect. As a result, when observations are unordered,
neither of these methods guarantee accurate parameter esti-
mation or trajectory reconstruction.

This issue is particularly prominent in the analysis
of electronic medical records (EMR), where timestamps
are often subject to recording delays, asynchronous up-
dates, and missingness (Nguyen et al. 2016; Pham et al.
2017). Thereby, patient histories extracted from EMR com-
monly contain irregular, noisy, or misordered event se-
quences (Johnson et al. 2016). Inference of interven-
tional SDEs from such data becomes fundamentally non-
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identifiable: causal effect estimates or post-intervention pre-
dictions may be reversed, potentially leading to invalid or
even harmful conclusions, e.g., wrongly inferring that a
treatment is detrimental when it is beneficial.

In this work, we address the challenge of jointly recover-
ing temporal order and estimating SDE parameters from un-
ordered observations. We analyze the identifiability of time
direction in time-homogeneous linear SDEs, and propose
a new framework (Fig. 1) that exploits statistical asymme-
tries between forward and backward dynamics via a pair-
wise score-matching criterion. From this, we aggregate the
local temporal direction to reconstruct the global order via a
sorting algorithm. We then apply maximum likelihood esti-
mation to the reconstructed data for parameter inference. We
validated our framework on both synthetic and real-world
datasets and showed reliable temporal order recovery and
robust parameter estimation, even under severe order cor-
ruption.

Our contributions are:
• We provide theoretical conditions under which temporal

order is identifiable from unordered observations of lin-
ear SDEs.

• We introduce a novel pairwise score-matching criterion
to infer the directionality between observation pairs.

• We develop a practical algorithm that reconstructs global
temporal order, enabling classical parameter estimation
techniques to be applied to unordered data.

• We demonstrate, through extensive experiments on syn-
thetic and real-world datasets, the robustness of our
method to severe temporal order corruption.

Background
In this section, we briefly review stochastic differential equa-
tions (SDEs), relevant applications, existing methods for in-
ference, and highlight non-identifiability issues when tem-
poral order is missing.

Stochastic Differential Equations (SDEs) model the
temporal evolution of systems influenced by both determin-
istic dynamics (drift) and random perturbations (diffusion).
A general d-dimensional, time-homogeneous SDE driven by
an m-dimensional Brownian motion Wt is written as

dXt = b(Xt) dt+ σ(Xt) dWt, X0 ∼ p0, (1)

where b : Rd → Rd is the drift vector field, and σ :
Rd → Rd×m is the diffusion coefficient. Under standard
Lipschitz and growth conditions, the SDE admits a unique
strong solution (Fang and Giles 2020). SDEs play a founda-
tional role in diverse domains, including modeling hydrolog-
ical flows (Beven, Ed Henderson, and Reeves 1993; Man and
Tsai 2007), financial assets (Black and Scholes 1973), and
as the backbone of modern diffusion-based generative mod-
els (Sohl-Dickstein et al. 2015; Ho, Jain, and Abbeel 2020;
Song et al. 2020; Meng et al. 2022; Nguyen et al. 2025).

This work focuses on the subclass of time-homogeneous
SDEs with additive, constant (possibly anisotropic) diffu-
sion:

dXt = b(Xt) dt+G dWt, X0 ∼ p0, (2)

where b is the drift function as above, Wt is an m-
dimensional standard Wiener process, G ∈ Rd×m is a con-
stant matrix and we also note that the observational diffusion
matrix is H = GG⊤ ≻ 0 (Wang et al. 2023). Typically, we
can only estimate H from data (rather than G). A particu-
larly important special case is the time-homogeneous linear
additive noise SDE,

dXt = AXt dt+G dWt, X0 ∼ p0, (3)

which generalizes the Ornstein–Uhlenbeck process and is a
fundamental model for both physical and statistical applica-
tions.

Classical methods for SDE parameter estimation, such as
maximum likelihood estimation and Kalman filtering, as-
sume temporally ordered data and are widely used in statis-
tics, finance, and biology (Gillespie 1996; Wang et al. 2023;
Bao, Feng, and Zhang 2024; Carter, Mujica-Parodi, and
Strey 2024; Guan et al. 2024; Sun and Ditlevsen 2025; Gu,
Chien, and Greenewald 2025). These approaches exploit the
Markov property and transition densities of SDEs, and can
be extended to irregularly sampled or partially observed tra-
jectories using EM algorithms or state-space models. How-
ever, these works fundamentally rely on accurate or partially
known time information.

Related Work To recover temporal structure in unordered
or noisy data, graph-based approaches such as the Minimum
Spanning Tree (MST) (Trapnell et al. 2014) and pseudo-
time methods including Diffusion Pseudotime (DPT) and
related latent time inference techniques (Haghverdi et al.
2016; Marco et al. 2014) have been proposed in the context
of single-cell genomics. While these algorithms reconstruct
plausible orderings via pairwise distances, depth-first seach,
or nearest neighbor-based transition matrix, they do not use
SDE transition dynamics and provide no guarantees for pa-
rameter identifiability or causal inference. We will compare
these methods with ours in the experiment section.

Methods
We assume the process {Xt}t≥0 evolves in Rd according
to a time-homogeneous SDE with general drift and con-
stant additive noise as in Eq. (2). We observe N indepen-
dent trajectories

{
X

(j)
i∆t

}T
i=0

on an equally spaced time grid
ti = i∆t, where ∆t > 0 is the step size, and T is the number
of time steps. For each trajectory, the increments are given
by

∆X
(j)
i = X

(j)
i+1−X

(j)
i , j = 1, . . . , N, i = 0, . . . , T − 1.

Problem Formulation
Now suppose those observed trajectories are recorded on an
equally spaced time grid but at unknown time points, i.e.,
the original temporal order of the data, which follows the
assumed format in (3), has been fully permuted. That is, the
observed dataset is a permutation of the true trajectory:

X =
{
Xπ(1),Xπ(2), ...,Xπ(n)

}
, (4)

where π :
{
1, ..., n

}
→
{
1, ..., n

}
is an unknown permuta-

tion representing the lost temporal order. Then our problem
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can be formally stated as:

Given: X =
{
Xπ(1),Xπ(2), ...,Xπ(n)

}
Estimate: θ = (A,H), Recover: X (correct order)

(5)

such that our model (with parameters estimated) is most con-
sistent with the correctly reconstructed data.

Conditions for Identifiability of Time Direction
When temporal order is missing, observed trajectories are
not aligned with the true time axis. We first characterize the
conditions under which the underlying time direction is sta-
tistically identifiable or not. Based on these results, we de-
velop a score-based iterative method to recover the correct
order and estimate the SDE parameters.
Theorem 1 (Non-identifiability of Time Direction). Sup-
pose the drift satisfies b(x) = 1

2H∇ log p∗(x), i.e., the
process is reversible and satisfies detailed balance with re-
spect to p∗(x). Then, for any finite sequence of observations
(x0, . . . ,xn) drawn from the stationary process, the joint
distribution is symmetric under time reversal:

p(x0,x1, . . . ,xn) = p(xn,xn−1, . . . ,x0). (6)

Thus, the direction of time cannot be statistically identified
from such data, by any criterion based on observed paths.

Proof. (Sketch of proof). Detailed balance implies the sta-
tionary probability current vanishes and the transition kernel
satisfies pτ (y|x)p∗(x) = pτ (x|y)p∗(y). By induction, the
joint law of a stationary path is symmetric under reversal:
p(x0, . . . ,xn) = p(xn, . . . ,x0). Thus, no statistical test can
recover the time direction.

The stationary probability current, defined as

J(x) = b(x) p∗(x)−
1

2
H∇p∗(x), (7)

serves as a key criterion for distinguishing reversible and ir-
reversible diffusion processes. A process is reversible if and
only if J(x) = 0 for all x; in this case, the system satisfies
detailed balance, and the stationary joint law is symmetric
under time reversal. This symmetry implies that no statis-
tical procedure can identify the true direction of time from
observed data alone. In contrast, when J(x) ̸= 0 for some x
(i.e., the process is irreversible and detailed balance is bro-
ken), the stationary distribution is accompanied by a nonzero
probability current, and the true time direction becomes sta-
tistically identifiable from data. Thus, the irreversibility of
the underlying SDE fundamentally determines whether tem-
poral order can be inferred from sample paths. When the
process in Eq. (3) is irreversible, the drift b is not a gra-
dient field and the forward and backward SDEs differ by a
term involving the score (gradient of the log density) of the
marginal distribution:

b̄(x) = b(x)−H∇x log pt(x), (8)

where pt(x) is the marginal density at time t. This inherent
asymmetry allows for a statistical test of the time direction:
the correct temporal order is the one in which the empirical

drift increments most closely fit the predicted SDE dynam-
ics, once the score correction is accounted for. Thus, we can
infer the correct temporal order from an unordered sequence.

Empirically, given two candidate orderings of adjacent
snapshots Xa and Xb (separated by presumed time interval
∆t), we can estimate the empirical drift, compute the empir-
ical score (using sample mean and covariance), and quantify
the fit error between the observed increment and the score-
corrected drift prediction. The time direction that yields the
lower total error across all pairs is thus favored. This leads
directly to our next result:

Theorem 2 (Identifiability of Time Direction for Asymmet-
ric Diffusions). Let dXt = b(Xt), dt +G, dWt be an Itô
diffusion with non-conservative drift (i.e., b is not the gra-
dient of any potential and J(Xt) ̸= 0), and suppose for all
t that the marginal density pt is smooth and full-rank, with
invertible H. Let E→ and E← denote the average squared
error when fitting the empirical drift under the forward and
backward order, respectively, using the score-based crite-
rion:

E→ = E
[∣∣∣b̂−H∇x log p̂t(Xt)

∣∣∣2] , (9)

with E← defined analogously for the reversed order. Then
the correct temporal order uniquely minimizes the average
error:

Ecorrect < Eincorrect. (10)

That is, the direction of time is statistically identifiable using
the drift–score discrepancy criterion, provided the process is
irreversible.

Proof. (Sketch of proof). For the correct order, empirical in-
crements align with the drift minus the score term as in the
time-reversal formula. In the incorrect direction, the empiri-
cal drift deviates due to the non-gradient part of b, yielding
systematically larger error. Thus, the minimization identifies
the true order; for reversible (gradient) drift, both directions
are indistinguishable.

Once the correct time direction is identified, the data
{Xt} forms an ordered sample path of the underlying SDE.
The empirical increments ∆Xt = Xt+1 −Xt are then gov-
erned by the discrete-time Euler–Maruyama dynamics. Pa-
rameter estimation thus reduces to a standard identification
problem: if {Xt} spans Rd and H is positive definite, both b
and H are uniquely identifiable from the observed trajectory,
as stated in the following theorem.

Theorem 3 (Identifiability of Drift and Diffusion Parame-
ters). Let {Xt}Tt=0 be a discrete-time trajectory generated
by the Euler–Maruyama discretization with step size ∆t > 0
of the d-dimensional SDE

dXt = b(Xt) dt+G dWt, (11)

where b : Rd → Rd is the drift function and G ∈ Rd×m,
with H = GG⊤ ≻ 0. Assume:

• The empirical Gram matrix
∑T−1

t=0 XtX
⊤
t is invertible

(i.e., the trajectory {Xt} spans Rd).
• The diffusion covariance H is positive definite.
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Then, both the drift function b (up to its linearization in the
linear case) and the diffusion matrix H are identifiable from
the observed trajectory.

Proof. (Sketch of proof). The Euler–Maruyama transition
model yields a Gaussian conditional law with mean Xt +
b(Xt)∆t and covariance H∆t. If two parameter sets pro-
duce identical conditionals for all Xt, the means and co-
variances must agree, implying b1(Xt) = b2(Xt) and
H1 = H2. Invertibility of the Gram matrix ensures this
holds in Rd.

Parameter Learning from Unordered Observations
We estimate SDE parameters via maximum likelihood, as-
suming linear drift b(Xt) = AXt and constant diffusion
with covariance H ≻ 0 (parameterized directly). For small
∆t, the discrete-time increments follow

∆Xi = AXi∆t+ εi, εi ∼ N (0, H∆t). (12)

The log-likelihood over all increments is

L(A,H) = −dN

2
log(2π∆t)− N

2
log |H|

− 1

2∆t

∑
i

Ri(A)⊤H−1Ri(A), (13)

where
Ri(A) = ∆Xi −AXi∆t. (14)

The MLEs are given by

Â =
1

∆t

(∑
i

∆XiX
⊤
i

)(∑
i

XiX
⊤
i

)−1
(15)

Ĥ =
1

N∆t

∑
i

(
∆Xi − ÂXi∆t

)(
∆Xi − ÂXi∆t

)⊤
(16)

After estimating Â and Ĥ, we iteratively reorder {Xt}
to maximize likelihood under the SDE dynamics. For each
adjacent pair (Xt,Xs), we compute the empirical drift b̂ =
|(Xs−Xt)/∆t| and the empirical score∇x log p̂t(Xt), esti-
mated as−Σ̂

−1
t (Xt−µ̂t). The drift–score discrepancy error

is given by

Error(Xt) =
∥∥∥b̂− Ĥ · ∇x log p̂t(Xt)

∥∥∥2 . (17)

At each iteration, we compute drift–score errors for both
possible orderings of each adjacent pair and swap states to
minimize the total error, repeating this process until conver-
gence. This score-based iterative sorting produces a trajec-
tory whose temporal direction is maximally consistent with
the estimated SDE dynamics. We refer to our algorithm as
ReTrace(REcover TRAjectories and learn sde parameters
for Counterfactual Estimates). The full procedure is detailed
in Algorithm 1, with theoretical recovery guarantees given
in below Theorem 4.

Algorithm 1: ReTrace: A score-based iterative method for
estimating SDE parameters and reordering trajectories

Input: Missing orders X̃ = (X̃0, . . . , X̃T ), num iterations
K, score function Score(Xt) = ∇x log p̂t(X̂t)

Output: Reordered data X̂ and estimated parameters Â, Ĥ

1: Initialize X̂← X̃
2: for i = 1 to K do
3: Estimate (Â, Ĥ) using current X̂ (Eq. (15), (16))
4: end← T − 1
5: converged← True
6: while end ̸= 0 do
7: for t = 0, . . . , end− 1 do
8: s← t+ 1
9: Compute empirical drift: b̂ = |(X̂s − X̂t)/∆t|

10: Errort = ∥b̂− Ĥ · Score(Xt)∥2
11: Errors = ∥b̂− Ĥ · Score(Xs)∥2
12: if Errort < Errors then
13: Swap X̂t and X̂s

14: converged← False
15: end if
16: end for
17: end← end− 1
18: end while
19: Check if converged then break
20: end for
21: return X̂, Â, Ĥ

Theorem 4. Let
{
Xt

}T−1
t=0
⊂ Rd be a time series generated

from a time-homogeneous linear additive noise stochastic
differential equation (SDE) as in Theorem 2. Suppose the
observed trajectories

{
X̂j

}T−1
j=0

are a randomly permuted

version of the original ordered data
{
Xt

}T−1
t=0

⊂ Rd, such
that temporal order is lost. We assume that the score func-
tion ∇x log pt(Xt) is well-defined and can be consistently
estimated by a model Score(Xt) for each Xt. Then, the cor-
rect temporal order Xt ≺ Xs can be recovered by mini-
mizing the squared errors as defined in lines 10 and 11 of
Algorithm 1.

Proof. (Sketch of proof). Apply Theorems 2 and 3, and use
the correctness of the sorting procedure in Algorithm 1 given
pairwise orders.

Experiments
We validate our method for jointly recovering temporal or-
der and estimating SDE parameters, enabling counterfac-
tual inference and longitudinal treatment effect (LTE) esti-
mation. First, we benchmark trajectory reconstruction and
parameter estimation accuracy on datasets simulated from
irreversible SDEs, assuming existence and uniqueness of so-
lutions as described in the methods section. Second, we eval-
uate treatment effect prediction on pharmacological datasets
under varying noise levels.

Baseline Methods We compare our method to existing ap-
proaches for temporal order reconstruction and SDE param-
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eter estimation, as mentioned in Related Work. The base-
lines are:
• Minimum Spanning Tree (MST): Constructs a graph

with observations as nodes and edge weights given by
pairwise Euclidean distances (Trapnell et al. 2014); the
MST is traversed to yield a temporal ordering.

• Diffusion Pseudotime (DPT): Infers pseudotemporal
order via diffusion maps and random walks (Haghverdi
et al. 2016). DPT does not exploit SDE dynamics and
serves as a baseline for comparison.

Given the reconstructed orderings, we estimate SDE param-
eters via maximum likelihood estimation (MLE). For our
method, we additionally benchmark ordinary least squares
(OLS) and expectation-maximization (EM) for parameter
learning. We use algorithm 1 with 10 iterations in default.

Evaluation Metrics We evaluate methods using temporal
order reconstruction accuracy, parameter estimation error,
and runtime complexity:
• Ordering Accuracy: Let X denote the original (ordered)

data and X̂ the reordered data. We define the average ac-
curacy as

Acc. =
1

N

N∑
j=1

1

T

T∑
t=1

I{Order(Xj)t = Order(X̂j)t}

where N is the number of trajectories, T the number of
time steps, and I{·} the indicator function.

• Parameter Estimation Error: Let (Â, Ĥ) be the esti-
mated drift and diffusion parameters, with ground-truth
(A,H). We report the mean absolute error (MAE) be-
tween the ground-truth and estimated parameters:

MAE =
1

d2

d∑
i=1

d∑
j=1

∣∣∣Aij − Âij

∣∣∣ ,
where d is the system dimension.

• Runtime Complexity: We report average iteration runtime
(in seconds) required by each method for both temporal
order reconstruction and parameter estimation.

Irreversible SDE Datasets
We generate irreversible time-homogeneous linear additive
noise SDEs (Eq. 3) of dimension d = 50 with random pa-
rameter A and G satisfying probability current J(x) ̸= 0.
We then use Euler-Maruyama discretization X

(j)
i+1 = X

(j)
i +

AX
(j)
i ∆t + GdWi with ∆t = 0.01 and sample 2000 tra-

jectories, each with 250 timesteps. From this, we then ran-
domize the data along the time-step dimension to obtain the
missing-order dataset X̃. This data will then be the input for
all methods to reorder and learn the underlying parameters
A,H.

Results Table 1 shows that ReTrace, our temporal sort-
ing method, outperforms the baselines MST and DPT on all
metrics. For temporal order recovery, ReTrace achieves sub-
stantially higher accuracy—with MLE and EM parameter

estimation yielding nearly perfect results (99.1 ± 2.6% and
98.3±3.5%, respectively), compared to MST (22.1±15.1%)
and DPT (4.8± 7.0%). While all three estimation strategies
(MLE, OLS, EM) within ReTrace are effective, MLE and
EM further reduce the mean absolute error (MAE) in recov-
ering the drift (A) and diffusion (H) parameters. In contrast,
the baselines are only partially successful and exhibit much
larger MAEs.

The performance of ReTrace is attributed to its princi-
pled score-based order recovery, which remains robust as the
number of time steps increases. Moreover, high accuracy is
typically achieved within 1–2 epochs, suggesting that early
stopping can further improve computational efficiency.

Method Accuracy MAE-A MAE-H
ReTrace-MLE 99.1± 2.6 0.05± 0.03 0.1± 0.07
ReTrace-OLS 93.6± 12.8 3.9± 3.5 5.0± 9.7
ReTrace-EM 98.3± 3.5 0.1± 4.2 11.4± 10.1
MST-MLE 22.1± 15.1 3.1± 3.9 8.5± 10.5
DPT-MLE 4.8± 7.0 5.0± 4.2 11.4± 11.6

Table 1: Comparison under the base setting between our
method (Our + MLE) and baseline methods with regard
to A/H MAEs, Sorting Accuracy, and Iteration Runtime.
Higher means better for Sorting Accuracy, whereas for the
others, it is the opposite. Summary of performance metrics:
mean± standard deviation (rounded to 1 decimal place). All
values are absolute.

With Observation Noises The observation noise which
is due to noisy measurements further corrupt the data and
affect parameter learning (Sun and Ditlevsen 2025; Lyons,
Storkey, and Särkkä 2012). The observation noise model is
defined as:

Yt = Xt + ϵt, ϵt ∼ N (0, R), (18)

where R = σ2
ϵ I. We compare the methods under this chal-

lenging scenarios. Note that the measurement noise here is
different than the white noise driving our SDE. We generate
data that are corrupted by zero mean Gaussian noise at each
time step. Because both the state and the noise are Gaussian,
the observed data at a single time-slice are still Gaussian, so
we can still use our proposed Algorithm 1, with some small
modifications:

Ŝt =
1

N − 1

N∑
j=1

(Y
(j)
t − µ̂t)(Y

(j)
t − µ̂t)

⊤,

Σ̂t = Ŝt −R,

where Ŝt is the sample covariance of Yt instead of Xt, we
use the same mean µ̂t since the measurement noise ϵt is
zero-mean.

Results Analysis We present the results of our experi-
ments here. Then we discuss how it showcases our method’s
robustness and effectiveness compared to the baselines.

For this noisy measurements setting, we also use some
fixed parameters such as d = 10, num trajectories = 2000,
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Figure 2: Performance comparisons between ReTrace and
baseline methods on (a) Reordering accuracy, and (b) MAEs
of drift parameter A under increasing observation noises.
The x-axis is the noise percentage.

num steps = 50. The parameter noisy measurements sigma
ranges from 0.1 to 0.5, which is σ from equation 18.

Figure 2 illustrates the impact of increasing observation
noise on both temporal order reconstruction accuracy and
drift parameter estimation error (MAE of A). As the noise
level rises gradually from 0.1 to 0.5, all methods experi-
ence degradation in performance. However, our proposed
method (ReTrace) consistently outperforms baseline ap-
proaches, maintaining substantially higher reordering accu-
racy and lower parameter estimation errors across all noise
levels. This indicates that our score-based sorting procedure
is far less sensitive to measurement corruption compared to
graph-based and diffusion-pseudotime methods.

Pharmacological Data Experiments

Synthetic datasets are commonly used in benchmarking lon-
gitudinal treatment effect (LTE) methods, since counterfac-
tual outcomes are unobservable in real datasets (Lim 2018;
Bica et al. 2020). Following this standard, we construct a
testbed using synthetic trajectories generated from stochas-
tic pharmacological models (Kacprzyk et al. 2024b).

Synthetic Data Generation. We generate data from dif-
ferent stochastic pharmacological models F by varying the
noise, static covariates, and parametric parameter distribu-
tions instantiated from the stochastic tumor growth PKPD

SDE:

dXt =

[
ρ log

(
K

Xt

)
− βcC(t)

−
(
αrd(t) + βrd(t)

2
)]

Xt dt+ σtumor dWt (19)
with continuous chemotherapy C(t), binary ra-
diotherapy d(t), and subject-specific parameters
(ρ,K, βc, αr, βr, σtumor).

Discrete-Time Transition Model. The tumor growth dy-
namics are simulated by discretizing the univariate PKPD
SDE via the Euler–Maruyama scheme. At each time step,
the tumor volume Xt evolves according to

Xt+1 = Xt + b(Xt, Ct, dt)∆t+ σtumor ∆Wt,

where ∆Wt ∼ N (0,∆t), Ct is the administered chemother-
apy dosage (continuous), and dt is the radiotherapy indicator
(binary). The drift term is specified as

b(Xt, Ct, dt) =

(
ρ log

K

Xt
− βcCt −

(
αrdt + βrd

2
t

))
Xt

with all parameters patient-specific. The diffusion coeffi-
cient σtumor encapsulates intrinsic biological noise as well
as additional variability due to unmodeled patient-specific
effects and parameter heterogeneity. This leads to the fol-
lowing conditional transition distribution:
Xt+1 | Xt, Ct, dt ∼ N

(
Xt + b(Xt, Ct, dt)∆t, σ2

tumor ∆t
)

which jointly models the deterministic effects of clinical in-
terventions and stochastic, patient-dependent evolution of
tumor size.

We simulate N = 5000 patient-specific tumor growth
trajectories, see Fig. 3, governed by a stochastic pharma-
cokinetic/pharmacodynamic (PKPD) SDE model in Eq. (19)
where Xt is the tumor volume at time t, C(t) ∈
[0, max chemo] is the continuous chemotherapy dose, and
d(t) ∈ {0, 1} denotes binary radiotherapy. Subject-specific
parameters (ρ,K, βc, αr, βr, σtumor) are sampled from log-
normal distributions with 5% between-subject variabil-
ity. The initial tumor diameter is drawn uniformly from
[13, 15]mm and converted to volume. Treatment policies de-
pend on current tumor volume via a sigmoid function with
confounding strength γ = 2.0. Trajectories are simulated
using the Euler–Maruyama method with T = 15, n = 60
time steps, and additive observational noise σobs = 0.01.
Both fully-treated and untreated trajectories are generated to
evaluate robustness across interventional conditions.

Trajectory Construction. For each synthetic subject, we
simulate a discrete trajectory of T steps, sampling initial
conditions, covariates, and treatment sequences. Both fac-
tual and counterfactual outcome paths are simulated for each
subject by altering the intervention sequence.

Direction-of-Time Ambiguity and Evaluation. To rigor-
ously test the ability to recover temporal order,
• For a subset of samples, the true time order of states
(X1 → X2 → . . . → XT ) is withheld, and all possi-
ble permutations are considered.

• The task is to infer, via SDE-based likelihoods, which
ordering best fits the observed data under the learned dy-
namics.
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Figure 3: Sample tumor growth trajectories generated from
the stochastic PKPD SDE model. (Top) Treated group with
chemotherapy and radiotherapy continuously administered.
(Bottom) Untreated group with no interventions. Each curve
represents an independent patient sampled from the SDE in
Eq. 19.

ReTrace MST DPT
0

100

200

300

400

Sc
or

e 202

323

369

254

339

381
RMSE
TEB

Figure 4: Root Mean Squared Error (RMSE) and Treatment
Effect Bias (TEB), computed using (23) and (22).

Assumptions for SDE-based Treatment Effect Estima-
tion. We model patient-level tumor dynamics under treat-
ment and control as stochastic differential equations (SDEs)
of the form

dXt = b(Xt, a) dt+GdWt, (20)

where Xt ∈ R denotes the tumor volume at time t,
a ∈ {0, 1} encodes treatment assignment (a = 1 for
treated, a = 0 for control), b(·, a) is a Lipschitz continu-
ous drift function capturing the deterministic effect of treat-
ment and tumor progression, and Wt is a standard Wiener
process. To realistically model between-subject variabil-
ity (BSV) arising from intrinsic heterogeneity and unmea-
sured confounders, we incorporate additive process noise
via the Wiener process, with diffusion coefficient G (po-
tentially patient-specific) encoding both measurement noise
and subject-level random effects.

Counterfactual Treatment Effect Estimation via SDEs.
Given observed data under treatment (a = 1) or control
(a = 0), we infer SDE parameters for each regime us-
ing maximum likelihood or score-based estimation, accom-
modating unordered or irregularly sampled patient trajecto-
ries. For counterfactual inference, we simulate potential out-
comes by numerically solving the SDE for both a = 1 (treat-
ment) and a = 0 (control) for each patient, conditioned on
their baseline covariates and initial tumor volume. The in-
dividualized treatment effect (ITE) for patient i is estimated
as the difference in expected tumor volume at time t∗ under
treatment versus control:

ITEi = E[Xt∗ | a = 1]− E[Xt∗ | a = 0]. (21)

The average treatment effect (ATE) is computed by averag-
ing the ITEs across the cohort.

Evaluation Metrics. We assess model performance on
two axes:

• Treatment Effect Bias: The mean bias in ITE/ATE is
quantified as the average difference between the inferred
treatment effects (using the estimated temporal order and
SDE parameters) and the ground-truth effects (using the
true order and known parameters). Formally, for N pa-
tients,

Treatment Effect Bias =
1

N

N∑
i=1

[
ÎTEi − ITE(true)

i

]
.

(22)

• Counterfactual Predictive Error: The accuracy of
counterfactual predictions is measured by the root
mean squared error (RMSE) between the predicted and
ground-truth counterfactual tumor volumes at t∗:

Counterfactual RMSE =√√√√ 1

N

N∑
i=1

(
X̂

(cf)
i,t∗ −X

(cf,true)
i,t∗

)2
.

(23)

This framework enables rigorous quantification of both
the causal effect of treatment and the reliability of coun-
terfactual predictions under model- and data-induced un-
certainty, leveraging SDE-based dynamical models and ac-
counting for realistic subject-level heterogeneity via process
noise.

Conclusion
We propose ReTrace, a score-based framework for recover-
ing temporal order and estimating SDE parameters from un-
ordered data. ReTrace reconstructs trajectories via pairwise
score minimization and enables consistent parameter infer-
ence for counterfactual and treatment effect estimation. Ex-
periments on synthetic and real data validate its effectiveness
in incomplete or privacy-sensitive temporal settings, which
opens up many research directions or techniques in such ex-
treme scenarios.
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