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Abstract

Causal discovery from observational data is a fundamental
tool in various fields of science. While existing approaches
are typically designed for a single dataset, we often need
to handle multiple datasets with non-identical variable sets
in practice. One straightforward approach is to estimate a
causal graph from each dataset and construct a single causal
graph by overlapping. However, this approach identifies lim-
ited causal relationships because unobserved variables in
each dataset can be confounders, and some variable pairs
may be unobserved in any dataset. To address this issue, we
leverage Causal Additive Models with Unobserved Variables
(CAM-UV) that provide causal graphs having information re-
lated to unobserved variables. We show that the ground truth
causal graph has structural consistency with the information
of CAM-UV on each dataset. As a result, we propose an ap-
proach named I-CAM-UV to integrate CAM-UV results by
enumerating all consistent causal graphs. We also provide an
efficient combinatorial search algorithm and demonstrate the
usefulness of -CAM-UV against existing methods.

Introduction

Identifying causal relationships among variables is a funda-
mental task in various fields of science. While the most ef-
fective approach is a randomized controlled trial, such an
approach is often difficult due to cost, ethical, and techni-
cal reasons. Thus, the mainstream is causal discovery from
purely observational data (Spirtes, Glymour, and Scheines
2000): estimating causal relationships as a causal graph, of-
ten assumed to be a directed acyclic graph (DAG). Recent
works in causal discovery span diverse fields, including en-
vironmental science (Runge et al. 2023; Fu et al. 2025b), bi-
ology (Fu et al. 2025a; Smith et al. 2025), and materials and
drug sciences (Campomanes et al. 2014; Zhou et al. 2025).
In many of the causal discovery examples, the number
of variables is relatively small—often around 10—because
of limits in what can be measured or easily understood. On
the other hand, most of these studies assume that there are
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no unobserved confounders, even though such hidden com-
mon causes can exist even in small systems. This highlights
the need for causal discovery methods that can handle unob-
served confounding, especially in small to medium systems.

Moreover, in many situations, multiple datasets share
common objectives but differ in measurement settings such
as observed variables. If we can leverage such datasets, it is
expected to identify more causal relationships over just us-
ing a single dataset. Thus, in this study, we consider causal
discovery from multiple datasets with non-identical variable
sets (Tillman and Eberhardt 2014; Mooij, Magliacane, and
Claassen 2020).

Despite the usefulness and demand, existing approaches
are typically designed for a single dataset, assuming no un-
observed confounders, and only a few approaches tackle the
above scenario. ION (Tillman, Danks, and Glymour 2009),
IOD (Tillman and Spirtes 2011), and COmbINE (Triantafil-
lou, Tsamardinos, and Tollis 2010) construct partial ances-
tral graphs (PAGs) over the integrated variable set by utiliz-
ing conditional independence information. In contrast, CD-
MiNi (Huang et al. 2020) constructs a full DAG by restrict-
ing the causal model to linear non-Gaussian cases. However,
these approaches have the following limitations: PAGs con-
tain uncertain information about causal relationships, and
CD-MiN:i is not suitable for non-linear cases.

Aiming to estimate full DAGs and handle a more ex-
pressive model, we focus on the Causal Additive Model
(CAM) (Biihlmann, Peters, and Ernest 2014) that cap-
tures non-linear causal relationships. One straightforward
approach is to estimate a causal graph from each dataset
by CAM and integrate them into a single graph. However,
this approach identifies limited causal relationships because
some variables in each dataset can be confounded with each
other. Moreover, if some variable pairs are unobserved in
any dataset, their causal relationships can not be identified
by direct estimation from the datasets.

To address this issue, we leverage the Causal Addi-
tive Model with Unobserved Variables (CAM-UV) (Maeda
and Shimizu 2021) that allows for the presence of unob-
served variables. CAM-UV provides structural information
on causal graphs related to unobserved variables (unob-



served causal path and unobserved backdoor path). We show
that the ground truth causal graph has structural consistency
with the provided information of CAM-UYV on each dataset.
Because multiple different DAGs satisfy such characteriza-
tion, we propose an approach to enumerate possible DAGs
and name the approach Integrating CAM-UV (I-CAM-UV).
Moreover, we show an efficient algorithm for I-CAM-UV
and confirm its usefulness via experiments. Our contribu-
tions are summarized as follows:

* We propose an enumeration approach named I-CAM-UV
to obtain integrated causal graphs of CAM-UV over mul-
tiple datasets with non-identical variable sets.

* We show that -CAM-UYV recovers the ground truth DAG
when CAM-UYV results have no enormous errors and the
integrated variable set has no further confounders.

* We propose an efficient I-CAM-UV algorithm with a
best-first strategy based on a monotonic inconsistency of
DAGs and demonstrate its usefulness via experiments.

Related Work

While there are a variety of similar but slightly differ-
ent datasets in the real world, almost all studies on causal
discovery are specialized for a single dataset, and only a
few studies tackle multiple datasets with non-identical vari-
able sets (Tillman, Danks, and Glymour 2009; Triantafillou,
Tsamardinos, and Tollis 2010; Tillman and Spirtes 2011;
Huang et al. 2020). Our study challenges that field and aims
to allow for richer and more practical causal analysis.

Causal discovery methods can be categorized into three
approaches: functional model-based (Shimizu et al. 2006;
Hoyer et al. 2009), constraint-based (Spirtes and Glymour
1991; Spirtes, Meek, and Richardson 1995), and score-
based (Chickering 2002) methods. They are not mutually
exclusive and can be combined. In this study, we focus
on a non-linear functional model-based approach called the
Causal Additive Model with Unobserved Variables (CAM-
UV) (Maeda and Shimizu 2021). Causal Additive Model
(CAM) (Biihlmann, Peters, and Ernest 2014) assumes non-
linear causal functions where effects from each variable can
be separated linearly, which is a special case of Additive
Noise Model (ANM) (Hoyer et al. 2009). CAM-UYV iden-
tifies causal relationships as much as possible and detects
latent causal/backdoor paths containing unobserved vari-
ables. Leveraging the such ability of CAM-UYV, we take a
constraint-based approach to integrate CAM-UYV results by
a combinatorial search method.

CD-MiNi (Huang et al. 2020) takes a functional model-
based approach over multiple datasets with non-identical
variable sets, similar to our method. It assumes a linear non-
Gaussian acyclic model (LINGAM) (Shimizu et al. 2006)
and utilizes a continuous optimization algorithm based on
the overcomplete independent component analysis to learn
a causal graph (Ding et al. 2019). While CD-MiNi handles
linear causal relationships derived from LINGAM, we han-
dle non-linear causal relationships via CAM.

ION (Tillman, Danks, and Glymour 2009), IOD (Tillman
and Spirtes 2011), and COmbINE (Triantafillou, Tsamardi-
nos, and Tollis 2010) focus on constraint-based approaches
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Figure 1: Illustration of unobserved causal path (UCP) and
unobserved backdoor path (UBP).

such as PC and FCI over multiple datasets with non-identical
variable sets. They consider partial ancestral graphs (PAGs)
representing Markov equivalence classes (MECs) of causal
graphs and enumerate all possible PAGs having structural
consistency with PC or FCI results. On the other hand,
we consider enumerating not PAGs but full DAGs. That is,
while the existing methods output a PAG set implicitly rep-
resenting DAGs of MECs, our method outputs a single ex-
plicit DAG set.

Preliminaries

Let V = {v;}%_, be a variable set, and we consider causal
relationships over V' as a graph structure. Let G* = (V, A*)
be the ground truth causal graph, which is a DAG with di-
rected edges A* C V2. Each (v;,v;) € A* means v; is a di-
rect cause (parent) of v; and let P} := {v; | (v;,v;) € A"}
be the set of parents of v;.

We assume that the causal relationships are formulated by

CAM: v; = 3, cp- fj@ (v;) + n; (Biihlmann, Peters, and

Ernest 2014) where each f (@) is a non-linear function, n;
is the noise term on v;, and nq, ..., ng are independent of
each other. We have an algorithm to estimate G* on CAM
from a given dataset of V. However, in practice, unobserved
variables U C V' may lead to incomplete estimation.

Let P; := P;\ U and Q; := P NU. CAM-UV is

formulated as v; = Zvjepi fj@ (vy) + kaeQi ;il) (vr) +
n; (Maeda and Shimizu 2021). Given a dataset of V' \ U, the
estimation algorithm of CAM-UV aims to obtain a mixed
graph G = (V \ U, A, N) where N is an undirected edge
set such that, if and only if {v;,v;} € N holds, the causal
relationship between v; and v; is not identified due to the ex-
istence of an unobserved causal path (UCP) or unobserved

backdoor path (UBP) between v; and v; on G*.

Definition 1 (Unobserved Causal Path (UCP)). A path from
v; to v; is called a unobserved causal path iff its form is
vy — -+ — v, — v where vy, € U.

Definition 2 (Unobserved Backdoor Path (UBP)). A path
between v; and v; is called a unobserved backdoor path iff
its form is v; < Vg < -+ &= Vg —> -+ — vy —> v; where
Vg, Uy € U. It is allowed to be v, = v, and vg = vy,

Figure 1 shows an illustration of UCP and UBP. Figure 2
shows an example of CAM-UV result.
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Figure 2: Example of CAM-UV. A UCP vy — vs — vg and
a UBP vy < v; — v3 are found. The dashed lines indicate
undirected edges of the resulting mixed graph.
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Figure 3: Example of inputs on a scenario we consider (left)
and their simple overlapping (right).

Integrating CAM-UV

We handle a scenario to estimate a causal graph from mul-
tiple datasets with non-identical variable sets via CAM-UV.
Given m datasets of different variable sets Vy,...,V,,, CV
where k # [ < Vi, # Vi, we assume each variable set has a
common variable with at least one other variable set. Since,
if some datasets share common sample sets, it is better to
combine them into a single dataset, we assume the datasets
also differ from each other in their sample sets. Moreover,
we assume all the datasets follow the same causal graph, but
functional forms and data distributions may be different. Re-
garding variables not in V}, as unobserved for k-th dataset,
CAM-UV provides a mixed graph Gy = (Vi, Ak, Ni). Our
goal is to estimate a causal graph over V= Uz;l Vi from
the given CAM-UV results G1, ..., Gyy,.

The identified causal relationships on G1, - - - , G, can be
naively overlapped into a single graph: Let A := Uz;l Ayg
and G := (V,A). However, the causal relationships for

some variable pairs are not identified yet (see Figure 3 for an
example): Eimp = (U}, NF) \ {{vi,v;} | (vi,v5) € A}
and Eyno = {{vi,v;} C V | Vk,{v;,v;} € Vi}. The
causal relationships on Ejy,, are impossible to identify in
any dataset due to the existence of a UCP/UBP. Moreover,
since any variable pair in E\;,, is not observed simultane-
ously in any dataset, it is even more challenging to identify
their causal relationships.

Problem Definition for Ideal Situations

To address the above limitations, we propose a novel ap-
proach named Integrating CAM-UV (I-CAM-UYV) that finds
causal graphs satisfying consistency with respect to the
given CAM-UV results. First, we define the consistency of
causal graphs based on UCP/UBP. We then show that the
ground truth causal graph satisfies the consistency.

Let B := EimpUFEuno. Forany k € {1,...,m},let I, :=
{{vi,v;} € Vi | {vi,vj} ¢ Ni} be the variable pairs with
the identified causal relationships on Vi. Let UP¢ v, (v;, v;)
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Figure 4: Example of [-CAM-UYV on the input of Figure 3.

Results of CAM-UV Inconsistent Examples . Consistent DAG

Figure 5: Example of I-CAM-UV resulting a unique DAG.

be the set of all the UCPs and UBPs between v; and v; on a
graph G over V where U = V' \ V.
Definition 3. Given CAM-UV results G+, ..., G, let A be
a directed edge set obtained by assigning directions to or
excluding edges in E. We call G = (V,A U A) consistent
if and only if, for all k € {1,...,m}, UPg 1. (vi,v;) = 0
holds for any {v;,v;} € Iy and UPg 1, (vi,v;) # O holds
for any {v;,v;} € Nj.

We here state what ideal situations are. Given CAM-UV

results Gy, . .., G, we are in an ideal situation if we have
V = U;:Zl Vi = V, ie., V has no unobserved variables,
and (G4, ..., G, have no estimation error.

Theorem 1. G* is consistent under any ideal situation.

Theorem 1 implies that the ground truth causal graph cor-
responds to a consistent DAG. However, because there may
exist multiple consistent DAGs, I-CAM-UV aims to solve
the following problem.

Problem 1. Given CAM-UV results G, . ..
lem is to enumerate all the consistent DAGs.

, G, the prob-

In other words, given a set of mixed graphs G, . .., G,
it implicitly represents a set of consistent DAGs G, and we
aim to explicitly enumerate them G, ...,G|g € G. From
this perspective, -<CAM-UV might appear only to extract
the implicitly represented DAGs. However, a crucial aspect
of -.CAM-UV lies in its ability to orient unobserved variable
pairs, Eyuno, Which allows for the identification of the causal
relationships between variables where the direct estimation
via observed datasets is difficult.

Example 1. When the input is the form shown in Figure 3,
I-CAM-UV works as shown in Figure 4. Focusing on Gy,
we need vi — vz or v1 < v3 to obtain the UCP vi —
vs — vy or the UBP vy < v3 — vy. Focusing on Go, we
exclude {v1, vy} to avoid the UBP vy < v1 — vy4. A similar
discussion holds when G, and G5 are swapped. As a result,
we obtain two consistent DAGs that have a directed edge
between the unobserved variable pair {v1, vs}.

Example 2. In Figure 5, focusing on G, while G induces
the UCP v — v3 — vy4, we still need the UCP vy — vz —
vq or the UBP vy < v3 — vy. We fix vo — wv3 to avoid
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Figure 6: Examples of -CAM-UV with relaxation.

the UCP v — v3 — va. We then exclude (va,v4) to avoid
the UBP vz < vo — vy with respect to G1. As a result, we
obtain a unique consistent DAG which has a directed edge
between the unobserved variable pair {vy,v3}.

Problem Relaxation for Realistic Situations

While I-CAM-UV works well under any ideal situations,
in practical use cases, unobserved variables may still ex-
ist (V C V) and CAM-UV may cause estimation errors.
These may not yield any consistent graph. In fact, estimat-
ing CAM-UV is currently not complete in theory to obtain
proper mixed graphs, although the first algorithm (Maeda
and Shimizu 2021) is modified in the literature (Pham,
Maeda, and Shimizu 2025) to improve accuracy. There-
fore, we define a new problem with a relaxed graph con-
sistency requirement by introducing an inconsistency cost
which counts the number of variable pairs with inconsistent
(non-)existence of UCP/UBP on each V.

Definition 4. For any graph G, to represent inconsistent
variable pairs on G for each k, let I;,(G) = {{v;,v,;} €
I | UPg . (vi,v5) # 0} and Ni(G) := {{vi,v;} € Ni |
UP¢ v, (vi,v;) = 0}. We define the inconsistency cost of G
as C(G) =311 (e(G) + [Ne(G)))-

Problem 2. Given CAM-UV vresults G1,...,G,, and the
user parameter b € 7>, the problem is to enumerate all
the DAGs with the inconsistency cost less than or equal to
C*+bwhere C* is the minimum inconsistency cost of DAGs.

Example 3. In Figure 6-(a), we have the estimation error of
{v1,v2} € Ny on CAM-UV results because the ground truth
has no edge between v1 and vo. This case gives three DAGs
with the minimum inconsistency cost of 1. All the DAGs are
inconsistent for {vi,vo} € Na because no UCP/UBP be-
tween vy and vs will never occur. However, I-CAM-UYV can
recover the ground truth DAG as the rightmost DAG. Note
that I-CAM-UV can not identify which of the enumerated
graphs is the ground truth.

Example 4. In Figure 6-(b), we show an example such
that I-CAM-UYV can not recover the ground truth DAG even
though we solve the relaxed problem. We have the estimation
error of (vs,v4) ¢ Ay where (v3,v4) € Ay is true. Never-
theless, this case has three false DAGs with the inconsistency
cost of 0. Moreover, even if we seek DAGs with non-zero in-
consistency costs, the ground truth DAG does not appear

because (vs,vq) ¢ A and {vs, v} ¢ E.
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Similar to Example 4, the ground truth DAG also cannot
be recovered when CAM-UV estimates (v;, v;) € Ay, where
(vi,vj) ¢ A*. Therefore, considering I-CAM-UV can as-
sign directions to or exclude only edges in E, we need the
following condition to recover the ground truth DAG: The
input of I-CAM-UV satisfies A C A*, A* \ A C {(v;,v;) |
{’Ui, Uj} S E}, and C(G*) <C*+b.

That is, it is desirable that CAM-UV estimation algo-
rithms make no false discovery and capture a trace of each
true causal relationship, even if it forms a falsely estimated
UCP/UBP. However, such desirable conditions are not al-
ways satisfied. Therefore, in practical settings, we only re-
quire that CAM-UYV algorithms yield an acyclic overlapped
graph G.lItis easily achieved by sharing estimated directed
edges among all the datasets to avoid cycles. Under the
above setting, we handle Problem 2 instead of Problem 1.

Algorithm

Now let us describe the proposed algorithm of I-CAM-UV
to solve Problem 2. I-CAM-UYV essentially requires the con-
sideration of an exponential number of graphs via all the
connection patterns on F, i.e., we assign the direction to or
exclude each {v;,v;} € E, and there are 3!l such patterns.
Although the algorithm ignores cyclic graphs, there are still
a huge number of DAGs to be considered. Therefore, we
introduce the key idea to reduce the computational cost by
focusing on the monotonicity of the inconsistency cost. That
leads to designing a best-first search algorithm that enumer-
ates DAGs in ascending order of the inconsistency cost.

Let the variable pairs I/ := {e1, ez, ..., eg|} be ordered.
We can exhaustively search all the DAGs by sequentially
processing the variable pairs. Let us denote a graph gener-
ated by adding a directed edge (v, v;) into G as Gy, v,)-
We manage each search state as a pair (¢, G) where ¢ is the
number of processed variable pairs and G is a candidate
solution graph. First, we construct the overlapped DAG G
and push the initial state (0,G) into the top of the search
queue. After that, we iteratively pop a state (¢, G) from the
search queue to generate a finalized state (|E|, G) and the
new states (s +1,G 4 (y,,0,)) @and (s +1, G (y, »,)) for each
es = {v;,v;} where s > t. We push the generated states
into the top of the search queue, ignoring cyclic graphs.

The above procedure seeks all the DAGs, not taking into
account the inconsistency cost. On the other hand, we are
interested in only the graphs with the inconsistency costs of
less than or equal to C* +-b. Consequently, we have a chance
to reduce the computation time by seeking limited DAGs. In-
tuitively, a faster computation is achieved by popping states
in ascending order of the minimum inconsistency cost of the
successor DAGs until a popped state has a cost greater than
C* + b. However, it is difficult to compute the minimum in-
consistency cost of the successor DAGs. Therefore, we use
a lower bound of the inconsistency cost as an alternative.

Definition 5. For any state (t,G) where G = (V, /1~U A),
let At = UeS:{vi,vj}EE,s>t{(vi’ Uj)a (Uja vl)} and G[t] =
(V,AU AU A,). That is, G[t] has the bi-directed edge for



Algorithm 1: I-CAM-UV

1: Compute Gand E + Einp U Euno

2: Setanedge order £ = {e1,e2,...,¢p(}

3: Construct the heap Q with the priority C

4: Initialize Q < {(0, &)}, G « 0, and C* « inf
5: while Q is not empty do

6:  Pop the top state (¢, G) from Q

7. if C(t,G) > C* + b then break

8: ift = |E| then

9: if C* = inf then C* «+ C(G)
10: G+ GU{G}
11:  else
12: fors=t+1,...,|E|do
13: Vi, Vj ¢ €s
14: él — é+(vi’vj) and GQ — é+(vjﬂ)i)
15: if G is a DAG then Push (s, G) into Q
16: if G5 is a DAG then Push (s, G'3) into Q
17: Push (|E|, G) into Q

18: return G

each e, where s > t. Note that UCP and UBP are well-
defined even on cyclic graphs. We define the cost function

C(t,G) = 27, (ITk(G)| + N (GID)).
Lemma 1. C(G) = C(|E|, G) holds for any state (| E|, Q).

Theorem 2. For any state (t, é) and any its successor state
(s,G"), C(t,G) < C(s,G") holds.

According to Lemma 1, the cost function C can naturally
evaluate the inconsistency cost of finalized DAGs. More-
over, according to Theorem 2, we have the monotonicity
of the cost function C'. We then propose to use the heap
that prioritizes the states by ascending order of C(t,G).
As a result, the algorithm forms a best-first search, enumer-
ates the DAGs in ascending order of the inconsistency cost,
and is expected to reduce the computation time by seeking
heuristically limited DAGs. However, we have the remain-
ing challenge to compute CN’(t7 é) It is equal to comput-
ing I1.(G) and Ny (G[t)) for all k by searching UCPs/UBPs.
Fortunately, we can construct polynomial-time algorithms to
search a UCP/UBP on a given graph as follows.

Search a UCP  Given a graph G = (V/, A) and observed
variables W C V/, we show an algorithm to search a UCP of
{vi,v;} CWonG.Let T; := {vx € V\W | (vy,v;) € A}
and Tj := {vy € V\ W | (v, v;) € A} be the unob-
served variables of one hop before v; and v; respectively.
A path from v; (resp. v;) to v, € T} not passing through
v; (resp. v;) makes a UCP v; — --- — v — v; (resp.
v; = -+ = v — v;). It is found in O(]A|) time by a
breadth-first search.

Search a UBP  Given a graph G = (V, A) and observed

variables W C f/, we show an algorithm to search a UBP
of {v;,v;} € W on G. We define T; and T; as in the case
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of UCP. Moreover, let 1vGivj [u, w] indicates whether G has a
path from v to w not passing through v; and v;. Let S; :=
{ve €V | I, €T, 15’107 [Va,vz]} and S; == {v, € V|
Jv, € Tj,15, [va, vy]}. We have a UBP between v; and v;
if and only if S; N S; # 0, i.e., there is a path v; < v,

© 4= Vg — -+ — vy — v; where v, € S; NS; and
Vg, Uy € V' \ W. We can compute S; and S; in O(|A|) time
by a breadth-first search.

Pseudocode Algorithm 1 summarizes the best-first search
procedure of [-CAM-UV. The algorithm initializes the heap
with the state consisting of the overlapped DAG (line 4), it-
eratively pops the top state (line 6), and checks the stop con-
dition (line 7). If the algorithm continues, it adds the DAG
of the current state into the solution set if ¢ = | E| (line 10),
otherwise pushes the next states into the heap, computing
their priority (line 12-17). Note that the algorithm computes
C™* when the first solution DAG is obtained (line 9).

Computational Complexity The proposed I-CAM-UV
algorithm has computational complexity depending on the
number of searched states. The algorithm searches states in
ascending order of C, stops when the popped state satisfies
C(t,G) > C* + b, and generates up to 2(|E| — t) + 1 suc-
cessors for each state. Thus, let ) be the number of the pos-
sible states with C'(t, @) < C* + b, and we have O(Q|E|)
searched states. On computing C, because we need to search
a UCP/UBP for each variable pairs on all the datasets, the

algorithm takes O((|A| + |E|) 7", |Vi|?) time for each

state where |A| + | E| is the maximum possible graph size.

Therefore, let R = (|A| + |E|) 1", |Vi|? for short, and

the proposed best-first search algorithm via a heap takes
O(QIE|(R +log(Q|E])) time.

Experiments

We conducted experiments to demonstrate the usefulness of
[-CAM-UV. We posed the following four questions and an-
swered each of them through experiments:

* QI. How accurately does I-CAM-UV recover CAM-UV
misses on observed variable pairs?

* Q2. How accurately does I-CAM-UYV discover causal re-
lationships on unobserved variable pairs .

* Q3. How many DAGs does I-CAM-UV enumerate, and
how does the accuracy distribute on the DAGs?

* Q4. How realistically can -CAM-UV operate in terms of
computation times?

We implemented the core engine for the search procedure
of [-.CAM-UYV in C++ and wrapped it with Cython. The fi-
nalized module of I-CAM-UYV and other experimental mod-
ules were implemented by Python. The computer environ-
ment consisted of Ubuntu 24.04.1 LTS, Intel(R) Xeon(R) E-
2174G CPU, and 64GB RAM.

Setup

Datasets We generated 100 synthetic datasets following
CAM based on random graphs of Erd6s—Rényi model (Er-



dos and Renyi 1960) with ten variables, the edge probabil-
ity parameter 0.3, and some non-linear functions. The same
setting is used in the existing CAM-UYV literatures (Maeda
and Shimizu 2021; Pham, Maeda, and Shimizu 2025). From
each dataset, we constructed a instance by randomly re-
sampling datasets with non-identical variable sets where
the number of datasets was m € {2,3} and the number
of unobserved variables per dataset was [U| € {3,4}. In
each instance, at least |U| variable pairs with causal rela-
tionships were simultaneously observed (resp. unobserved).
Moreover, each dataset was generated to have at least one
common observed variable with one of the other datasets.
The number of observations sampled per dataset was 1,000.

Competitors We set b = 0 for -.CAM-UYV, i.e., we enu-
merated the DAGs with the minimum inconsistency cost. In
addition, we compared [-CAM-UYV with the following meth-
ods: (CAM-UV-OVL) We used the simple overlapped DAG
of CAM-UV results as a baseline. (PC-OVL) We applied the
PC algorithm to each dataset and overlapped the estimated
directed edges. We took care to make the overlapped graph
acyclic by ignoring later added edges if they make a cycle.
(Imputation) Because unobserved variables can be treated
as missing values, we combined the datasets into one by
k-Nearest Neighbor imputation of £ = 5. After the impu-
tation, we applied CAM to the combined dataset with ran-
domly resampling 1,000 observations to reduce the compu-
tational cost. (CD-MiNi) Although we focused on CAM, we
directly applied CD-MiNi that estimates a LINGAM on mul-
tiple datasets with non-identical variable sets.

Metrics Since I-CAM-UV outputs multiple DAGs, basic
metrics cannot be used directly. Therefore, focusing on the
frequency of edge existence on output DAGs, we modified
true positive, false positive, and false negative, and called
them MTP, MFP, and MFN. For a graph set G and two dif-
ferent variables v; and v;, let ¢;; be the number of graphs
in G having the directed edge (v;,v;). With respect to the
ground truth causal graph of the directed edge set A*, we
define MTP = 37, ,yea- 67 MFP = X0,05)¢4- T

_ [Gl—cij _
and MFN = 3 :(vi,vj)eA* cr We then used the mod
: fo MTP - MTP
ified variations of recall g5y, Precision o nEs»

and their harmonic mean (F1 score). All the modified met-
rics are equal to the original ones when the graph set is a
singleton. Therefore, the modified metrics can be applied to
all the competitors without any issues.

Results

Regarding Q1 and Q2 To answer Q1 and Q2, we individ-
ually evaluated the recall scores on observed and unobserved
variable pairs. In addition, we also evaluated the overall pre-
cision and F1 scores. Figure 7 summarizes the results.

We found that the recall scores of -.CAM-UV were supe-
rior to all the competitors on both observed and unobserved
variable pairs. On the other hand, -CAM-UYV decreased the
precision scores from that of CAM-UV-OVL. Nonetheless,
the overall F1 scores showed almost no difference between
CAM-UV-OVL and I-CAM-UV. While the results support
the ability of I-CAM-UYV to discover causal relationships,
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Figure 7: Accuracies on synthetic datasets.

which is challenging to identify by only analyzing observed
samples, the results also indicate that -CAM-UV outputs a
similar number of false discoveries.

Consequently, conclusions regarding Q1 and Q2 are as
follows: (Al and A2) I-CAM-UYV has superior recall com-
pared with the other methods to recover causal relationships
missed by CAM-UV and discover causal relationships on
unobserved variable pairs. However, we need to take into
account that the output DAGs may contain a similar number
of false discoveries.

Regarding Q3 To answer Q3, we investigated the num-
ber of DAGs enumerated by I-CAM-UV and their individual
accuracies. The left one of Figure 8 shows statistics on the
number of DAGs enumerated by I-CAM-UV. We selected
some instances with a moderate number of output DAGs and
plotted their accuracy distributions as shown in Figure 9.
We found that the number of DAGs enumerated by I-
CAM-UV could be both little and huge. Since the behavior
of I-CAM-UV depends on CAM-UV results, it is difficult to
predict the output size. Fortunately, the accuracy distribution
seems to form a single cluster, that is, the enumerated DAGs
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Figure 8: Number of DAGs enumerated by I-CAM-UV.

are mostly biased toward similar accuracies. These cluster-
like accuracy distributions have been observed in many in-
stances regardless the number of DAGs. In addition, as a
similar result of the consequences leading to Al and A2, the
accuracy of each DAG enumerated by I-CAM-UYV is often
superior to the competitors in terms of the recall. Therefore,
in practical applications, even if a huge number of DAGs
are obtained by I-CAM-UYV, a random sampling will narrow
them down to a small alternative DAG set.

In conclusion regarding Q3, (A3) while a wide range of
numbers of DAGs are output by I-CAM-UYV, almost all DAGs
achieve similar accuracy. A random sampling approach may
be effective for practical analysis even if a huge number of
DAGs are obtained.

Regarding Q4 To answer Q4, we report computation
times of all the competitors on each setting in Figure 10.
Note that the process of -CAM-UYV is only the enumeration
of consistent graphs, and its former process obtaining CAM-
UV results corresponds to CAM-UV-OVL. Thus, the plots
of I-CAM-UV in Figure 10 show the computation times of
only the enumeration process.

We found that the enumeration process of I-CAM-UV
was fast enough compared with CAM-UV-OVL in many
instances, and the total computation times were compara-
ble with the other methods. That is, we confirmed that the
best-first strategy of the -CAM-UYV algorithm is an efficient
approach. However, some instances take significantly more
computation time as outliers. Since the search space of I-
CAM-UYV depends on CAM-UYV results, it is difficult to pre-
dict the computation time of -CAM-UV.

In conclusion regarding Q4, (A4) I-CAM-UV runs in a re-
alistic computation time assuming a relatively sparse DAG
with ten variables. Since I-CAM-UV is an exponential time
algorithm in general, we should be cautious when handling
more variables. Nonetheless, because the worst case has
3Bl search states, we can easily apply I-CAM-UV to small
E even if the number of variables is large.

Conclusion

We proposed I-CAM-UV, enumerating integrated causal
graphs as consistently as possible given CAM-UV results
over non-identical variable sets. The algorithm is an effi-
cient combinatorial search leveraging the monotonicity of
the inconsistency cost of DAGs. We demonstrated that I-
CAM-UV recovered causal relationships missed by CAM-
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Figure 10: Computation times on synthetic datasets.

UV, discovered causal relationships on unobserved variable
pairs, and output consistent DAGs of similar accuracies.

Limitations We think that I-CAM-UV has the following
three limitations. (a) While tractable properties of UCP and
UBP provide I-CAM-UYV, extending the algorithm beyond
CAM-UYV is non-trivial. (b) Because we may obtain a huge
number of DAGs by I-CAM-UYV, human checks are not easy
for all the individual DAGs. (c) The accuracy of -CAM-UV
is highly dependent on the accuracy of CAM-UV results.
Based on these considerations, future work is as follows.

Future Work From a theoretical perspective, the follow-
ing three points are of interest: (i-a) Can we construct an al-
gorithm integrating causal graphs with unobserved variables
via other methods than CAM-UYV, such as RCD (Maeda and
Shimizu 2020)? (i-b) How can we construct a Markov equiv-
alence class-like notion for enumerated DAGs of I-CAM-
UV? (i-b’) What are the conditions under which a unique
DAG is obtained by -CAM-UV? On the other hand, from
a practical perspective, the following three points are es-
sential: (ii-b) Constructing a compressed and interpretable
representation of enumerated DAGs. (ii-b’) Developing an
algorithm to evaluate the fitness of a given DAG over mul-
tiple datasets with non-identical variable sets. (ii-c) Mak-
ing I-CAM-UV more practical by improving the accuracy
of CAM-UYV itself.
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