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Abstract

Hierarchical data pervades diverse machine learning appli-
cations, including natural language processing, computer vi-
sion, and social network analysis. Hyperbolic space, charac-
terized by its negative curvature, has demonstrated strong po-
tential in such tasks due to its capacity to embed hierarchi-
cal structures with minimal distortion. Previous evidence in-
dicates that the hyperbolic representation capacity can be fur-
ther enhanced through kernel methods. However, existing hy-
perbolic kernels still suffer from mild geometric distortion or
lack adaptability. This paper addresses these issues by intro-
ducing a curvature-aware de Branges—Rovnyak space, a re-
producing kernel Hilbert space (RKHS) that is isometric to
a Poincaré ball. We design an adjustable multiplier to select
the appropriate RKHS corresponding to the hyperbolic space
with any curvature adaptively. Building on this foundation,
we further construct a family of adaptive hyperbolic kernels,
including the novel adaptive hyperbolic radial kernel, whose
learnable parameters modulate hyperbolic features in a task-
aware manner. Extensive experiments on visual and language
benchmarks demonstrate that our proposed kernels outper-
form existing hyperbolic kernels in modeling hierarchical de-
pendencies.

Code — https://github.com/daslp/De-Branges-Rovnyak-
Kernel.git

Extended version —
https://doi.org/10.48550/arXiv.2511.09921

Introduction

Hierarchical structures are prevalent in real-world data
across various machine learning domains, such as natural
language processing (NLP), computer vision (CV), and so-
cial network analysis (Mettes et al. 2024; Peng et al. 2022).
Hyperbolic space, owing to its exponential expansion prop-
erty, provides a more suitable geometric framework for rep-
resenting such hierarchical data than the commonly used Eu-
clidean space. As illustrated in Figure 1, hyperbolic space al-
lows tree-like data with hierarchical structure to spread out
without distortion, whereas embedding tree-like data in Eu-
clidean space often results in crowding and overlap.
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(a) Euclidean (b) Hyperbolic

Figure 1: Embedding of the same tree characterized by iden-
tical branching angles and branch lengths (with hierarchical
node structure) in Euclidean and hyperbolic spaces. The left
figure shows the embedding in Euclidean space, where some
branches overlap. The right figure illustrates the embedding
in hyperbolic space, where the exponential expansion prop-
erty enables distortion-free embedding of the tree.

To better capture complex hierarchical structures, hyper-
bolic geometry has been introduced into machine learning
as an alternative to Euclidean geometry. Nickel et al. pio-
neered hyperbolic embeddings by optimizing them on Rie-
mannian manifolds, demonstrating significant gains in tex-
tual data (Nickel and Kiela 2017). Since then, hyperbolic
methods have been applied to a wide range of machine learn-
ing tasks, such as image classification and graph node pre-
diction, leveraging the strong representational capacity of
hyperbolic space (Ganea, Bécigneul, and Hofmann 2018;
Shimizu, Mukuta, and Harada 2021; Giil¢ehre et al. 2018;
Chami et al. 2019; Khrulkov et al. 2020; Bdeir, Schwethelm,
and Landwehr 2024; Fang et al. 2023).

Recent studies have shown that integrating kernel meth-
ods with hyperbolic embeddings can further enhance their
representational capacity. Cho et al. introduced the hyper-
bolic kernel SVM (Cho et al. 2019), which constructs hy-
perbolic kernels based on an isometric mapping between
hyperbolic models. However, these kernels are not positive
definite (pd) and assume a fixed curvature value, limiting
the stability and flexibility. Fang et al. (Fang, Harandi, and
Petersson 2021; Fang et al. 2023) addressed this limitation



by proposing a family of pd hyperbolic kernels with curva-
ture parameters based on the tangent space of Poincaré ball.
But the first-order approximation introduces geometric dis-
tortions. Yang et al. (Yang, Fang, and Xue 2023) reduced the
distortion by constructing curvature-aware kernels that map
data from hyperbolic space to reproducing kernel Hilbert
spaces (RKHS) isometrically. Despite their progress, most
existing methods still suffer from fixed functional forms,
which can lead to over-representation or structural under-
fitting and then reduce adaptability. Consequently, a key
challenge is to design hyperbolic kernels that not only pre-
serve the underlying geometry but also adapt flexibly to task-
driven requirements.

To this end, we first construct a curvature-aware de
Branges—Rovnyak space (Ball and Bolotnikov 2014), an
RKHS that is isometric to Poincaré ball, thereby preserv-
ing hyperbolic geometry with minimal distortion. Moreover
we introduce an adjustable multiplier that allows us to se-
lect the appropriate de Branges—Rovnyak space adaptively.
Leveraging this mechanism, we further construct a family
of adaptive hyperbolic kernels that includes the hyperbolic
counterparts of the linear, polynomial, RBF, and Laplacian
kernels, along with a distinctive member, the adaptive hyper-
bolic radial kernel (AHRad). Thanks to the learnable param-
eters, AHRad can adaptively enhance or suppress hyperbolic
features, enabling task-aware modulation of representations.
Overall, the framework flexibly controls hyperbolic repre-
sentations and encodes hierarchical information with mini-
mal distortion across diverse applications.

Our main contributions are summarized as follows:

* We construct the curvature-aware de Branges—Rovnyak
kernel that realizes an isometric mapping from hy-
perbolic space with arbitrary curvature to the de
Branges—Rovnyak space, thereby providing a rigorous
bridge between hyperbolic geometry and RKHS.

We introduce an adjustable multiplier within the
curvature-aware de Branges—Rovnyak space, yielding a
new formulation of hyperbolic kernels that can adap-
tively select the RKHS best matched to a hyperbolic
space with any given curvature.

We develop a series of adaptive hyperbolic kernels, in-
cluding hyperbolic linear, polynomial, RBF, and Lapla-
cian kernels, as well as an adaptive hyperbolic radial
kernel (AHRad), to enhance both representational power
and flexibility.

We validate our approach with extensive experiments on
diverse tasks, including zero-shot and few-shot image
recognition, as well as semantic textual similarity in NLP
(e.g., STS-B), and demonstrate that our adaptive hyper-
bolic kernels outperform existing methods.

Related Work
Hyperbolic Kernel Learning

Hyperbolic space has shown great potential in modeling
hierarchical structures due to its exponential growth prop-
erty, and kernel methods can further enhance the represen-
tational capability of hyperbolic embeddings. Early founda-
tional work introduced hyperbolic embeddings for textual
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data(Nickel and Kiela 2017) and image (Khrulkov et al.
2020), laying a solid foundation for subsequent hyperbolic
kernel learning paradigms.

In 2019, Cho et al. (Cho et al. 2019) first proposed a hy-
perbolic support vector machine (SVM) equipped with the
hyperbolic polynomial kernel, an indefinite kernel defined
in the hyperboloid model. Their work demonstrated that the
optimization formulation, equipped with the Minkowski in-
ner product in the hyperboloid model, closely resembles Eu-
clidean SVMs. This approach achieved improved classifi-
cation performance on graph-structured and language data.
To address the instability issues caused by indefinite ker-
nels and the limited flexibility arising from a fixed cur-
vature value, Fang et al. proposed various pd hyperbolic
kernel functions (Fang, Harandi, and Petersson 2021; Fang
et al. 2023). These methods first project hyperbolic data
onto the tangent space and then construct hyperbolic ker-
nels by integrating the mapped features into Euclidean ker-
nels. Although these kernels demonstrated strong perfor-
mance in various computer vision tasks, they still suffer
from distortions due to their first-order approximation of hy-
perbolic geometry. To mitigate such distortions, Yang et al.
(Yang, Fang, and Xue 2023) proposed a novel approach in-
spired by the isometry between hyperbolic spaces and cer-
tain RKHSs (Arcozzi et al. 2007). They designed a series
of hyperbolic kernels based on this isometry, enhancing hy-
perbolic representation power and achieving superior perfor-
mance in graph learning and computer vision tasks.

Notations and Preliminaries
Notations

Throughout this paper, we let R denote the n-dimensional
real vector space, C™ the n-dimensional complex vector
space, B"(c) an open ball of radius ﬁ in C", and D"(c) =
(B™(c), g.) the same ball equipped with the Riemannian
metric g. (i.e., the Poincaré ball model), where the curva-
ture of the corresponding hyperbolic space is —c,c¢ > 0.
Moreover, we denote T, D" (¢) C R™ as the tangent space at
z € D"(c).

Poincaré Ball Model

Hyperbolic space admits multiple isometric models for rep-
resentation, among which the most commonly used are the
Poincaré ball model, the Poincaré half space model, the
Klein model, the Lorentz (Hyperboloid) model, and the
Hemisphere model (Beltrami 1868; Cannon et al. 1997). The
Poincaré ball model is one of the most widely used mod-
els for representing hyperbolic geometry. The n-dimensional
Poincaré ball describes hyperbolic space as a Riemannian
manifold equipped with a Riemannian metric g.:

ey

The Riemannian metric is defined by g.(z) = A\2(2) -
g, where \.(z) = ﬁ is the conformal factor and

¥ I,, is the Euclidean metric. Consequently, the Rie-

mannian metric equips the tangent space with an inner prod-

D"(c) = {z€C" ||z < L, e>0}



uct (w, V)1 pr(e) = u' Go(2)v,Vu,v € ToD"(c) at any
point z € D" (c).

We detail several hyperbolic operations based on the
Mobius gyrovector spaces (Ungar 1998, 2008) adopted in
this paper as follows.

* Exponential Map at the Origin: The exponential map
takes a point v in the tangent space T,D"(c) as a ve-
locity vector and maps it along the geodesic on D" (c) to
a corresponding point. We employ the exponential map
to project Euclidean features into hyperbolic space, for
which it suffices to consider TpD"™(c):

expg ToD"(c) — D"(c),
v — tanh (\/E”U”) m7

Mbobius Self-Mappings and Pseudo-Hyperbolic dis-
tance: The Poincaré ball model possesses its own auto-
morphisms (i.e., the Mobius self-mappings) and pseudo-
hyperbolic distance. In this work, we introduce a gener-
alized formulation of Md&bius self-mappings defined on
Poincaré balls with arbitrary curvature (Yang, Fang, and
Xue 2023). When n = 1, the Mobius self-mappings are
equal to the Mobius subtraction:

v

(@)

c _ Ri T Rj 1
wL ) = T g € D*(c). (3
While certain correction terms need to be introduced
when n > 1:
o (z) = 2 L= () = 52.Q2.()
zi\7 1—cz}z; ’
where PZ (z;) = 0if z; = 0, otherwise 1752 Ad-

VI clml? and Q5 (z) = 2 —

ditionally, sg.
Pz (25).

Adaptive Hyperbolic Kernels

In this section, we introduce our proposed adaptive hy-
perbolic kernel framework. We begin by formulating a
curvature-aware generalization of the de Branges—Rovnyak
space, which serves as the theoretical foundation for our ker-
nel design. Based on this construction, we then present a
class of hyperbolic kernels that support curvature flexibility
and task-adaptive modulation.

Curvature-aware De Branges-Rovnyak Space

We first introduce the de Branges-Rovnyak space, an RKHS
defined via a subtractive kernel with a multiplier func-
tion (Sautel 2022), and then generalize it to a curvature-
aware formulation on Poincaré balls of arbitrary curvature,
enabling adaptive geometric representation.

Definition 1. A Hilbert space H2 on B™ is a de Branges-
Rovnyak space if and only if it is the RKHS associated with
the following kernel function:

k‘b(Z‘ Z*) _ 1— b(zl)*b(z])
v 1—2zfz;

for some b : B" — D,z — (b1(2),b2(2),...,b.(2))" and
r € NU {oo}. D denotes an r-dimensional Hilbert space.

&)
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To ensure the de Branges-Rovnyak space is well-defined,
the kernel k? should be pd (Aronszajn 1950). This condition
depends on the choice of the multiplier function b, which
must belong to the following multiplier space:

M(’Hi@D,’Hi):{f:IB%"aD‘fheHi
(6)
VheH,%@D},

where ® denotes the tensor product over the complex
field and H2 is the Drury Arveson Hardy space (Drury
1978; Arveson 1998). Here ’Hi ® D is canonically iden-
tified with the vector-valued function space of dimension
r with components residing in the Drury Arveson Hardy
space. Under this framework, the bounded multiplier f acts
on a function h via pointwise multiplication (fh)(z)
Z::l fi(z)hi(z), z e B h; € /Hi

The following proposition characterizes the condition un-
der which the de Branges-Rovnyak kernel k® remains pd:

Proposition 1. (Sautel 2022) A function b belongs to a mul-
tiplier in M(H2 @ D, H2) if and only if:

EQI — b(Zl)*b(Zj)

* .
1—-272;

=0, (N
for some € > 0. The infimum of such constants < is known
as the multiplier norm of b, denoted by ||b|| pm(2 @D, 72 )-

This proposition implies that the kernel k? is pd if and
only if the corresponding multiplier function b € M(H2 ®
D, H3) with [[b]| mzep,m2) < 1.

Contractive Space Structure The de Branges-Rovnyak
space, using the Drury—Arveson Hardy space H2 as a
bridge, naturally allows an isometric embedding into hy-
perbolic geometry. Here, the Drury—Arveson Hardy space
is the canonical RKHS on the unit ball B™ with reproducing
kernel k9% (z;, zj) = 7—%-, and isometric to the Poincaré
ball (Arcozzi et al. 2007; %(ang, Fang, and Xue 2023).

Since k? is pd, it follows that the corresponding RKHS
Y is a subspace of the Drury Arveson Hardy space by the
following proposition:

Proposition 2. (Sautel 2022) Given two kernel functions k1
and ko, and their corresponding RKHS H, and Ho, Hq, C
Ho if and only if €?ko — k1 >= 0 for some £ > 0.

1, kl kb, and kQ

we obtain k9(z;,z;) — kP(zi,2;) %
3 k2

(b(2:)*b(2;))k (2, z;) := K (2i, z;) - k4(2;, z;). Since
both &’ and k9 are pd, k% is also pd by the Schur Product
Theorem (Schur 1911), which implies H% C H2.

As a contractive subspace of the Drury Arveson Hardy
space, H® isometrically embeds into a subspace of the
Poincaré ball, allowing hyperbolic kernels defined on it to
map hierarchical data with minimal distortion. Besides, this
inherent contraction of the RKHS reduces the scale of hy-
pothesis space and serves as an implicit regularizer, acceler-
ating convergence and improving generalization.

_ kda

Setting ¢



Generalization to Arbitrary Curvature To extend this
isometry to Poincaré balls of any curvature, we introduce
the curvature-aware de Branges—Rovnyak kernel:

1 —cb(z:)*b(z;)

he (=i, 2)) = 1—cziz;
et

zi,z; €D"(c),  (8)
where b : D"(¢) — D. This kernel induces a RKHS,
namely the curvature-aware de Branges-Rovnyak space de-
noted by 7% (c). Under the coordinate rescaling z — /cz,
this kernel and its RKHS coincide exactly with the stan-
dard Poincaré ball model at curvature —1 (i.e. c=1), so
all positive definiteness and contractive-embedding prop-
erties carry over without modification. In this setting,
the multiplier norm condition positive definiteness con-
straint becomes b € M (H2(c) ® D"(c), H2(c)) with
\ﬁHbHM(”Hﬁ(c)®D“(c),’f-{i(c)) < 1, where H2(c) is the
RKHS induced by the kernel k%(z;, z;) = +—L+, en-

suring k® remains a valid kernel.

This family of curvature-aware kernels thus provides a
seamless way to extend the de Branges—Rovnyak construc-
tion to Poincaré balls of arbitrary curvature, while preserv-
ing low-distortion embedding and implicit regularization.

Proposed Hyperbolic Kernels

Design of the Multiplier b We modulate the original hy-
perbolic features via Mobius self-mappings, enabling the
kernel to adaptively enhance or suppress pairwise similar-
ities. Concretely, we define:

sz ‘Pa1
N (cajz)ai — Pg(2) - s6,Q6,(2)
g (ca-z)2 ’

where each weight w; > 0 satisfies Zi w; = 1and a; €
D™ (c) are learnable hyperbolic poles. When n = 1, this re-
duces to:

)+ ¢4, (2))
)

Z w, (cafz)a; .
1 —(catz)?

i=1
By the convex combination of M&bius mappings, the result-
ing de Branges—Rovnyak kernel:

1 —cb(2;)*b(2;)
1-—2fz;

b(z) = (10)

kg(ziﬂzj) =

Y

is pd. We clarify its positive definiteness by the following
lemma and theorem:

Lemma 1. Given b(z) = ¢(z), the kernel k{’(zl-,zj) =
1cb(z) b(z) 4, D"™(c) is pd for any a € D™(c).

l—cz}z;
Theorem 1. Given b(z) = 1" | wipS (2), Vai,...any €
D™ (c) and w; > 0, i w; =1, the corresponding kernel

k‘f;’(zi, zj) = %z)‘*:j(zj) is always pd for any m > 1.

Moreover, b satisfies b(0) = 0, b(—z) = —b(z), and
k®(—zi,—z;) = kP(zi,2;). These symmetry properties
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preserve the structure of hyperbolic geometry, ensure geo-
metric consistency, and yield stable, interpretable similarity
measures. They also constrain the hypothesis space, acting
as an implicit regularizer.

Design of Hyperbolic Kernels Following the work of
(Yang, Fang, and Xue 2023), we interpret hyperbolic fea-
ture similarity as inner products in the de Branges—Rovnyak
RKHS. For each data point z, let kb € H?2(c) denote the
functional in de Branges—Rovnyak space Then the basic de
Branges—Rovnyak kernel is:
1 — cb(z:)"b(z;)
1—zfz;
As in Euclidean kernel design, one may simply replace z by

l%’z’ in standard kernels to obtain four adaptive hyperbolic
variants:

k‘b Zi,Z25) = ];'b,,]%b, = (12)
c J Z; Zj

adaptive hyperbolic linear kernel (AHL): kAT (2, 2;) =

k? (Zi7 Zj >’

adaptive hyperbolic polynomial Kernel (AHPoly):

d

FARPOY (2 2y = ((kg 3 >+b) b,d > 0,

adaptive hyperbolic RBF kernel (AHRBF):
B kb |2

AHRBE (2. 2.) = exp % T >0,

adaptive  hyperbolic  Laplacian  kernel (AHLap):

kY
KAHLP (2, 25) = exp _ = i ,7 > 0.

These kernels are straightforward generalizations, while our
main contribution lies in the following adaptive hyperbolic
radial kernel (AHRad).

To construct the AHRad, we first define a base kernel as
the squared cosine similarity of the normalized representers
in the de Branges-Rovnyak space as:

K kb >

<||1;g kg, |

which satisfies 0 < k"°(z;, z;) < 1. Subsequently, we
can express the AHRad as a nonnegative power series (Jaya-
sumana et al. 2014, 2015):

- 2

(13)

kbase(zi7 Zj) _

kAHRdd

Za kbdbe Z,,ZJ))
+ Z auki(zi, zj),

I=—1,-2

ZZ,Zj

(14)

where o; > 0 and Zfiﬁ a; < oo. The terms involving
k_, and k_, are only needed to force exact self-similarity
in the infinite expansion and can be dropped in practice
since kAR (2, 2,) > EAHRad(z, 2.) holds strictly when
z; # z; even without these two terms. Moreover, since
| k%8¢(2;, 2;)|| < 1, the remainder beyond | = K decays
geometrically, making this finite expansion both computa-
tionally efficient and numerically stable. Therefore, the infi-
nite series can be implemented as:

Za fbase zl,zj)) .

kAHRad (15)

(zi,25)



By construction, kAHRad remains pd. Besides, it aligns

with the multi-kernel learning strategy, thus it can accom-
modate higher-order feature interactions.

Experiments

We conduct three groups of experiments, including few-shot
learning and zero-shot learning on image datasets, and the
semantic textual similarity evaluation (STS) task on a text
dataset, to demonstrate the superiority of our proposed hy-
perbolic kernels. The few-shot and zero-shot tasks were run
on an NVIDIA RTX 3090 Ti, while the STS task was run on
an NVIDIA RTX 4090.

For each task, Euclidean features are first projected onto
the Poincaré ball using the exponential map in Eq. (2)
or an alternative mapping (Guo et al. 2022) defined by
CLIP; . () = fmin {1, 55
trols the clipping radius and £ is an additional scaling factor.

}:c, where ¢ € (0,1) con-

Few-Shot Learning

Experimental Framework In this section, we consider
the task of few-shot image classification, to learn a model ca-
pable of rapidly generalizing to novel categories using only a
few labeled samples. We adopt Prototypical networks (Snell,
Swersky, and Zemel 2017), a classic metric learning-based
approach as our backbone, and follow the kernel learning
paradigm established by Fang et al. (Fang et al. 2023).
Within this framework, we embed our kernel function into
the loss function, replacing the original metric.

We compare our proposed kernels against nine hy-
perbolic kernels, including the Poincaré Linear ker-
nel (PTang), Poincaré RBF kernel (PRBF), Poincaré
Laplace kernel (PLap), Poincaré Binomial kernel (PBin),
and Poincaré Radial kernel (PRad) (Fang et al. 2023),
as well as the Curvature-aware Hyperbolic Linear ker-
nel (CHL), Curvature-aware Hyperbolic Polynomial ker-
nel (CHPoly), Curvature-aware Hyperbolic RBF kernel
(CHRBF) and Curvature-aware Hyperbolic Laplacian ker-
nel (CHLap) (Yang, Fang, and Xue 2023). We adopt as our
baseline a method based on hyperbolic embeddings, where
the hyperbolic geodesic distance is used as the similarity
metric (Khrulkov et al. 2020).

Datasets and Evaluation We evaluate our kernel func-
tions on two image datasets, CUB (Wah et al. 2011) and
mini-ImageNet (Deng et al. 2009), with detailed dataset
configurations provided in the supplementary material. We
adopt the mean classification accuracy (ACC) as our evalua-
tion metric, and conduct few-shot learning experiments un-
der the settings of 5-way, {1, 5}-shot on both datasets.

Experimental Results According to Table 1, our pro-
posed AHRad achieves the best performance on the mini-
ImageNet dataset as well as the 5-way 5-shot task on the
CUB dataset. For the 5-way 1-shot task, it ranks just behind
the PRad and CHL. These results demonstrate that our ker-
nel exhibits strong competitiveness compared to other ker-
nel functions in few-shot learning. Notably, other adaptive
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Methods ‘ Backbone ‘ CUB ‘ minilmageNet

\ | 5wls  5w5s | Swls  5w5s
PTang Conv-4 |60.1g3 82.0pg9 | 54.000 73.1p2
PRBF Conv-4 |61.490 82.799 | 54.400 73.1p2
PLap Conv-4 62.90,2 81.70,2 53.10,2 71.30,2
PBin Conv-4 |62.69o 83.0p.1|53.400 72.6¢2
PRad Conv-4 |65.690 82.4p9 |53.602 72.992
CHL Conv-4 65.80_2 82.90,2 53.60,2 72.60,2
CHPoly | Conv-4 |62.3g2 80.3p.2|52.6p2 71.30.2
CHRBF Conv-4 56.70.2 79.90.2 53.50.2 71.90,2
CHLap Conv-4 56.90,2 79.10,2 52.70,2 71.50_2
AHL Conv-4 |61.29o 82.7p.1 52500 71.792
AHPO]y Conv-4 62.00,2 82.20,2 53.80,2 71.70,2
AHRBF | Conv-4 |60.6g9 82.299|52.492 72.09.2
AHLap Conv-4 |60.99o 81.6p9 | 53.000 71.592
AHRad Conv-4 63.90,2 83.30,2 54.60.2 73.20_2
Baseline | Conv-4 |59.60.2 78.30.2|52.70.2 71.70.2

Table 1: Few-shot learning experimental results. Backbone
denotes the backbone feature extraction model adopted.
”CwMs” represents C-way M-shot. The metric is mean clas-
sification accuracy (ACC%, 1). The best result for each
dataset and experimental setting is highlighted in bold. Sub-
scripts indicate the 95% confidence interval.

hyperbolic kernels also exhibit comparable or superior per-
formance compared to their corresponding curvature-aware
hyperbolic (CH) counterparts, as a reference.

Zero-Shot Learning

Experimental Framework We focus on cross-modal
zero-shot learning aiming to align semantic and visual
modalities on seen classes, and to recognize images from
unseen classes during inference (Akata et al. 2015a; Xian
et al. 2016). Following the kernel learning paradigm in the
work of Fang et al. (Fang et al. 2023), the original Euclidean
metric is replaced by our proposed kernels.

We adopt the same comparison methods as those used in
the few-shot learning section. Besides, we also adopt addi-
tional typical zero-shot learning methods for comparison, in-
cluding LATEM (Xian et al. 2016), DEVISE (Frome et al.
2013), DEM (Zhang, Xiang, and Gong 2017), ALE (Akata
et al. 2015a), SP-AEN (Chen et al. 2018), CRnet (Zhang
and Shi 2019) and Kai et al. (Li, Min, and Fu 2019). While
the implementation of the baseline follows that of Fang et
al. (Fang et al. 2023).

Datasets and Evaluation We validated the zero-shot ca-
pability of our kernel function on three image datasets: CUB
(Wah et al. 2011), AWAT1 (Lampert, Nickisch, and Harmel-
ing 2013), and AWA2 (Akata et al. 2015b). Details of the
datasets are also provided in the supplementary material
(please refer to the link of extended version). We evaluated
the model’s average classification accuracy on both the seen
and unseen data, denoted as S and U respectively, to reflect
the model’s learning and generalization ability. Additionally,



CUB AWA1 AWA?2
U S HM/U S HM|U S HM

LATEM |15.2 57.3 24.0| 7.3 71.7 13.3]11.5 77.3 20.0
DEVISE |23.8 53.0 32.8|13.4 68.7 22.4|17.1 74.7 27.8
DEM 19.6 57.9 29.2|132.8 84.7 47.3|30.5 86.4 45.1
ALE 23.7 62.8 34.4/16.8 76.1 27.5|14.0 81.8 23.9
SP-AEN [34.7 70.6 46.6| - - - 123.3 909 37.1
CRnet [45.5 56.8 50.5|58.1 74.7 65.4|52.6 78.8 63.1
Kaietal.|47.4 47.6 47.5|62.7 77.0 69.1|56.4 81.4 66.7

PTang |40.8 58.1 47.9|52.3 85.2 64.8|37.1 88.5 52.3
PRBF |44.6 57.8 50.3|59.0 84.6 69.542.9 89.5 57.9
PLap 46.2 56.1 50.7/60.7 83.5 70.3|54.1 87.1 66.7
PBin 39.8 56.9 46.8(43.7 88.9 58.6/39.8 90.5 55.4
PRad 45.8 57.6 51.0/60.2 86.7 71.1|48.2 90.3 62.8

CHL 43.3 58.3 49.7|51.2 84.7 63.8|44.5 90.8 59.8
CHPoly [41.7 58.9 48.8|51.3 85.4 64.1|42.2 90.9 57.6
CHRBF [45.0 56.7 50.1|56.3 82.7 67.0|45.1 90.1 60.1
CHLap [45.2 56.1 50.1|53.4 88.9 66.7|44.9 90.9 60.1

AHL 46.2 56.1 50.7|55.4 85.3 67.2|149.4 89.4 63.6
AHPoly [49.0 52.8 50.8|58.8 85.3 69.6(46.2 87.6 60.5
AHRBF |44.7 58.3 50.6|59.3 85.2 69.9(48.3 88.6 62.5
AHLap |47.4 55.3 51.0|56.8 82.5 67.3]47.1 86.5 61.0
AHRad |49.0 54.0 51.4|64.9 83.7 73.1/69.3 84.0 75.9

Baseline | 18.6 44.6 26.3|29.8 76.4 42.9|25.5 76.4 38.2

Methods

Table 2: Zero-shot learning experimental results. Backbone
denotes the backbone feature extraction model adopted. ”U”
and ”’S” denote the mean classification accuracy (ACC%, 1)
on the seen and unseen datasets, respectively. "HM” is the
harmonic mean of ”U” and ”S”. The best result for each
dataset and experimental setting is highlighted in bold.

we computed the harmonic mean HM of S and U as a com-
prehensive metric for the model’s overall capability.

Experimental Results Our comparison includes both
kernel-based methods—using different kernels within a uni-
fied framework—and other few-shot learning approaches
that adopt distinct paradigms. As shown in Table 2, AHRad
attains the best performance on CUB, AWAI, and AWA2,
surpassing the second-best method by 0.4%, 2.0%, and
9.2%, respectively. These results show that our method is at
least competitive on CUB and substantially outperforms the
second-best approaches on AWA1 and AWA2. Moreover, it
consistently yields the highest accuracy on unseen classes,
with notable gains over the second-best method, indicat-
ing markedly improved generalization. In addition, the other
adaptive hyperbolic kernels also achieve comparable or su-
perior performance relative to their curvature-aware coun-
terparts.

Semantic Textual Similarity Evaluation

Experimental Framework In this section, we design our
experiments on contrastive learning-based semantic textual
similarity evaluation. This task requires the model to rec-
ognize entailment or contradiction relationships between a

Methods | Backbone | sup

PTang Bert-base-uncased 84.36
PRBF Bert-base-uncased 84.84
PLap Bert-base-uncased 84.63
PBin Bert-base-uncased 84.06
PRad Bert-base-uncased 84.53
CHL Bert-base-uncased 84.70
CHPoly Bert-base-uncased 84.63
CHRBF Bert-base-uncased 83.98
CHLap Bert-base-uncased 84.74
AHL Bert-base-uncased 84.27
AHPoly Bert-base-uncased 84.68
AHRBF Bert-base-uncased 84.33
AHLap Bert-base-uncased 84.48
AHRad | Bert-base-uncased | 85.16
Baseline | Bert-base-uncased | 84.24

Table 3: Semantic textual similarity evaluation experimen-
tal results. Backbone denotes the backbone feature extrac-
tion model. ”Sup” indicates experiments conducted under
the supervised contrastive learning paradigm. The metric is
Spearman’s correlation coefficient (%, T). The best result for
each dataset and experimental setting is highlighted in bold.

premise sentence and a hypothesis sentence, assigning cor-
responding similarity scores. Specifically, we employ pre-
trained BERT},,. (Devlin et al. 2019) (uncased) as our base
model. Following the SimCSE learning framework (Gao,
Yao, and Chen 2021), we perform supervised pre-training
and subsequently evaluate it on the semantic textual similar-
ity benchmark (STS-B) task. We also adopt the same com-
parison methods as those used in the few-shot learning sec-
tion. Our baseline is the original version of SimCSE, which
employs cosine similarity as the metric.

Datasets and Evaluation For the pre-training stage, we
adopt the hybrid dataset constructed from MNLI (Williams,
Nangia, and Bowman 2018) and SNLI (Bowman et al.
2015); for the evaluation stage, we adopt the STS-B dataset
(Cer et al. 2017). Our evaluation metric is the Spearman
correlation between the similarity scores computed by the
model and the human-annotated ground-truth scores.

Experimental Results The baseline employs cosine sim-
ilarity over Euclidean features, which is essentially a
Euclidean kernel. In comparison, all hyperbolic ker-
nels—except for PBin and CHRBF—consistently outper-
form the baseline, indicating that hyperbolic space can em-
bed textual data with low distortion. According to table 3,
our proposed AHRad achieves the best performance in this
experiment, improving the correlation coefficient by 0.92
over the baseline, by 0.32 over the best-performing Poincaré
kernel, and by 0.42 over the best-performing curvature-
aware hyperbolic kernel. Notably, according to the origi-
nal SimCSE results (Gao, Yao, and Chen 2021), upgrad-
ing the backbone network to the RoOBERTay,,s. model pre-
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trained with a larger-scale corpus leads to an improvement
of 1.58 over the baseline, suggesting that our kernel func-
tion can, to some extent, enhance the feature representation
and serve as a lightweight alternative to larger models. Be-
sides, other adaptive hyperbolic kernels also exhibit compa-
rable or superior performance compared to their correspond-
ing curvature-aware hyperbolic counterparts.

Further Studies
Coefficients Distribution of AHRad

In this section, we conduct zero-shot learning experiments
on the CUB dataset and provide a visualization of the lin-
ear combination coefficients a; of the trained AHRad kernel.
The results are presented in Figure 2.

This aims to offer an intuitive understanding of the multi-
kernel learning framework of AHRad. Specifically, we visu-
alize the coefficients a; corresponding to the first 50 terms
in Equation (15) in our implementation. As shown, the
low-order terms with small indices exhibit greater varia-
tion in their coefficients, while the high-order terms tend to
have more stable coefficients. This indicates that lower-order
components play a more significant role in shaping the ker-
nel structure during training.

Kernel Embedding Features

We additionally visualize the features extracted by CHL,
AHL, and AHRad on unseen classes (40-49) on AWA2
dataset in zero-shot learning using the t-SNE (Maaten and
Hinton 2008) visualization method. We consider two com-
parative groups: CHL vs. AHL and AHL vs. AHRad. The
former comparison illustrates the regularization effect of the
de Branges-Rovnyak space, while the latter demonstrates the
representational capacity attributed to the multi-kernel learn-
ing framework induced by AHRad. In Figure 3, the visual
features (point clouds), their corresponding centers (small
markers), and the semantic features (large markers) are vi-
sualized. Our analysis focuses on the deviation between each
class’s visual center and its semantic embedding, which re-
veals the kernel representation capacity. It can be observed
that CHL exhibits the largest overall deviation; AHL reduces
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Figure 3: Visualization of extracted features (visual and se-
mantic) in the zero-shot learning setting on the AWA2 un-
seen dataset.

this to some extent, while AHRad achieves a substantially
lower deviation than both of them.

Conclusion

This work proposes a family of adaptive hyperbolic kernels
based on the curvature-aware de Branges—Rovnyak spaces.
By leveraging isometric embeddings between the Poincaré
ball and these spaces, we effectively reduce the distortion
inherent in existing hyperbolic kernels. To further improve
adaptability, we incorporate modulation mechanisms that
dynamically align the kernels with data geometry. Built
upon these foundations, we develop a series of adaptive hy-
perbolic kernels suitable for different tasks. Extensive exper-
iments on few-shot and zero-shot learning tasks, as well as
semantic textual similarity evaluation, demonstrate the su-
perior performance of our proposed method.
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