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Abstract

Lexicographic multi-objective problems, which consist of
multiple conflicting subtasks with explicit priorities, are com-
mon in real-world applications. Despite the advantages of Re-
inforcement Learning (RL) in single tasks, extending conven-
tional RL methods to prioritized multiple objectives remains
challenging. In particular, traditional Safe RL and Multi-
Objective RL (MORL) methods have difficulty enforcing pri-
ority orderings efficiently. Therefore, Lexicographic Multi-
Objective RL (LMORL) methods have been developed to ad-
dress these challenges. However, existing LMORL methods
either rely on heuristic threshold tuning with prior knowl-
edge or are restricted to discrete domains. To overcome these
limitations, we propose Lexicographically Projected Policy
Gradient RL (LPPG-RL), a novel LMORL framework which
leverages sequential gradient projections to identify feasible
policy update directions, thereby enabling LPPG-RL broadly
compatible with all policy gradient algorithms in continuous
spaces. LPPG-RL reformulates the projection step as an op-
timization problem, and utilizes Dykstra’s projection rather
than generic solvers to deliver great speedups, especially for
small- to medium-scale instances. In addition, LPPG-RL in-
troduces Subproblem Exploration (SE) to prevent gradient
vanishing, accelerate convergence and enhance stability. We
provide theoretical guarantees for convergence and establish
alower bound on policy improvement. Finally, through exten-
sive experiments in a 2D navigation environment, we demon-
strate the effectiveness of LPPG-RL, showing that it outper-
forms existing state-of-the-art continuous LMORL methods.

Code — https://github.com/qiuruiyu/LPPG-RL

Introduction

Reinforcement learning (RL) has achieved remarkable suc-
cess in diverse domains, including games (Silver et al. 2014;
Mnih et al. 2015), robotics (Tang et al. 2025), and au-
tonomous driving (Coelho, Oliveira, and Santos 2024). In
real-world applications, complex tasks are naturally decom-
posed into multiple subtasks, often organized according to
explicit, predefined priorities. For example, in autonomous
driving, the lane-changing task can be divided into subtasks

“These authors contributed equally.

Corresponding author.
Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

25009

with descending priorities: collision avoidance, lane keep-
ing, and speed regulation. These subtasks may conflict with
each other, making the overall task challenging, even though
each subtask is individually simple.

In such scenarios, safety is typically assigned the high-
est priority. Prior work on Safe RL formulates constraints
within the framework of Constrained Markov Decision Pro-
cesses (CMDPs) (Altman 2021), where the agent maxi-
mize reward while minimizing cost. However, existing ap-
proaches exhibit significant limitations. First, policy opti-
mization is generally conducted over an unordered set of
constraints, which results in infeasibility when constraints
are conflicting. Second, traditional Safe RL methods are not
designed to optimize multiple objectives concurrently.

If the safety cost is treated as an additional objective, Safe
RL can be regarded as a special case of Multi-Objective RL
(MORL). MORL seeks to identify optimal policies that bal-
ance trade-offs among multiple objectives (Qiu et al. 2025),
typically by approximating the Pareto front. Under this per-
spective, Safe RL corresponds to selecting a Pareto-optimal
policy that satisfies constraints. Although this concept is ap-
pealing, MORL methods usually aggregate objectives into a
scalar, disregarding explicit priorities. Moreover, extending
MORL approaches to densely approximate the Pareto front
is computationally expensive, as it requires repeated train-
ing with varying weights (Parisi et al. 2014). When priori-
ties are predefined, practitioners must manually assign ex-
treme weights and search through the Pareto front, result-
ing in sample inefficiency and offering no guarantees that
higher-priority objectives are maintained (Liu et al. 2025).

To address these limitations, we focus on directly find-
ing a feasible policy by leveraging Lexicographic Multi-
Objective Reinforcement Learning (LMORL). Building
upon the framework introduced in (Skalse et al. 2022), we
extend it from a policy gradient perspective. Specifically, we
propose the Lexicographically Projected Policy Gradient RL
(LPPG-RL), which sequentially searches for a feasible pol-
icy update by identifying the intersection of high-priority
gradients, thereby enforcing the priority structure. Further-
more, we introduce several key improvements to enhance
both practicality and efficiency. First, recognizing the com-
putational complexity associated with large network param-
eters, we formulate an optimization problem and employ a
problem-specific iterative projection method rather than re-



lying on generic solvers. This approach significantly accel-
erates gradient projection, particularly in small- to medium-
scale problems. Second, to avoid excessive hyperparameters
and gradient vanishing, we encourage Subproblem Explo-
ration (SE), which expedites the training and convergence
of individual subtasks. Importantly, our method is naturally
applicable to continuous spaces with standard policy gra-
dient RL algorithms such as Proximal Policy Optimization
(PPO) (Schulman et al. 2017) and Soft Actor-Critic (SAC)
(Haarnoja et al. 2018), whereas most previous methods are
restricted to discrete domains. Finally, we provide theoreti-
cal analysis of the convergence and the policy improvement
lower bound for our algorithm.

We evaluate our algorithm using PPO (LPPG-PPO) on
variants of a 2D navigation environment. We compare the
computational efficiency of our projection method with
generic solvers within CVXPY (Diamond and Boyd 2016),
and benchmark our performance against two state-of-the-
art LMORL methods for continuous spaces: Lexicographic
Projection Algorithm (LPA) (Tercan and Prabhu 2024) and
Lexicographic PPO (LPPO) (Skalse et al. 2022). Experi-
ments show that our method achieves higher efficiency with
equivalent results when the number of objectives is below
100, and LPPG-RL outperforms baseline methods in both
performance and stability. Ablation studies further demon-
strate the effectiveness of our proposed enhancements.

Our contributions of this work are three-fold:

. We propose LPPG-RL, a novel LMORL algorithm for
continuous spaces that guarantees strict priority order-
ing while training a policy end-to-end. With an ultra-light
Dykstra’s projection core, we achieve up to 20x greater
computational efficiency compared to generic solvers.

. We introduce Subproblem Exploration (SE), a uniform
rollout scheduler that dynamically focuses on the active
priority layer, requiring no handcrafted weights or prior
knowledge. SE achieves superior performance and train-
ing stability compared to existing baseline methods.

. We provide theoretical guarantees of convergence, in-
cluding a principled stepsize bound that ensures mono-
tonic policy improvement, and establish a lower bound
on performance improvement at each update.

Related Works
Safe RLL

Safe RL is typically formulated as a constrained optimiza-
tion problem, and various techniques have been developed to
handle safety constraints. Primal-dual (Lagrangian) methods
are widely used by introducing penalty terms with tunable
coefficients (Tessler, Mankowitz, and Mannor 2018; Stooke,
Achiam, and Abbeel 2020). However, selecting appropri-
ate coefficients remains challenging in practice. Constrained
Policy Optimization (CPO) (Achiam et al. 2017) addresses
this issue by solving a trust-region problem at each step, but
relies on accurate cost estimation and brings high compu-
tational complexity. To reduce this burden, Projection-based
CPO (PCPO) (Yang et al. 2020) simplifies the process by di-
rectly projecting policy gradients onto the feasible constraint
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set. In addition, explicit Lyapunov functions (Chow et al.
2018, 2019) and control barrier functions (Dawson, Gao,
and Fan 2023; Deng et al. 2024) can be employed to provide
formal safety guarantees. Despite the significant progress in
Safe RL, explicitly ordered constraints remain largely un-
solved. In such cases, constraints must be handled sequen-
tially, which substantially increases computational costs.

Multi-Objective RL

MORL methods can be categorized into single-policy
and multi-policy approaches. Single-policy methods com-
bine multiple objectives into a single scalar reward, us-
ing weighted sums (Roijers, Whiteson, and Oliehoek 2014;
Abels et al. 2018), which require significant domain knowl-
edge and extensive tuning (Van Moffaert, Drugan, and Nowé
2013). Multi-policy methods approximate the Pareto front
by repeatedly applying single-policy methods with differ-
ent weight configurations (Mossalam et al. 2016; Zuluaga,
Krause, and Piischel 2016). To improve efficiency, evolu-
tionary algorithms (Xu et al. 2020) and Pareto Set Learn-
ing (Liu et al. 2025) have also been explored to help ap-
proximate the Pareto front. However, when explicit priorities
are required, these methods often fall short. Lexicographic
optimality demands filtering policies along a densely sam-
pled and accurate Pareto front, which leads to computational
and scalability issues as the number of objectives increases
(Parisi et al. 2014; Pirotta, Parisi, and Restelli 2015). There-
fore, existing MORL methods excel at balancing objectives
but remain inefficient for strictly prioritized problems.

Lexicographic Multi-Objective RL

LMORL was first explored through lexicographic optimiza-
tion by (Gébor, Kalmar, and Szepesvari 1998). Later, a uni-
fied thresholded framework with theoretical analysis was
proposed for both value-based and policy-based RL meth-
ods (Skalse et al. 2022). However, the value-based frame-
work—followed by works in autonomous driving(Li and
Czarnecki 2019; Zhang et al. 2023)—filters actions by enu-
merating all candidates in each subtask, which restricts ap-
plications to discrete action spaces. (Rietz et al. 2024) ex-
tended the policy-based framework to Q-value, but this ap-
proach can fail when subtask Q-values differ in scale, and
actually relies on a costly grid search to estimate continu-
ous values. Recently, (Tercan and Prabhu 2024) introduced
Lexicographic Projection Algorithm (LPA) to address con-
tinuous problems. However, to our understanding, both LPA
and the original policy-based framework requires setting
optimization and criteria thresholds according to the re-
ward scale, demanding prior knowledge and repeated tun-
ing, which makes methods quite sensitive and less practical.
In contrast, we overcome these limitations by recasting lex-
icographic learning as a sequence of constrained gradient
projections solved with an efficient Dykstra—style update,
and by introducing SE to automatically balance subtask con-
vergence instead of tuning thresholds with prior knowledge.

Problem Definition and Preliminaries

Suppose there are M subtasks, including objectives and con-
straints, defined in a lexicographic order and denoted by the



ay

' Environment '

i

Policy Network | . _ __ __

(Multi-head Critic Network |4 — —
(4

Feasible Direction
(Policy Loss)

Critic Loss

—> Forward Step

<— — Back Propagation

Subproblem

Exploration
Construction

(

I Rewards | - | Gradients |

| R (91, ,9m]

\. & . S .. /e
LPPG

Figure 1: The overall workflow of LPPG-RL. The agent consists of a policy network and a multi-head critic network, where
the policy network learns the global optimal lexicographic action. The lower part is LPPG. Policy gradients are calculated each
time with rollouts, and a subproblem is drawn to get a feasible update direction so that each subtask can be trained uniformly.

task set K = {Ky,--- , Kr}, where the subscript indicates
priority (with K the highest priority).

An LMORL problem can be formulated with Multi-
Objective Markov Decision Processes (MOMDPs) (Skalse
et al. 2022), represented as M := (S, A, R, P,~). Here,
S and A denote the state and action spaces, respectively,
and P is the state transition probability. The reward func-
tion R : § x A x S — RM produces a rewards vector
[r1,--+ ,7a)T of K. 4 is the vector of discount factors.

Following the definition, lexicographic relationships be-
tween subtasks are enforced through constraints. Formally,
a policy 7 is said to be lexicographically e-optimal within
the policy set I1;, if subtasks are finished and it satisfies:

Hi+1 = {7‘(’ e 1Il; | ryeaﬁc JZ‘(’]'('/) — JZ‘(’TT) < Gi} 1)

where 11 is the initial policy set and II; is the feasible policy
set for subtasks { K7, ..., K;}. When optimizing a subtask
K41, all higher priorities { K7, - - - , K; } must remain suffi-
ciently close to their previous optima within a threshold ¢;.
For any subtask index ¢ and policy , J;(m) is the perfor-
mance criterion, such as the value function. It is important
to note that, directly computing II;,; via Equation 1 is gen-
erally intractable, especially in continuous domains.

LPPG-RL

In this section, we present LPPG-RL, an efficient end-to-
end framework for solving LMORL problems in continuous
spaces. The overall workflow of LPPG-RL is illustrated in
Figure 1. Given an LMORL problem with an ordered sub-
task set /C, our framework proceeds as follows:

e Actor-Critic Architecture: We adopt the actor-critic
structure, where a policy network generates the final fea-
sible action and a multi-head critic network estimates the
value for each subtask.

* Data Collection: Rollouts are collected following stan-
dard RL procedures, with the reward for each subtask
stored separately.
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* Subtask Gradients: The policy gradient for each indi-
vidual subtask is computed separately.

Subproblem Extraction: To promote systematic explo-
ration and expedite learning, SE is introduced as a uni-
form rollout scheduler to extract a subproblem and al-
locate trajectories evenly across priority levels, reducing
the chance of local optima.

Feasible Direction and Update: A feasible policy up-
date direction d* is computed based on the SE scheduler
to update the policy. Instead of invoking generic solvers,
we employ a Dykstra projection loop, an ultra-light iter-
ative algorithm that provably converges to the optimum
with significantly reduced computational burden.

In the following, we first construct the LMORL problem
with policy gradients. Next, we discuss critical challenges
during training and introduce techniques to address issues
and enhance performance. Finally, we instantiate our frame-
work with LPPG-PPO and provide theoretical analysis.

Projected Gradient for Lexicographic Tasks

Policy gradient methods in standard RL aim to maximize
the expected cumulative reward by repeatedly estimating the
gradient, which can be formulated as (Schulman et al. 2015):

o0
g=E|> W, Vylogmy(a | s:) )
t=0

where WU, can be the reward, Q-value, advantage, etc. A key
advantage of using gradients is that it requires only the eval-
uation and differentiation of the policy log-density rather
than enumerating all possible actions. This property facil-
itates a natural extension to multi-objective settings by di-
rectly operating on subtask-specific gradients. Since all gra-
dients share a same parameter space, lexicographic order
over the objectives can be straightforwardly imposed.

For each subtask K; € K, let J; denote its optimiza-
tion objective and g; = VyJ; the corresponding gradient.
At each iteration, the policy parameters update as follows:

9k+1 = ak + ad (3)



where o > 0 is the learning rate and d is the chosen update
direction. Then, interpreting Equation 1 from a policy gra-
dient perspective, we require that the objective .J; does not
decrease when optimizing for lower-priority subtasks. This
can be captured by a first-order (linear) approximation:

Ji(9k+1) ~ J,;(Gk) + ozgde > Ji(ek) — QE; @
= gde > —¢; (¢; = 0 by default)

where 0y, is the network parameter at iteration k, and ¢; > 0
serves as a small threshold for allowable degradation and
helping convergence in the i-th subtask (Rietz et al. 2024).
Clearly, if the chosen update direction d has a negative com-
ponent along the original gradient g;, the corresponding per-
formance may deteriorate. Therefore, to achieve a lexico-
graphically optimal update, we seek a direction d that satis-
fies as many conditions in Equation 4 as possible. Note that,
we set €; = 0 by default and rely on other techniques to
maintain convergence. The threshold ¢; is only adjusted in
specific cases where relaxing the constraint to address prac-
tical considerations.

Let Cys denote the intersection of half-spaces defined by
Equation 4 fori = {1,--- ,M }:

M
C]\/[:ﬂ{d|gdeZ_€i}
i=1

Here, Cj; forms a (polyhedral) cone, and any direction d
within this cone is considered feasible. As long as the inter-
section set Cps is not reduced to the trivial space {0}, there
always exists d € Cj serving as a feasible update direction.
In practice, instead of simply selecting an arbitrary feasi-
ble direction, we formulate the following convex optimiza-
tion problem to determine the optimal direction d*. Specif-
ically, we seek the direction closest to the gradient of the
lowest-priority subtask, gps, with all higher-priority sub-

tasks within their prescribed thresholds:

ld — garl®

deCy

An illustrative example of the optimal solution is shown
in Figure 2.

&)

min
d (6)

S.t.

Existing Problems and Enhancements

Optimization Efficiency One common approach to di-
rectly solve problem 6 is to employ standard convex opti-
mization solvers, such as those provided in CVXPY. How-
ever, repeatedly invoking these solvers during update steps
can incur significant computational burden.

To address this issue, we propose replacing general-
purpose solvers with Dykstra’s projection algorithm
(Boyle and Dykstra 1986), an efficient iterative method
that, to our knowledge, has not been previously applied in
LMORL. Dykstra’s projection extends the classical Sequen-
tial Orthogonal Projection (SOP) method. SOP is typically
employed to find a feasible d € C by iteratively removing
components that violate the constraints, as follows:

T
g; d; .

i

d;

(N

dit1 =
else
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Figure 2: Illustration of the optimal solution of Equation 6
with three gradients. The blue, red and green vectors repre-
sent the policy gradients g1, g2, g3, ordered from high to low
priority, serving as the normal vectors of the respective half-
spaces. The intersection of these half-spaces forms a cone.
The optimal solution, shown as the black arrow d*, is the
vector within the intersection C that is closest to gs.

In contrast to SOP, Dykstra’s projection algorithm iteratively
projects the gradient g,s onto the intersection set, introduc-
ing auxiliary variables r; to track the residuals from previous
projections. This mechanism ensures the final convergence
to the optimal solution of Proposition 6. An iterative update
proceeds as follows:

T () ®
0 _ 9 (di" +ri)
' lg:12
_ 4 (t) ()
=d;" +r; —diy

where ¢ is the iteration number. It has been proven that

t
d5+)1 =d

s

9i ®)

the sequence {dz@} generated by Dykstra’s projection con-
verges to the solution of Equation 6 as long as the intersec-
tion set is non-empty (Gaffke and Mathar 1989). As noted
previously, O constitutes a trivial solution in our context,
which means the convergence of Dykstra’s projection is al-
ways guaranteed for our optimization.

Gradient Vanishing Another challenge during training is
gradient vanishing, which arises under two different condi-
tions. First, as illustrated in Figure 2, when the optimal di-
rection d* is on the boundary of C, there exists at least one
higher-priority policy gradient g; such that g7 d* = 0, caus-
ing some subtasks trapped in the local optima. Second, when
C contains only the trivial solution 0, d* makes no contribu-
tion to any subtask, and training stagnates.

To address gradient vanishing, we introduce SE as a roll-
out scheduler during training. Specifically, we extract a sub-



problem containing the top-/N subtasks:
min || — gy|®

d € Cy,

©))

s.t. 1I<N<M

where N ~ Uniform({1,---,M}) is sampled uniformly.
For any N, if ||d*|| = 0, we recursively set N < N — 1 and
solve the higher-level subproblem, until a non-zero feasible
solution is found. This approach ensures each subtask is se-
lected and trained equally often, thereby reducing the risk of
local optima caused by gradient vanishing. Besides, a major
advantage over previous methods is that SE does not require
accurate prior knowledge or additional hyperparameters.

Finally, the general LPPG framework for policy gradient
RL algorithms is summarized in Algorithm 1. Specific in-
stantiations of LPPG-PPO and LPPG-SAC, are provided in
Appendix A.

Theoretical Analysis

In this subsection, we provide a theoretical analysis of the
convergence properties of LPPG-RL and establish an exact
lower bound for each subtask during a policy update.

Theorem 1. Consider an LMORL problem with subtask set
K ={Ki, -, Kn} and LPPG-RL algorithm in a general
actor-critic framework. Let 0, be the actor parameters and
¢4 be the multi-head critic parameters. Assume,

1. Two—timescale stepsizes. The actor and critic learning
rates oy, 0 > 0 satisfy Y, 00 = D, 04 =
00, Et(ozg’t + O‘i,t) < 00, limyyoo g /g =0
L—smooth objectives. Each sub-objective J;(0) is twice
differentiable w.r.t 0, with Hessian L;-Lipschitz continu-
ous.

Then, we have our parameters converge to a local or global
lexicographic optimum (6%, $*(0*)) with a stepsize ag <
min {2¢{ d;/(Li||d||*),i € {1,--- , M}}

The proof of Theorem 1 is provided in Appendix E.

Theorem 2. Consider an LMORL problem, with the policy
update direction d by LPPG, and the stepsize ag. Then, for
each policy update from mg to wg:, we have the lower bound
for the improvement of each performance J;,
29CT ™ 1
Ji(7') = Ji(m) > ! =
() = a2 200 BC D [

The proof of Theorem 2 is provided in Appendix F.

apd;

Experiments

In this section, we present our experimental setup and re-
sults. We focus on two main aspects: (1) demonstrating that
LPPG-RL achieves zero constraint violation with high per-
formance in safety-critical tasks. (2) illustrating explicitly
how LPPG-RL distinguishes and handles different priorities
when permuting lexicographic orders of subtasks.

All experiments are conducted using LPPG-PPO in a 2D
navigation environment with varying numbers of prioritized
subtasks. We consider three scenarios: (1) Nav2D-1G: The
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Algorithm 1: LPPG

Require: : policy network (+|s), prioritized subtasks set
1: Compute gradient g; for each subtask

: Sample subtask index N ~ Uniform({1,...,|K|})

:forn=N,--- ,1do

o (N {d|gTd> e}
i=1

if C,, = {0} then
continue

else
break

9: endif

10: end for

11: Solve d € C,, closest to g,

12: return Optimal gradient d*

e NS

agent is required to navigate to a goal located behind a rect-
angular obstacle. (2) Nav2D-2G: Two goals are placed sym-
metrically behind the obstacle. The agent must reach the
green goal first, followed by the red goal. (3) Nav2D-2G-
rev: The priorities of the two goals is reversed. In all sce-
narios, two common high-priority constraints are imposed:
the agent must stay within the map boundary, and must not
enter the obstacle area.

Nav2D with 1 Goal

In the following experiment, a navigation subtask with two
strict constraints are given. As shown in Figure 3, a map is
setup, with a start region and a goal region locating on oppo-
site sides of an obstacle. The set /C contains three elements
for a time-limited episode. K;: ”In Boundary”, K5: ”Avoid
Collision”, K3: "Reach Green Goal”. The initial location is
sampled from a Gaussian distribution, z ~ N (1,0.5),y ~
N (1,0.5). Figure 3(a) displays 50 Monte-Carlo simulation
trajectories with two different seeds. Due to the symme-
try, the agent explores both sides of the obstacle with equal
probability. In Figure 3(b), we introduce N (0, 0.1) Gaussian
noise to the state, and plot the 95% confidence corridor, in-
dicating consistent safety performance under perturbations.
Figure 3(c) illustrates the deterministic policy in the map,
where the arrow length denotes action magnitude. The re-
sults demonstrate that our policy reliably navigates around
the obstacle and towards the goal region with high speed.

Nav2D with 2 Goals

In the following experiment, two different goal regions are
set symmetrically behind the obstacle, and two compara-
tive conditions are designed to evaluate the ability to distin-
guish priority orderings. The subtask set K contains four el-
ements, with K; and K5 same as before. In the condition 1,
the remaining priorities are, K3: "Reach Green Goal”, Ky4:
”Reach Red Goal”. In condition 2, K3 and K, are reversed.
Figure 4(a) shows the simulation trajectories of condition 1
(Nav2D-2G), where the agent tends to navigate around the
obstacle from the left side to reach the green goal region
more efficiently, as it is relatively closer. In contrast, Fig-
ure 4(b) presents the trajectories of condition 2 (Nav2D-2G-
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Figure 3: 1 Goal experiment in the 2D navigation environment. 3(a) shows the map and agent trajectories under 50 Monte-
Carlo simulations with different seeds. 3(b) displays the 95% statistical confidence corridor of trajectories under A/(0,0.1)
Gaussian noise applied to the state. 3(c) illustrates of the deterministic policy direction for different agent locations in the map,
where the length of arrows corresponds to the action magnitude.

10 10

10 Green Red
Goal Priority
(a) Green—Red (b) Red—Green (c) Returns comparison

Figure 4: 2 Goal experiment in the 2D navigation environment. The start region is initialized as before and two symmetric
goal regions are designated as different priority subtasks. Figure 4(a) and Figure 4(b) show the trajectories under 50 Monte-
Carlo simulations with two different subtask priority configurations. The green goal region has higher priority in Figure 4(a)
while it has lower priority in Figure 4(b). As shown in Figure 4(c), a comparison of the returns for the two goal regions under
two different priority configurations is presented, demonstrating that our method strictly preserve lexicographic priorities. The
legend "G—R” and "R—G” correspond to Figure 4(a) and Figure 4(b), respectively.

Algorithm Nav2D-1G (ms) Nav2D-10G (ms) Nav2D-20G (ms) Nav2D-50G (ms) Nav2D-100G (ms)
osQpP 18.30+1.61 41.46£3.56 87.37+14.66 701.614+158.83 2907.73+801.74
SCS 21.13+2.31 44.47+12.04 113.97425.54 803.13+£255.26 3910.144926.18
CLARABEL 26.79+1.41 79.17+3.91 154.444+10.83 994.35+120.79 4162.98+554.81
Dykstra(Ours) 0.934-0.34 5.331+2.38 22.15+10.46 685.61+-146.68 2983.20+370.53

Table 1: Ablation study of Dykstra’s projection method with varying numbers of goal regions in the 2D navigation environment.
All results are reported in milliseconds (ms). For Nav2D-nG environment, we generate n different goal regions as lexicographic
subtasks. Each setting is trained with 100k steps, 5 seeds, starting with the lowest priority subtask K 5;. We compare the average
runtime of policy-gradient search between Dykstra and several commonly used CVXPY solvers. All solvers yields the same
projected gradient within a 10~ relative error. See Appendix C for additional details.
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. Nav2D-1G Nav2D-2G Nav2D-2G-rev
Algorithm
Ky Ky K3 K Ky K3 Ky Ky Ky K3 Ky
LPA 100 v -19 x 714 v 98 v 0 v 631 v 246 x 97 v 0 v 603 v -39 x
LPPO 100 v 20 x 740 v 100 v -10 x 753 v 382 x 100 v -10 x 785 v 197 x

LPPG-PPO w/o SE 100 v -12 x 704 v 98 V
0 v 427 v 96 v

LPPG-PPO (Ours) 98 v

0
0

v 199 x 604 v 98 vV
v 587 v 459 v 97 V

0 v 258 x 612 v
0 v 591 v 426 v

Table 2: Comparison of baseline algorithm LPA (Tercan and Prabhu 2024) and LPPO (Skalse et al. 2022), as well as an
ablation study of SE (LPPG-PPO w/o SE), on performances in three environments under 10 different seeds. The metric is the
average returns after 1M steps, where higher values are better. v'and x, indicate whether the subtask is completed. For each
environment, the lexicographic order is verified first. The light blue block marks the optimal policy that satisfies the priority
order and achieves the highest returns. The completed result table with standard deviations is provided in Appendix C.

rev), where switching the priority causes the agent to prefer
the path around the obstacle from the right side. Figure 4(c)
compares the returns from both goal regions under two con-
ditions. In condition 1 ("G—R”), the agent achieves higher
returns from the green, whereas in condition 2 ("R—G”),
the agent obtains higher returns from the red. These results
demonstrate that our trained agents are able to solve the
LMORL problem with priorities strictly satisfied.

It is important to note that, to ensure the comparative ex-
periments are not influenced by environmental factors (such
as state or reward function design), all things are kept iden-
tical for the green and red goal regions.

Comparison and Ablation Study

Experiments above demonstrate the effectiveness of LPPG-
RL, which employs Dykstra’s projection and SE scheduler.
This motivates three key questions: (1) How does Dykstra
improve the efficiency of policy-gradient search compared
to other solvers? (2) How does the SE scheduler help avoid
local optimal? (3) How does LPPG-RL perform relative to
baseline methods in LMORL?

We conduct two comparative studies to answer these
questions. (1) we generate n different goal regions as lex-
icographic subtasks in Nav2D-nG environment, and com-
pare the average runtime of policy-gradient search between
Dykstra and other solvers. (2) We adapt the same experimen-
tal settings as before and compare the final performance of
four methods: LPA (Tercan and Prabhu 2024), LPPO (Skalse
et al. 2022), LPPG-PPO w/o SE, and full LPPG-PPO.

The first set of results is presented in Table 1. where we
compare Dykstra with several common solvers in CVXPY,
including OSQP, SCS, and CLARABEL. The results show
that, for problems of practical size (m < 50), Dykstra
achieves up to 20x faster than generic solvers. The gap
gradually diminishes with n increasing. For larger prob-
lems, CVXPY solvers begin to match Dykstra’s perfor-
mance when n =~ 100. Importantly, all solvers converge to
the same solution within a relative error of 1075, resulting
in indistinguishable final policy performances.

The second set of results, presented in Table 2, includes a
comparison with the baseline algorithms LPA and LPPO, as
well as an ablation study on SE (LPPG-PPO w/o SE). For
each environment, we report the returns and subtask com-
pletion status after 1M training steps.
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For Nav2D-1G, we have K; — K3. All other methods
achieves higher returns for K3, but fail to avoid the obstacle,
as they primarily focus on K3 during early training and get
trapped in suboptimal policies. In contrast, our method en-
sures uniform sampling, and successfully completes all sub-
tasks. Note that, our method achieves an average score of 98
on K, slightly below perfect due to the residual exploration
noise in limited training steps. This noise introduces an irre-
ducible variance floor without affecting the optimality of the
policy. This observation also applies to subsequent results.

For Nav2D-2G and Nav2D-2G-rev, we have K| — Kjy.
LPA get stuck in K3, due to the difficulty of setting appro-
priate thresholds without prior knowledge. LPPO still fails
to complete K5, because the performance is sensitive to La-
grange multiplier hyperparameters. LPPG-PPO w/o SE ter-
minates with K4 higher than Kj3. This is because, in the
early stage, rollouts cover only limited states, resulting in
unreliable policy gradients due to biased advantage estima-
tions, and rendering practically infeasible gradients feasible.
Therefore, the agent collects rollouts primarily near the low-
priority region, further reinforcing biased estimations and
leaving high-priority areas unexplored. SE addresses this is-
sue by forcing the agent to visit high-priority states, thereby
reducing bias and restoring the intended lexicographic order.

Conclusion

In this paper, we introduce LPPG-RL, which reformulates
LMORL problem as a convex optimization of gradients.
By finding the intersection of higher-priority half-spaces,
LPPG-RL obtains a lexicographically feasible policy gradi-
ent direction. We also propose using Dykstra’s projection to
accelerate gradient search for small- to medium-scale prob-
lems, and employ SE scheduler to avoid local optima and fa-
cilitate convergence. Experimental results demonstrate that
LPPG-RL outperforms previous methods. Notably, our ap-
proach does not require additional hyperparameters or prior
knowledge, making it more adaptive and practical. Further-
more, we provide theoretical guarantees on convergence and
a lower bound for policy updates. A limitation of our work is
that we only consider a fixed priority order among subtasks.
In future work, it would be interesting to explore the use of
transfer learning or experience replay buffers to handle dy-
namic or changing priorities.
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